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1. Introduction

Neutral differential equations are studied by many authors with or without delay, to model many
real situations in different fields like population studies, electronics, chemical kinetics and biological
science. The below system is used to describe the heat conduction materials in [2]. ∂

∂t [z(t1, x) +
∫ t1
−∞

e1(t1 − ξ)z(ξ, x)dξ] = d∆z(t1) +
∫ t1
−∞

e2(t1 − ξ)∆z(ξ, x) + f (t1, z(·, x)), t1 ≥ 0,
z(t1, x) = 0, for x ∈ ∂Ω,

http://www.aimspress.com/journal/Math
http://dx.doi.org/ 10.3934/math.20231307


25612

where Ω ⊂ Rn is open, (t1, x) ∈ [0,∞)×Ω and z(t1, x) denotes the heat in x at any time t1. Let d > 0; ei :
R → R represents the internal energy of fading memory materials. In [7, 8] Ezzinbi et al. proved the
existence and regularity of solutions of neutral equations by using resolvent operator theory and fixed
point theorems. In [3, 15, 21] the authors proved the existence solution of neutral integro-differential
equations by using fractional powers of operators and the Schauder fixed point theorem. Also, in [1,28],
the authors proved the existence of solutions of differential equations by using fractional powers of
operators under the condition of Krasnoselskii’s fixed point theorems. In [24] Murugesu and Suguna
proved the existence solution for neutral functional integro-differential equations by using fractional
powers of operators and Sadovskii’s fixed point theorem. The existence result for integro-differential
equations in [9, 22, 27] was proved by using resolvent operator theory and Monch-Krasnoselskii’s and
Sadovskii’s fixed point theorems. In [4, 23] the authors established the existence of a mild solution for
neutral differential equations by using Schaefer fixed-point theorem.

The nonlocal initial conditions are more effective, realistic and accurate in the solutions and
uniqueness than the classical one proved by many researchers see [6, 20]. Recently published [18, 19]
proves the existence and uniqueness of solutions of functional integro-differential equations with
nonlocal conditions; the authors also proved the existence of a strict solution by using an integrated
resolvent operator. The main tool for proving the uniqueness and existence of solutions of differential
equations by using the Banach fixed point theorem has been established in [12–14]. In [26] the authors
proved that the mild solution, strong solution and classical solutions obtained by using the semigroup
theory of evolution equations also explained the uniqueness of the solution. The semigroup and
resolvent operator theories are important methods to find the solutions of integro-differential equations
in Banach space(BS), and the authors established integrated semigroup theory in [16]. In recent years,
many differential equations have been reformed as integral equations and scholars have proved that
the existence of solutions can be obtained via appropriate fixed-point theorems, which is the common
technique for proving the existence of solutions of the integral equations. In [11, 17], proved the
existence solutions of integro-differential equations through the use of resolvent operators with finite
delay furthermore, the authors used the integrated resolvent operator in [11].

In the recently published article [29] the authors established the following system d
dt [x(t) − F(t, x(h1(t)))] = Ax(t) +

∫ t

0
B(t − s)x(s)ds + G(t, x(h2(t))), for t ∈ [0, a],

x(0) + g(x) = x0.

For this problem they proved the existence of the solution of nondensely defined neutral equations
via the integrated resolvent operator technique. They also proved continuous dependence and
differentiability. They assumed that A is a closed linear operator on X and its domain does not equals
to X. Motivated by this above-mentioned article, we established the theory for the neutral integro-
differential equations with nonlocal and finite delay. This theory contains the integrated resolvent
operator in the proof of the existence of the solution and assumptions of Lipschitz continuity; we also
prove the uniqueness by applying Banach fixed-point theory and verified its differentiability.

Regarding this, we have to show the existence of the integral solution of the below system:
d
dt [ω(t) − q(t, ωt)] = Dω(t) +

∫ t

0
H(t − ζ)ω(ζ)dζ

+ϕ
(
t, ωt,

∫ t

0
h(t, ζ, ωζ)dζ

)
for t ∈ [0, a] = I,

ω(0) = φ + g(ω) ∈ C([−r, 0];E) = C.

(1.1)
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In this article, E denotes the BS and D is the closed linear operator on E; its domain D(D) , E,
which satisfies the Hille-Yosida theorem. Let H(t) be the set of bounded linear operators in E with
D(D) ⊂ D(B(t)), t ≥ 0 from D(D) = Y into E. The functions q : I × C → E, h : I × I × C → E
and ϕ : I × C × E → E are continuous as specified later. Let C = C([−r, 0]; X) be a set of continuous
functions on [−r, 0] in E and φ, g be continuous functions defined on C.

Note that ω belongs to the continuous function C([−r,∞);E), t ≥ 0; the function ωt ∈ C given
that ωt(σ) = ω(t + σ) for σ ∈ [−r, 0]. The general form of (1.1) is an abstract formation of a large
number of partial integro-differntial equations, particularly for applications such as electronic circuits,
economics, biological sciences, medicine and more. In this article we use the Banach theorem to prove
the existence of a solution to the nonlocal system given by Eq (1.1). The existence and uniqueness of
the abstract form given by Eq (1.1) have been established in previous articles and by using different
approaches this is particularly true for the existence of solutions and valid properties of differential
equations which have been established by applying the resolvent operator technique in [5, 7, 10].

This paper is summarized as follows. In Section 2, we provide the preliminary results and definitions
regarding integrated resolvent operator theory. In Section 3, we discuss the existence and uniqueness
of the solution and continuous dependence. In Section 4, we prove the differentiability of the solution;
in Section 5, we provide an example related to our basic results.

2. Basic results and definitions

Here, this section includes some basic results and definitions regarding integrated resolvent
operators. Let E ba a BS and D be a closed linear operator; 0 ∈ ρ(D) then D−1 exists. Let Y be
the BS (D(D), ‖ · ‖) with a graph of the norm ‖v‖ = ‖Dv‖+ ‖v‖, ∀v ∈ D(D). Let L(Y,E) be the bounded
linear operator Y → E with the norm ‖ · ‖ and it is L(E) when Y = E. Let C([−r, 0];E) represent the
functions on [−r, 0] denoted by C that are continuous in X and have the sup-norm ‖ · ‖C.

Next we recall a few definitions and results about the integrated resolvent operators established
in [25] for linear nondensely defined integro-differential equations.

Consider the below homogeneous linear integro-differential system:v′(t) = Dv(t) +
∫ t

0
H(t − ζ)v(ζ)dζ for t ∈ [0, a]

v(0) = v0 ∈ E.
(2.1)

Here, the operatorsD andH(·) are defined already in Eq (2.1). Then the integrated resolvent operator
for Eq (2.1) is as follows:

Definition 2.1. [25] A set of operators (Q(t))t≥0 in L(E) constitute an integrated resolvent operator
for Eq (2.1) if it satisfies the following:

(R1) ∀v ∈ E, Q(·)v ∈ C([0,+∞);E).

(R2) ∀v ∈ E,
∫ ·

0
Q(ζ) ∈ Y.

(R3) Q(t)v − tv = D
∫ t

0
Q(ζ)vdζ +

∫ t

0
H(t − ζ)

∫ ζ

0
Q(r)vdrdζ, ∀v ∈ E, t ≥ 0.

(R4) Q(t)v − tv =
∫ t

0
Q(ζ)Dvdζ +

∫ t

0

∫ ζ

0
Q(ζ − r)H(r)vdrdζ, ∀v ∈ D(D), t ≥ 0.
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Definition 2.2. ( [25]) The operator (Q(t))t≥0 defined in the above definition is locally Lipschitz
continuous (LLC) if ∀a > 0and ∃Ka = K(a) > 0 implies the following

‖Q(ξ1) − Q(ξ2)‖ ≤ Ka|ξ1 − ξ2|, where ξ1, ξ2 ∈ [0, a].

Consider the following non homogeneous integro-differential system:v′(t) = Dv(t) +
∫ t

0
H(t − ζ)v(ζ)dζ + f (t) for t ∈ [0, a].

v(0) = v0 ∈ E.
(2.2)

We follow a previous article see [25] to write the integral solution and strict solution of Eq (2.2) as
follows:

Definition 2.3. For f ∈ L1([0,∞);E) and v0 ∈ E, a function v : [0, a]→ E is called an integral solution
of Eq (2.2) if

(1) v ∈ C([0, a];E),

(2)
∫ ·

0
v(ζ)dζ ∈ C([0, a]; Y),

(3) v(t) = v0 +D
∫ t

0
v(ζ)dζ +

∫ t

0
H(t − ζ)

∫ ζ

0
v(ξ)dξdζ +

∫ t

0
f (ζ)dζ , t ∈ [0, a].

Lemma 2.4. ( [25]) Assume that (Q(t))t≥0 is an LLC integrated resolvent operator of Eq (2.2) with
ρ(D) , ∅ then, we have the following:

(i) If v0 ∈ D(D) and f ∈ L1([0,+∞);E) then ∃ a unique integral solution v(·) of problem Eq (2.2);
then,

v(t) = Q′(t)v0 +
d
dt

∫ t

0
Q(t − ζ) f (ζ)dζ, t ∈ [0, a]. (2.3)

Further,

‖v(t)‖ ≤ C
(
‖v0‖ +

∫ t

0
‖ f (ζ)‖dζ

)
, t ∈ [0, a]. (2.4)

(ii) Suppose that v0 ∈ D(D), f ∈ W1,1([0, a];E) and Dv0 + f (0) ∈ D(D); ∃ a unique strict solution
v(·) for Eq (2.2) and

‖v′(t)‖ ≤ C
(
‖Dv0 + f (0)‖ +

∫ t

0
‖H(ζ)v0 + f ′(ζ)‖dζ

)
, t ∈ [0, a].

Here C1 > 0 is a constant.

Remark 2.5. Suppose that (Q(t))t≥0 is an LLC integrated resolvent operator; from [25, Theorem 2.7],
for v ∈ D(D), t 7→ Q(t)v is differentiable on [0, a].

Lemma 2.6. ( [25, Theorem 2.6]) The set of (G(t))t≥0 ∈ L(E) is LLC with G(0) = 0; then, we have the
following:
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(i) If f ∈ L1([0, a];E), then
∫ ·

0
G(· − ζ) f (ζ)dζ ∈ C1([0, a];E) and

‖K(t)‖ ≤ KT

∫ t

0
‖ f (ζ)‖dζ for t ∈ [0, a]. (2.5)

Here K = d
dt

∫ t

0
G(t − ζ) f (ζ)dζ, t ∈ [0, a] and KT > 0 is Lipschitzian of {G(t) : t ∈ [0, a]} . Further

if ‖ f (t)‖ ≤ K0 , ∃K0 > 0, t ∈ [0, a] and

‖K(t1 + ζ) − K(t1)‖ ≤ K0KTζ + KT

∫ t1

0
‖ f (ζ + ξ) − f (ξ)‖dξ for t1, ζ, t + ζ ∈ [0, a]. (2.6)

(ii) Suppose that f : [0, a] → E is a strongly bounded variation; then, K(·) is Lipschitz continuous
on [0, a].

3. Existence result

Here, we have to show the existence of the solution of Eq (1.1). Due to Lemma 2.4, the integral
solution of Eq (1.1) with the nonlocal condition is as follows:

Definition 3.1. Let ω0 ∈ D(D). A function ω ∈ ([−r,+∞);E) is an integral solution of the system given
by Eq (1.1) if it satisfies the following:

ω(t) = q(t, ωt) + Q′(t)[φ(0) + g(ω)(0) − q(0, ω0)] + d
dt

∫ t

0
Q(t − s)

×

[
Dq(s, ωs) +

∫ s

0
q(s, ωs)H(ξ)dξ + ϕ

(
s, ωs,

∫ s

0
h(s, ξ, ωξ)dξ

)]
ds, t ≥ 0.

φ(t) + g(ω)(t) for t ∈ [−r, 0].

(3.1)

Remark 3.2. From the above definition, if ω(·) is an integral solution of Eq (1.1) on [0, a] then, for
each t ∈ [0, a], ω(t) − q(t, ωt) ∈ D(D). Further ω(0) − q(0, ω0) ∈ D(D).

To establish the solution of the existence of Eq (1.1), we need the support of the below assumptions:

(H1) The function q : I × C → D(D) is Lipschitz continuous; there exists a constant L1 > 0; then,

‖Dq(ξ, x1) −Dq(ξ, y1)‖ ≤ L1‖x1 − y1‖ and ‖Dq(ξ, x1)‖ ≤ L1(‖x1‖ + 1)

for any 0 ≤ ξ ≤ a, x1, y1 ∈ C.

(H2) The function ϕ : I × C × E → E is Lipschitz continuous; ∃L2 > 0 so that

‖ϕ(t, ξ1, ν1) − ϕ(t, ξ2, ν2)‖ ≤ L2(‖ξ1 − ξ2‖ + ‖ν1 − ν2‖)

and

‖ϕ(t, ξ1, ν1)‖ ≤ L2(‖ξ1‖C + ‖ν1‖)

for every ξ1, ξ2 ∈ C, ν1, ν2 ∈ E.
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(H3) The map g : C([0, a];E)→ C is Lipschitz continuous and ∃L3 > 0; then,

‖g(v1) − g(v2)‖ ≤ L3‖v1 − v2‖C and ‖g(u)‖ ≤ L3‖u‖C

for each v1, v2 ∈ ([0, a];E) and for u ∈ ([0, a];E).

(H4) The map h : I × I × C → E is Lipschitz continuous; there exists a constant Lh > 0; then,

‖h(ξ1, ξ2, φ) − h(ξ1, ξ2, ψ)‖ ≤ Lh‖φ − ψ‖ and ‖h(ξ1, ξ2, φ)‖ ≤ Lh‖φ‖

for each ξ1, ξ2 ∈ I, φ, ψ ∈ C.

Theorem 3.3. Let ω0 ∈ D(D), 0 ∈ ρ(D) satisfy (H1–H4) and ∀φ ∈ C; then, the system given by
Eq (1.1) has at least one mild solution on [−r,+∞) provided that

M1L1 + C
[
L3 + (M1 + a + M2a2)L1 + L2a(1 + Lh)

]
< 1. (3.2)

Here C is from Lemma 2.4, M1 = ‖D−1‖ and M2 = sup
t∈I
‖H(t)‖.

Proof. Let a > 0 and C([0, a];E) is a set of continuous maps from [0, a] into E with the uniform norm
topology. We prove this existence by using the Banach fixed point theorem.

The operator Γ on C([0, a];E) is defined by

(Γω)(t) =



ω(t) = q(t, ωt) + Q′(t)[φ(0) + g(ω)(0) − q(0, ω0)] + d
dt

∫ t

0
Q(t − s)

×

[
Dq(s, ωs) +

∫ s

0
q(s, ωs)H(ξ)dξ

+ϕ
(
s, ωs,

∫ s

0
h(s, ξ, ωξ)dξ

)]
ds, for t ≥ 0.

φ(t) + g(ω)(t) for t ∈ [−r, 0].

(3.3)

We prove that this operator Γ has a fixed point in the closed ball Br = {ω ∈ C([−r, a];E), ‖ω‖ ≤ r}.
Before we prove that Γ is a map on Br, for each ω ∈ Br and t ∈ [−r, 0], we take Γ1 = φ(t) + g(ω)(t); we
have

‖(Γ1ω)(t)‖ = ‖φ(t) + g(ω)(t)‖
≤ ‖φ(t)‖ + ‖g(ω)(t)‖
≤ ‖φ‖ + L3‖ω‖

≤ ‖φ‖ + L3r.

Next if t ∈ [0, a], let Γ2 = ω(t); then,

‖(Γ2ω)(t)‖ =

∥∥∥∥∥q(t, ωt) + Q′(t)
[
φ(0) + g(ω)(0) − q(0, ω0)

]
+

d
dt

∫ t

0
Q(t − s)

[
Dq(s, ωs) +

∫ s

0
q(s, ωs)H(ξ)dξ

+ ϕ
(
s, ωs,

∫ s

0
h(s, ξ, ωξ)dξ

)]
ds

∥∥∥∥∥
AIMS Mathematics Volume 8, Issue 11, 25611–25632.
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≤ ‖q(t, ωt)‖ + ‖Q′(t)
[
φ(0) + g(ω)(0) − q(0, ω0)

]
‖

+

∥∥∥∥∥ d
dt

∫ t

0
Q(t − s)

[
Dq(s, ωs) +

∫ s

0
q(s, ωs)H(ξ)dξ

+ ϕ
(
s, ωs,

∫ s

0
h(s, ξ, ωξ)dξ

)]
ds

∥∥∥∥∥.
Using the hypotheses, we have

‖(Γ2ω)(t)‖ ≤ M1L1(‖ωt‖ + 1) + C (‖φ‖ + L3‖ω‖ + M1L1(‖ω0‖ + 1))

+ C
∫ t

0

[
‖Dq(s, ωs)‖ +

∫ s

0
‖q(s, ωs)H(ξ)‖dξ

+ ‖ϕ
(
s, ωs,

∫ s

0
h(s, ξ, ωξ)dξ

)
‖

]
ds

≤ M1L1(r + 1) + C
[
‖φ‖ + L3r + M1L1(r + 1)

]
+ Ca (L1(r + 1) + aM2L1(r + 1) + L2(r + Lhr))

≤ M1L1(r + 1) + C
[
‖φ‖ + L3r + (M1 + a + M2a2)L1(r + 1) + L2(r + Lhr)

]
.

It follows from the above two cases that

‖(Γω)(t)‖ ≤ M1L1(r + 1) + C
[
‖φ‖ + L3r + (M1 + a + M2a2)L1(r + 1) + L2(r + Lhr)

]
≤ r.

Hence the operator Γ is well defined in Br; next, we show that Γ is a contractive map on Br.
The map Γ is defined on Br as

(Γω)(t) = q(t, ωt) + Q′(t)[φ(0) + g(ω)(0) − q(0, ω0)] +
d
dt

∫ t

0
Q(t − s)

×

[
Dq(s, ωs) +

∫ s

0
q(s, ωs)H(ξ)dξ + ϕ

(
s, ωs,

∫ s

0
h(s, ξ, ωξ)dξ

)]
ds, for t ≥ 0.

The extension ω̃ : [−r, 0]→ E is as follows

ω̃(t) =

(ω)(t), for t ∈ [0, a],
φ(t) + g(ω)(t), for t ∈ [−r, 0].

Let σ(t), τ(t) ∈ Br represent the solution of Eq (1.1); for t ∈ [0, a] we have

‖(Γσ)(t) − (Γτ)(t)‖ ≤ ‖q(t, σ̃t) − q(t, τ̃t)‖
+ ‖Q′(t)[φ(0) + g(σ̃)(0) − q(0, σ̃0) − φ(0) − g(τ̃)(0) + q(0, τ̃0)]‖

+
d
dt

∫ t

0
Q(t − s)

[∥∥∥∥∥Dq(s, σ̃s) +

∫ s

0
q(s, σ̃s)H(ξ)dξ

+ ϕ
(
s, σ̃s,

∫ s

0
h(s, ξ, σ̃ξ)dξ

)
−Dq(s, τ̃s) −

∫ s

0
q(s, τ̃s)H(ξ)dξ

− ϕ
(
s, τ̃s,

∫ s

0
h(s, ξ, τ̃ξ)dξ

)∥∥∥∥∥]ds.
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Then

‖(Γσ)(t) − (Γτ)(t)‖ ≤ ‖q(t, σ̃t) − q(t, τ̃t)‖
+ ‖Q′(t)[(g(ω̃)(0) − g(τ̃)(0)) − (q(0, σ̃0) − q(0, τ̃0))]‖

+
d
dt

∫ t

0
Q(t − s)

[
‖Dq(s, σ̃s) −Dq(s, τ̃s)‖

+

∫ s

0
‖H(ξ)q(s, σ̃s) − q(s, τ̃s)‖dξ

+

∥∥∥∥∥ϕ(s, σ̃s,

∫ s

0
h(s, ξ, σ̃ξ)dξ

)
− ϕ

(
s, τ̃s,

∫ s

0
h(s, ξ, τ̃ξ)dξ

)∥∥∥∥∥]ds.

By using the hypotheses

‖(Γσ)(t) − (Γτ)(t)‖ ≤ ‖M1L1‖σ̃t − τ̃t‖C + C(L3σ̃t(0) − τ̃t(0)‖ + M1L1‖σ̃0 − τ̃0)

+ C
∫ t

0

[
L1‖σ̃s − τ̃s‖ +

∫ s

0
M2L1‖σ̃s − τ̃s‖dξ

+ L2(‖σ̃s − τ̃s‖ + Lh‖σ̃s − τ̃s‖)
]

≤

[
M1L1 + C(L3 + M1L1 + aL1 + M2a2L1 + aL2 + aL2Lh)

]
‖σ̃s − τ̃s‖

≤

[
M1L1 + C

(
L3 + (M1 + a + M2a2)L1 + L2a(1 + Lh)

)]
‖σ − τ‖.

Thus from Eq (3.2),

‖(Γσ)(t) − (Γτ)(t)‖ ≤ k0‖σ(t) − τ(t)‖,

where
k0 =

[
M1L1 + C

(
L3 + (M1 + a + M2a2)L1 + L2a(1 + Lh)

)]
< 1.

Hence Γ has a fixed point ω(·) and is a unique integral solution of Eq (1.1) on [0, a].
Next we consider the continuous dependence of the solution for Eq (1.1) in the sense of the below

theorem:

Theorem 3.4. Suppose that the axioms of Theorem 3.3 hold and let u(·), v(·) be solutions of Eq (1.1)
with the initial conditions u0, v0 ∈ D(D) respectively; then, the solution of Eq (1.1) has continuous
dependence upon initial values, provided that

‖u(t) − v(t)‖ ≤
(CL3 + CM1L1)eCa[L1+M2L1a+L2+L2Lh]

1 − M1L1eCa[L1+M2L1a+L2+L2Lh] ‖u0 − v0‖

and M1L1eCa[L1+M2L1a+L2+L2Lh] < 1. (3.4)

Proof. Let u = u(·), v = v(·) be two solutions of Eq (1.1). For t ∈ [0, a],
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u(t)‖ = q(t, ut) + Q′(t)
[
φ(0) + g(u)(0) − q(0, u0)

]
+

d
dt

∫ t

0
Q(t − s)

[
Dq(s, us) +

∫ s

0
q(s, us)H(ξ)dξ

+ ϕ
(
s, us,

∫ s

0
h(s, ξ, uξ)dξ

)]
ds.

Now,

‖u(t) − v(t)‖ ≤ ‖q(t, ut) − q(t, vt)‖

+ ‖Q′(t)
(
[g(u)(0) − g(v)(0)] + [q(0, u0) − q(0, v0)]

)
‖

+

∥∥∥∥∥ d
dt

∫ t

0
Q(t − s)

[
Dq(s, us) −Dq(s, vs) +

∫ s

0
H[q(s, us) − q(s, vs)]dξ

+ ϕ
(
s, us,

∫ s

0
h(s, ξ, uξ)dξ

)
− ϕ

(
s, vs,

∫ s

0
h(s, ξ, vξ)dξ

)]
ds

∥∥∥∥∥.
‖u(t) − v(t)‖ ≤ ‖q(t, ut) − q(t, vt)‖

+ ‖Q′(t)
(
[g(u)(0) − g(v)(0)] + [q(0, u0) − q(0, v0)]

)
‖

+ C
∫ t

0

[
‖Dq(s, us) −Dq(s, vs)‖ +

∫ s

0
‖H[q(s, us) − q(s, vs)]‖dξ

+

∥∥∥∥∥ϕ(s, us,

∫ s

0
h(s, ξ, uξ)dξ

)
− ϕ

(
s, vs,

∫ s

0
h(s, ξ, vξ)dξ

)
ds

∥∥∥∥∥]ds

≤ M1L1‖ut − vt‖ + C
(
L3‖u(0) − v(0)‖ + M1L1‖u0 − v0‖

)
+ C

∫ t

0

(
L1‖us − vs‖ + M2L1a‖us − vs‖ + L2(‖us − vs‖ + Lh‖uξ − vξ‖)

)
≤ M1L1‖ut − vt‖ + C

[
L3‖u(0) − v(0)‖ + M1L1‖u0 − v0‖

+ (L1 + M2L1a + L2 + L2Lh)
∫ t

0
sup

0≤ξ≤s
‖us − vs‖ds

]
.

Thus,

‖u(t) − v(t)‖ ≤
[
M1L1‖ut − vt‖ + (CL3 + CM1L1)‖u0 − v0‖

]
+ C(L1 + M2L1a + L2 + L2Lh)

∫ t

0
sup

0≤ξ≤s
‖us − vs‖ds.

Hence by Gronwall’s lemma,

sup
0≤s≤t
‖u(s) − v(s)‖ ≤

[
M1L1‖ut − vt‖ + (CL3 + CM1L1)‖u0 − v0‖

]
e
∫ a

0 [C(L1+M2L1a+L2+L2Lh)]ds.
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‖u(t) − v(t)‖ − M1L1‖ut − vt‖e[Ca(L1+M2L1a+L2+L2Lh)]

≤ (CL3 + CM1L1)‖u0 − v0‖e[Ca(L1+M2L1a+L2+L2Lh)].

‖u(t) − v(t)‖(1 − M1L1e[Ca(L1+M2L1a+L2+L2Lh)]) ≤ (CL3 + CM1L1)
× e[Ca(L1+M2L1a+L2+L2Lh)]‖u0 − v0‖.

‖u(t) − v(t)‖ ≤
(CL3 + CM1L1)e[Ca(L1+M2L1a+L2+L2Lh)]

1 − M1L1e[Ca(L1+M2L1a+L2+L2Lh)] ‖u0 − v0‖.

Thus from Eq (3.4), the integral solution of Eq (1.1) has continuous dependence on the initial
conditions.

4. Existence of a strict solution

Here, we study the strict solution of the problem given by Eq (1.1), by using the integrated resolvent
operator theory and under some considerations.

Definition 4.1. A function ω(·) : [−r,+∞) → E is a strict solution of Eq (1.1), if ω(t) − q(t, ωt) ∈
C1([0,+∞);E) ∩C([0,+∞); Y) and ω holds as in Eq (1.1) on [−r,+∞).

First we prove this in reflexive BS in the sense of the below theorem:

Theorem 4.2. Assume that the hypotheses of Theorem 3.3 hold, and that the following conditions are
satisfied:

(H5) φ(0) + g(ω)(0) ∈ D(D),D[φ(0) + g(ω)(0) − q(0, ω0)] + ϕ(0, ω0, 0) ∈ D(D).

(H6) It holds that
((M1 + Kaa + KaM2a2)L1 + (1 + Lh)KaaL2) < 1. (4.1)

Then Eq (1.1) has a strict solution on [−r, a].

Proof. Let the operator Γ on C([−r, a];E) be as given in Theorem 3.3. Let the closed ball Br0 =

{ω ∈ C([−r, a];E : ‖ω‖ ≤ r0, ‖ω(t2) − ω(t1)‖ ≤ L∗|t2 − t1|, t1, t2 ∈ [−r, a]} . Here L∗ > 0 is a constant and
we prove that Γ has a fixed point on Br0 . By Theorem 3.3, Γ(Br0) ⊂ Br0; it suffices to show that

‖(Γω)(t2) − (Γω)(t1)‖ ≤ L∗|t2 − t1| for ω ∈ Br0 , t1, t2 ∈ [−r, a]. (4.2)

The extension of the operator solution Γ(ω̃(t)) is defined by

Γ(ω̃(t)) =

(ω̃)(t), t ∈ [0, a],
φ(t) + g(ω̃)(t), t ∈ [−r, 0].

Now,

‖(Γω)(t2) − (Γω)(t1)‖ ≤ ‖ f (t2, ω̃t2) − q(t1, ω̃t1)‖
+ ‖[Q′(t2) − Q′(t1)](φ(0) + g(ω̃)(0) − q(0, ω̃0))‖
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+

∥∥∥∥∥ d
dt2

∫ t2

0
Q(t2 − s)

[
Dq(s, ω̃s) +

∫ s

0
q(s, ω̃s)H(ξ)dξ

+ ϕ
(
s, ω̃s,

∫ s

0
h(s, ξ, ω̃ξ)dξ

)]
ds

−
d

dt1

∫ t1

0
Q(t1 − s)

[
Dq(s, ω̃s) +

∫ s

0
q(s, ω̃s)H(ξ)dξ

+ ϕ
(
s, ω̃s,

∫ s

0
h(s, ξ, ω̃ξ)dξ

)]
ds

∥∥∥∥∥
=: I1 + I2 + I3,

where

I1 = ‖q(t2, ω̃t2) − q(t1, ω̃t1)‖,

I2 = ‖[Q′(t2) − Q′(t1)](φ(0) + g(ω̃)(0) − q(0, ω̃0))‖,

I3 =

∥∥∥∥∥ d
dt2

∫ t2

0
Q(t2 − s)

[
Dq(s, ω̃s) +

∫ s

0
q(s, ω̃s)H(ξ)dξ

+ ϕ
(
s, ω̃s,

∫ s

0
h(s, ξ, ω̃ξ)dξ

)]
ds

−
d

dt1

∫ t1

0
Q(t1 − s)

[
Dq(s, ω̃s) +

∫ s

0
q(s, ω̃s)H(ξ)dξ

+ ϕ
(
s, ω̃s,

∫ s

0
h(s, ξ, ω̃ξ)dξ

)]
ds

∥∥∥∥∥.
Now take I1:

I1 ≤ M1L1(|t2 − t1| + ‖ω̃t2 − ω̃t1‖)
≤ M1L1(|t2 − t1| + L∗|t2 − t1|)
≤ (M1L1 + M1L1L∗)|t2 − t1|.

From (R4),

Q′(t)ω − ω = QDω +

∫ t

0
Q(t − s)H(s)ωds.

I2 ≤ ‖Q(t2) − Q(t1)‖‖D[φ(0) + g(ω̃)(0) − q(0, ω̃0)]‖

+

∫ t1

0
‖Q(t2 − s) − Q(t1 − s)‖‖H(ξ)[φ(0) + g(ω̃)(0) − q(0, ω̃0)]‖ds

+

∫ t2

t1
‖Q(t2 − s)‖H(ξ)[φ(0) + g(ω̃)(0) − q(0, ω̃0)]‖ds

≤ Ka‖D[φ(0) + g(ω̃)(0) − q(0, ω̃0)]‖|t2 − t1|

+ KaM2‖D[φ(0) + g(ω̃)(0) − q(0, ω̃0)]‖a|t2 − t1|
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+ sup
t∈[0,a]

‖Q(t)‖M2D[φ(0) + g(ω̃)(0) − q(0, ω̃0)]‖|t2 − t1|

≤ (Ka + KaM2a + MM2) M1 (‖φ‖ + L3r0 − L1(r0 + 1)) |t2 − t1|

≤ [KaM1(1 + aM2) + MM1M2] (‖φ‖ + L3r0)|t2 − t1|.

From I3, we note that

‖Dq(s, ω̃s) +

∫ s

0
H(ξ)q(ξ, ω̃ξ)dξ + ϕ

(
s, ω̃s,

∫ s

0
h(s, ξ, ω̃ξ)dξ

)
‖

≤ [L1 + M2L1a + L2 + L2Lh] r0.

Now

I3 ≤ Ka[L1 + M2L1a + L2 + L2Lh]r0|t2 − t1|

+ Ka

∫ t1

0

[
‖Dq(t2 − t1 + s, ω̃t2−t1+s) −Dq(s, ω̃s)‖

+

∫ s

0
‖H(s − ξ)‖‖q(t2 − t1 + ξ, ω̃t2−t1+ξ) − q(ξ, ω̃ξ)‖dξ

+

∫ 0

−(t2−t1)
‖H(s − ξ)q(t2 − t1 + ξ, ω̃t2−t1+ξ)‖dξ

+

∥∥∥∥∥ϕ (
t2 − t1 + s, ω̃t2−t1+s,

∫ t2−t1+s

0
h(t2 − t1 + s, t2 − t1 + ξ, ω̃t2−t1+ξ)dξ

)
− ϕ

(
s, ω̃s,

∫ s

0
h(s, ξ, ω̃ξ)dξ

) ∥∥∥∥∥]ds,

I3 ≤ Ka[L1 + M2L1a + L2 + L2Lh](r0 + 1)|t2 − t1|

+ Kaa
[
L1(1 + L∗) + (M2L1a(1 + L∗)) + M2L1(r0 + 1) + L2(1 + L∗ + LhL∗)

]
|t2 − t1|.

From the estimates of I1, I2, I3, we have

‖(Γω)(t2) − (Γω)(t1)‖ ≤
[
(M1L1 + M1L1L∗) + [KaM1(1 + aM2) + MM1M2][‖φ‖ + L3r0]

+ Ka(L1 + M2L1a + L2 + L2Lh)(r0 + 1)
+ Kaa[L1 + L1L∗ + M2L1a + M2L1L∗a + M2L1(r0 + 1)

+ (L2 + L2L∗ + L2LhL∗)]
]
|t2 − t1|

≤

[
C∗ +

(
(M1 + Kaa + KaM2a2)L1 + (1 + Lh)KaaL2

)
L∗

]
|t2 − t1|,

where C∗ ∈ R, and different from L∗, ω ∈ Br0; thus, from (H6)

‖(Γω)(t2) − (Γω)(t1)‖ ≤ L∗|t2 − t1|,

where we assume that L∗ is large enough
(
≥ C∗

1−((M1+Kaa+Ka M2a2)L1+(1+Lh)KaaL2)

)
.
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Thus Γ has a unique fixed point ω(·) and is an integral solution of Eq (1.1). Further ω(t) is Lipschitz-
continuous on [0, a]; moreover,

s→ Dq(s, ωs) +

∫ s

0
H(s − ξ)q(ξ, ωξ)dξ + ϕ

(
s, ωs,

∫ s

0
h(s, ξ, ωξ)dξ

)
is also Lipschitz continuous on [0, a] and E is a reflexive BS; hence, by the Radon-Nikodym property,

Dq(s, ωs) +

∫ s

0
H(s − ξ)q(ξ, ωξ)dξ + ϕ

(
s, ωs,

∫ s

0
h(s, ξ, ωξ)dξ

)
∈ W1,1([0, a];E).

By Lemma 2.4, we have thatω(t)−q(t, ωt) is differentiable on [0, a] and also a strict solution of Eq (1.1)
on [0, a]. Next we consider that E is a general BS; further, we assume the following:

(H7) The function q ∈ C1(R+ × E; Y) and the partial derivatives D1q(·, ·),D2q(·, ·) are Lipschitz-
continuous with respect to the second variable; ∃Li

q > 0; then,

‖Diq(t1, s1) − Diq(t1, s2)‖ ≤ Li
q‖s1 − s2‖

for t1 ∈ [0, a], s1, s2 ∈ C, i = 1, 2.

(H8) The function ϕ ∈ C1(R+×C×E;E) and the partial derivatives D1ϕ(·, ·, ·),D2ϕ(·, ·, ·) are Lipschitz-
continuous function with respect to second variable; ∃Li

ϕ > 0; then,

‖Diϕ(t1, r1, s1) − Diϕ(t1, r2, s2)‖ ≤ Li
ϕ(‖r1 − r2‖ + ‖s1 − s2‖)

for any t1 ∈ [0, a], r1, r2 ∈ C, s1, s2 ∈ E.

Theorem 4.3. Suppose that (H1)–(H4), (H7) and (H8) are true with M1L1 < 1. If ω(·) is an integral
solution of Eq (1.1), φ + g(ω) ∈ D(D) and D[φ(0) + g(ω)(0) − q(0, ω0)] + ϕ(0, ω0, 0) ∈ D(D); then,
ω(·) is a strict solution of Eq (1.1).

Proof. Let ω(·) be an integral solution of Eq (1.1); see the following system

y(t) = D1q(t, ωt) + D2q(t, ωt)yt + Q′(t)D[φ(0) + g(ω)(0) − q(0, ω0)] + Q′(t)Dq(0, ω0)

+
d
dt

∫ t

0
Q(t − s)H(s)q(0, ω0)ds + Q′(t)ϕ(0, ω0, 0)

+
d
dt

∫ t

0
Q(t − s)H(s)(φ(0) + g(ω)(0) − q(0, ω0))ds

+
d
dt

∫ t

0
Q(t − s)

[
DD1q(s, ωs) +DD2q(s, ωs)ys

+

∫ s

0
H(s − ξ)[D1q(ξ, ωξ) + D2q(ξ, ωξ)yξ]dξ

+ D1ϕ
(
s, ωs,

∫ s

0
h(s, ξ, ωξ)

)
+ D2ϕ

(
s, ωs,

∫ s

0
h(s, ξ, ωξ)

)
ys

]
ds.

(4.3)

From the Banach principle, there exists a unique solution y(·) ∈ C([0, a];E) to Eq (4.3). Let the map
z(t) be defined by

z(t) = φ(0) + g(ω)(0) +

∫ t

0
y(s)ds for t ∈ [0, a].
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We shall prove that ω(·) = z(·) on [0, a].

z(t) = φ(0) + g(ω)(0) +

∫ t

0
[D1q(s, ωs) + D2q(s, ωs)ys]ds

+ QD[φ(0) + g(ω)(0) − q(0, ω0)] + QD(q(0, ω0))

+

∫ t

0
Q(t − s)H(s)q(0, ω0)ds + Q(t)(ϕ(0, ω0, 0))

+

∫ t

0
Q(t − s)H(s)(φ(0) + g(ω)(0) − q(0, ω0))ds

+

∫ t

0
Q(t − s)

[
DD1q(s, ωs) +DD2q(s, ωs)ys

+

∫ s

0
H(s − ξ)[D1q(ξ, ωξ) + D2q(ξ, ωξ)yξ]dξ

+ D1ϕ
(
s, ωs,

∫ s

0
h(s, ξ, ωξ)

)
+ D2ϕ

(
s, ωs,

∫ s

0
h(s, ξ, ωξ)

)
ys

]
ds.

(4.4)

From (R4),

QD[φ(0) + g(ω)(0) − q(0, ω0)] = Q′(t)[φ(0) + g(ω)(0) − q(0, ω0)]
− (φ(0) + g(ω)(0) − q(0, ω0))

−

∫ t

0
Q(t − s)H(s)[φ(0) + g(ω)(0) − q(0, ω0)]ds.

(4.5)

Consequently,

q(0, z0) = q(t, zt) −
∫ t

0
[D1q(s, zs) + D2q(s, zs)ys]ds. (4.6)

Further, we obtain

QDq(0, z0) +

∫ t

0
Q(t − s)H(s)q(0, z0)ds + Qϕ(0, z0, 0)

=
d
dt

∫ t

0
Q(t − s)

[
Dq(s, zs) +

∫ s

0
H(s − ξ)q(ξ, zξ)dξ

+ ϕ(s, zs,

∫ s

0
h(s, ξ, zξ)dξ)

]
ds −

∫ t

0
Q(t − s)

[
DD1q(s, zs) +DD2q(s, zs)ys

+

∫ s

0
H(s − ξ)[D1q(ξ, zξ) + D2q(ξ, zξ)yξ]dξ

+ D1ϕ
(
s, zs,

∫ s

0
h(s, ξ, zξ)dξ

)
+ D2ϕ

(
s, zs,

∫ s

0
h(s, ξ, zξ)dξ

)
ys

]
ds.

(4.7)

Since ω0 = z0 putting Eqs (4.5)–(4.7) in Eq (4.4), we have

z(t) = q(t, zt) +

∫ t

0
[D1q(s, ωs) + D2q(s, ωs)ys]ds −

∫ t

0
[D1q(s, zs) + D2q(s, zs)ys]ds

+ Q′(t)[φ(0) + g(ω)(0) − q(0, ω0)]

AIMS Mathematics Volume 8, Issue 11, 25611–25632.



25625

+
d
dt

∫ t

0
Q(t − s)

[
Dq(s, zs) +

∫ s

0
H(s − ξ)q(ξ, zξ)dξ + ϕ

(
s, zs,

∫ s

0
h(s, ξ, zξ)dξ

)]
ds

−

∫ t

0
Q(t − s)

[
[DD1q(s, zs) +DD2q(s, zs)ys] +

∫ s

0
H(s − ξ)[D1q(ξ, zξ) + D2q(ξ, zξ)yξ]dξ

+ D1ϕ
(
s, zs,

∫ s

0
h(s, ξ, zξ)dξ

)
+ D2ϕ

(
s, zs,

∫ s

0
h(s, ξ, zξ)dξ

)
ys

]
ds

+

∫ t

0
Q(t − s)

[
DD1q(s, ωs) +DD2q(s, ωs)ys +

∫ s

0
H(s − ξ)[D1q(ξ, ωξ) + D2q(ξ, ωξ)yξ]dξ

+ D1ϕ
(
s, ωs,

∫ s

0
h(s, ξ, ωξ)dξ

)
+ D2ϕ

(
s, ωs,

∫ s

0
h(s, ξ, ωξ)dξ

)
ys

]
ds.

Now

z(t) − ω(t) = q(t, zt) − q(t, ωt) +
d
dt

∫ t

0
Q(t − s)[Dq(s, zs) −Dq(s, ωs)]ds

+
d
dt

∫ t

0
Q(t − s)

∫ s

0
H(s − ξ)[q(ξ, zξ) − q(ξ, ωξ)]dξds

+
d
dt

∫ t

0
Q(t − s)

[
ϕ
(
s, zs,

∫ s

0
h(s, ξ, zξ)dξ

)
− ϕ

(
s, ωs,

∫ s

0
h(s, ξ, ωξ)dξ

)]
ds

+

∫ t

0
[D1q(s, ωs) − D1q(s, zs)]ds +

∫ t

0
[D2q(s, ωs) − D2q(s, zs)]ysds

+

∫ t

0
Q(t − s)[DD1q(s, ωs) −DD1q(s, zs)]ds

+

∫ t

0
Q(t − s)[DD2q(s, ωs) −DD2q(s, zs)]ysds

+

∫ t

0
Q(t − s)

∫ s

0
H(s − ξ)[D1q(ξ, ωξ) − D1q(ξ, zξ)]dξds

+

∫ t

0
Q(t − s)

∫ s

0
H(s − ξ)[D2q(ξ, ωξ) − D2q(ξ, zξ)]yξdξds

+

∫ t

0
Q(t − s)

[
D1ϕ

(
s, ωs,

∫ s

0
h(s, ξ, ωξ)dξ

)
− D1ϕ

(
s, zs,

∫ s

0
h(s, ξ, zξ)dξ

)]
ds

+

∫ t

0
Q(t − s)

[
D2ϕ

(
s, ωs,

∫ s

0
h(s, ξ, ωξ)dξ

)
− D2ϕ

(
s, zs,

∫ s

0
h(s, ξ, zξ)dξ

)]
ysds

:= J1 + J2 + J3

where

‖J1‖ ≤ ‖q(t, zt) − q(t, ωt)‖ +
d
dt

∫ t

0
Q(t − s)‖[Dq(s, zs) −Dq(s, ωs)]‖ds

+
d
dt

∫ t

0
Q(t − s)

∫ s

0
‖H(s − ξ)[q(ξ, zξ) − q(ξ, ωξ)]‖dξds

+
d
dt

∫ t

0
Q(t − s)

∥∥∥∥∥[ϕ(s, zs,

∫ s

0
h(s, ξ, zξ)dξ

)
− ϕ

(
s, ωs,

∫ s

0
h(s, ξ, ωξ)dξ

)]∥∥∥∥∥ds
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≤ M1L1 sup
0≤s≤t
‖ωs − zs‖

+ Ka

(
L1 + M2L1a + L2(‖zs − ws‖ + Lh‖zξ − ωξ‖)

) ∫ t

0
sup

0≤ξ≤s
‖ωξ − zξ‖ds

≤ M1L1 sup
0≤s≤t
‖ωs − zs‖ + Ka(L1 + M2L1a + L2 + L2Lh)

∫ t

0
sup

0≤ξ≤s
‖ωξ − zξ‖ds,

‖J2‖ ≤

∫ t

0
‖[D1q(s, ωs) − D1q(s, zs)]‖ds +

∫ t

0
‖[D2q(s, ωs) − D2q(s, zs)]‖‖ys‖ds

+

∫ t

0
‖Q(t − s)‖‖[DD1q(s, ωs) −DD1q(s, zs)]‖ds

+

∫ t

0
‖Q(t − s)‖‖[DD2q(s, ωs) −DD2q(s, zs)]‖‖ys‖ds

+

∫ t

0
‖Q(t − s)‖

∫ s

0
‖H(s − ξ)[D1q(ξ, ωξ) − D1q(ξ, zξ)]‖dξds

+

∫ t

0
‖Q(t − s)‖

∫ s

0
‖H(s − ξ)[D2q(ξ, ωξ) − D2q(ξ, zξ)]‖‖yξ‖dξds

≤ M1L1
q

∫ t

0
sup

0≤ξ≤s
‖ωξ − zξ‖ds + M1M3L2

q

∫ t

0
sup

0≤ξ≤s
‖ωξ − zξ‖ds

+ sup
0≤s≤a

‖Q(s)‖L1
q

∫ t

0
sup

0≤ξ≤s
‖ωξ − zξ‖ds + sup

0≤s≤a
‖Q(s)‖M3L2

q

∫ t

0
sup

0≤ξ≤s
‖ωξ − zξ‖ds

+ sup
0≤s≤a

‖Q(s)‖M2L1
qa

∫ t

0
sup

0≤ξ≤s
‖ωξ − zξ‖ds

+ sup
0≤s≤a

‖Q(s)‖M2M3L2
qa

∫ t

0
sup

0≤ξ≤s
‖ωξ − zξ‖ds

≤

[
M1(L1

q + M3L2
q) + sup

0≤s≤a
‖Q(s)‖(L1

q + M3L2
q + M2L1

qa + M2M3L2
qa)

]
×

∫ t

0
sup

0≤ξ≤s
‖ωξ − zξ‖ds,

where M3 = sup
0≤s≤a

‖ys‖,

‖J3‖ ≤

∫ t

0
‖Q(t − s)‖

∥∥∥∥∥[D1ϕ
(
s, ωs,

∫ s

0
h(s, ξ, ωξ)dξ

)
− D1ϕ

(
s, zs,

∫ s

0
h(s, ξ, zξ)dξ

)]∥∥∥∥∥ds

+

∫ t

0
‖Q(t − s)‖

∥∥∥∥∥[D2ϕ
(
s, ωs,

∫ s

0
h(s, ξ, ωξ)dξ

)
− D2ϕ

(
s, zs,

∫ s

0
h(s, ξ, zξ)dξ

)]∥∥∥∥∥‖ys‖ds

≤ sup
0≤s≤a

‖Q(s)‖
(
L1
ϕ(‖ωs − zs‖ + Lh‖ωξ − zξ‖)

) ∫ t

0
sup

0≤ξ≤s
‖ωξ − zξ‖ds

+ sup
0≤s≤a

‖Q(s)‖
(
L1
ϕ + L1

ϕLh + M3L2
ϕ + M3L2

ϕLh

) ∫ t

0
sup

0≤ξ≤s
‖ωξ − zξ‖ds
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≤ sup
0≤s≤a

‖Q(s)‖
(
L1
ϕ(1 + Lh) + M3L2

ϕ(1 + Lh)
) ∫ t

0
sup

0≤ξ≤s
‖ωξ − zξ‖ds

≤ sup
0≤s≤a

‖Q(s)‖(1 + Lh)(L1
ϕ + M3L2

ϕ)
∫ t

0
sup

0≤ξ≤s
‖ωξ − zξ‖ds.

By the values of J1, J2, J3 we have

sup
0≤s≤t
‖ωs − zs‖ ≤ M1L1 sup

0≤s≤t
‖ωs − zs‖ +

[
Ka(L1 + M2L1a + L2 + L2Lh) + M1(L1

q + M3L2
q)

+ sup
0≤s≤a

‖Q(s)‖
(
L1

q + M3L2
q + M2L1

qa + M2M3L2
qa

+ (1 + Lh)(L1
ϕ + M3L2

ϕ)
)] ∫ t

0
sup

0≤ξ≤s
‖ωξ − zξ‖ds.

Since M1L1 < 1, we obtain that

sup
0≤s≤t
‖ωs − zs‖ ≤

N
1 − M1L1

∫ t

0
sup

0≤ξ≤s
‖ωξ − zξ‖ds,

where

N =Ka(L1 + M2L1a + L2 + L2Lh) + M1(L1
q + M3L2

q)

+ sup
0≤s≤a

‖Q(s)‖
(
L1

q + M3L2
q + M2L1

qa + M2M3L2
qa + (1 + Lh)(L1

ϕ + M3L2
ϕ)
)
.

Then by the Gronwall lemma, it follows that ωt = zt for all t ∈ [−r, a], which shows that ω(t) is
continuously differentiable on [−r, a]; consequently, ω(·) is a strict solution of Eq (1.1).

5. Example

The application of this theory, we consider the following system:

∂
∂t [ω(t, x) −

∫ 0

−r
g(t, ω(t + θ, x))dθ] = ∂2

∂x2ω(t, x)

+
∫ t

0
p(t − s) ∂2

∂x2ω(s, x)ds +
∫ t

0

∫ 0

−r
c(t, ω(t + θ, x))ω(t, x)dθds for t ≥ 0, x ∈ [0, 1],

ω(t, 0) = ω(t, 1) for t ∈ [0, 1],

ω(0, x) +
p∑

i=1

∫ 1

0
ηi(x, y)ω(ti, y)dy = ω0(x) for t ∈ [−r, 0], x, y ∈ [0, 1],

(5.1)

where the function p is a locally bounded variation from R+ to R, 0 < t1 < t2 < .... < tp < 1, ω0(x) is an
initial function on the BS E = C([0, 1];R) and ω0 : [−r, 0]× [0, 1]→ R, g : R+ ×R→ R is continuous;
we further assume the following

(A1) We have the function g ∈ C2([−r, 0]× [0, 1];R) with g(·, 0) = g(·, 1) = 0 and ∃q1(·, ·) ∈ L1([0, 1]×
[0, 1];R) then, ∣∣∣∣∣ ∂2

∂x2 g(x1, y1) −
∂2

∂x2 g(x2, y2)
∣∣∣∣∣ < q1(|x1 − x2| + |y1 − y2|)
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and ∣∣∣∣∣ ∂2

∂x2 g(x1, y1)
∣∣∣∣∣ < q1(|x1| + 1) for x1, x2 ∈ [0, 1], y1, y2 ∈ R.

(A2) The map c : [0, 1] × R→ R is Lipschitz continuous ∃Lc > 0 and

|c(t1, v1) − c(t2 − v2)| ≤ Lc(|t1 − t2| + |v1 − v2|) for 0 ≤ t1, t2 ≤ 1, v1, v2 ∈ R

and

|c(t, v)| ∈ Lc(|v| + 1) for (t, v) ∈ [0, 1] × R.

(A3) The functions ηi : [0, 1] × [0, 1] → R are continuous with ηi(0, ·) = ηi(1, ·) = 0 and
ki = sup |ηi(x, y)|; 0 ≤ x ≤ 1, 0 ≤ y ≤ 1 < 1, i = 1, 2, ...p.

Now, we write Eq (5.1) as an abstract form of Eq (1.1) in E. LetD be the operator byDv = v′′ and
the domain

D(D) = v ∈ E; v′′ ∈ E and v(0) = v(1) = 0.

Let the operatorsH(t) : D(D) ⊂ E → E, t ≥ 0 be defined by

H(t)v = p(t)v′′, and D(H(t)) = D(D).

Hence (H(t)) ⊂ L(Y,E) andH(·)v ∈ BVloc(R;E), v ∈ D(D). Here Y is already explained in Section 2,
so there exists an LLC integrated resolvent operator Qt≥0 related to Eq (5.1).

Further let ω(t)(x) = ω(t, x), q : [0, 1] × C → E, ϕ : [0, 1] × C × E → E, g : C([−r, 0];E) → D(D)
be respectively,

q(t, v)(x) =

∫ 0

−r
g(t, v(θ))dθ, v ∈ E,

ϕ(t, u, v)(x) =

∫ t

0

∫ 0

−r
c(t, ω(t + θ, x))ω(t, x)dθds,

g(ω(t)) =

p∑
i=1

∫ 0

−r
ηi(x, y)ω(ti, y)dy, ω ∈ C([−r, 0];E).

Under the above assumptions Eq (5.1) is rewritten in the form (1.1) and conditions of Theorems 3.3
and 3.4 are fulfilled. Also the functions q, ϕ satisfy the Lipschitz-continuous conditions in (H1) and
(H2) respectively. In fact for t1, t2 ∈ [0, 1] and v1, v2 ∈ E we have

‖Dq(t1, v1) −Dq(t2, v2)‖ ≤ sup
x∈[0,1]

∫ 0

−r

∣∣∣∣∣ ∂2

∂x2 g(t1, v1(θ)) −
∂2

∂x2 g(t2, v2(θ))
∣∣∣∣∣dθ

≤ sup
x∈[0,1]

∫ 0

−r
q1(x, y)(|t1 − t2| + |v1(θ) − v2(θ))dθ

≤ Lq1(|t1 − t2| + ‖v1 − v2‖),
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where Lq1 > 0 is a Lipschitz constant of q that is Lipschitz continuous on its domain C2; also
clearly, ϕ is satisfies (H2) with L2 = Lc. On the other hand, under the condition of (A3), for
ω1, ω2 ∈ C([−r, 0];E),

‖g(ω1(t)) − g(ω2(t))‖ ≤
p∑

i=1

sup
x∈[0,1]

∫ 0

−r
|ηi(x, y)|‖ω1(ti)(y) − ω2(ti)(y)‖dy

≤

p∑
i=1

ki‖ω1(ti) − ω2(ti)‖

≤ Lη‖ω1 − ω2‖C

which shows that g satisfies (H3). According to Theorems 3.3 and 3.4, we state that the following:

(1) If
M1Lq1 + C[Lη + (M1 + 1 + M2)Lq1 + Lc] < 1

from Theorem 3.3, for the initial map ω0(x) ∈ E and ω0(0) = ω0(1) = 0, ∃ a unique integral
solution of Eq (5.1) on [0,1]. Further from Theorem 3.4, if

M1Lq1e
C[Lq1 +M2Lq1 +Lc] < 1

then the estimates of Eq (3.4) holds such that the solution of Eq (5.1) has continuous dependence
upon the initial data.

(2) Further assume that ω0(·) ∈ C2([0, 1] × R) with ω0(0) = ω0(1) = 0, c(0, ω(0, 0)) = c(0, ω(0, 1))
the function ω(·, ·) ∈ C([0, 1] × [0, 1];R) and ηi ∈ C2([−r, 0] × [0, 1];R). Thus

D[φ(0) + g(ω)(0) − q(0, ω0)] + ϕ(0, ω0, 0) ∈ D(D).

Moreover c ∈ C2([0, 1]×R;R); then, it is clear that (H7) and (H8) are hold. If M1Lq1 < 1 then by
Theorem 4.3, the integral solution of Eq (5.1) becomes a strict solution.

6. Conclusions

In this work, we obtained the existence results for the system of neutral integro-differential equations
given by (1.1) with the nonlocal condition in finite delay situations by using the Banach fixed point
theorem. Also, we verified that the integral solution of the system given by (1.1) has continuous
dependence with respect to the initial data, and we proved the existence of a strict solution by using
integrated resolvent operator theory and Gronwall’s lemma. We considered most of the functions in
Eq (1.1) to be Lipschitz continuous and then obtained the results. The future work will consider the
partial neutral functional integro-differential equations with the initial conditions and we will apply the
integrated resolvent operator technique to this system.
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