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Abstract: We investigate a robust optimal reinsurance-investment problem for n insurers under
multiple interactions, which arise from the insurance market, the financial market, the competition
mechanism and the cooperation mechanism. Each insurer’s surplus process is assumed to follow a
diffusion model, which is an approximation of the classical Cramér-Lundberg model. Each insurer is
allowed to purchase proportional reinsurance to reduce their claim risk. To reflect the first moment and
second moment information on claims, we use the variance premium principle to calculate reinsurance
premiums. To increase wealth, each insurer can invest in a financial market, which includes one risk-
free asset and n correlated stocks. Each insurer wants to obtain the robust optimal reinsurance and
investment strategy under the mean-variance criterion. By applying a stochastic control technique
and dynamic programming approach, the extended Hamilton-Jacobi-Bellman (HJB) equation is
established. Furthermore, we derive both the robust optimal reinsurance-investment strategy and the
corresponding value function by solving the extended HJB equation. Finally, we present numerical
experiments, which yield that competition and cooperation have an important influence on the insurer’s
decision-making.
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1. Introduction

Through reinsurance, the insurer can share part of the claim risk to the reinsurer while paying part
of the premium to the reinsurer as the compensation. In addition, the insurer can invest in a finance
market for a higher rate of return or to hedge the claim risk. Due to reinsurance and investment (RI)
providing effective ways to transfer risk and gain profit, they are garnering interest in the fields of
insurance and actuarial science in recent years.

Motivated by recent studies about the optimal RI problem, we provide an integrated framework
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for studying n insurer-based robust optimal RI problems under the mean-variance (MV) criterion.
Considering that different insurers think that the stock with the greatest profit may be different, we
assume that each insurer invests in a unique and different stock. In addition, we consider multiple
interactions among n insurers, which arise from the insurance market, the financial market, the
competition and the cooperation mechanism.

This paper is related to three strands of the literature. The first strand is about the time-consistent
MYV portfolio selection problem. A tractable framework for time-consistent MV problems was first
established by Bjork and Murgoci [1] and Basak and Chabakauri [2]. Recently, many scholars
considered the RI problem under a time-consistent MV framework. Yang [3] studied the time-
consistent RI strategy with common shock dependence between the insurance market and the financial
market. Yang et al. [4] studied the time-consistent combining reinsurance problem. Wang et al. [5]
considered the time-consistent RI strategy with mispricing. Zhang and Liang [6] considered time-
consistent RI strategies for a jump-diffusion financial market without cash. Wang et al. [7] studied the
time-consistent RI strategy with a long-range dependent mortality rate. However, these studies only
considered a single agent and did not consider the interaction among multiple agents. Therefore, the
optimal RI strategy obtained by them may not be available for multiple insurers.

The second strand of the literature is about interaction among multiple insurers. As for this,
many scholars quantify the interaction among different insurers based on the relative performance.
Bensoussan et al. [8] first quantified the competition between two insurers based on the relative
performance. Siu et al. [9] also studied two competitive insurers based on the relative performance,
where the two insurers were subject to common claim risks. Afterward, many scholars continued
to study the competition between two insurers based on the relative performance. Deng et al. [10]
studied the case of default risk, Hu and Wang [11] considered the case of time consistency, Zhu et al.
[12] studied the case of the Heston model, Bai et al. [13] studied the case of bounded memory, Dong
et al. [14] investigated the case of the Ornstein-Uhlenbeck model. However, these papers only studied
the RI for two competitive insurers. Recently, Yang et al. [15] and Guan and Hu [16] studied the
competition among »n insurers; however, they did not consider the cooperation case and the ambiguity
aversion.

The third strand of the literature is about ambiguity aversion. Due to the uncertain investment
environment, investors are usually ambiguity-averse. For this reason, Anderson et al. [17] first studied
ambiguity aversion under the continuous-time framework, Uppal and Wang [18] first considered the
level of ambiguity aversion and Maenhout [19] proposed “homothetic robustness” to study ambiguity
aversion. Recently, many scholars have studied the RI problem under the ambiguity aversion
framework. Li et al. [20] proposed a class of MV criterion, called the -maxmin MV criterion, and
applied it to the RI problem under ambiguity aversion. Zeng et al. [21] studied the time-consistent RI
problem under ambiguity aversion. Li et al. [22] considered a robust optimal excess-of-loss RI problem
under ambiguity aversion. Pun [23] established a general analytical framework for an ambiguity-averse
agent with time-inconsistent preference. Chen and Yang [24] studied the RI problem under ambiguity
aversion with correlated claims. Inside information plays an important role in practice. Peng and
Wang [25] and Yang [26] considered RI problems with inside information. Furthermore, Peng et al.
[27] extended the results of Peng and Wang [25] and Yang [26] to that under the case of ambiguity
aversion. Jiang and Yang [28] considered the robust optimal RI in a liquid financial market under the
variance premium principle. However, these papers only derived robust RI strategies under ambiguity
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aversion for a single insurer. Wang et al. [29] studied the RI problem for two competitive insurers
under ambiguity aversion, Yang [30] considered the RI problem for an insurer and a reinsurer with
competition under ambiguity aversion however, they did not consider the cooperation case. Therefore,
the optimal RI strategy obtained by them may not be available for n > 2 competitive and cooperative
insurers.

In this paper, we provide an innovative study about the RI problem for n competitive and cooperative
insurers under ambiguity aversion. Regarding the first and the third kinds of literature mentioned
above, we study the RI problem for n competitive and cooperative insurers. Regarding the second
kind of literature mentioned above, we study the RI problem for ambiguity-averse and cooperative
insurers. Considering the work of Yang et al. [15] and Wang et al. [29], we propose a competitive
and cooperative model for n insurers. To be specific, the surplus process for each insurer follows
the Brownian motion with drift; the financial market consists of one risk-free asset and n risky asset,
whose price processes are correlated. We assume that the » insurers can be ambiguity-averse and seek
a robust optimal RI strategy among a family of alternative probability measures. By the technique
of stochastic control theory, the closed-form optimal RI strategy and the corresponding optimal value
function (OVF) are obtained.

The main contributions of this paper are as follows:

e We first study a robust RI problem for n > 2 insurers under ambiguity aversion and consider
multiple interactions, which arise from the insurance market, the financial market, the competition
and the cooperation mechanism.

e We first consider n insurers that are competitive and cooperative under an ambiguity aversion
framework. Through numerical research, we find that competition and cooperation have an
important influence on the insurer’s decision-making.

e We obtain many meaningful phenomena and provide important suggestions for RI in reality.

The rest of this paper is organized as follows. The RI problem with ambiguity aversion is presented
in Section 2. In Section 3, we introduce the competition and the cooperation mechanism among n
insurers and provide the corresponding robust stochastic optimization problem for them. In Section
4, we obtain the main result for n competitive insurers. In Section 5, we derive the main result for
n cooperative insurers. In Section 6, we illustrate our theoretical results for two insurers through
numerical experiments. The conclusion of this paper is given in Section 7.

2. RI problem with ambiguity aversion

In this section, we propose an RI problem with ambiguity aversion for n insurers. Throughout
this paper, (Q, F, {F}0, P) is a filtered probability space satisfying the usual conditions. Here ¥ :=
{F:,t € [0,T]}, F; is a filtration, which is generated by 2n Brownian motions W;(¢), Wy(¢), - - - , W, (1),
Wi(5), Wa(f), - -, W,(£). For a detailed introduction about F,, one can refer to Karatzas and Shreve
[31]. P is a reference measure, T is the termination time of the RI, which is a definite constant. For the
case of a random termination time, one can refer to Chen et al. [32] and Xu et al. [33]. In what follows,
all stochastic processes are assumed to be adapted to . We assume that there are no transaction costs
or taxes in trading and that the trading occurs continuously.
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2.1. RI model

The insurer i’s cumulative claims in the time interval [0, ¢] is denoted by Z,If;(f) Y ,’( Here {Y ,i, k =
1,2,---} is a sequence of independent and identically distributed random variables, the common
random variables of {Y,i, k = 1,2,---} are denoted by Y. Denote the expectation and second-order
moment of Y? by u;; = E(Y’) < +00 and p;» = E[(Y?)?] < +o0, respectively. Ki(t) = N(t) + Ni(t). Ni(t)
and N(f) are two mutually independent homogeneous Poisson processes with intensities A4; > 0 and
A > 0, respectively. Hence K;(f) = N(t) + N(¢) is a Poisson process with an intensity of A + A;. Poisson
process N(¢) is the first source of the interaction mechanism of n insurers.

To manage and control the risk exposures, we now take into account proportional reinsurance. Let
ai(t) € [0, 1] represent the retention level of reinsurance acquired at time ¢, which means that the
insurer pays a;(f)Y" of a claim occurring at time ¢ and the reinsurer pays (1 — a;(r))Y’. Because the
variance premium principle contains the first and second moment information of a claim, while the
expected value premium principle only contains the first moment information of a claim, compared
with the expected value premium principle, the variance premium principle may better reflect the
claim information, thus enabling the insurer and the reinsurer to sign reinsurance contracts as soon as
possible. Therefore, we consider the variance premium principle. We assume that & > 0 is the safety
loading of the reinsurer. Then, the reinsurance premium is given by

Ki(t) Ki(1)
E [ZWﬁ - @YD) |+ & Var [Z(Y;‘ - ai(n(Y;‘))]

p=r) p=r)
=(1 — a;())(A + Wty + E(1 = ai())*(A + Auit.

To solve the robust stochastic optimization problem in this paper explicitly, similar to Bensoussan et
al. [8] and Chen and Yang [24], we consider the diffusion approximation model. Concretely, according
to Grandell [34], we have

2.1)

Ki()

D Y A+ pat = A+ W Wilo), (2.2)
k=1

where W;(?) is a standard Brownian motion. For any two Brownian motions W;(¢) and W, (1), i #
m € {1,2,---,n}, we assume that they are correlated with the correlation coeflicient being p;, :=
22120 . By using the approximation, the insurer i’s surplus process X;"(¢) is given by

V @A+ A+ Am)pio 2
dX; (1) = [0+ Dy = E(1 = a P A+ W di + i) VA + Wi, (2.3)

where 1; > 0 is the insurer i’s safety loading and the premium is calculated by using the expectation
value principle. To exclude the insurer’s arbitrage behavior, we require that & > 7;.

In addition to adopting reinsurance, we assume that the insurers are allowed to invest in a financial
market consisting of one risk-free asset and n correlated stocks, referred to as stock 1, 2, - - -, n. We
assume that Sy(7) and S;(¢) are the price processes for the risk-free asset and the stock i, respectively.
dSo(t) = rSo(t)dt, r > 0 is the interest rate; dS () = S;(¢)[;dt + a'idW,-(t)],* Wi > ris the appreciation

*Here, we assume that the price process for a stock satisfies the conditions of geometric Brownian motion. One can also consider
the price process for a stock with jumps (see, for example, Yang et al. [4], Chen and Yang [24] and Li et al. [35]), with the mispricing
phenomenon (see, for example, Wang et al. [5], Ma et al. [36] and Liu et al. [37]), with stochastic volatility (see, for example, Kang et
al. [38] and Wang et al. [39]) and with Markov chain modulation (see, for example Bensoussan et al. [8] and Xu et al. [40]).
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rate, o; > 0 is the volatility and W.(¢) is a standard Brownian motion. For any i # m € {1,2,--- ,n},
there are two Brownian motions W,-(t) and Wm(t) with a correlation coefficient of p;,,, i, € [—1, 1]. We
assume that, for any i € {1,2,--- , n}, the Brownian motions W;(¢) and W(1) are mutually independent.
The correlation coeflicient p;, is the second source of the interaction mechanism of n insurers.

Each insurer can invest in the financial market to increase their wealth. We assume that each insurer
invests in a unique and different stock, i.e., different insurers think that the most profitable stock is
different, and each insurer chooses to invest in what they think to be the most profitable stock. It may
be assumed that insurer i thinks the most profitable stock is stock i; then, insurer i only invests in stock
i,i=1,2,---,n. Let m;(t) be the amount of money invested in the stock i at time ¢ by the insurer i, and
the remaining portion of the money is invested in the risk-free asset. Denote u;(¢) = (a;(), 7;(¢)); then,
the wealth process X “(¢) of the insurer i with RI becomes

axi(t) = [771‘(/1 + A — E = ai () (A + A + rX; (1) + (i — ”)ﬂi(l)]df

o 2.4)
+ a;() (A + AppdWi(t) + mi(H)o dW ().

2.2. Ambiguity aversion

As we explained in the introduction, insurers are usually ambiguity-averse. Now, we incorporate
ambiguity aversion into our RI problem. To define the wealth process under ambiguity aversion, we
first introduce a process ¢;(f) = (6,(1), 6:(t)) satisfying the following conditions:

(i) For each t € [0, T], ¢:(¢) is progressively measurable with respect to 7;

(ii) E {exp {% fOT(Gi(t))zdt +3 fOT(?)i(t))zdt}} < +oo. Here, the expectation is calculated under
probability measure P.

The space of all such processes ¢;(¢) is denoted by ®;(z).

Furthermore, a real-valued process {A%(?)|t € [0, T1} on (Q, F, {F:}is0, P) is defined as

A¢i(t)=eXP{—f Hi(s)dWi(s)_%f(ei(s))2ds_f éi(s)dWi(s)_%f(éi(s))z}ds-
0 0 0 0

By the definition of ¢;(¢), we know that A% (r) is a P-martingale; then, we have that E[A%(T)] = 1.
Now, we define a new probability measure Q;, which is absolutely continuous with respect to P on ¥7.

Concretely, for each ¢;(t) € ®;(¢), we define iz_%'g: := A%(T). According to Girsanov’s theorem, under

the alternative measure Q);, the stochastic processes WI.Q"(t) and WI.Q"(I) are standard Brownian motions,
where

Q
i

dWl.Q"(t) = dWi(t) + 0,()dt, AW, (t) = dW(t) + 0(t)dL. (2.5)

Furthermore, under an ambiguity-aversion framework, the wealth process given by (2.4) becomes
dX;(t) = [ni(/l + i — E(L = a0 (A + A + rX (1) + (i — Nrt) = GOm0

(2.6)
—0;(a;(1) (1 + /L')ﬂiz] dt + a; (1) (A + ﬂi)/lide,Qi(f) + ﬂi(f)o'idW,-Qi(f)-

Now, we define the following admissible strategy.
Definition 2.1 A strategy u,(¢) (¢ € [0, T]) is called an admissible strategy if it satisfies the following
conditions:
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(1) For any ¢ € [0, T'], u;(¢) is measurable with respect to 7;;
(2) For any t € [0, T], a;(¢) € [0, 1];

3) EQi* { fo ’ [Zf nl.z(t)] dt} < +oo, where Q," is the probability distribution chosen to describe the
worst case;

(4) The stochastic differential equation (2.6) for u;(¢) has a unique strong solution.

The set of all admissible RI strategies of the insurer i is denoted by U;.

3. Robust stochastic optimization problem for » competitive and cooperative insurers

In this section, we establish two interaction mechanisms among 7 insurers, i.e., n insurers are
competitive and n insurers are cooperative, respectively. Considering these two cases, we define the
robust stochastic optimization problem for them, respectively.

3.1. Robust stochastic optimization problem for n competitive insurers

We first establish the competitive mechanism among # insurers.

Many scholars quantified the competition between two insurers based on the relative performance.
In this paper, we set up the competition mechanism for » insurers based on the relative performance.
The benchmark of each insurer’s competition is the average value of the remaining insurer’s wealth,
which is given by

_(um)m:x:i 1 - 1
X, 1) = —— X))y =—— ) Xm(t
S0 = D X = — > X,

m=1,m#i m#i

where (up)mzi = (Ui (2), ua(t), -+, ui—1 (1), i1 (1), -+ -, ().

The relative wealth process X"

1

(1) of the insurer i is defined as

X?ia(um)prr#i(t) — (1 _ TI)XIMI(I) + Ti (Xlll,(t) _ )_(gun1)/)1¢i(t)) (3 1)

. (Ui
= X' -7X; "),

where the parameter 7; € [0, 1] captures the intensity of insurer i’s relative concern and measures
their sensitivity to the average performance of their competitors. The larger 7; means that they give
more weight to the relative average performance and care more about increasing their relative wealth,
making competition fiercer. When 7; = 0, we return to the single-insurer case.

Based on the above analysis, the relative wealth process X' b )mst

1

() for the competition case is given
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by
AR (1) = [m(/l F A = = 3 A+ Dt = (L = @A+ Ay + ——
n—1 py n—1
> En(l = an(@)P A+ At + PR @) + (g = i) - —— Z(um (1)
- 600 A+ Wz + —= 3 00O A+ Loz = B0, 3.2)
m#i
+ =S B OO | i + i) N+ Lpnd W (1)
m#i
TS O VAT A pd WD + 70 dW @)~ S 0ad W 0
m#i m#i

Now, we construct the robust stochastic optimization problem for n competitive insurers. Each
insurer seeks to derive a robust RI strategy during the time interval [0, 7] to maximize the expected
terminal wealth while minimizing the variance of the terminal wealth. Let

ul (um)m;tl (l. xl) — EQ [Xut(um)m#l(T)] Q [Xut (”m)m#t(T)]

where Eg[] EQ[ X i) = %), Varq T = Vaer[ e Plmmsi(ry = %], y; is the risk-
aversion coefficient for the insurer i. When insurer i is assumed to be ambiguity-neutral, the stochastic
optimization problem is given by

sup Jibih(l/lm)mﬁ(t, £). (3.3)
M,‘E'Z/(,‘
In this paper, the insurers are assumed to be ambiguity-averse. Then, the robust stochastic
optimization problem under the ambiguity aversion framework for the insurer i can be written as

sup inf {J/“m (1, &) + D, (QIP)} (3.4)
M[EW,' QI-GQ

where D, ;(Q;|[P) > 0 denotes the generalized Kullback-Leibler (KL) divergence between Q; and
P. The introduction of D, ;,(Q;|[P) allows one to measure the ambiguity aversion of the insurer i and
regularize the choices of Q;. The larger the KL divergence, the less the deviations from the reference
model are penalized. When the KL divergence equals 0, the robust stochastic optimization problem
(3.4) reduces to the traditional stochastic optimization problem (3.3).

Our aim was to look for the optimal RI strategy for the robust stochastic optimization problem
(3.4). From Definition 2.1 given by Espinosa and Touzi [41], we know that a Nash equilibrium for the
n insurers is an n-tuple (u; (1), u5(?), - -+ , uy (1)) € Uy X U, X - - - X U,, such that, foreachi = 1,2,--- ,n,
given (u;, ).+, the RI strategy u;(¢) is a solutlon of the stochastic optimization problem (3.4).

Under the non-zero-sum stochastic differential game framework, our main interest is to seek an
equilibrium control strategy (uj(?), u;(t),- -+ ,u,(t)) € Uy X Uy X - - - X U, such that

. uTs(”Z)m# A . Ui, u,’; m#i A
inf {77 5) + Dyt (QIIP)] > inf {71 (1, ) + Dy s (QiIP)) (3.5)
Qe Qe

i
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foreachi=1,2,--- ,n.
The equilibrium value function is defined as follows.

Definition 3.1. (Equilibrium value function). If (3.5) holds, then we define the equilibrium value
function of insurer i as follows:

Jit, 2) = I (1, 2) + Dyg (QCIIP) = sup inf. (g, 8) + D QAP (3.6)
ui€U; ;€

Here u? = u’(t) represents the robust RI strategies for insurer i, i = 1,2,--- ,n. To ensure that this
strategy is time-consistent, we define the following strategy.
Definition 3.2. If the control strategy (u](?), u3(1), - - - , u;, (1)) exists, we define the following strategy

E
u;

(5, §) = ui(s,%), for(s,X)e[t,t+¢&)XR,
AR wi(s, %), for (s,X) € [t + £ TIXR.

Here u; € U;, € > 0 and (¢, X) € [0, T] X R are arbitrarily choosen. If

T &) - 5 0, 5
lim 1(}1f >0
£— E

for all u; € U; and (1,X) € [0,T] X R, then for insurer i, u; is called an equilibrium strategy and
J.

Uu: a(uj;l)m#i
L

(t, X;) is the equilibrium value function, i.e., the OVFE.

In the following Section 4, we will obtain the optimal strategy and the corresponding OVF for the
robust stochastic optimization problem (3.4). According to the Definition 3.2 and the proof provided
by Bjork et al. [42], we can prove that the following optimal strategy is time-consistent.

3.2. Robust stochastic optimization problem for n cooperative insurers

In this part, we define the robust stochastic optimization problem for the cooperation case. First, we
present the cooperative mechanism among n insurers.

Today, most major insurance companies exist as insurance groups. They jointly resist risks and
make profits from investments. In such a cooperative economy, the common wealth process is
controlled by all insurers. We must consider the joint interests of the insurers; the following common
wealth process will be studied:

n
X“() = ) kiX{ (o), 3.7)

i=1

where «; is the weighted coeflicient satisfying ; € [0, 1], >, x; = 1, and «; takes a role of balancing
the interests among n insurers. The larger the value of «;, the more important the insurer i in the
cooperative group. At the termination time 7 of the RI, the insurers distribute the common wealth
according to their weighted coefficient «;. OHere we can determine k; in different ways, such as through
Xi

. . o . O . _
the insurer’s initial surplus x’, i.e., k; = = -

i=1"

Combining (2.6) and (3.7) yields the following dynamics
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for n cooperative insurers’ common wealth process:

n

dX"(6) = [rX"(0) + D k(A + A = ) ki1 = ai(P (A + g

i=1 i=1

+ ) kil =m0 = > 0Okiat) A+ W = > By | de (3.8)
i=1 i=1 i=1

+ 3 kan) A+ DpdW @ + Y (O dW ()
i=1 i=1

The robust stochastic optimization problem for n cooperative insurers under a time-consistent MV
framework is given as follows:

J(t, %) = max inf {J'(z, ) + D.(QIIP)} = max jof {Et,xof;) - Zvar,(Xj) + DI,X<Q||P)}, (3.9)

ue QEQ

where Q = (Q,Q,5,---,Q,), U = (U, U,,--- ,U,) and y > 0 measures the group’s risk aversion;
J(t, x) is OVE.

Similar to Definition 3.2, we can obtain the equilibrium strategy for n cooperative insurers, which
is time-consistent. To avoid duplication, we omit it here.

4. Solution to n competitive insurers

In this section, we are devoted to deriving a robust optimal RI strategy and the corresponding OVF
for n competitive insurers. Some special cases of our model are also provided, which show that our
model and results extend some existing ones in the literature. We first derive the closed-form the
robust optimal RI strategy and the corresponding OVF for n insurers; then, we derive the explicit
robust optimal RI strategy and the corresponding OVF for two insurers.

To analytically evaluate the robust stochastic optimization problem, we specify the form of
D, ;,(Q,||P). Inspired by Maenhout [19], we assume that D, ;,(Q;|[P) satisfies the following form

Q T 62 62
ps@im=£2| [ T B P
et ¢ 2¢/l(s’ Xl{'{l,(um)m#l (S)) 2(//l(s, Xl{ll,(”m)m#l (S))

Here y;(t, )A(f"’(”’”)m’”(t)) and (1, le""(”’”)'”’”'(t)) are nonnegative and capture the insurers’ ambiguity
aversions. The larger the values of y(r, )A(lf""("’”)’"*"(t)) and ,(t, )A(;""(”’”)’”*"(t)), the more ambiguity-averse
the insurers. To render the above robust stochastic optimization problem analytically tractable, we
assume that (7, )A(f"’(“"’)’”*"(t)) = «; and ¥(t, )A(f"’(”’")"’*" (1)) = a@;, where «a; and @; are nonnegative (cf.
Maenhout [19]).

Let C'2([0, T]1XR) denote the space of ¥(z, £;) such that P(z, &;) and its derivatives ,(z, £;), ¥;.(1, %),
W :.(, &) are continuous on [0, T] X R. For any ¥(z, £;) € C'2([0, T] X R), and any fixed u;(¢) € U, the
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infinitesimal generator A"-(nn#-¢1@wni g defined as

ﬂu,—,(ufn)m¢i»¢i’(¢fn)m*i‘fl(t )’51')

=W (0, 8 + |4 + A — — mZ M+ At = &(1 = a(1))?
Aot Wi+ —= 3" £ = @0 A+ At + 12+ (i = D) wh
m#i .
e D = () = 60 ) A D+~ D" 0,0 0) VIAF )t
B0+~ B ()0 | W 1, 5) + g(u,, 1) W5, (8, 31,

where

>\ Am)m#i i(@m)mziT >\ TUm )m#i i(Tm)mziNT
8t thn) = §1(aj, ) + 25 7n) = CF Dy (CT)T 4 CTmDy(CT ), (4.2)

ar(H)+/(A+ A Titti () /(A + Aim)pi-
C‘f"’(““m*f:l OV A T ©) G2 o T i,

n—1 ’ n—1 43)
T (1) VA + i)t _Tian() (A + A ),Unz '
n-1 7 n—1
et — _Tim()o . ’_Tiﬂ'i—l(t)o-i—l ’ﬂ_i(t)o_i’_Tiﬂ'Hl(t)o-Hl . ’_Tiﬂ'n(t)o-n , 4.4)
n—1 n—1 n—1 n—1
I pi - pPia-) Pu I pi -+ Piu-1) P
Dl — P12 1 o Pan-1) Pon , D2 — P12 1 T pZ(n—l) Pon ) (45)
Pin P2n -+ Pu-D)n 1 pln ,5211 s ﬁ(n—l)n 1

In order to derive the robust optimal RI strategy and the corresponding OVE, we provide the
following important theorem.

Theorem 4.1. (Verification theorem). Suppose that there exist two real functions V;(¢, X;) €
C'2([0, T1xR), hi(t,%;) € C**([0, T] x R) satisfying the following extended Hamilton-Jacobi-Bellman
(HJB) equation system:

Sup lnf {ﬂux (u ImziDis (¢m)m$1 V (t xl) ﬂul (u,n)m¢1 bi, (¢m)m¢r )/l hz(t, l)

wi€U; $i€D; 46
+yihi(t, XA O G2 %) + + — =0,Vi(T, %) = %,
2a;  2a;(s)
e @G (g, £ = 0, hy(T, &) = &3 4.7)
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here,
u}(f) = arg sup inf { A Imi Bir( B Imi Vit, %) — ﬂui’(ujn)mii"ﬁia(‘pfn)mii% hiz(t, %)

M,’E’L{i ¢i€®i

(4.8)

. . 2(s)  6%(s)
+)/,'/’l,~(l, fci)ﬂui,(um)m#,tﬁi,(%)m#hi(t, )AC,-) + 2 + .

2a;  2a(s)
Then u}(7) is the robust optimal RI strategy and Vi(z, X;) is the corresponding OVF, i.e., Vi(t, %) =
Ji(t, %;).
Before giving the main results, we define the following notations:
0; = (1 + Wup [2§i + (a; + %’)er(T_')] ,
G = Ainyie T B = 264+ A,
6= (yi+ano;, & =220, Bi= (i — e,

5= (A + Wun [2§i + %er(T_t)] . Bi = 26 + W)ua.

4.9)

Now, we give the main results for n competitive insurers.

Theorem 4.2. The solution to the robust stochastic optimization problem (3.4) is as follows. The
insurer i’s robust optimal reinsurance strategy (ORS) is a;(r) = (0 V @,;(¢)) A 1, a;(¢) is the solution of
the following system of linear equations

01a1(t) — {ipz1ax(t) — - -+ = Sipn-1)1n-1 (1) — {1 an(t) = B,
—Ouna(t) + 62a0(t) — - -+ = Hpn-1)1an-1(8) — Hftn1a, (1) = B, (4.10)
—Cap1a1(t) — Gupo1as(t) =+ + = Lufhin1)1Gn-1(1) + 0,y (1) = B;

the insurers’ robust optimal investment strategy (OIS) (m(2), 75(0), - -+ ,m, (1)) is the solution of the
following system of linear equations

5lzr1(t) - Zlo'zﬁlz_ﬂz(l) - = Zl?'n—lﬁl(n—l)ﬂn—l(f) - Zl?'nﬁlnﬂn(f) = Bl_,
=80 1P (1) + 6272 (t) — -+ - = L0 p-1P2(1-1)Tn-1(8) — 207302, 70, (1) = B2, @.11)
_Zno-lplnﬂ'l (t) - ZnO-ZﬁZnﬂ'Z(t) -t = Zno-n—lp(n—l)nﬂn—l(l) + 5‘nﬂ'n(l‘) = Bn;
the worst-case measures are given by
0;(1) = a; (D V(A + e, (4.12)
6:(t) = ni(Hoiae™ ™, (4.13)
and the corresponding OVF for the insurer i is given by
Bi(t
Vit £) = gm0 4 B, (4.14)
Yi
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where
T 7, * i
Bi(t) = y; ni(A + A — 1 Z N4+ At — E(1 = @ ())*(A + i
! m#i
Ti * * Ti «
+ n— 1 Zi fm(l - am(s))z(ﬂ + /lm)/-lYﬂZ + (l-li - r)ﬂ-l- (t) - m Zi(llm — r)ﬂ'm(s)
- " (4.15)
_Ti “(Da* (1) +/ N B (ot HT=s)
+I’l -1 ngﬁl em(t)am(t) (/1 + /Ln),umZ + n—1 mZil em(t)ﬂ'm(f)O'm] e

i 1
_%g(u}k, W )T _ 5 [a?(s)ai(/l + W + ()02 C-yi] le(T—s)} ds.

andi=1,2,--- ,n.
Proof. Please see Appendix A. O
From Appendix A, we have the following findings:
Ayipt e Ti )
(A + A)al2&; + (5 + y)e T n - 1 DI

m#i

which is a measure of the insurer i’s sensitivity to their competitors’ reinsurance strategies; also,

Yi Ti " _
E 7T (DO Pim
(C_Zl' + ’}/i)O'i n— 1 o m( ) P

which is a measure of the insurer i’s sensitivity to their competitors’ investment strategies.

Now, we give some special cases of our general model. We can obtain the corresponding optimal
strategies for these cases as we did in Theorem 4.2; the proofs are omitted.

Corollary 4.1. If 7; = 0, i.e., we do not consider the competition, the insurer i’s robust ORS
becomes

28
HOE 4.1
a0 28 + (e +yp)er =0’ (10

and the insurer i’s robust OIS becomes

% _ MHi—T
M0 = 4.17)

We find that the robust ORS given by (4.16) is similar to that in Theorem 4.1 presented by Yi et al.
[43], which considers the robust RI for an insurer under the expected premium principle. Moreover,
the robust OIS given by (4.17) is similar to that in Proposition 1 presented by Maenhout [19].

Corollary 4.2. If 4 = 0 and p;,, = 0, i.e., the interaction arising from the insurance and finance
markets is not considered, the insurer i’s robust optimal RI strategies are given by (4.16) and (4.17),
respectively.

From Corollary 4.2, we find that even though the competition exists, the robust optimal RI strategy is
not affected by the competition parameter 7;. Therefore, we can get such a conclusion that competition
plays a role only in interrelated individuals and groups.
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Corollary 4.3. If ¢; = O and @, = 0, i.e., the ambiguity is not considered, the insurer i’s robust ORS
is given by
26+ A + %era_l) Dimi A1

(t Al 4.18
a; (1 (A + AWupl2é; + yierTD] ( )
and the insurer i’s robust OIS is given by
i — 1)+ eI S R (OO mPim
mi(t) = Wizt Lt T mPim (4.19)

71‘0-52 er(T-1)

Corollary 4.4. If o; = 0, @; = 0 and 7; = 0 (resp. 4 = 0 and p;,, = 0), i.e., the ambiguity and relative
performance (resp. interaction arising from the insurance and finance markets) are not considered, the
insurer i’s robust ORS is given by

e 2¢;
a;(t) = % 4y T (4.20)
and the insurer i’s robust OIS is given by
vy Hi— T
mi(t) = y—iafe”—f)' 4.21)

We find that the optimal RI strategies given by (4.20) and (4.21) are similar to that in Theorem 2
presented by Zeng and Li [44], which considers RI for an insurer under the expected premium principle.
In other words, the model presented by Zeng and Li [44] can be taken as a special case of our model.

In what follows, we solve the stochastic optimization problem (3.4) for the situation with two
insurers. In this case, we can derive the explicit solutions.

Theorem 4.3. For the wealth process described by (3.2) with two insurers, the insurer 1’s robust
ORS is aj(z) = a,(1) A 1, where &,(r) is given by

B162 + Bot1y1 Aun iy €

8162 — T1T2y1Y22 T (A1 p21)*

a,(1) = (4.22)

the insurer 1’s robust OIS is given by

316, + B 5
() = _3_1 2+ BeT1y10102012 (4.23)

8162 — T1Tay1Y2(0102P12)?

the insurer 2’s robust ORS is a3(r) = a,(¢) A 1, where a,(?) is given by

o1 + A nT-0)
Gy(t) = Ba6i ﬁsz)’zzH;lﬂme " 4.24)
0102 — T1T2Y1Y2e* T (A1 1 p21)
the insurer 2’s robust OIS is given by
326, + B 5
() = _ﬁ_z 1 ,317'27’20'10'2[)_12 . (4.25)
0162 — T1T2Y1Y2(0102012)
the worst-case measures are given by
5 + Bat1y14 " TNy AJ(A + A e
0'(r) = (B162 + BaT1y1 A1 1421 Jary /( DH1 ’ 4.26)

8102 — T1ToY 172> T =D ( A1 o1 )?
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_ . o
(B162 + Botryioioopio)mion @ e

5162 — T1T2Y1Y2(0102p12)?

(B261 + Bitayaduiipar €T )y (A + Ap)pne T

HOE

, (4.27)

050 = , (4.28)
: 8162 — T1T2y 172" TD( Ay 21 )?

. 5.5 + B - = H(T—1)

a(0) = (B2 3 _,317'2720'10'2P12)0'2_6Y2€2 : (4.29)
0102 — T1T2Y1Y2(0102P12)
the insurer i’s OVF is given by
Bi(t

Vi(t, %) = %"V + B ), (4.30)

Yi
where

T
Bﬂﬁﬂﬁf{h@+&wn—mmm+MMW—&U—ﬁ@ﬁ@+&wu+ﬁwl—@@ﬁ

A+ Az + (i = 1) (0) = T — 170, (8) + T36,,(Da, (1) (A + Az + Tié,’;(t)ﬂ;(t)rfm]

e [ n () + @ (O + Wi + Tray (1)

4.31)
2 ﬂjz(t)o_iz +7 m i i

2_#2

2 -
X e T ()0, = 2pimTi0 0T (DT

1 .
X (A + Az — 2/l,u,~1,uml7',-a;‘(t)afn(t)]ezr(T_s) - E[Cl;-kz(s)a’i(/l + A + ﬂ?z(S)O'l-z&i]ezr(T_s)}dS,

fori+me{l,2}.
Proof. Please see Appendix B. O
Corollary 4.5. If the ambiguity is not considered for two insurers, the insurer 1’s ORS is given by

T 1)

wr B16> + Botiyidunipare
al(t) ==

= Al, (4.32)
0102 — T1T2Y1Y2> T (A1 421 )?

the insurer 1’s OIS is given by

~H(T—t) _ _ =
(1) = e _ Hi 2r N (2 —N)T1P12 , (4.33)
1 — 717107, | 7107 Y2010
the insurer 2’s ORS is given by
3261 + Brrays A pim e
ay(n) = PO TP St (4.34)
0102 — T1T2Y1Y2e* T D (Auy 1 pa1)
and the insurer 2’s OIS is given by
-r(T-t) _ _ =
() = e -1 (U1 — r)12p12 . (4.35)

=) 2
1 = 711207, | 72073 Y10102

We find that the ORSs given by (4.32) and (4.34) reduce to that in Theorem 4.3 presented by
Deng et al. [10], which considers RI for two insurers under the condition of maximizing the expected
exponential utility. Moreover, (4.33) and (4.35) reduce to that in Theorem 1 presented by Hu and Wang
[11]. This means that our model extends the model presented by Deng et al. [10] and Hu and Wang
[11] to n insurers with ambiguity aversion.
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5. Solution to n cooperative insurers

To analytically evaluate the robust stochastic optimization problem (3.9) for the cooperation case,
D, (Q|[P) 1s given as follows:

6? 6°
D..QIP) = E2 { [ Z[ w0, éf;_)]ds}.

Similar to Theorem 4.1, we give the following verification theorem for n cooperative insurers.

Theorem 5.1. Suppose that there exist V(z,x) € C"*([0,T] x R) and h(t,x) € C"*([0,T] x R)
satisfying the following extended HJB equations

(i) Forall (r,x) € [0,T] X R

sup inf {Vt(t X) +
uel $€@

rx+ k(A + A — Z k(1= a0 (A + ) + Z Ki(u; = r)m(t)
i=1

i=1

V.(t, x) + 5[Vm(t, x) — yhi(t, x)]

- Z 0u(tiai(1) (U + A = Z Oty 1)

0 (5.1)
x| Y. Ra O+ A + Z D ik At o1 @it (£) + Z Gotri (@)
i=1 i=1 m#i
- _ " 62(s) 52(s)
+ ; mzi; KiKinO i O mPim T (DT (1) | + ; Da, Z 24, }
(i) For all (z,x) € [0,T] X R
hu(t, ) + |rx+ ) k(A + A = ) (1= @i (O (X + Wi + D kit = 1) (1)
i=1 i=1 i=1
- Z 6} (tyia; () (A + A — Z ; (e (Do Pl %) + [Z Fa (D + Wi
' ' ' (5.2)
+ Z Z KikmAftis o1 @; (D), (1) + Z Ko () + Z Z KikinGi0ufinTT; (D0, (1) | P (2, X)
i=1 m#i i=1 m#i
SAONESIACH
20’,’ - Z ZC_Z,' B

i=1 i=1

(iii) For x € R,
V(T, x) = x, (T, x) = x.
Then, u*(¢) is the robust optimal RI strategy and V(T, x) is the corresponding OVF, i.e., V(T, x) =

J(t, x).
For notational convenience, we define the following notations:

A — & ,—r(T-1) . 2 YR
{ R = [26&e7T0 + (a; + )R] (A + A, (5.3)

Ti = 26 + e 0,1y = (uy — re” 0.
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By Theorem 5.1, we can obtain the following theorem.

Theorem 5.2. For the wealth process given by (3.8), the solution to the robust stochastic
optimization problem (3.9) is as follows. The insurer i’s robust ORS is a;(f) = (0 V 4,(z)) A 1, where
a;(t) 1s the solution of the following system of linear equations

Ava, (o) + 7K1K2/1ﬂ11ﬂglaz(f) + -+ YK Kp A 1 U1 AR (2) = K1Y,
YKok Ao pn1ar (1) + Aoar(t) + -+ - + Yok Aptoi 1 @y (1) = k22,

5.4)
yknkl/lﬂnlﬂllal(t) + ’yKnKZ/l:un],uQIan(t) +--t Anan(l’) = KnTn;

the insurers’ robust OIS (}(?), 75(¢),- - ,m, (1)) is the solution of the following system of linear
equations

K101 (@1 + Y)T(0) + YKk 10212700 (1) + -+ - + YK Ky T 101,70 (1) = K1'¥'1,
VKoK 020 1 P17 (1) + K%O‘%(d’z + VI (t) + -+ + YK KO 20 302,70, (1) = K V3,

(5.5)

7KnK10-n0-1pn17T1(t) + yKnKZO-nO-ZﬁnZﬂZ(t) +-+ K,%O'i(@n + Y)Hn(t) = KntY'rr

The market strategies are given by

0,(1) = kit (A + Wpipa; e, 8(1) = ko (e, i=1,2,--- ,n. (5.6)
The corresponding OVF is given by

. B(t
V(t, x) = xe" T + % (5.7)

where

T n n n
By =y f {[Z KT+ A = D ki1 = @i () (A + Wi + D Kt = 1) (5)
! i=1 i=1 i=1
1 ¢ 1 ¢
x e — 5 ; KA + Appa;*(s)e” ™ — 5 ; Ko (s)e )

y ; (5.8)
- 2T [Z KA (YA + At +2 ) Kkt pn @} (8)aty () + D kPt mi(s)
i=1 mi i=1
+2 Z Kikmaio'mpimﬂf(s)ﬂfn(s)]} ds.
m#i
Proof. Please see Appendix C. O

In what follows, we solve the robust stochastic optimization problem (3.9) for the two insurers case.
We can obtain the following explicit solution.

Theorem 5.3. For the wealth process given by (3.8) with two insurers, the solution to problem (3.9)
is as follows. The insurer 1°s robust ORS is aj(7) = (0 V a,(1)) A 1, where a,(¢) is given by

K1 1A — YoykiGAu o

a (1) = (5.9)

A A, = (ykiko Ay 101 )?
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the insurer 1’s robust OIS is given by

kiT105(@ +y) — Toykio102p12

Kioio (@ +y) @ +y) - (7K10'10'21012)2

() = (5.10)

the insurer 2’s robust ORS is a3(7) = (0 V ax(1)) A 1, where a,(7) is given by

. K2 T2l = Ty A po
a(t) = o (5.11)
A — (ykika A1)

and the insurer 2’s robust OIS is given by

. K2T20'2(C_¥1 +79) = T1yk0102p12
(1) = 5 —. (5.12)
KGo1o5(@) + Y)(@ +y) — (Ykeo102p12)

The market strategies are given by

0:(t) = Kia; V(A + Wppai (e T, 8,t) = kaoni (e T, i =1,2. (5.13)
The OVF is given by
_ B(t
V(t,x) = xe T 4 —= ( ) (5.14)
Y

where
2

T 2 2
Buy=y f {[Z k(A + A = Y k(1= @ (DA + A + D wilpts = P (s)
! i=1 i=1 i=1
2
Z Kaoimi?(s)e* T
im1 (5.15)

2
- e {Z FaR (YA + A + 2iko At 112107 (5)a(s) + Z Goim(s)
i=1 i=1

2

1
x e %) — > Z Kai(A + Wupa?(s)e? T —
i=1

l\.)l>—‘

+2k1K207 10201271 ($)7T5(5)]} ds

Proof. Please see Appendix D. O

In what follows, we discuss two special cases of our model for two cooperative insurers. We can
derive the corresponding optimal RI strategies for these cases as we did in Theorem 5.2; the proofs are
omitted. The corresponding OVFs can also be similarly obtained; however, the expressions are rather
complicated and are thus omitted here.

Corollary 5.1. If A = 0, i.e., the interaction arising from the insurance market is not considered, the
insurer 1’s robust ORS is given by

zé_‘le—r(T—t)
(D) = , 5.16
“ 26167770 + (a1 + YK ©-10)
and the insurer 2’s robust ORS is given by
2£, 0~ T-1)
(1) = b2 (5.17)

2677 TD + () + Y)Kky
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If p1, = 0, i.e., the interaction arising from the finance market is not considered, the insurer 1’s robust
OIS is given by
(g — r)e~ =0

m(t) = - , (5.18)
: ko (@ + )
and the insurer 2’s robust OIS is given by
- -r(T-n
ﬂ;(l) = w (5.19)

K203 (@ +y)

From (5.16)—(5.19), we can see that insurer 1’s (resp. 2’s) robust optimal RI strategies decrease with
respect to k; (resp. k7). In other words, with the increase of the insurer’s weight coeflicient, insurers are
more keen to turn to reinsurers to resist risks and reduce their investment in risky assets. This shows
that, as the leader of the group, one should consider the interests of the whole group and take more
cautious RI behavior. We find that the OISs given by (5.18) and (5.19) reduce to that in Theorem 3.1
presented by Zhou et al. [45], which considers the joint interests of the insurer and reinsurer. In other
words, our model extends the model presented by Zhou et al. [45] to n cooperative insurers.

Corollary 5.2. If @; = @; = 0, i.e., the ambiguity is not considered, the insurer 1’s robust ORS is
a;(t) = (0 Vv a (1) A 1, where a,(¢) is given by

K1Yy (2K2§2€_r(T_t) + 7K§) (A + A — k2 ToyKi Ko Ap1 121

a () = . 2 ;0 (5.20)
(2K1§1€_’(T_t) + VKl) (2K2§2€_’(T_t) + )’Kz) (A + A)p2(A + A)pzy — (yKiKo A 121)?
the insurer 1’s robust OIS is given by
~H(T—t) _ A
7(t) = € _ Hi . ro (U2 — rp12 : (5.21)
kiy(l=p1,) | o7 010
the insurer 2’s robust ORS is a3(r) = (0 V a,(1)) A 1, where a,(?) is given by
3 k2 (s (2K151€_r(T_t) + YK%) (A + ADp12 — ki CyyKikoApnipan
(1) = ; ; . (5.22)
(2K1§1€_r(T_’) + 7K1) (2K2§2€_V(T_’) + VKZ) (A + A1 + Ay — (YKiK AU 1 21)?
and the insurer 2’s robust OIS is given by
—-r(T-1) _ _ =
(t) = € _ [/12 . r (U1 — r)p12 . (5.23)
kyy(1 = p7, o5 o107

6. Sensitivity analysis

In this section, we compare the optimal RI strategy and the corresponding OVF for the competition
case, the cooperation case and the case without competition and cooperation. Our aim was to find the
similarities and differences of RI behaviors for these three cases. Suppose that there are two insurers
and two stocks in the insurance and financial markets, respectively. We only report the insurer 1’s
robust optimal RI strategy and corresponding OVF because the similarity of the analysis and the two
insurers are symmetric in terms of properties. The basic parameters are given in Table 1.
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Table 1. Values of model parameters in numerical examples.

r r t A pn vy
002 10 0 2 02 07

Insurer 1 7 & Aoy oo @ T om o X K
0.1 02 1 1 02 09 07 004 03 10 0.5
Insurer 2 1, & b oy @ @ Ty M 0y X K

02 025 2 12 07 07 05 006 04 10 0.5

6.1. Numerical results for the robust ORS

In this part, we provide the numerical results for the robust ORS. Specifically, we examine the
influences of model parameters on the robust ORS aj(¢) for three cases, i.e., the competition case,
the cooperation case and the case without competition and cooperation. We assume that the density
function of claim size Y' is e™ for y > 0. Therefore, we obtain that 1;; = po; = 1 and py» = gz = 2.

Figure 1 shows the effect of 7; on aj(z) for the competition case. From Figure 1, we find that
aj (1) increases with respect to 7;. A larger 7| means that the insurer 1 hopes to surpass the wealth
of their competitor, i.e., insurer 2. While taking part in reinsurance can reduce the claim risk, it is
nonetheless costly. This is because the insurer 1 needs to pay a reinsurance premium to the reinsurer.
In this situation, insurer 1 tends to decrease their reinsurance premium, which increases the competition
parameter 7, which in turn implies increasing aj ().

Figure 2 shows the effect of «; on aj(z) for the cooperation case. We find that aj(¢) is a decreasing
function of ;. As k; increases, the status of the insurer 1 in the cooperative group also increases.
To keep the cooperation going, the insurer 1 should make a reinsurance decision from the group’s
perspective. To reduce the risk faced by the entire group, the reinsurance willingness of insurer 1 is
enhanced. This causes the retention proportion of reinsurance to decrease.

031 0.65

03

0291 Bl N

0.28 b 055 \

N
027 4

aj(®
aj(
7/

026 f N
025F , 045 >
024t — >

~
0.3 b =

022 1 1 1 1 1 1 1 035 I 1 1 1 1 1 I
0.1 02 03 04 05 0.6 0.7 08 0.9 0.1 0.2 03 04 05 0.6 0.7 08 0.9

Figure 1. Effect of 7, on aj(). Figure 2. Effect of k; on aj(z).

Figure 3 depicts the effect of &; on aj() for three cases, i.e., the competition case, the cooperation
case and the case without competition and cooperation. The numerical result shows that aj(7) is an
increasing function of &;. As the parameter &; increases, the insurer needs to pay more costs to
the reinsurer. Therefore, the insurer decreases their demand for reinsurance, i.e., they increase their
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retention.

Figures 4 and 5 reveal that aj(¢) is decreasing about @, ¥, and . This is because @, represents the
ambiguity aversion parameter, and y; and y represent the risk aversion parameters. With the increase
of a1, v and vy, the insurer would purchase more reinsurance to transfer claim risk and ambiguity.

9 T T T T T
——Compettion \ —— Competition —— Competition

— — Cooperation \ — — Cooperation — — Cooperation

08 Without Competition and Cooperation - o N Without Compeiton and Cooperation P Without Competition and Cooperation

02 03 04 05 06 07 08 09 1 02 04 06 08 1 12 14 16 18 2 02 04 06 08 1 12 14 16

Figure 3. Effect of &; on Figure 4. Effect of @ on Figure 5. Effects of vy
aj (o). ay(n). and y; on aj(1).

Further analyzing Figures 3-5, we can see that the insurer 1 keeps more retention in the cooperation
case than in the other two cases. This implies that cooperation can improve the insurer’s ability to
resist claim risk. From Figures 3-5, we also find that the insurer 1 has the weakest ability to resist risk
when there is no competition and cooperation. This means that both competition and cooperation can
enhance the insurer’s ability to resist claim risk.

6.2. Numerical results for the robust OIS

Now, we present the numerical results for the insurer 1’s robust OIS 7} (7) for the competition case,
the cooperation case and the case without competition and cooperation.

Figure 6 shows the effect of 7| on 7j(¢) for the competition case. From Figure 6, we can see that
71 (¢) increases with respect to 7. That is, the more the insurer is concerned about outperforming their
competitor, the more money that the insurer would like to invest in the stock. The reason may be
because the presence of relative performance, as each insurer desires to perform well relative to their
competitor. Investing into the stock has a possibility of rapidly increasing income; hence, the insurer
would increase their investments in the stock.

Figure 7 illustrates the effect of «; on 7j(¢) for the cooperation case. It is clear that 7j(z) is a
decreasing function of k;. As we explained in Figure 2, as «; increases, the status of the insurer 1 in
the cooperative group also increases. Their investment decision should then be made from the group’s
perspective. To reduce the investment risk faced by the entire group, the insurer 1 invests very little in
the stock 1.
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Figure 6. Effect of 7| on 7} (7). Figure 7. Effect of «; on 7](?).

As shown in Figure 8, 7j(?) is a decreasing function of ambiguity aversion parameter @;. Due
to the model uncertainty, a larger ambiguity-aversion parameter will force the insurer to reduce their
investment in the stock.

Figure 9 describes the effect of r on 7}(7). As r is the risk-free interest rate, the larger the value of
r, the greater the expected income of the risk-free asset, and, hence, the more the insurer will wish to
invest in the risk-free asset. Therefore, 7} (¢) decreases with respect to r.

—— Competition
— — -Cooperation ~o — — - Cooperation

N . ! !
041\ Without Competition and Cooperation 03k ~o Without Competition and Cooperation

—— Competition

005 I I 0 I I I I I L L L L
05 1 15 2 0.01 0.012 0.014 0.016 0.018 0.02 0.022 0.024 0.026 0.028 0.03
T r

Figure 8. Effect of @; on }(?). Figure 9. Effect of r on 7(2).

Figure 10 provides the effect of ; on 7j(¢). From Figure 10, we can see that 7}(#) is an increasing
function of p;. p; stands for the appreciation rate of the stock 1. Therefore, the larger the value of y;,
the more the insurer will wish to invest in the stock 1.

Figure 11 shows the effect of the volatility o~y of the stock 1 on 7}(#). The larger the value of oy, the
riskier the stock 1, and, hence, the less the insurer will wish to invest in the stock 1. Therefore, 77 (#)
decreases with respect to 0.
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Figure 10. Effect of x4 on 7} (7). Figure 11. Effect of oy on 7}(?).

Further analyzing Figures 8—11, we can see that compared with the competition case and the case
without competition and cooperation, the insurer tends to invest a higher dollar amount in stock in the
cooperation case. This implies that cooperation can improve the insurer’s ability to resist investment
risk. Compared with the other two cases, the insurer’s investment behavior is the most positive in
the cooperation case. The insurer has the weakest ability to resist investment risk when there is no
competition and cooperation.

6.3. Comparison of the OVFs in three cases

Finally, we compare the optimal value functions among the cooperation case, the competition case
and the case without competition and cooperation. We analyze the effects of the financial market model
parameters r, y; and oy on the OVFs.

From Figure 12, we can see that the OVF for the cooperation case is larger than that for the
competition case and the case without competition and cooperation. This shows that the insurer will
get more benefits under the condition of the cooperation case. This is because, in the cooperation case,
the RI behaviors of the insurer are more aggressive than what we have derived from the numerical
results in Subsections 6.1 and 6.2.
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Figure 12. Effects of r, u; and oy on the OVFs.
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7. Conclusions

This article extends the results in the literature from two competitive insurers to n > 2 competitive
and cooperative insurers. For n insurers, we have considered three aspects of interaction. First, the
interaction arises from the claim process, i.e., the correlation coefficient p;,. Second, the interaction
arises from the stock price, i.e., the correlation coefficient p;,. Third, the interaction arises from
the competition and cooperation, i.e., the competitive weighting coefficient 7; and the cooperative
weighting coefficient «;. Furthermore, we have established the new RI models. Under the MV criterion,
by applying a stochastic control technique and dynamic programming approach, we derived both the
robust optimal RI strategy and the corresponding optimal value function. The numerical experiments
demonstrate the effects of model parameters on the robust optimal RI strategy and the OVF for the
cooperation case, the competition case and the case without competition and cooperation. Through
numerical studies, we have found that the insurers will adopt more active RI decision-making under
the condition of cooperation. Both competition and cooperation can improve the insurer’s income
and the insurer’s strength to resist risk; the insurer obtains the most benefits from cooperation. These
findings are consistent with our understanding. The results and findings can provide guidance for the
insurers making RI decisions.
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Appendix A. Proof of Theorem 4.2.

Proof. First, we rewrite the extended HJB equation (4.6) as

a‘/i f, Al
sup inf {(—x) +

i A+ Ay = = A+ At = 61 = @) (A+ A

m#i

ui€U; $i€d; at

o D L= GO A+ A + (= PO = — >t = P = 6D

n -1 1 &
m#i m#i (Al)
N Wiz + == 3 0,0, O NAT L = BOmos + —= 3" 8,0, <t)am]
Vit.x) 1 [PV k) [0kt z)\] | 6() é?<s> B
a3, +§g(”"”"'")l 92 "( 0%, )]+ 20, 2as) [

According to the first-order optimality conditions, the functions 6;(f) and 6;(f), which realize the
infimum part of (A.1), are respectively given by

{ 0:(t) = al(ta; \/mav(tx,) "

6:(1) = mo 6‘/6(;1_)"

Inserting (A.2) into (A.1) yields

ovi(t, X;
sup {ﬁ Pt A = =TS ok Ay = £(1 = a0+ Ao

m#i

ot

(1= @00 (A + At + (i = (D) = —= " (= 1) 1)

m#i m#i
. (A.3)
8Vi t, X; 1 «
3" 0,0, VA Lk + —= 3", (0m, (D0, —a(x ), 58 1)
m#i m#i !
62Vi t, X; 81’1, t, )2,' : 1 avl f, ﬁi ?
X [ a(j‘\:lz ) _ y!( (;)%l )) } — 5 [alz(t)a’[(/l + /L')IJ,Q + ﬂlz(t)o-lza'l] (%) } =0.

Similar to Yang et al. [4], we conjecture that the solutions to (A.3) and (4.7) have the following
forms:

Vi(t, X)) = Ai(0)%; + @’Ai(T) =1,B(T)=0 (A.4)
hi(t, &) = A% + 20, A(T) = 1, B(T) = 0 '
Then the partial derivatives are
(A.5)

19h(tx, A (t) + l(t) Bh(tx, A (t) ah (tx,) — 0

{ ﬂV(txl A(l,)+ ,(t) (9V(txl A(l) 6V (tx, -0
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Plugging (A.4) and (A.5) into (A.3), we obtain

sup {[AZ(I) + rAi(0] % + 0 +Ai(0) [ni(A + Wi — —— Z (A + At — (1 = a;(0))?
u;€U; i m#i
X+ A+ = 0= GO A + Gt = (D) =~ S = 1 ()
m#:l m#i (A.6)

- %g(ul, w,JAN(E) [a (DA + A + 7 (Do @ AN )

> 0,00, 0 A+ Ltz + —= 3" 8,00, <r)am] A (r)}

m#i m#i

Differentiating (A.6) with respect to a;() and 7;(¢) implies that

26/ + WppAlD) + LELA2(1) 3 Wbl
(A + Al 2&A(1) + ,A%(0) + viAX(D)]

a; (1) =

(A7)

and

(i — DA + LA (D) 3 ﬂm(f)O'mpzm
&0 AX(1) + 0P A1)

7 (1) = (A8)

Substituting (A.7) and (A.8) into (A.6) and (4.7), respectively, we can derive the following system
of ordinary differential equations (ODEs) according to whether it contains %;:

Al(t) +rA(t) =0, A(T) =0, (A9)
B;(1)
A+ A = —— 3" A+ Dt = E(1 = @ OP A+ Ay
71’ 1 m#i
D L= @ OP (A A + (s = P = = (1 - r)nm(r)} A1)
m#i m#i (Al())
- 75 (w4}, s JAXE) - —[a*z(mu + Wi + wOOTEIAND + | = D" 6,,(0a;,0)
m#i
NAF Lz + —= 3" 8,0, (00 | Ai6) = 0, B(T) =0

m#i

Al +rAi(H) = 0, A(T) = 0, (A.11)
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Bt
ﬁ 771(/1 + A4 ):ull - 4 Z nm(/l + /lm):uml é‘:l(l —4a; (t)) (/l + 4; ),ulZ
i n- m#i
o D a1 = @0t it + (s = DD = D (= P, ()| A0
m#i m#i (A.12)
—3@%mm+&mﬁwﬂm&ﬂﬁm
3 0,0, O N Lk + — 3" 8,0, (00 | Aih) = 0.B(T) =
m#i m#i
Considering the boundary condition, the solutions to ODEs (A.9)—(A.12) are given by
At) = A1) = T, (A.13)
N T T;
B;(t) = %‘f { (A + Ay — —— Z (A + A1 — E(1 — Cl}k(S))z(/l + A
! n- 1 m#i
D (L= @)+ Ak + (= () = = > (i = P (9)
n -1
m#i m#i (A14)
+_——Zp(mzmdu+%mm+———2ﬁmmﬂﬁm4a“ﬂ
m#i m#i

2

and B;(?) is given by (4.15).
By substituting (A.13) into (A.7), the insurers’ robust ORS is given by

: | (ai(d + A + 7 ()0 2’(”)} ds,

a*(t) 2&(/1 s )#12 n /l%,uzm r(T 1) Zmii a:;Jlml (A 15)
YT+ ﬂ»u,z[zf, +(a; +y)er 0] '

Note that, in (A.15),i # m € {1,2,--- ,n}; (A.15) can be rewritten as the system of linear equations
given by (4.10). a;(7) is the solution of (4.10). If 0 < a;(¢) < 1, then the ORS is a; (1) = a;(1). If a;(r) < 0,
the sup{- - - } in (A.6) with respect to () is achieved at the point 0. This is because the function in the
interior of sup{: - - } decreases with respect to a;(¢) in the interval [0, 1]. This means that the ORS must
be a}(¢) = 0. Analogously, if a;(r) > 1, the ORS must be a;(r) = 1.

By substituting (A.13) into (A.8), the insurers’ robust OIS is given by

" (:u - r) + me e’ Zm;ti ﬂ;(t)o-mﬁim
(1) = mﬁ%WfWﬂ . (A.16)

Note that, in (A.16) i # m € {1,2,--- ,n}; (A.16) can be rewritten as the system of linear equations
given by (4.11). By substituting (A.13), a; () and 7} (¢) into (A.2), the worst-case measures are given by
(4.12) and (4.13). This completes the proof. O
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Appendix B. Proof of Theorem 4.3.

Proof. For the two-insurers case, the system of ODEs given by (4.10) becomes

{ 01ai(t) — Tyy1dunpaas(t) = By,

(B.1)
—Toy2Aunp @) (f) + 62a5(1) = Bo.

Then, the determinant of the coefficient matrix is given by

01 Ty Apnpo e
~Tyy2 iz e 5
| @A+ W) [251 + (o) + 'yl)er(T—f)] R T
~Tyy2 iz e (A + ) [252 + (p + 72)€F(T_t)]

=(A+ A)p12(A + A [251 + (a; + 71)€r(T_t)] [foz + (ay + 72)€r(T_t)] — 717271122 T A ) )?
>y172 2 T [upaunn — 712 (un ) ()] 2 y1y2 %> T O [ — (1) (ua1)?].

The last inequality holds because of 7,7, € [0, 1]. By the Cauchy-Schwarz inequality, it is clear that
Hisptor — (11)*(21)? > 0. This means that the system of linear equations given by (B.1) has a unique
root (d;(?), a,(¢)) which is given by (4.22) and (4.24). From (4.22) and (4.24), it is clear that () > 0
and a,(¢) > 0; this implies that, if &;(z) < 1 and a,(7) < 1, then aj(r) = &,(¢) and a3(¢) = a,(¢) are the
robust ORSs. Similar to Theorem 4.2, if &,() > 1 and d,(¢) > 1, then aj() = 1 and a;(r) = 1 are the
robust ORSs.

In what follows, we obtain the OIS. From the system of linear equations given by (4.11), we have

{ 61705 (1) — T1y10102p1275 (1) = B, (B.2)

—T2Y20102p 17 (1) + 6,75 (1) = Ba.
Then, the determinant of the coefficient matrix is given by
(Y1 +@)o]  —T1Y10102p1
—To0109P12 (V2 + @2)0;
=(y1 + @)y, + @)0105 — T1T2Y1Y2(T102p12)°

>y1720505[1 = T1712(p12)*] = y1y20i05[1 — (512)*] = 0.

01 —T1Y10102012
—T2Y20102012 02

Therefore, the system of linear equations given by (B.2) has a pair unique roots (rrj(#), 75(¢)) which
is given by (4.23) and (4.25). That is, 7} (¢) and 73(¢) are the robust OISs.

Inserting (4.22)—(4.25) into (4.12) and (4.13), we have the worst-case measures given by (4.26)—
(4.29). Substituting (4.22)—(4.25) into (4.15), we obtain B;(¢) as given by (4.31); substituting (4.22)—
(4.25) into (A.14), we obtain B;(7) as given by

T
Bi(1) = f {[771'(/1 + A = Tl A + s — E(1 = @i($))* (A + )i
t
+ Ti&n(1 = a3, () (A + Dtz + (i = PI(S) = Tt — D7, (8) + T, (Dan, (O (A + A (B3)

_ |
+Ti9:1(t)7r;(t)(7,n] eI — > [al-z(t)a/i(/l + A)un + ﬂl-z(S)O'izd/i] ezr(T_S)} ds.
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This completes the proof. O
Appendix C. Proof of Theorem 5.2.

Proof. Similar to Theorem 4.2, we assume that the solutions to (5.1) and (5.2) are as follows:

_ _ @ _ _
{ V(t,x) = A@x + 22, A(T) = 1, B(T) e

h(t, x) = A(t)x + @,A(T) = 1,B(T)=0

Then the partial derivatives are

(C2)

Vi) =A@+ 2 (’> V8, x) = AD), V£, x) = 0
Rt x) = A() + & <’> (1, x) = A1), h(t, x). = 0.

Plugging (C.1)—(C.2) into (5.1), we obtain

n n

| DA+ A = D kg1 = DA+ o

i=1 i=1

B

sup inf {[A () +rA()]x +
uelf PP

- Z Kt = P)mi() Z Ox(twiai(H) L+ D)pan - Z Bty

A(t)

(C.3)
Az(t) [Z a(t)(A + )y + Z Z KiKm A1 1 @i (D)@, (1) + Z K; o7 (1)

i=1 i=1 m#i

5 67(s) 6:(s)
Z 2a; Z 20/,} 0

+ Z Z KiK O i O mPim T ()70, (1) | +

i=1 m#i i=1

Differentiating (C.3) with respect to 6,(f) and 6;(¢) implies that

0:(1) = ki;a (1) V(A + WupA(), 0,(t) = kaim (1o A(D). c4

By substituting (C.4) into (C.3), we obtain

sup {[A'(r) e Al 2+ [Z KA+ A = 3 k(1 = a0+ A

uel i=1 i=1
n n

+ ) Kilys - r)nim} A - % > KA+ WupA*Hal(r) - % D Kao A Om ()
i=1 i=1 i=1

(C5)
Z (t)(/l + 4 )lul2 + Z Z Kleﬂ/’lllﬂmla (t)am(t) + Z KZO' 7Tl-2(l)

i=1 i=1 m#i

}:0
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Differentiating (C.5) with respect to a;(¢),i = 1,2, --- ,n, we have
ai(t) |26/ + AunA() + KFai(A + A1) + 77 (A + WA’ (1) |
FYAD) D ik At ot (1) = 260+ A AD), i = 1,2,

m#i

(C.6)

We assume that the solution of (C.6) is @;(¢),i = 1,2,--- ,n. Similar to what we have explained in
Theorem 4.2, the insurer i’s ORS is a; (1) = (0 V a;(2)) A 1.

Differentiating (C.5) with respect to m;(¢),i = 1,2,--- ,n, we obtain the OIS (7] (2), 75(2), - - - m,(1))
as the solution of the system of linear equations given by (5.5).

Substituting (aj(1),a;(1),--- ,a,(t)) and (7}(1),75(1), -+ ,m,(1)) into (C.5), we can obtain the
following system of ODEs, according to whether it contains x

A'(t) + rA(t) = 0, A(T) = 1, (C.7)

B kmd + o - D K61 = O+ e+ Z ot = P (D)

i=1 i=1
n n

K@i+ AppA* (Da; (1) — Z KG a0} AR (DT (1) — —Az(t)

i=1

+ Z Z Kikim A1 o 05 (D)L, () + Z Kot (0) + Z Z Kikin O i (DT, (t)] 0,B(T) =

i=1 m#i i=1 m#i

A(7)

n

D ka0 + o

i=1

2

(C.8)

Substituting (aj(?),a;(t),--- ,a,(t)) and (7](2), 75(1),--- ,m,(¢)) into (C.4), the optimal market

strategies are given by (5.6). Substituting (aj(?),a5(?), - ,a,(t)) and (7}(2),75(0), - ,m,(¢)) and

0,(0), -+ ,0,(t) and (6,(2), - - , 6,(¢) into (5.2), we can derive the following system of ODEs according
to whether it contains x

A+ rA() = 0,A(T) = 1, (C.9)
and
B, n n
B> ki + doyan - Z k&1 = af (DY (A+ A + Z il = ) (1) | AQ)
i=1 i=1
" ; (C.10)
P (A + WA (a(0) - 5 ; CaoctAX DOm0, Ba) =
From (C.7) and (C.9), we have

Alt) = A(t) = 77, (C.11)

Substituting (C.11) into (C.8), we can obtain B(t), which is given by (5.8). Substituting (C.11) into

(C.10), B(z) is given by
D i+ Ay — Z kigi(1 = @} () (A + ) + Z ki(; = 1y (s) [ TV

~ T
B(t) = 7f {
4 i=1 i=1

n n

1
KA + Wpna(9)e” 7™ = = )" azn*2<s>e2’(T_S)} ds.
=1 i=1

n

(C.12)

2
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This completes the proof. O

Appendix D. Proof of Theorem 5.3.

Proof. For the two-insurers case, from (5.4), we have

(D.1)

Aray () + yria iy o1 a2 (8) = K C,
YK A a1 a1 () + Baan(t) = 127

Then, the determinant of the coefficient matrix is given by

A, YKk A fian
YK1K2 AU 121 Ay
_ 2k + (a1 + YK + ) YK1K2 A 1121
YK1K2 AU 11121 2262670 + (@ + YIKGI(A + )z

=[26:£1e7"7T7 + (@) + V)G [2K260e 7T + (@2 + YIS I + A)pia(d + Az — (yki ko Ay ptar)
>(yK1ka ) (Uiapar — Hi11h5))-

By the Cauchy-Schwarz inequality, it is clear that ujopp — pf 5, > 0. This means that (D.1) has
a unique root (a,(2), a,(t)), which is given by (5.9) and (5.11), respectively. Similar to what we have
explained in Theorem 4.2, the ORSs of insurer 1 and 2 are respectively given by aj(¢) = (0V a;(2)) A 1
and a;(1) = (0 V ax () A 1.

From (5.5) we have

—-r(T-1)

(D.2)

{ K103 (@) + Y)mi (1) + yKikoo 1 02P1a70o(1) = Ky (g — e
—HT—1)

YKk O 101 P17 (1) + Ky 05 (@ + Y)To(1) = kain — 1)e
Then, the determinant of the coefficient matrix is given by

2 20~ -
Kio(@ +7y)  YKIK0 102012
- 2 2 -
YKIK20102p12 K50 5(@s + )

:K%U'%(O_ll + V)Kga'g(@z +79) — (YK Ko T 102 12)*

>(yK1k20102)*(1 = pi,) > 0.

Therefore, (D.2) has a unique root (r}(7), 75(1)), which is given by (5.10) and (5.12). Substituting
(5.9)—(5.12) into (5.6), the optimal market strategies are given by (5.13). By substituting (5.9)—(5.13)
into (5.8), we can obtain B(¢) as given by (5.15). This completes the proof. O

References

1. T. Bjork, A. Murgoci, A General Theory of Markovian Time Inconsistent
Stochastic Control Problems, Working Paper, Stockholm School of Economics, 2010.
https://doi.org/10.2139/ssrn.1694759

AIMS Mathematics Volume 8, Issue 10, 25131-25163.


http://dx.doi.org/https://doi.org/10.2139/ssrn.1694759

25161

10.

11.

12.

13.

14.

15.

16.

S. Basak, G. Chabakauri, Dynamic mean-variance asset allocation, Rev. Financ. Stud., 23 (2010),
2970-3016. https://doi.org/10.1093/rfs/hhq028

P. Yang, Time-consistent mean-variance reinsurance-investment in a jump-diffusion financial
market, Optimization, 66 (2017), 737-758. https://doi.org/10.1080/02331934.2017.1296837

P. Yang, Z. Chen, L. Wang, Time-consistent reinsurance and investment strategy combining quota-

share and excess of loss for meanvariance insurers with jump-diffusion price process, Commun.
Stat. Theor. M., 50 (2021), 2546-2568. https://doi.org/10.1080/03610926.2019.1670849

Y. Wang, Y. Deng, Y. Huang, J. Zhou, X. Xiang, Optimal reinsurance-investment policies for
insurers with mispricing under mean-variance criterion, Commun. Stat. Theor. M., 51 (2022),
5653-5680. https://doi.org/10.1080/03610926.2020.1844239

C. Zhang, Z. Liang, Optimal time-consistent reinsurance and investment strategies for a jump-
diffusion financial market without cash, N. Am. J. Econ. Financ., 59 (2022), Article ID 101578.
https://doi.org/10.1016/j.najef.2021.101578

L. Wang, M. C. Chiu, H. Y. Wong, Time-consistent mean-variance reinsurance-investment
problem with long-range dependent mortality rate, Scand. Actuar. J., 2023 (2023b), 123-152.
https://doi.org/10.1080/03461238.2022.2089050

A. Bensoussan, C. C. Siu, S. C. P. Yam, H. L. Yang, A class of non-zero-sum
stochastic diffrential investment and reinsurance games, Automatica, 50 (2014), 2025-2037.
https://doi.org/10.1016/j.automatica.2014.05.033

C. C. Siu, S. C. P. Yam, H. Yang, H. Zhao, A class of nonzero-sum investment and
reinsurance games subject to systematic risks, Scand. Actuar. J., 2017 (2017), 670-707.
https://doi.org/10.1080/03461238.2016.1228542

C. Deng, X. Zeng, H. Zhu, Non-zero-sum stochastic differential reinsurance and
investment games with default risk, FEur J. Oper Res., 264 (2018), 1144-1158.
https://doi.org/10.1016/j.ejor.2017.06.065

D. Hu, H. Wang, Time-consistent investment and reinsurance under relative performance concerns,
Commun. Stat. Theor. M., 47 (2018), 1693—1717. https://doi.org/10.1080/03610926.2017.1324987

H. Zhu, M. Cao, C. K. Zhang, Time-consistent investment and reinsurance strategies for mean-
variance insurers with relative performance concerns under the Heston model, Financ. Res. Lett.,
30 (2019), 280-291. https://doi.org/10.1016/j.fr1.2018.10.009

Y. Bai, Z. Zhou, H. Xiao, R. Gao, F. Zhong, A hybrid stochastic differential reinsurance
and investment game with bounded memory, Eur. J. Oper. Res., 296 (2022), 717-737.
https://doi.org/10.1016/j.ejor.2021.04.046

X. Dong, X. Rong, H. Zhao, Non-zero-sum reinsurance and investment game with non-trivial
curved strategy structure under Ornstein-Uhlenbeck process, Scand. Actuar. J., 2023 (2023), 565—
597. https://doi.org/10.1080/03461238.2022.2139631

P. Yang, Z. Chen, Y. Xu, Time-consistent equilibrium reinsurance-investment strategy for n
competitive insurers under a new interaction mechanism and a general investment framework, J.
Comput. Appl. Math., 374 (2020), Article ID 112769. https://doi.org/10.1016/j.cam.2020.112769
G. Guan, X. Hu, Time-consistent investment and reinsurance strategies for mean-variance
insurers in N-agent and mean-field games, N. Am. Actuar J., 26 (2022), 537-569.
https://doi.org/10.1080/10920277.2021.2014891

AIMS Mathematics Volume 8, Issue 10, 25131-25163.


http://dx.doi.org/https://doi.org/10.1093/rfs/hhq028
http://dx.doi.org/https://doi.org/10.1080/02331934.2017.1296837
http://dx.doi.org/https://doi.org/10.1080/03610926.2019.1670849
http://dx.doi.org/https://doi.org/10.1080/03610926.2020.1844239
http://dx.doi.org/https://doi.org/10.1016/j.najef.2021.101578
http://dx.doi.org/https://doi.org/10.1080/03461238.2022.2089050
http://dx.doi.org/https://doi.org/10.1016/j.automatica.2014.05.033
http://dx.doi.org/https://doi.org/10.1080/03461238.2016.1228542
http://dx.doi.org/https://doi.org/10.1016/j.ejor.2017.06.065
http://dx.doi.org/https://doi.org/10.1080/03610926.2017.1324987
http://dx.doi.org/https://doi.org/10.1016/j.frl.2018.10.009
http://dx.doi.org/https://doi.org/10.1016/j.ejor.2021.04.046
http://dx.doi.org/https://doi.org/10.1080/03461238.2022.2139631
http://dx.doi.org/https://doi.org/10.1016/j.cam.2020.112769
http://dx.doi.org/https://doi.org/10.1080/10920277.2021.2014891

25162

17

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

. E. W. Anderson, L. P. Hansen, T. J. Sargent, A quartet of semigroups for model specification,
robustness, prices of risk, and model detection, J. Eur. Econ. Assoc., 1 (2003), 68-123.
https://doi.org/10.1162/154247603322256774

R. Uppal, T. Wang, Model misspecification and underdiversification, J. Finance, 58 (2003), 2465—
2486. https://doi.org/10.1046/j.1540-6261.2003.00612.x

P. J. Maenhout, Robust portfolio rules and asset pricing, Rev. Financ. Stud., 17 (2004), 951-983.
https://doi.org/10.1093/rfs/hhh003

B. Li, D. Li, D. Xiong, Alpha-robust mean-variance reinsurance-investment strategy, J. Econ. Dyn.
Control., 70 (2016), 101-123. https://doi.org/10.1016/j.jedc.2016.07.001

Y. Zeng, D. Li, A. Gu, Robust equilibrium reinsurance-investment strategy for a mean-
variance insurer in a model with jumps, [Insur Math. Econ., 66 (2016), 138-152.
https://doi.org/10.1016/j.insmatheco.2015.10.012

D. Li, Y. Zeng, H. Yao, Robust optimal excess-of-loss reinsurance and investment
strategy for an insurer in a model with jumps, Scand. Actuar. J., 2017 (2017), 1-27.
https://doi.org/10.1080/03461238.2017.1309679

C. C. Pun, Robust time-inconsistent stochastic control problems, Automatica, 94 (2018), 249-257.
https://doi.org/10.1016/j.automatica.2018.04.038

Z. Chen, P. Yang, Robust optimal reinsurance-investment strategy with price jumps and correlated
claims, Insur. Math. Econ., 92 (2020), 27-46. https://doi.org/10.1016/j.insmatheco.2020.03.001

X. Peng, W. Wang, Optimal investment and risk control for an insurer under inside information,
Insur. Math. Econ., 69 (2016), 104—116. https://doi.org/10.1016/j.insmatheco.2016.04.008

P.  Yang, Closed-loop equilibrium reinsurance-investment strategy with  insider
information and default risk, Math. Probl. Eng., 2021 (2021), Article ID 8873473.
https://doi.org/10.1155/2021/8873473

X. Peng, F Chen, W. Wang, Robust optimal investment and reinsurance for
an insurer with inside information, Insur. Math. Econ., 96 (2021), 15-30.
https://doi.org/10.1016/j.insmatheco.2020.10.004

W. Jiang, Z. Yang, Optimal robust insurance contracts with investment strategy under variance
premium principle, Math. Control Relat. F., (2023). https://doi.org/10.3934/mcrf.2023001

N. Wang, N. Zhang, Z. Jin, L. Qian, Robust non-zero-sum investment and
reinsurance game with default risk, Insur. Math. Econ., 84 (2019), 115-132.
https://doi.org/10.1016/j.insmatheco.2018.09.009

P. Yang, Robust optimal reinsurance strategy with correlated claims and competition, AIMS Math.,
8 (2023), 15689-15711. https://doi.org/10.3934/math.2023801

I. Karatzas, S. E. Shreve, Brownian motion and stochastic calculus, Springer-Verlag, New York,
1988. https://doi.org/10.1007/978-1-4684-0302-2

Z. Chen, P. Yang, Y. Gan, Optimal reinsurance and investment with a common shock and a random
exit time, Rairo-Oper. Res., 57 (2023), 881-903.https://doi.org/10.1051/r0/2023036

L. Xu, L. Wang, X. Liu, H. Wang, Optimal active lifetime investment, Int. J. Control, 96 (2023),
48-57. https://doi.org/10.1080/00207179.2021.1979252

AIMS Mathematics Volume 8, Issue 10, 25131-25163.


http://dx.doi.org/https://doi.org/10.1162/154247603322256774
http://dx.doi.org/https://doi.org/10.1046/j.1540-6261.2003.00612.x
http://dx.doi.org/https://doi.org/10.1093/rfs/hhh003
http://dx.doi.org/https://doi.org/10.1016/j.jedc.2016.07.001
http://dx.doi.org/https://doi.org/10.1016/j.insmatheco.2015.10.012
http://dx.doi.org/https://doi.org/10.1080/03461238.2017.1309679
http://dx.doi.org/https://doi.org/10.1016/j.automatica.2018.04.038
http://dx.doi.org/https://doi.org/10.1016/j.insmatheco.2020.03.001
http://dx.doi.org/https://doi.org/10.1016/j.insmatheco.2016.04.008
http://dx.doi.org/https://doi.org/10.1155/2021/8873473
http://dx.doi.org/https://doi.org/10.1016/j.insmatheco.2020.10.004
http://dx.doi.org/https://doi.org/10.3934/mcrf.2023001
http://dx.doi.org/https://doi.org/10.1016/j.insmatheco.2018.09.009
http://dx.doi.org/https://doi.org/10.3934/math.2023801
http://dx.doi.org/https://doi.org/10.1007/978-1-4684-0302-2
http://dx.doi.org/https://doi.org/10.1051/ro/2023036
http://dx.doi.org/https://doi.org/10.1080/00207179.2021.1979252

25163

34.

35.
36.
37.
38.
39.
40.

41.
42.

43.
44.

45.

%1\@ AIMS Press

J. Grandell, Aspects of risk theory, Springer-Verlag, New York, 1991. https://doi.org/10.1007/978-
1-4613-9058-9
S. Li, W. Yuan, P. Chen, Optimal control on investment and reinsurance strategies with delay and

common shock dependence in a jump-diffusion financial market, J. Ind. Manag. Optim., (2022).
https://doi.org/10.3934/jimo0.2022068

J. Ma, H. Zha, X. Rong, Optimal investment strategy for a DC pension plan with
mispricing under the Heston model, Commun. Stat.-Theor. M., 49 (2020), 3168-3183.
https://doi.org/10.1080/03610926.2019.1586938

Z. Liu, Y. Wang, Y. Huang, J. Zhou, Optimal portfolios for the DC pension fund with
mispricing under the HARA utility framework, J. Ind. Manag. Optim., 19 (2023), 1262-1281.
https://doi.org/10.3934/jimo0.2021228

J. Kang, M. Wang, N. Huang, Equilibrium strategy for mean-variance-utility portfolio
selection under Heston’s SV model, J. Comput. Appl. Math., 392 (2021), Article ID 113490.
https://doi.org/10.1016/j.cam.2021.113490

W. Wang, D. Muravey, Y. Shen, Y. Zeng, Optimal investment and reinsurance strategies
under 4/2 stochastic volatility mode, Scand. Actuar. J., 2023 (2023a), 413-449.
https://doi.org/10.1080/03461238.2022.2108335

L. Xu, S. Xu, D. Yao, Maximizing expected terminal utility of an insurer with high
gain tax by investment and reinsurance, Comput. Math. Appl., 79 (2020), 716-734.
https://doi.org/10.1016/j.camwa.2019.07.023

G. E. Espinosa, N. Touzi, Optimal investment under relative performance concerns, Math. Finace.,
25 (2015), 221-257. https://doi.org/10.1111/mafi.12034

T. Bjork, A. Murgoci, X. Y. Zhou, Mean-variance portfolio optimization with state dependent risk
aversion, Math. Finance, 24 (2014), 1-24. https://doi.org/10.1111/;.1467-9965.2011.00515.x

B. Yi, Z. Li, F. G. Viens, Y. Zeng, Robust optimal control for an insurer with reinsurance and
investment under Heston’s stochastic volatility model, Insur. Math. Econ., 53 (2013), 601-614.
https://doi.org/10.1016/j.insmatheco.2013.08.011

Y. Zeng, Z. Li, Optimal time-consistent investment and reinsurance policies
for  mean-variance insurers, Insur. Math. Econ., 49 (2011), 145-154.
https://doi.org/10.1016/j.insmatheco.2011.01.001

J. Zhou, X. Yang, Y. Huang, Robust optimal investment and proportional reinsurance toward joint

interests of the insurer and the reinsurer, Commun. Stat. Theor. M., 46 (2017), 10733-10757.
https://doi.org/10.1080/03610926.2016.1242734

©2023 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 8, Issue 10, 25131-25163.


http://dx.doi.org/https://doi.org/10.1007/978-1-4613-9058-9
http://dx.doi.org/https://doi.org/10.1007/978-1-4613-9058-9
http://dx.doi.org/https://doi.org/10.3934/jimo.2022068
http://dx.doi.org/https://doi.org/10.1080/03610926.2019.1586938
http://dx.doi.org/https://doi.org/10.3934/jimo.2021228
http://dx.doi.org/https://doi.org/10.1016/j.cam.2021.113490
http://dx.doi.org/https://doi.org/10.1080/03461238.2022.2108335
http://dx.doi.org/https://doi.org/10.1016/j.camwa.2019.07.023
http://dx.doi.org/https://doi.org/10.1111/mafi.12034
http://dx.doi.org/https://doi.org/10.1111/j.1467-9965.2011.00515.x
http://dx.doi.org/https://doi.org/10.1016/j.insmatheco.2013.08.011
http://dx.doi.org/https://doi.org/10.1016/j.insmatheco.2011.01.001
http://dx.doi.org/https://doi.org/10.1080/03610926.2016.1242734
http://creativecommons.org/licenses/by/4.0

	Introduction
	RI problem with ambiguity aversion
	RI model
	Ambiguity aversion

	Robust stochastic optimization problem for n competitive and cooperative insurers
	Robust stochastic optimization problem for n competitive insurers
	Robust stochastic optimization problem for n cooperative insurers

	Solution to n competitive insurers
	Solution to n cooperative insurers
	Sensitivity analysis
	Numerical results for the robust ORS
	Numerical results for the robust OIS
	Comparison of the OVFs in three cases

	Conclusions

