AIMS Mathematics, 8(10): 25249-25261.
DOI: 10.3934/math.20231287
AIMS Mathematics Received: 18 April 2023

Revised: 14 August 2023

Accepted: 18 August 2023
http://www.aimspress.com/journal/Math Published: 30 August 2023

Research article

A new generalization of edge-irregular evaluations

Martin Ba¢a'*, Muhammad Imran®, Zuzana Kimdkova' and Andrea
Semanicova-Fenovéikova '

! Department of Applied Mathematics and Informatics, Technical University, Letnd 9, KoSice,
Slovakia

2 Department of Mathematical Sciences, United Arab Emirates University, Al Ain, United Arab
Emirates

3 Division of Mathematics, Saveetha School of Engineering, SIMATS, Chennai, India

* Correspondence: Email: martin.baca@tuke.sk; Tel: +421556022215.

Abstract: Consider a simple graph G = (V, E) of size m with the vertex set V and the edge set
E. A modular edge-irregular total k-labeling of a graph G is a labeling scheme for the vertices and
edges with the labels 1,2,...,k that allows the modular weights of any two different edges to be
distinct, where the modular weight of an edge is the remainder of the division of the weight (i.e., the
sum of the label of the edge itself and the labels of its two end vertices) by m. The maximal integer
k, minimized over all modular edge-irregular total k-labelings of the graph G is called the modular
total edge-irregularity strength. In the paper, we generalize the approach to edge-irregular evaluations,
introduce the notion of the modular total edge-irregularity strength and obtain its boundary estimation.
For certain families of graphs, we investigate the existence of modular edge-irregular total labelings
and determine the precise values of the modular total edge-irregularity strength in order to prove the
sharpness of the lower bound.
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1. Introduction

Let G = (V, E) be a simple graph with vertex set V and edge set E. A labeling of a graph is a map
that carries graph elements to the positive or non-negative integers. If the domain is the vertex set
alone or the set of all vertices and edges, the labelings are respectively called vertex labelings or total
labelings. Thus, for a vertex k-labeling w : V(G) — {1,2,...,k}, the associated weight of an edge
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e = xy € E(G) is w,(xy) = w(x) + w(y). A vertex labeling w is called edge-irregular if all of the edges
have distinct weights. The maximal integer kK minimized over all edge-irregular k-labelings is known
as the edge-irregularity strength of G, es(G).

The notion of the edge-irregularity strength was introduced by Ahmad et al. in [1], and there is an
estimated lower bound of this graph invariant for all simple graphs with maximum degree A(G) in the
following form:

es(G) = max {[ L9 AG)} . (1.1)

For certain families of graphs, specifically paths, stars, double stars and the Cartesian product of two
paths [1], as well as for complete m-ary trees [2], Toeplitz graphs [4], plane graphs [22] and complete
m-partite graphs [23], the exact value of the edge-irregularity strength has been determined.

Koam et al., in [16], introduced a modular edge-irregular labeling as a modification of the modular
irregular labeling defined in [8].

For a graph G = (V, E) of size m, a function w : V(G) — {1,2,...,k} is said to be a modular
edge-irregular k-labeling if the edge-weight function y : E(G) — Z,, defined by u(xy) = w,(xy) =
w(x) + w(y) is bijective and called the modular edge-weight of the edge xy, where Z,, is the group
of integers modulo m. The modular edge-irregularity strength, denoted as mes(G), is defined as the
minimum k for which G has a modular edge-irregular labeling by using a number of labels of at most
k. If there is no such labeling for the graph G, then the value of mes(G) is defined as co.

Let us note that Muthugurupackiam and Ramya in [18, 19] defined the even (odd) modular edge-
irregular labelings, where the set of modular edge-weights contains only even (odd) integers.

Definitely, every modular edge-irregular k-labeling of a graph is also its edge-irregular k-labeling.
This shows a relationship between the edge-irregularity strength and the modular edge-irregularity
strength. Thus, for any simple graph G, the following holds:

es(G) < mes(G). (1.2)

The relationship given by (1.2) gives a lower bound of the parameter mes(G). The existence of
modular edge-irregular labelings for several families of graphs is investigated in [16], particularly
for paths, stars, cycles, caterpillars, n-suns and friendship graphs, and the precise value of the modular
edge-irregularity strength that proves the sharpness of the lower bound presented in (1.2) is determined.

For a graph G, the authors of [7] define a labeling p : V(G) U E(G) — {1,2,...,k} as an edge-
irregular total k-labeling if, for every two different edges xy and x’y”" of G there is wi,(xy) # wt,(x'y’),
where the total edge-weight of an edge xy is defined as wz,(xy) = p(x) + p(xy) + p(y). The total edge-
irregularity strength of a graph G, denoted as tes(G), is defined as the minimum k for which G has an
edge-irregular total k-labeling.

One can see that, if w : V(G) — {1,2,...,k} is an edge-irregular k-labeling of a simple graph G
with es(G) = k and we extend this labeling to the total labeling p of G such that

p(v) = w(v) foreveryve V(G),
ple) =1 for every e € E(G),

then the resulting labeling p is an edge-irregular total labeling of G. Thus, for any simple graph G,

tes(G) < es(G). (1.3)
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A lower bound on the total edge-irregularity strength of a simple graph with maximum degree A(G)
is given in [7] as follows:

tes(G) > max {[ EQ2] [AQ=L ]} (1.4)

Ivanco and Jendrol [13] posed the conjecture that, for an arbitrary graph different from K, the total
edge-irregularity strength is exactly the lower bound presented by (1.4).

The conjecture of Ivanco and Jendrol has been verified for trees [13], for complete graphs and
complete bipartite graphs [14], for the Cartesian product of two paths P,0P,, [15], for the corona
product of a path with certain graphs [20] and for large dense graphs with 'E((?'Jrz < A(GZ)H in [10].
Some other results on the total edge-irregularity strength can be found in [3, 5, 6, 9].

An interesting modification of the irregularity strength of graphs is a strength of graphs. We refer
the reader to [12] which deals with this graph invariant and presents a lower bound for the strength of
a graph in terms of its independence number.

A total labeling p : V(G) U E(G) — {1,2,...,k} is called a modular edge-irregular total k-labeling
of the graph G of size m if the edge-weight function A : E(G) — Z,, defined by A(xy) = wi,(xy) =
p(x) + p(xy) + p(y) is bijective and called the modular total edge-weight of the edge xy. The modular
total edge-irregularity strength of a graph G, denoted as mtes(G), is known as the maximal integer k,
minimized over all modular edge-irregular total k-labelings, and it is rated to oo if no such function is
possible.

In this paper, we are dealing with a boundary estimation of the modular total edge-irregularity
strength. For certain families of graphs, we investigate the existence of modular edge-irregular total
k-labelings and determine the precise values of the modular total edge-irregularity strength in order to
prove the tightness of the presented lower bound.

2. Main results

Since every modular edge-irregular total k-labeling of a graph G is also its edge-irregular total
k-labeling then we have

tes(G) < mtes(G). 2.1

Extending a modular edge-irregular k-labeling to the modular edge-irregular total k-labeling (similar to
the above construction for extending an edge-irregular k-labeling to the edge-irregular total k-labeling)
gives the following relationship:

mtes(G) < mes(G). 2.2)

In general, the converse of (2.1) does not hold. The next theorem gives a condition when an edge-
irregular total k-labeling of a graph is also its modular edge-irregular total k-labeling.

Theorem 2.1. Let G be a graph with tes(G) = k. If the total edge-weights under a corresponding
edge-irregular total k-labeling constitute a set of consecutive integers, then

tes(G) = mtes(G) = k. (2.3)
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The exact values of the total edge-irregularity strength for cycles and stars are determined as follows.

Theorem 2.2. [7] Let C,, be a cycle on n > 3 vertices. Then, tes(C,) = [%-I

Theorem 2.3. [7] Let K, be a star on n + 1 vertices, n > 2. Then, tes(K, ) = [%-I

From the previous theorems, it follows that the lower bound of the total edge-irregularity strength
in (1.4) is sharp. In addition, it is shown in [7] that, under the condition of the described edge-irregular
total [%1-labeling for cycles and the edge-irregular total [%]—labeling for stars, the corresponding
total edge-weights in both two considered cases constitute the set of consecutive integers. Then, with

respect to Theorem 2.1, we have the following corollaries.

n+2

Corollary 2.1. Let C, be a cycle on n > 3 vertices. Then, mtes(C,) = [T-I

Corollary 2.2. Let K, be a star on n + 1 vertices, n > 2. Then, mtes(K,) = [”zil-‘

The previous corollaries imply the sharpness of the lower bound of the modular total edge-
irregularity strength given in (2.1).

In [17], an n-sun S(n) on 2n vertices is defined as a cycle C, with an edge terminating in a vertex of
degree 1 attached to each vertex. Koam et al., in [16], proved that

es(S(n)) = mes(S(n)) =n+ 1. 2.4)

Now, we present the modular total edge-irregularity strength for n-suns.

Theorem 2.4. Let S(n) be an n-sun on 2n vertices, n > 3. Then,
tes(S(n)) = mtes(S(n)) = [252].

Proof. Let S(n) be the n-sun with V(S(n)) = {x;,y; : 1 <i < n}and E(S(n)) = {x;xi11, x;y; : 1 <i<nj,
where x,,; = x;. The fact that [%-I is a lower bound for tes(S(n)) follows from (1.4). To show that

%-‘ is an upper bound for the total edge-irregularity strength of n-sun, we describe a total [%-I—

labeling for S(n).

Letk = |-2”3—+2-| For n > 6, we construct the function p as follows:

i+1 : .
) = {[71 ifl<isk-1,
otherwise,
1 ifi =1,
pGi) =1[4]+1 if2<i<k-1,
k otherwise,
[ ifl<i<k-2,
43 ifi=k—1,
p(xixiy1) = [ZJ 1 l
2m—-0)+1 ifk<i<n-2,
2 ifi=n-1,
p(x,x1) =k —1,
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1 ifi=1andi=n,
plxy) =qi—1 if2<i<k-1,
2n—i+1) ifk<i<n-1.
Evidently, the total labeling p is a k-labeling. Moreover, given the total labeling p for weights of the
edges of S(n), we have

2i+2 ifl1<i<k-2,
Wiy(XiXip1) = p(x;) + p(XiXis1) + p(Xis1) = 2kt %fi =kl
2m+k—-0)+1 ifk<i<n-2,
2k +2 ifi=n-1,
Wiy (Xnx1) = p(Xn) + p(Xpx1) + p(x1) = 2k,
3 ifi=1,
i, (637) = () + pCx) +po) = 4o r2srskol
2n+k—i+1) ifk<i<n-1,
2k + 1 ifi =n.

It is a matter of performing a routine check to see that the determined total edge-weights constitute a
sequence of consecutive integers from 3 up to 2n + 2. It means that the total labeling p is an edge-
irregular total [2’13—+2-|—1abeling. Figure 1 shows the optimal edge-irregular total labelings for S(3), S(4)
and S(5), where the total edge-weights in all cases form a sequence of consecutive integers. Thus, with
respect to Theorem 2.1, we get that tes(S(n)) = mtes(S(n)) = [%-‘ for any n > 3. This concludes the
proof. O

Figure 1. Edge-irregular total labelings for S(3), S(4) and S(5).

A friendship graph f,, n > 1, can be visualized as n triangles sharing a common central vertex and
is otherwise independent, where |V (f,,)| = 2n + 1 and |E(f,)| = 3n. For the friendship graph f, of order
2n + 1, it has been proved in [16] that

=2n+1 ifne{l,3,4,5,7},
mes(f,){ = o ifn=2 (mod 4),

<l if n> 9 odd.
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According to (2.2), these results give an upper bound of the modular total edge-irregularity strength
for f,. The existence of edge-irregular total labelings of the friendship graph was investigated in [7],
wherein the authors proved that tes(f,) = [%1 Since the described edge-irregular total [3’”21
labeling of the friendship graph f,, n > 1, allocates the corresponding total edge-weights from the

set of consecutive integers {3,4,...,3n + 2}, then, from Theorem 2.1, we get the next corollary.
Corollary 2.3. Let f, be a friendship graph of size 3n, n > 1. Then, mtes(f,) = [3’2—”1

A wheel W,,, n > 3, is a graph obtained by joining all vertices of a cycle C, to a further vertex called
the center. Haryeni et al. investigated the modular edge-irregularity strength of wheels and proved the
following result [11].

Theorem 2.5. [11] Let W, be a wheel of order n + 1. If nis odd and n > 5, then

n+2 < mes(W,) < 2

They also showed that the upper bound given in Theorem 2.5 is tight. From the relationship given
by (2.2), we have an upper bound of the modular total edge-irregularity strength for W, for odd n. On
the other hand, the authors of [7] present a construction of an edge-irregular total [2’“21 -labeling of the
wheel with n + 1 vertices for all n > 3, where the total edge-weights constitute the set of consecutive
integers {3,4,...,2n + 2}. Given Theorem 2.1, we have the following corollary.

Corollary 2.4. Let W, be a wheel on n + 1 vertices, n > 3. Then, mtes(W,,) = [2’”21

In the last part of the paper, we focus on circulant graphs and study the existence of the modular
edge-irregular total labelings for three classes of this family of graphs. Let n, m and ay,a,,...,a, be
positive integers. For 1 < a; < a; <--- < a, < 3, the circulant graph C,(a,, as, ..., a,) is a regular
graph with the vertex set V = {vo,vl, ...»Vp-1} and the edge set E = {vjviy,, 1 i =0,1,...,n—1,j =
1,2,...,m}, where indices are taken modulo n. If a, < 3, then Cy(ay,as,...,a,) is a 2m-regular
circulant graph with mn edges. If a, = 3, then the circulant graph is a (2m — 1)-regular one of size
@. Partial results on the existence of edge-irregular total labelings for the circulant graph C,(1, 2),
for n even, can be found in [21].

We will determine the exact value of the parameter mtes for each of the three classes of circulant

graphs, namely, C,(1,2), C,(1,3) and C, (1, ).

Theorem 2.6. Let C,(1,2) be a circulant graph on n vertices, n > 5. Then,

ifn=>35,

5
tes(C,(1,2)) = mtes(C,(1,2)) = {[M1 ifn>6

3

Proof. Let C,(1,2) be the circulant graph with the vertex set V(C,(1,2)) = {v; : 0 <i < n — 1} and the
edge set E(C,(1,2)) = {viviy1, viviza : 0 < i < n— 1}, where indices are taken modulo n. For n > 5, the
circulant graph C,(1,2) is a 4-regular graph with n vertices and 2n edges. Put k = [M-I According
to the lower bound given in (1.4), we have that tes(C,(1,2)) > k.

The graph Cs(1,2) is isomorphic to K5, and, in [14], it is proved that tes(C,(1,2)) = 5. An edge-
irregular total 5-labeling of the circulant graph Cs(1,2) is depicted in Figure 2. Figure 3 illustrates
appropriate edge-irregular total [2”+2-| -labelings for circulant graphs C,(1,2) forn =6,7,8.
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Figure 3. Edge-irregular total labelings for C,(1,2) for n = 6,7 and 8.

In order to show that tes(C,(1,2)) < k for n > 9, it only remains to describe a suitable total k-

labeling for C,,(1, 2). Let us consider a labeling a : V(C,(1,2)) U E(C,(1,2)) — {1,2,...,k} defined in
the following way:

oy ISHE]-L ifo<i<i-2,
av,_k

otherwise,
[4]+[5] if0<i<k-3,
u iF _
a(Vivis1) = [ 3 -|+2 ?fl k-2,
2i—2k+5 iftk—-1<i<n-2,
k-2 i=n-1,
[4]+[%2] if0<i<k-4,
[4]+3 ifi=k-3,
k=2 L A
Mwmﬁz[jﬂ+5 ifi=k-2,
2i— 2k +8 iftk—-1<i<n-3,
k-1 ifi=n-2,
k-3 ifi=n-1.

We can see that the numbers of all edge labels and vertex labels are at most k. For the total edge-

AIMS Mathematics Volume 8, Issue 10, 25249-25261.
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weights under the condition of the total labeling @, we get

Wt,(Vivier) = a(vi) + a(vivier) + @(Vigr)
(5 +151=0+ (5] 1%
(5[ =0+ (5] +2) 4

D+ (=] +[2]-1)=2i+3 ifo<i<k-3,

=2k+1 ifi=k-2,

k+Q2i—2k+5+k=2i+5 ifk—1<i<n-2,
k+k-2)+1=2k-1 ifi=n-1.

The total weights of edges v;v;11,i =0, 1,...,n— 1, successively assume odd values of 3,5,...,2n+ 1.

We continue to then obtain

Wi, (Vivisa) = a(v;) + a(vivieo) + a(viso)

([%1+[%.| 1)+(H1+[‘ﬂ)+([%1+[i‘1 1) 2i+4 if0<i<k-4,
k=2 [k k +k=2k+2 ifi=k-3,
(][5 -1+ (5] +3)
([ Ly k=2 +k=2k+4 ifi=k-2,
(5= + (5] +9)
k+Q2i—2k+8)+k=2i+8 ifk—1<i<n-3,
k+k-1+1=2k ifi=n-2,
k+k=-3)+1=2k-2 ifi=n-1.
Thus, the total weights of edges v;v;,2,i = 0, 1,...,n—1, successively attain even values of 4,6, ...,2n+

2.

This means that the total edge-weights of the circulant graph C,(1,2), n > 9, constitute the set of
consecutive integers from 3 up to 2n + 2. According to Theorem 2.1, it follows that the total labeling
a is a modular edge-irregular total [2”*2] -labeling of the circulant graph C,(1, 2) for n > 6, and we are
done. O

Theorem 2.7. Let C,(1,3) be a circulant graph on n vertices, n > 1. Then,

tes(C,(1,3)) = mtes(C,(1,3)) = [ 2:2].

Proof. Consider a circulant graph C,(1, 3) with the vertex set V(C,(1,3)) = {v; : 0 <i < n— 1} and the
edge set E(C,(1,3)) = {vivir1,viviez : 0 < i < n — 1}, where indices are taken modulo n. Forn > 7,
we have a 4-regular graph with n vertices and 2n edges. Put k = [2”+2-| From (1.4), we have that
tes(C,(1,3)) > k. Edge-irregular total k-labelings for circulant graphs C,(1, 3) forn = 7, 8,9 are shown
in Figure 4.
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Figure 4. Edge-irregular total labelings for C,(1,3) forn = 7,8 and 9.

To show that k is an upper bound for the total edge-irregularity strength of C,(1,3) given n > 10,
we describe a total k-labeling 8 : V(C,(1,3)) U E(C,(1,3)) — {1,2,...,k} as follows:

,B(V-):{{%h[%Fl if0<i<k-2,

k otherwise,

1 ifi=0,1,2,

(22 +[4] if3<i<k-3,
BOvin) ={[452] +3 ifi=k-2,

2i -2k +6 ifk-1<i<n-2,

k-4 ifi=n—1,

1 ifi =0,

2[4]+1 if1<i<k-S5,

(58] +3 ifi=k-4,

k i _
BWMH):[J+4 ifi =k-3,

|52 +6 ifi=k-2,

2i -2k +9 ifk-1<i<n-4,

k-3 ifi=n-3,

k-2 ifi=n-2,n-1.

Observe that the numbers of all vertex labels and edge labels are at most k and the total edge-weights
have the following values:

AIMS Mathematics Volume 8, Issue 10, 25249-25261.
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wig(vivie1) = (Vi) + Bvivier) + B(Vie1)

3 ifi=0,
4 ifi=1,
6 ifi=2,

=[5+ [ - )+ (2] + [5]) + (2] +[22] - 1) =2i+2  if3<i<k-3,
(51 1¢]- )+ (5913 k2042
k+Qi-2k+6)+k=2i+6 ifk—1<i<n-2,
k+(k-4)+1=2k-3 ifi=n-1,

wig(viviez) = B(vi) + B(viviss) + B(Vie3)
5 ifi =0,
(2] +[22]- 1)+ (2[4]+ 1) + (52 ]+ [22] - 1) =2i+5  if1<i<k-5,
([S2]+ 2] - 1)+ ([552] +3) +k=2k+1 ifi=k-4,
([2]+[5E] - 1)+ (4] +4) + k =2k +3 ifi=k-3,

V(5] +[4]-1) + (2] +6) + k =2k +5 ifi=k-2,
k+Qi-2k+9) +k=2i+9 ifk—1<i<n-4,
k+(k=3)+1=2k-2 ifi=n-3,
k+(k-2)+1=2k—-1 ifi=n-2,
k+(k=2)+2=2k ifi=n—1.

It is a routine matter to verify that the total edge-weights successively attain consecutive integers
3,4,...,2n + 2, and we arrive at the desired result. O

Theorem 2.8. Let n be an even positive integer, n > 4, and let C, (1, %) be a circulant graph on n
vertices. Then,

tes (C, (1. %)) = mtes (C, (1,4)) = % + 1.

Proof. Let n be an even positive integer, n > 4. Consider the circulant graph C, (1, g) with the vertex
set V(C,(1,4)) = {vi : 0 < i <n—1} and the edge set E (C, (1,4)) = {1 : 0< i <n—1}U (i :
0 <i < 5 — 1}, where indices are taken modulo n. Since C, (1, %) is a 3-regular graph of order n and
size 37” then, from (1.4), it follows that tes (Cn (1, %)) > g + 1. To prove the equality, it suffices to prove

the existence of an edge-irregular total (5 + 1)-labeling of the circulant graph C, (1, g) We define the
total labeling y as follows:
y(vi) = {

AIMS Mathematics Volume 8, Issue 10, 25249-25261.
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1 ifo<i<f-1
[4]+2  ifi=1,

Y(Vivie) = i4 % if§+21Si§n—2,
1 ifi=n-1,
[4]+2 ifi=o,

( HJ [i]+2  ifl<i<i-1

One can easily check that the vertex labels and edge labels of C, (1, g), under the condition of the
labeling y, are at most 5 + 1, i.e., ¥ is a total (5 + 1)-labeling.

The total edge-weights admit the following values:

wt,(vivis) = y(vi) + yvieD) + y(is1)

[l+1'|+1+[z+2'|_i+3 if0<i<3i-1,

B R S
(B+1)+G-2+)+(2+1)=2+4+i iff+1<i<n-2,
(B+1)+1+1=24+3 ifi=n-1,

o) 00+
2t

] { (5] +2)+ 2] <14
[+ ([i]+2)+(2+1)=8+4+i if1<i<i-1.

We can detect that, given the total k-labeling vy, the total edge-weights successively attain consecutive
values from 3 up to * + 2; applying Theorem 2.1, we obtain the desired result. O

3. Conclusions

In this paper, we have introduced a new graph invariant, i.e., the modular total edge-irregularity
strength, as a modification of the modular edge-irregularity strength and total edge-irregularity
strength. We estimated a lower bound of this new graph invariant and determined the precise values of
the modular total edge-irregularity strength for certain families of graphs, namely, cycles, stars, n-sun
graphs, friendship graphs, wheels and circulant graphs C,(1,2), C,(1,3), C, (1
the sharpness of the presented lower bound.

55 ) in order to prove

The results obtained in this paper give examples of graphs for which their total edge-irregularity
strength equals their modular total edge-irregularity strength. It is natural to ask for a characterization
of all graphs for which the equality between these graph parameters hold. Up to now, all known results
suggest that, for most graphs, they will be the same.

Open Problem: Characterize graphs G for which tes(G) = mtes(G).

AIMS Mathematics Volume 8, Issue 10, 25249-25261.
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