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Abstract: The purpose of this paper is first to introduce the notation of matrix intuitionistic fuzzy
normed spaces, and then by virtue of this notation to study the Hyers-Ulam stability results concerning
the mixed type additive-quadratic functional equation

[ f(x +ky) + flkx + W] = k(1 = s+ k+ ks +2k5) f(x +y) + k(1 — 5 = 3k + ks + 2kD) f(x — y)
+ 2k f(kx) + 2k(s + k — ks — 2k*) f(x) + 2(1 — k — 8) f(ky) + 2ksf(y)

in the setting of matrix intuitionistic fuzzy normed spaces by applying two different methods, where s
is a parameter, k > 1 and s # 1 — 2k. Moreover, the interdisciplinary relation between the theory of
matrix intuitionistic fuzzy normed spaces and the theory of functional equations are also presented in
this paper.
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1. Introduction

In 1940, Ulam [24] posed the stability problem concerning group homomorphisms. For Banach
spaces, the problem was solved by Hyers [7] in the case of approximate additive mappings. And then
Hyers’ result was extended by Aoki [1] and Rassias [18] for additive mappings and linear mappings,
respectively. In 1994, another further generalization, the so-called generalized Hyer-Ulam stability,
was obtained by Gavruta [6]. Later, the stability of several functional equations has been extensively
discussed by many mathematicians and there are many interesting results concerning this problem
(see [2,8-10,19,20] and references therein); also, some stability results of different functional equations
and inequalities were studied and generalized [5,11,12,15-17,26] in various matrix normed spaces like
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matrix fuzzy normed spaces, matrix paranormed spaces and matrix non-Archimedean random normed
spaces.
In 2017, Wang and Xu [25] introduced the following functional equation

k[ f(x + ky) + flkx +y)] = k(1 — s + k + ks + 2k*) f(x + y) + k(1 — 5 — 3k + ks + 2k*) f(x — y)

+ 2k f(kx) + 2k(s + k — ks — 2k*) f(x) + 2(1 — k — s) f(ky) + 2ksf(y) .1

where s is a parameter, kK > 1 and s # 1 — 2k. It is easy to verify that f(x) = ax + bx*(x € R) satisfies
the functional Eq (1.1), where a, b are arbitrary constants. They considered the general solution of
the functional Eq (1.1), and then determined the generalized Hyers-Ulam stability of the functional
Eq (1.1) in quasi-Banach spaces by applying the direct method.

The main purpose of this paper is to employ the direct and fixed point methods to establish the
Hyers-Ulam stability of the functional Eq (1.1) in matrix intuitionistic fuzzy normed spaces. The paper
is organized as follows: In Sections 1 and 2, we present a brief introduction and introduce related basic
definitions and preliminary results, respectively. In Section 3, we prove the Hyers-Ulam stability of
the functional Eq (1.1) in matrix intuitionistic fuzzy normed spaces by applying the direct method. In
Section 4, we prove the Hyers-Ulam stability of the functional Eq (1.1) in matrix intuitionistic fuzzy
normed spaces by applying the fixed point method. Our results may be viewed as a continuation of the
previous contribution of the authors in the setting of fuzzy stability (see [14, 17]).

2. Preliminaries

For the sake of completeness, in this section, we present some basic definitions and preliminary
results, which will be useful to investigate the Hyers-Ulam stability results in matrix intuitionistic fuzzy
normed spaces. The notions of continuous #-norm and continuous #-conorm can be found in [14,22].
Using these, an intuitionistic fuzzy normed space (for short, IFNS) is defined as follows:

Definition 2.1. ([14,21]) The five-tuple (X, u, v, *, ©) is said to be an IFNS if X is a vector space, * is a
continuous t-norm, ¢ is a continuous t-conorm, and u, v are fuzzy sets on X xX(0, o) satisfy the following
conditions. For every x,y € X and s,t > 0,

1) u(x, 1) + v(x, 1) < 1;

(i1) p(x, 1) > 0, (iii) u(x,t) = 1 if and only if x = 0;

(iii) u(ax, 1) = u(x, ﬁ) foreach @ # 0, (v) u(x, 1) * u(y, s) < u(x + y, 1 + s);
(iv) u(x,-) : (0,00) — [0, 1] is continuous;

(v) im, o p(x, 1) = 1 and lim,_,o u(x, t) = 0;

(vi) v(x, 1) < 1, (ix) v(x,t) = 0 if and only if x = 0;

(vii) v(ax, 1) = v(x, <

* ol

(xiii) v(x, ) : (0, 00) — [0, 1] is continuous;

) for each a # 0, (xi) v(x, 1) ¢ v(y,5) = v(x+ y,t + 5);

(1x) lim,,o, v(x, #) = 0 and lim,_,o v(x, 1) = 1.

In this case, (u, v) is called an intuitionistic fuzzy norm.

The following concepts of convergence and Cauchy sequences are considered in [14,21]:
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Let (X, u, v, %, 0) be an IFNS. Then, a sequence {x;} is said to be intuitionistic fuzzy convergent to
x € X if for every € > 0 and ¢ > 0, there exists ky € N such that

ulxy—x,t)>1-¢

and
v(xy — x,t) < €

for all £k > ky. In this case we write
(u,v) — lim x; = x.

The sequence {x;} is said to be an intuitionistic fuzzy Cauchy sequence if for every € > 0 and ¢t > 0,
there exists ky € N such that
ulxx — xp, 1) > 1—¢

and
V(X — xp, 1) < €

for all k,€ > ky. (X, u,v,*,¢) is said to be complete if every intuitionistic fuzzy Cauchy sequence in
(X, u, v, %, ©) is intuitionistic fuzzy convergent in (X, u, v, *, ¢).

Following [11, 12], we will also use the following notations: The set of all m X n-matrices in
X will be denoted by M,,,,(X). When m = n, the matrix M,,,(X) will be written as M,(X). The
symbols e; € M, ,(C) will denote the row vector whose jth component is 1 and the other components
are 0. Similarly, E;; € M,(C) will denote the n X n matrix whose (i, j)-component is 1 and the other
components are 0. The n X n matrix whose (i, j)-component is x and the other components are 0 will
be denoted by E;; ® x € M,(X).

Let (X,]| - ||) be a normed space. Note that (X, {|| - ||,}) is a matrix normed space if and only if
(M, (X), || - |l,) is a normed space for each positive integer n and

lAxBll. < [IAIlIBIlllxll

holds for A € My,, x = [x;;] € M,(X) and B € M,, and that (X, {|| - [|,}) is a matrix Banach space if
and only if X is a Banach space and (X, {|| - ||,}) is a matrix normed space.
Following [23], we introduce the concept of a matrix intuitionistic fuzzy normed space as follows:

Definition 2.2. ([23]) Let (X, u, v, *, ©) be an intuitionistic fuzzy normed space, and the symbol 6 for a
rectangular matrix of zero elements over X. Then:

(1) (X, {un}, {va}, %, ©) is called a matrix intuitionistic fuzzy normed space (briefly, MIFNS) if for each
positive integer n, (M, (X), U, vy, *,©) is an intuitionistic fuzzy normed space, u, and v, satisfy the
following conditions:

(1) pnem(O + x, 1) = pp(X, 1), Vim0 + X, 1) = vi(x, 1) for all t > 0, x = [x;;] € M,(X), 0 € M,,(X);

(i) u(AxB,t) = p(x, m), Vi(AxB,1) < vu(x, m) forall't > 0, A € M,[R),
x = [x;j] € M(X) and B € M, ;(R) with ||A|| - ||B]| # O.
(2) (X, {un}, {vn}, %, 0) is called a matrix intuitionistic fuzzy Banach space if (X,u,v,*,0) is an

intuitionistic fuzzy Banach space and (X, {u,}, {v.}, *, ©) is a matrix intuitionistic fuzzy normed space.

The following Lemma 2.3 was found in [23].
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Lemma 2.3. ([23]) Let (X, {u,}, {v,}, *, ©) be a matrix intuitionistic fuzzy normed space. Then,
(D) py(Ey @ x, ) = u(x, 1), vi(Eg ® x,1) = v(x,t) forallt > 0 and x € X.

(2) For all [X,'j] € M,(X) andt = zn: lij > 0,

i,j=1
ﬂ(Xkl, t) = /’tn([xij]’ t) = min{ﬂ(xiﬁ tlj) . l?.] = 17 27 o 7n}7

. 4 ..
/l(Xk[, t) 2 /’ln([-xij], t) = mln{ﬂ('xija E) L= 1’ 29 ey n}’

and
V(X 1) < vi([xi5], 1) < max{v(x;;, ;) - i, j = 1,2,...,n},

t
v(xu, 1) < vu([x5], 1) < max{v(x;;, E) 2L j=1,2,...,n}

(3) lim x,, = x if and only if im Xx;j, = X;j for X, = [Xjjm], x = [x;;] € M, (X).

For explicit later use, we also recall the following Lemma 2.4 is due to Diaz and Margolis [4], which
will play an important role in proving our stability results in this paper.

Lemma 2.4. (The fixed point alternative theorem [4]) Let (E,d) be a complete generalized metric
space and J: E — E be a strictly contractive mapping with Lipschitz constant L < 1. Then for each
fixed element x € E, either

d(J"x, J"x) = co, ¥n >0,

or
d(J"x, J™ ' x) < co, Vn = ny,

for some natural number ng. Moreover, if the second alternative holds then:

(i) The sequence {J"x} is convergent to a fixed point y* of J.

(ii) y* is the unique fixed point of J in the set E* := {y € E | d(J™x,y) < 4o} and d(y,y*") <
ﬁd(y, Jy), V¥x,y € E".

3. Stability of the functional Eq (1.1): direct method

From now on, let (X,{u,},{v,},* ¢) be a matrix intuitionistic fuzzy normed space and
(Y, {un}, {v,}, %, ©) be a matrix intuitionistic fuzzy Banach space. In this section, we will prove the
Hyers-Ulam stability of the functional Eq (1.1) in matrix intuitionistic fuzzy normed spaces by using
the direct method. For the sake of convenience, given mapping f: X — Y, we define the difference
operators Df: X*> — Y and Df,: M,(X*) — M,(Y) of the functional Eq (1.1) by

Df(a,b) : = 2k[f(a + kb) + f(ka + b)]
— k(1 — s+ k+ ks +2k*) f(a+b) — k(1 — s — 3k + ks + 2k*) f(a — b)
— 2k f(ka) — 2k(s + k — ks = 2k f(a) — 2(1 — k — ) f(kb) — 2ks f (),
Df,([x;1, lyij]) - = 2k[ fu[xij] + klyi;]) + fulklxi;] + [yi;D]
— k(1 = s+ k + ks + 2k f,([x;j] + [yi;]) = k(1 = 5 = 3k + ks + 2k*) £, ([xi;1 = [yij])
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= 2k f(k[x;j1) = 2k(s + k — ks = 2k°) fu([x;j]) = 2(1 = k = 5) fu(klyi;1) = 2ks £, ([yi;])

forall a,b € X and all x = [x;;],y = [yi;j] € M (X).
We start with the following lemmas which will be used in this paper.

Lemma 3.1. ([25]) Let V and W be real vector spaces. If an odd mapping f: V — W satisfies the
functional Eq (1.1), then f is additive.

Lemma 3.2. ([25]) Let V and W be real vector spaces. If an even mapping f: V. — W satisfies the
functional Eq (1.1), then f is quadratic.

Theorem 3.3. Let ¢,: X> — [0, o) be a function such that for some real number a with 0 < a < k,
@o(ka, kb) = ayp,(a,b) 3.1
forall a,b € X. Suppose that an odd mapping f: X — Y satisfies the inequality

Hn(Df([xi5], Ly, D) > m,
(3.2)

sz:] ‘Po(xijaYij)

V(D fu([xi51, [yi; D, 1) < PSSR e

for all x = [x;;],y = [yij] € M,(X) and all t > 0. Then there exists a unique additive mapping A:
X — Y such that

(k—a)(2k+s—1)t
ﬂn(ﬁl([-xu]) - An([xl/])’ t) = (k—a)(2k+s—1)t+n2 Zﬁj:l 20(0.x;)°

(3.3)
n? Z?J:] Soa(osxij)
Vn(ﬁl([xl/]) - An([xlj])a t) < (k—a)2k+s—1)t+n2 ZZj:l 00(0,x;))

forall x = [x;;] € M,(X) and all t > 0.

Proof. When n = 1, (3.2) is equivalent to

p(Df(a,b),t) 2 7=t and  W(Df(a,b),1) < £2%0 (34)

t+¢o(a,b)
for all a,b € X and all ¢ > 0. Putting a = 0 in (3.4), we have

pQ2Q2k + s = 1) f(kb) = 2(2k + s = Dkf(b), D) 2 755
(3.5)
v(2(2k + s — 1) f(kb) = 2(2k + s — Dkf(b), 1) < £

t+¢,(0,b)

forall b € X and all # > 0. Replacing a by k”a in (3.5) and using (3.1), we get

[&a)  fkPa) t t
M ¥ Rk i) 2 a0

(3.6)

w [&a)  fkPa) t ) < a’o(0.2)

kT T kP 2kQk+s—DkP t+aP¢,(0,a)
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for all @ € X and all ¢ > 0. It follows from (3.6) that

(f(kl’“a) _ [P aft ) > t

kP kP2 2kQk+s=1kP 7 = 1+¢,(0,0)°

v(f(k”“a) _ [Wa) at ) #,(0.0)
kr+] kP2 2k(k+s—1)kP 7 = 1+¢,(0,a)

for all a € X and all # > 0. It follows from

fkPa) & fk e fkla)
@) = ) (e = )

and (3.7) that

(k” a) (k”1 a _ [Ka) alt t

- fa), i2 0 2k(2k+v l)k‘) > 17 01“ P 7 Tk D) 2 Tran 0

fkPa) [ i (k'a) ©0(0,a)
V(=5 kP - fla), Zf 0 2k(2k+v 2k(2k+s— Dk’ ) < H ( KO K 2k(2k+c DK ) < 1+¢,(0,a)

for all @ € X and all r > 0, where

p
| |aj:a1>x<a2>l<--~*ap,

J=0

‘:a1<>a2<>~--<>ap.

T ~
o:
Q
~

By replacing a with k%a in (3.8), we have

fkP*ia) f(k‘ia) t
( kp+da Zf 0 2k(2k+v l)k[“'q) = t+alp,(0,a)°

W( fkP*a) f(k"a) Z o't ) @19,(0,9)
kP+d (= 0 2k(2k+s—1D)k+97 = t+adp,(0,a)

forallae X,t> 0, p>0and g > 0. Thus

fkPHa) f(k‘fa) p+q 1 o't t
( kPa Z 2k(2k+s—1)k! ) = 1+¢,(0,a)°

(f(k'”‘fa) _ f(k‘fa) Zp+q 1 ) < %,(0.9)
kr+a 2k(2k+5 DK/ = 14+¢,(0,0)

forallae X, >0, p>0and g > 0. Hence

[&PHa)  f(kia) t
( kta T ja = 1y Pl ol

b
=q  2k(k+s—1)kl 0(0.0)

+q—1 %
W fPHa)  f(ka) 1) < X0 w209
+q =

kP T T p+q 1 of
Aoy 2k(2k+s—D)kE o(0.2)

forallae X,t>0,p>0and g > 0. Since 0 < @ < k and

¢

Z nd < 00,
e 2k(2k + 5 = 1)k!

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)
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the Cauchy criterion for convergence in IFNS shows that { 1 ”)} is a Cauchy sequence in (Y, u, v, *, ©).

Since (Y, u, v, *, ©) is an intuitionistic fuzzy Banach space, thls sequence converges to some point A(a) €
Y. So one can define the mapping A: X — Y such that

kPa
A(a) := (u,v) — lim oA ).
p—o kp
Moreover, if we put ¢ = 01in (3.11), we get
u(E22 — fa), 1) > ; :
Zf 0 2k(2A+i Dkt 0(0.a)
. , . (3.12)
07‘100( a)
(f(k’:a) _ f(a), I) < (= )0 2k(2k+s— 1kl
o 22 (; 2k(2k+f Dkl ¢0(0.0)
forall a € X, t > 0 and p > 0. Thus, we obtain
(kPa) (kPa)
u(f(a) — Aa), t) > u(f(a) — £52, 1)« p(A52 - Aa), ) > ¢ ,
Zf 0 k(2k+s Dkl 0(0.2)
ot o (3.13)
Pq Pa T% 4
v(f(a) — A@), D) < v(f(a) = L52, 1) s v(LE2 — Aa), L) < —rfeeele
Zf 0 k(2k+s—1)kl 0(0.2)

for every a € X, t > 0 and large p. Taking the limit as p — oo and using the definition of IFNS, we get

(k—a)(2k+s—1)t
p(f(@) =A@, 1) 2 G or g0

(3.14)
v(f(a) - Ala),1) < (k—a)(Qkf—{;(?,l‘;L%(O,a)'
Replacing a and b by k”a and k”b in (3.4), respectively, and using (3.1), we obtain
HGEDf(Ra kD). 1) 2y and  v(EDf(Ka, kb),1) < hrteCs (3.15)
for all a,b € X and all t > 0. Letting p — oo in (3.15), we obtain
w(DA(a,b),t)=1 and v(DA(a,b),t)=0 (3.16)

for all a,b € X and all r > 0. This means that A satisfies the functional Eq (1.1). Since f: X — Y is an
odd mapping, and using the definition A, we have A(—a) = —A(a) for all a € X. Thus by Lemma 3.1,
the mapping A: X — Y is additive. To prove the uniqueness of A, let A”: X — Y be another additive
mapping satisfying (3.14). Let n = 1. Then we have

A(KF A’ (kP
w(Aa) — A'(a), 1) = m<” A 1)
> (IM _ f(kPa) t ( f(k’ a) A(kl’a) t (k—a)2k+s—1)t

= kP k02 k227 = (k—a)2k+s—Dt+2(2)Pe,(0,a)°
(3.17)
AP Ak
wmnA@0—<”>;ﬂﬁ
< (A(k’ a _ fkPa) o v(L{la f(k’ a _ AkPa) ¢ 2(P)’po(0.q)
=T k02 k227 = (k—a)2k+s—Dit+2(2)Pg,(0,a)
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foralla € X,t > 0and p > 0. Letting p — oo in (3.17), we get
HA(a)—A’(a),t)=1 and v(A(a)—A'(a),t)=0

forall a € X and r > 0. Hence we get A(a) = A’(a) for all @ € X. Thus the mapping A: X — Yisa
unique additive mapping.
By Lemma 2.3 and (3.14), we get

:un(fn([-xij]) - An([xij])7 t) 2 mln{:u(f(xlj) - A(xij)’ nLZ) . l’] =1L... I’l}
> (k—a)(2k+s—1)t
= (k—a)(2k+s—1)t+n? 2 izt 90(0.xi))°

Valfu(lxiiD) = Au([xij]), ) < max{v(f(x;)) — A(xi)), %) 2 i, j=1,....n}
< n* 51 o1 ¢0(0.xi))
= (k=) k+s=Dt+n? T ¢5(0,x;))

for all x = [x;;] € M,(X) and all > 0. Thus A: X — Y is a unique additive mapping satisfying (3.3),
as desired. This completes the proof of the theorem. O

Theorem 3.4. Let ¢.: X*> — [0, ) be a function such that for some real number a with 0 < a < k?,
@e(ka, kb) = ap.(a,b) (3.18)
forall a,b € X. Suppose that an even mapping f: X — Y with f(0) = 0 satisfies the inequality

!
(D fo([xi5], DvijD, 1) = Y )’

(3.19)
t+zlr'l,j=1 Pe(Xijsyij)

V(D fu([ X351, [yijD, 1) <

forall x = [x;;], y = [yij] € M,(X) and all t > 0. Then there exists a unique quadratic mapping Q:
X — Y such that

(k2 —a)(2k+s—1)t
/’tn(fn([xu]) - Qn([-xl]])a t) > (kz—a)(2k+s—l)t+n2 er'l,j=1 Sl’e(o»xij),

(3.20)
n? Z?,_/:l ©e(0,x;5)
Vn(f;l([-xij]) - Qn([xtj])9 t) < (kR2—a)(2k+s—1)t+n? ZZj:l ©e(0,%;7)
forall x = [x;;] € M,(X) and all t > 0.
Proof. When n =1, (3.19) is equivalent to
u(Df(a,b),n) > =t and  W(Df(a,b),1) < & (3.21)
for all a,b € X and all ¢ > 0. Letting a = 0 in (3.21), we obtain
w2k + s — 1) f(kb) — 2(2k + s — D> f(b), 1) > W’
(3.22)

V(2(2k + s = 1) f(kb) = 22k + s — DK f(b), 1) < £O0

1+¢¢(0,b)

AIMS Mathematics Volume 8, Issue 11, 25422-25442.



25430

forall b € X and all ¢ > 0. Replacing a by k”a in (3.22) and using (3.18), we get

(f(k””a) A t ) > t

k2(p+D) k2 202(2k+s—-1)k2r 7 = t+aPp,(0,a)’

(f(k”“a) _ f(Pa) ) < @?.(0,0)
12(p+D) k2 2k2(2k+v DE?P 7 = t+aPe.(0,a)

for all a € X and all ¢ > 0. It follows from (3.23) that

(f(k"“a) _ fkPa) aPt ) > t

12p+D k2P0 2U2Q2k+s—Dk2P 7 = t+¢.(0,a)°
kP a) _ f(kPa) ab ) ©.(0,a)
K2+ ko 2k2(2k+s Dk = 1+¢,.(0,a)

for all a € X and all # > 0. It follows from

f(kra) V[ fka)
2p —fla) = (kz(m) T T )

=0

and (3.24) that

f(k"a) [ fka) 't t
k2P - fla), Zt’ 0 2k2(2k+s 1)k2f) 2 H(’ =0 /1( KA+ K22 202 (2k+s—1)k2l ) 2 t+¢.(0,a)°

f<kpa) f(k”‘a) _ [t ©e(0,a)
Tk f( ) Zf 0 2k2(2k+s l)k”) < ]—[ k2(0+D K2 2k2(2k+s l)k%’) = t+¢.(0,a)

for all a € X and all r > 0, where

aj=ay*a*---*da,,
J=0 J=0

aj:aloazo---oap.

:”t:
':’b

By replacing a with k%a in (3.25), we have

f&PHa)  f(kia) o't !

Mo — T L o W22k 5— 1)k2(f+q)) 2 Fralg0a)
( fkPTa)  f(kia) Z ot ) a¢,(0,0)
2+a) 24 0 Luf= 0 22 2k+s—DIRCD ) = Tradp,(0.a)
forallae X,t >0, p>0and g > 0. Thus
(f(k’”"a) fkia) Zl’ﬂ] 1 alt ) > t
27D [ k2(2k+5 D) = e, (0.a)°
V(f(k’”qa) _ [ka) ZPHI 1 ) < ¢.(0,a)
K27+ 2 2k2(2k+v DIZ/ = g, (0,0)

forallae X, t> 0, p>0and g > 0. Hence

(f(k’”qa) _ [(ka) t) t
12(p+q) ka2t = +Zp+q 1 ol <p
262 2k+s—-1)k2C 7€

0.a)’

0.a)

p+q 1 ol
(f (k*a) _ fkia) 1) < L= 22 krs k2L Pe
k2(p+q9) k2a - +Zp+q1 of

2k2 (2k+s—1)k20 ¢e(0.a)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)
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forallae X,t>0,p>0andg > 0. Since 0 < & < k? and

t

a
< 00,
; 2k2(2k + 5 — 1)k
the Cauchy criterion for convergence in IFNS shows that {%} is a Cauchy sequence in (Y, u, v, *, ©).
Since (Y, u, v, %, ¢) is an intuitionistic fuzzy Banach space, this sequence converges to some point Q(a) €
Y. So one can define the mapping Q: X — Y such that

fkPa) a)
0(a) 1= (u,v) ~ lim =
Moreover, if we put g = 0 in (3.28), we get
(F? — fl@.n > ,
e f Zf 0 2k2(2k+i k2L ¢e(0.a)
(3.29)
(kpa) f( ) ) ?Ol 2k2(2ka€ 2 gOe(O,a)
t < +5—
e t+2’; f; 2k2(2kii D2 ¢e(0.a)
foralla € X, t > 0 and p > 0. Thus, we obtain
Py Pg
u(f(@) - 0@, 1) > pu(f(a) — L5, £y« u(L52 — 0(a), 1)
1
B H'Zé’ 0 k2(2k+: D2 (0, a),
(3.30)

v(f(@) - Q(a), ) < v(f(@) = L2, 1) s v(LE2 — Q(a), )

¢
(3
Zf 0 k2(2k+s Dkl ¢e(0.a)

ol
=+ Zf 0 k2(2k+r D2 ¢e(0.a)

for every a € X, t > 0 and large p. Taking the limit as p — oo and using the definition of IFNS, we get

(K2—a)(2k+s—1)t
l’l(f(a) - Q(a)’ t) Z (kz—a)(2k+s—l)t+<pe(0,a)’

(3.31)
_ ®e(0.a)
v(f(@) - Q@) 1) < Eom-nreos
Replacing a and b by k”a and k”b in (3.21), respectively, and using (3.18), we obtain
(:5)7¢e(ab)
,U(kz,,Df(kPa kPb),t) > m, v(k%,,Df(kPa,k”b), 1)< Hfzk%)pm (3.32)
for all a,b € X and all ¢ > 0. Letting p — oo in (3.32), we obtain

w(DQ(a,b),t)=1 and v(DQ(a,b),t)=0 (3.33)

for all a,b € X and all ¢ > 0. This means that Q satisfies the functional Eq (1.1). Since f: X — Y is an
even mapping, and using the definition Q, we have Q(—a) = —Q(a) for all a € X. Thus by Lemma 3.2,
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the mapping Q: X — Y is quadratic. To prove the uniqueness of Q, let Q’: X — Y be another quadratic
mapping satisfying (3.31). Let n = 1. Then we have

1(0(@) - Q'(a), 1) = p(AL2 — LD 1)

P (kP a) &P (kP
Z#(Qizpa)_fizpa’é " (f( a)  QKa) 1

k2p k2p L)
(K2—a)(2k+s-1)t
= (kz—a)(2k+s—1)t+2(i)”tpg(0,a)’

kP kP
(Q(a) - Q'(a),1) = (Q,(czp“) g 1)
QkPa)  fkPa) ¢ f(k”a) '(kPa) ¢
( K2r e ,E) ( k2P 72)
25)¢.(0.)
- (kz—a)(2k+s—l)l‘+2(’%)Ptpe((),a)

(3.34)

foralla € X, > 0and p > 0. Letting p — oo in (3.34), we get

wQa) - Q'(a),) =1 and v(Q(a) - Q'(a),1) =0

for all @ € X and ¢t > 0. Hence we get Q(a) = Q'(a) for all a € X. Thus the mapping Q: X — Y is a
unique quadratic mapping.
By Lemma 2.3 and (3.31), we get

. . . 27(1/ Rl
HaCF (Ui 1) = @D, 1) 2 mindu(f (i) = QCxig)s ) 2 = 1o} 2 Gt T s oy

25yn
ry.; 5 — n Zi,j=159e(0»xij)
Va(fa([xi5]) = Ou([x;]), 1) < max{v(f(xij) = O(xij), 2) 6 j = L. n} < orommhime SR

for all x = [x;;] € M,,(X)and all > 0. Thus Q: X — Y is a unique quadratic mapping satisfying (3.20),
as desired. This completes the proof of the theorem. O

Theorem 3.5. Let ¢: X*> — [0, o) be a function such that for some real number a with 0 < a < k,
p(ka, kb) = ap(a, b) (3.35)
forall a,b € X. Suppose that a mapping f: X — Y with f(0) = 0 satisfies the inequality

t
(D f([xi51, [yiiD, D) > ST el

(3.36)

izt ©(XijYij)
Vn(Dfn([xlj] [yu]) t) = m

forall x = [x;;],y = [yijl € My(X) and all t > 0. Then there exist a unique quadratic mapping Q:
X — Y and a unique additive mapping A: X — Y such that

(k—a)(2k+s—1)t
/“ln(f;l([-xlj]) - Qn([xl]]) - An([-xlj])5 t) 2 (k—a)(2k+s—1)t+2n? Z;’,F@(O,XU)’

. (3.37)
2n ZZ/:| 5(0,)6;/)
Vn(ﬁl([xij]) - Qn([xij]) - An([-xij])a t) < (k—a)(2k+s—l)t‘+2n2 Z?J:l 2(0,x:))

forall x = [x;;] € M,(X) and all t > 0, ¢(a,b) = ¢(a,b) + p(—a,—b) for all a,b € X.
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Proof. When n =1, (3.36) is equivalent to

,U(Df(a, b), t) > ! and v(Df(a, b), f) < (a,b)

t+p(a,b) t+p(a,b)

foralla,b € Xand all r > 0. Let

ey = F@* 0

for all all a € X. Then f,(0) = 0, f.(—a) = f.(a). And we have

/’l(D.fe(a, b)7 t) = #(%Df(a’ b) + %Df(_a’ _b)’ t)
= u(Df(a,b) + Df(-a,=b),2t) = (D f(a, b), 1) * u(D f(=a, =b), 1)
> min{u(Df(a, b), 1), u(Df (=a,=b), N} 2 =,

v(Df.(a,b),1) = v(3Df(a,b) + 1Df(—a,-b),1)
= v(Df(a,b) + Df(~a, —b), 2t) < v(Df(a,b),t) o v(Df(-a, —b), )

< max{v(Df(a, b),1),v(Df(—a,—b),1)} < fgﬁn

foralla € X and all ¢ > 0. Let

iy = Q=10

for all all a € X. Then f,(0) = 0, f,(—a) = —f,(a). And we obtain

u(Dfy(a,b), ) = u(3Df(a,b) = 3Df(~a,—b),1)
=u(Df(a,b) - Df(-a,-b),2t) = u(Df(a, b), 1) » u(Df(-a,-b), 1)
= mln{ﬂ(Df(aa b)7 t)’ /’t(Df(_a’ _b)7 t)} = H—J(#,b)’

v(Df,(a,b),1) = (3D f(a,b) — 1Df(-a,—b), 1)
= W(Df(a,b) — Df(-a,—b),2t) < v(Df(a,b),1) o v(Df(-a,—b),1)
= max{v(Df(a,b), ), (Df(-a, —b), )} < 2D

— t+g(a,b)

(3.38)

(3.39)

(3.40)

for all @ € X and all ¢ > 0. It follows that the definition of ¢ that ¢(ka, kb) = ag(a, b) for all a,b € X. It
is easy to check that the condition of Theorems 3.3 and 3.4 are satisfying. Then applying the proofs of
Theorems 3.3 and 3.4, we know that there exists a unique quadratic mapping Q: X — Y and a unique

additive mapping A: X — Y satisfying

(K2 —a)(2k+s—1)t
{ p(fe(a) — Q(a), 1) = B=a)2kts—Di+30.a)°
_ (0,0)
V(fe(@) = Q(a), 1) < (—a)2k+s—1)i+30.2)

and

(k—a)(2k+s—1)t
{ u(fola) = Ala), 1) 2 (t=a) 2k +s—Dir30.a)°

©(0,0)
v(fola) = Ala),1) < (k=) 2k +s— 1)1+ 30.2)

(3.41)

(3.42)
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for all @ € X and all # > 0. Therefore

u(f(a) — Qa) — A(a), 1) = u(fe(a) — Qa) + f,(a) — Aa), 1)
> u(fe(a) — Q(a), 5) * p(fola) — Ala), 5)

= min{u(fe(a) — Q(a), 5), u(fo(a) — Aa), 5)}

(K2=a)(2k+s—1)t (k=a)(2k+s—1)t )
(=) (Zk+s—1)i+29(0,a)* (k—a)(Zk+s—1)i+2¢(0.a)

> min{

_ (k—a)2k+s—1)t
T (k—a)2k+s—1)t+2¢(0,a)°

v(f(a) = Qa) = A(a), 1) = v(fe(a) - Qa) + fola) — Ala), 1)
<v(fela) = Qa), 3) o v(fola) — Ala), 3)
= max{v(f.(a) — Q(a), 3),v(fo(a) — A(a), 1)}

25(0,a) 25(0,a)
< MAX{ o3 a0 el @ks s Drrzsom )

— 2¢(0.a)
T (k—a)2k+s—Dr+2¢(0,a) "

By Lemma 2.3 and (3.43), we have

Ma(fu([xi]D) = On[xij]) — Au([xi]), 2)

> min{u(f(x;;) — Q(xi)) = A(xij), =) i i, j=1,...,n}
> (k-a)(2k+s— 1)t
= k—a)Qkrs— D2 3 30,

Va(fu([xij]) — On([xi]D) — An([xi;]), 1)
< max{v(f(x,-j) - Q()C,'j) - A(x,-j), n%) . l,] = 1, ey l’l}

20% 37, 9(0,xi))
= (k=) Chk+s=Dr+202 37 9(0,x;))

(3.43)

for all x = [x;;] € M,(X) and all ¢+ > 0. Thus Q: X — Y is a unique quadratic mapping and a unique
additive mapping A: X — Y satisfying (3.37), as desired. This completes the proof of the theorem. O

Corollary 3.6. Let r,0 be positive real numbers with r < 1. Suppose that a mapping f: X — Y with
f(0) = 0 satisfies the inequality

3
,un(Df;’l(['xU]’ [ylj])’ t) 2 H'er'l,j:l Ol 11" +1yi 1172
(3.44)
23 oy 01+l
1+ 37 iy Ol + il

V(D fu([xi51, [yiiD, 1) <

for all x = [x;],y = [yijl € M,(X) and all t > 0. Then there exist a unique quadratic mapping Q:
X — Y and a unique additive mapping A: X — Y such that

pa(f(1if1) = Qu([xij1) = An([xij1), 1) 2 G e

ij=1

Ollxi 1"
(3.45)

4n? 301 Ol
vn(ﬁl(['xl/]) - Qn([xu]) - An([xlj])a t) < (k—k’)(2k+s—1)¥+itn2 Z]zr'l,j=l Bl I

forall x = [x;;] € M,(X) and all t > 0.

Proof. The proof follows from Theorem 3.5 by taking ¢(a,b) = 6(||all” + ||b||") for all a,b € X, we
obtain the desired result. O
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4. Stability of the functional Eq (1.1): fixed point method

In this section, we will prove the Hyers-Ulam stability of the functional Eq (1.1) in matrix
intuitionistic fuzzy normed spaces by applying the fixed point method.

Theorem 4.1. Let ¢,: X> — [0, o) be a function such that for some real number p with 0 < p < 1 and
eola,b) = o, (ka kb) @.1)

forall a,b € X. Suppose that an odd mapping f: X — Y satisfies the inequality
1
Hn(Df([xi5], LyijD, D) > Y ol
4.2)
23 o1 po(Xijoyif)
1+ 37 iy olXijyif)

V(D fu([x5], [yi;D, 1) <

for all x = [x;;],y = [yij] € M,(X) and all t > 0. Then there exists a unique additive mapping A:
X — Y such that

_ N 2k(2k+s=1)(1-p)t
:“n(fn([xij]) An([x,j]), 12 2k(2k+s=D(1-p)t+pn* Tl ) ¢0(0,x;))°

4.3)
D) = AL, 1) < s e
forall x = [x;;] € M,(X) and all t > 0.
Proof. When n = 1, similar to the proof of Theorem 3.3, we have
U2k + s — 1)f(ka) — 22k + s — Dkf(a),t) > W,
(4.4)

V(2(2k + s — 1) f(ka) — 22k + s — Dkf(a), 1) < 220

t+9,(0,a)

forall a € X and all ¥ > 0.
LetS; ={g : X — Y}, and introduce a generalized metric d; on S as follows:

p(gi(@) = hi(@). A1) 2 7=t
di(gi,h) :=inf{1eR, Yae X,Vt>0;.
v(gi(a) — hi(a), ) < 25,
It is easy to prove that (S,d;) is a complete generalized metric space ([3, 13]). Now, we define the
mapping J1: §1 — §; by
Jrg1(a) = kgl(Z), forall g, € S, and a € X. (4.5)

Let g;,h; € §1 and let 4 € R, be an arbitrary constant with d;(g,#;) < A. From the definition of
di, we get

p(gi(a) = hi(a), A1) = 4o,

v(gi(a) — hy(a), Af) < 209

1+¢0(0,a)
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forall a € X and t > 0. Therefore, using (4.1), we get

wJ181(a) — J1hi(a), Apt) = kg () — khi(P), Apt)

_ a ay Apt gt _ t
- ﬂ(gl(;) - hl(z)’ T) Z %H%%(O,a) - t+<p,,(0,a)’

(4.6)
v(J181(a) = Jri(a), Ap1) = v(kgi(3) — khi(), Apt)

_ a a\ Aot 20,0.0)  _ ,(0.q)
= (&1 () =3, 5) < Bt+80,(0.a) ~ 1+9,(0,0)

for some p < 1, all a € X and all + > 0. Hence, it holds that d,(Jg1,J1h1) < Ap, that is,

di(J181,J1h1) < pdi(g1,hy) for all g1, hy € S.
Furthermore, by (4.1) and (4.4), we obtain the inequality

0

d(f»jlf) < m

It follows from Lemma 2.4 that the sequence J| f converges to a fixed point A of 7, that is, for all
ae€eXandallz> 0,

A XS Y, Ad):=(uv)— lim K f(<) 4.7)
p—oo kr

and
A(ka) = kA(a). (4.8)

Meanwhile, A is the unique fixed point of 77 in the set
S1=1g1 €81 :di(f,g1) < o0}
Thus, there exists a A € R, such that

p(fla@) = Aa), A1) 2 -l

v(f(a) - Aa), Ar) < 2209

1+¢,(0,a)

foralla € X and all r > 0. Also,

1 P
di(f,A) < md(f’jlf) < 2k(1 — p)(2k + s — 1)

This means that the following inequality

B U 2k+s=1)(1=p)t
p(f(a) =A@, 1) 2 5 ape 0

4.9)
0(0,a)
V(f(a) - A(a)’ t) < 2k(2k+s—tl);‘zl—p)t+pgao(0,a)
holds for all @ € X and all ¢ > 0. It follows from (3.4) and (4.1) that
a b a Pyo(a.b)
HKPDf(5,5).0) = m, (kP Df (55 k%), 1) < lfpf<p(>(a,b) (4.10)
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for all a,b € X and all t > 0. Letting p — oo in (4.10), we obtain
u(DA(a,b),t) =1 and v(DA(a,b),t) =0 “4.11)

for all a,b € X and all r > 0. This means that A satisfies the functional Eq (1.1). Since f: X — Y is an
odd mapping, and using the definition A, we have A(—a) = —A(a) for all @ € X. Thus by Lemma 3.1,
the mapping A: X — Y is additive.

By Lemma 2.3 and (4.9), we get

M (fu([xi7]) = An([xi]), 1) 2 minfu(f(x;;) — A(xip), %) 1 i, j=1,-+- ,n}
> 2k(2k+s—1)(1-p)t
= 2kQk+s—1)(1—p)t+pn? 2t =1 0(0,x7)°

Va(fu[xij]) — Ap([xi5]), ) < max{v(f(x;;) — A(x;j), ,%z) cLj=1,...,n}

< an Zz_/zl ©0(0,xi})
= 2k2k+s=D)(1-p)t+pn? X} 1y ¢0(0,xi))

for all x = [x;;] € M,(X) and all # > 0. Thus A: X — Y is a unique additive mapping satisfying (4.3),
as desired. This completes the proof of the theorem. O

Theorem 4.2. Let ¢,: X*> — [0, o) be a function such that for some real number p with 0 < p < 1 and
pla.b) = Lp.(ka, kb) (4.12)

forall a,b € X. Suppose that an even mapping f: X — Y satisfies the inequality

(D fu([xi51, LyigD, 1) = ar

t
=1 Pe(Xijyif)’
4.13)
27 oy ®e(Xijoyij)
H’er{j:] Pe(Xij>Yij)

V(D fu([xi5], [yiiD, 1) <

for all x = [x;;1,y = [yij] € M,(X) and all t > 0. Then there exists a unique quadratic mapping Q:
X — Y such that

_ 262 (2k+s—1)(1-p)t
/’ln(ﬁ’l([xl]]) Qn([xij]), l) 2> 2K2(2k+s—)(1—p)t+pn? 21"',_/:1 0e(0,x;)°

(4.14)
MDD = QoL 1) < s
forall x = [x;;] € M,(X) and all t > 0.
Proof. When n = 1, similar to the proof of Theorem 3.4, we obtain
U2k + s — 1) f(ka) — 22k + s — Dk*f(a),t) > W[a),a)’
(4.15)

v(2(2k + s — 1) f(ka) — 22k + s — DK f(a), 1) < 289

1+¢.(0,0)

foralla € X and all £ > O.
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Let S, :={g, : X — Y}, and introduce a generalized metric d, on S, as follows:

(g2(@) = ho(@), A1) > 7t
dz(gz,l’lz) =inf{1e R, Yae X,Vt>0;.

v(ga(a) — hy(a), At) < tf;(g(()g;)’

It is easy to prove that (S,,d,) is a complete generalized metric space ([3, 13]). Now, we define the
mapping J>: S, — S, by

J282(a) = k2g2(%), forall g, € S, anda € X. 4.16)

Let g, h, € S, and let 4 € R, be an arbitrary constant with d,(g», ;) < A. From the definition of
d,, we get

,U(gZ(a) - hZ(a)’ /U) 2 t+¢gt(0,a)’

v(g2(a) — ha(a), Ar) < tf;(e(()gle)

for all @ € X and ¢ > 0. Therefore, using (4.12), we get

H(T282(a) = T2ha(a), Apt) = p(k*g2($) = Kha($), Apt)

P
— ay _p (ay Apt 2! - 1
= u(ga(3) = ha(), K2 ) 2 L4 50.0.a) — t+ee(0.0)

4.17)
W(J282(a) = Taha(a), Apt) = v(k*g2(§) = Kha($), Ap1)

= Y(ga(9) — ha(8), 1) < 250D et
= 8203 261 W) = BB, 0a 0.

for some p < 1, all a € X and all + > 0. Hence, it holds that d>( 7,22, J>h2) < Ap, that is,

dr (282, J2h2) < pda(ga, ho) for all g2, hy € S.
Furthermore, by (4.12) and (4.15), we obtain the inequality

0

TP S o s= 1y

It follows from Lemma 2.4 that the sequence J; f converges to a fixed point Q of >, that is, for all
ac€Xandallr> 0,

0:X =Y, 0@ := v - limkf) (4.18)
p— k]’
and

Q(ka) = k*Q(a). (4.19)

Meanwhile, Q is the unique fixed point of 75 in the set
S5=1{82€ 8, : ds(f, g2) < oo}
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Thus there exists a A € R, such that

p(f(a) = Q). At) 2 o,

v(f(a) - Q(a), Ar) < £82

t+¢.(0,a)
forall a € X and all # > 0. Also,

d(f, Q) <

1 P
1—pd(f"72f) =220 —p)2k+s—1)

This means that the following inequality

2k% (2k+s—1)(1-p)t
u(f(a) = Q(a), 1) = Wt s—D(1—p)i+pea(0.3)°
(4.20)

pree(0.0)
v(f(@) = Qa), ) < sparTii—mrmom

holds for all a € X and all # > 0. The rest of the proof is similar to the proof of Theorem 4.1. This
completes the proof of the theorem. O

Theorem 4.3. Let ¢: X> — [0, 00) be a function such that for some real number p with 0 < p < k,
o(a,b) = %(p(ka, kb) 4.21)

forall a,b € X. Suppose that a mapping f: X — Y with f(0) = 0 satisfies the inequality
Hn(D f([xi5], yij D), 1) > m,
(4.22)
2 o1 (X))
va(Df([xis], Ly, 1) < s

1+ 27 o1 9(xij.ig)

for all x = [x;;],y = [yij] € M(X) and all t > 0. Then there exist a unique quadratic mapping Q:
X — Y and a unique additive mapping A: X — Y such that

k(2k+s—1)(1-p)t
/’ln(ﬁl([xlj]) - Qn([xl]]) - An([-xlj])a t) = kQk+s—1)(1—p)t+pn2 er_fjﬂa(o’xij)’

X (4.23)
pn” X7y 9(0,xi5)
Vn(ﬁl([xl]]) - Qn([-xtj]) - An([-xl]])a t) < k(2k+S—l)(l—p);+]pn2 211;1 2(0,%;7)

forall x = [x;;] € M,(X) and all t > 0, ¢(a,b) = ¢(a,b) + p(—a,—b) for all a,b € X.

Proof. The proof follows from Theorems 4.1 and 4.2, and a method similar to Theorem 3.5. This
completes the proof of the theorem. O

Corollary 4.4. Let r,0 be positive real numbers with r > 2. Suppose that a mapping f: X — Y with
f(0) = 0 satisfies the inequality

/’ln(Dﬂ([xz]]a [yl]])’ t) > H'er",j:l 9(||;ij||r+||yij||r) ’
(4.24)

23 g Olxil sl

Vn(Dfn([xij]’ [yl]])7 t) < I+Z;’1,j=1 61111+l 117
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for all x = [x;],y = [yijl € M,(X) and all t > 0. Then there exist a unique quadratic mapping Q:
X — Y and a unique additive mapping A: X — Y such that

2k+s—1)(k" k)t
/’ln(ﬁ’l([xlj]) - Qn([xl]]) - An([xij])’ t) 2 (2k+s—1)((k’—k;)t+;kn2 Z)'il.j=l 6l

(4.25)
2kn* 27 o Ol
Valfa[xij]) = Qu([x)]) = Au([xiD), D) < rrmpe—mear s

ij=1

Allx; jl|”
forall x = [x;;] € M,(X) and all t > 0.

Proof. Taking ¢(a, b) = 6(||al|” + ||b||") for all @, b € X and p = k*>~" in Theorem 4.3, we get the desired
result. =

5. Conclusions

We use the direct and fixed point methods to investigate the Hyers-Ulam stability of the functional
Eq (1.1) in the framework of matrix intuitionistic fuzzy normed spaces. We therefore provide a link
two various discipline: matrix intuitionistic fuzzy normed spaces and functional equations. We
generalized the Hyers-Ulam stability results of the functional Eq (1.1) from quasi-Banach spaces to
matrix intuitionistic fuzzy normed spaces. These circumstances can be applied to other significant
functional equations.

Use of AI tools declaration

The author declare he has not used Artificial Intelligence (Al) tools in the creation of this article.

Acknowledgments

The author is grateful to the referees for their helpful comments and suggestions that help to improve
the quality of the manuscript.

Conflict of interest

The author declares no conflict of interest in this paper.

References

1. T. Aoki, On the stability of the linear transformation in Banach spaces, J. Math. Soc. Japan, 2
(1950), 64-66. https://doi.org/10.2969/jmsj/00210064

2. J. Brzdgk, D. Popa, 1. Rasa, B. Xu, Ulam stability of operators, Academic Press, 2018.

3. L. Cadariu, V. Radu, On the stability of the Cauchy functional equation: a fixed point approach,
Grazer Math. Ber., 346 (2004), 43-52.

4. J. B. Diaz, B. Margolis, A fixed point theorem of the alternative, for contractions on a generalized
complete metric space, Bull. Amer. Math. Soc., 74 (1968), 305-309. https://doi.org/10.1090/S0002-
9904-1968-11933-0

AIMS Mathematics Volume 8, Issue 11, 25422-25442.


http://dx.doi.org/https://doi.org/10.2969/jmsj/00210064
http://dx.doi.org/https://doi.org/10.1090/S0002-9904-1968-11933-0
http://dx.doi.org/https://doi.org/10.1090/S0002-9904-1968-11933-0

25441

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.
21.

22.

23.

A. Ebadian, S. Zolfaghan, S. Ostadbash, C. Park, Approximation on the reciprocal functional
equation in several variables in matrix non-Archimedean random normed spaces, Adv. Differ.
Equations, 2015 (2015), 314. https://doi.org/10.1186/s13662-015-0656-7

P. Gavruta, A generalization of the Hyers-Ulam-Rassias stability of approximately additive
mappings, J. Math. Anal. Appl., 184 (1994), 431-436. https://doi.org/10.1006/jmaa.1994.1211

D. H. Hyers, On the stability of the linear functional equation, Proc. Natl. Acad. Sci. USA, 27
(1941), 222-224. https://doi.org/10.1073/pnas.27.4.222

D. H. Hyers, G. Isac, T. M. Rassias, Stability of functional equations in several variables, Springer
Science Business Media, 1998.

S. M. Jung, Hyers-Ulam-Rassias stability of functional equations in nonlinear analysis, Springer
Science Business Media, 2011.

P. Kannappan, Functional equations and inequalities with applications, Springer Science Business
Media, 2009.

J. R. Lee, C. Park, D. Y. Shin, An AQCQ-functional equation in matrix normed spaces, Results
Math., 64 (2013), 305-318. https://doi.org/10.1007/s00025-013-0315-9

J. R. Lee, D. Y. Shin, C. Park, Hyers-Ulam stability of functional equations in matrix normed
spaces, J. Inequal. Appl., 2013 (2013), 22. https://doi.org/10.1186/1029-242X-2013-22

D. Mihet, V. Radu, On the stability of the additive Cauchy functional equation in random normed
spaces, J. Math. Anal. Appl., 343 (2008), 567-572. https://doi.org/10.1016/j.jmaa.2008.01.100

M. Mursaleen, S. A. Mohiuddine, On stability of a cubic functional equation in
intuitionistic fuzzy normed spaces, Chaos Solitons Fract., 42 (2009), 2997-3005.
https://doi.org/10.1016/j.chaos.2009.04.041

C. Park, J. R. Lee, D. Y. Shin, An AQCQ-functional equation in matrix Banach spaces, Adv. Differ.
Equations, 2013 (2013), 146. https://doi.org/10.1186/1687-1847-2013-146

C. Park, J. R. Lee, D. Y. Shin, Functional equations and inequalities in matrix paranormed spaces,
J. Inequal. Appl., 2013 (2013), 547. https://doi.org/10.1186/1029-242X-2013-547

C. Park, D. Y. Shin, J. R Lee, Fuzzy stability of functional inequalities in matrix fuzzy normed
spaces, J. Inequal. Appl., 2013 (2013), 224. https://doi.org/10.1186/1029-242X-2013-224

T. M. Rassias, On the stability of the linear mapping in Banach spaces, Proc. Amer. Math. Soc., T2
(1978), 297-300. https://doi.org/10.1090/S0002-9939-1978-0507327-1

T. M. Rassias, Functional equations, inequalities and applications, Kluwer Academic Publishers,
2003.

P. K. Sahoo, P. Kannappan, Introduction to functional equations, CRC Press, 2011.

R. Saadati, J. H. Park, On the intuitionistic fuzzy topological spaces, Chaos Solitons Fract., 27
(2006), 331-344. https://doi.org/10.1016/j.chaos.2005.03.019

B. Schweizer, A. Sklar, Statistical metric spaces, Pac. J. Math., 10 (1960), 313-334.
https://doi.org/10.2140/pjm.1960.10.313

A. Song, The Ulam stability of matrix intuitionistic fuzzy normed spaces, J. Intell. Fuzzy Syst., 32
(2017), 629-641. https://doi.org/10.3233/JIFS-152540

AIMS Mathematics Volume 8, Issue 11, 25422-25442.


http://dx.doi.org/https://doi.org/10.1186/s13662-015-0656-7
http://dx.doi.org/https://doi.org/10.1006/jmaa.1994.1211
http://dx.doi.org/https://doi.org/10.1073/pnas.27.4.222
http://dx.doi.org/https://doi.org/10.1007/s00025-013-0315-9
http://dx.doi.org/https://doi.org/10.1186/1029-242X-2013-22
http://dx.doi.org/https://doi.org/10.1016/j.jmaa.2008.01.100
http://dx.doi.org/https://doi.org/10.1016/j.chaos.2009.04.041
http://dx.doi.org/https://doi.org/10.1186/1687-1847-2013-146
http://dx.doi.org/https://doi.org/10.1186/1029-242X-2013-547
http://dx.doi.org/https://doi.org/10.1186/1029-242X-2013-224
http://dx.doi.org/https://doi.org/10.1090/S0002-9939-1978-0507327-1
http://dx.doi.org/https://doi.org/10.1016/j.chaos.2005.03.019
http://dx.doi.org/https://doi.org/10.2140/pjm.1960.10.313
http://dx.doi.org/https://doi.org/10.3233/JIFS-152540

25442

24. S. M. Ulam, Problems in modern mathematics, John Wiley & Sons, Inc., 1964.

25. C. Wang, T. Xu, Solution and Hyers-Ulam-Rassias of a mixed type quadratic-additive functional
equation with a parameter in quasi-Banach spaces, Atca Math. Sci., 37 (2017), 846-859.

26. Z. Wang, P. K. Sahoo, Stability of an ACQ-functional equation in various matrix normed spaces,
J. Nonlinear Sci. Appl., 8 (2015), 64—85. https://doi.org/10.22436/jnsa.008.01.08

%’1\54’5 AIMS Press

AIMS Mathematics

©2023 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

Volume 8, Issue 11, 25422-25442.


http://dx.doi.org/https://doi.org/10.22436/jnsa.008.01.08
http://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminaries
	Stability of the functional Eq (??): direct method
	Stability of the functional Eq (??): fixed point method
	Conclusions

