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Abstract: The chikungunya virus (CHIKV) infects macrophages and adherent cells and it can be
transmitted via a direct contact with the virus or with an already infected cell. Thus, the CHIKV
infection can have two routes. Furthermore, it can exhibit seasonal peak periods. Thus, in this paper,
we consider a dynamical system model of the CHIKV dynamics under the conditions of a seasonal
environment with a general incidence rate and two routes of infection. In the first step, we studied
the autonomous system by investigating the global stability of the steady states with respect to the
basic reproduction number. In the second step, we establish the existence, uniqueness, positivity and
boundedness of a periodic orbit for the non-autonomous system. We show that the global dynamics
are determined by using the basic reproduction number denoted by R, and they are calculated using
the spectral radius of an integral operator. We show the global stability of the disease-free periodic
solution if Ry < 1 and we also show the persistence of the disease if Ry > 1 where the trajectories
converge to a limit cycle. Finally, we display some numerical investigations supporting the theoretical
findings.
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1. Introduction

The chikungunya virus (CHIKYV) is an arbovirus (i.e., a virus transmitted by arthropods) whose
vectors are female mosquitoes of the genus Aedes which are identifiable by the presence of black and
white stripes. The two implicated species are Aedes aegypti and Aedes albopictus. Aedes albopictus
is present in the south of France and Aedes aegypti in areas including Antilles, Guyana, French
Polynesia and New Caledonia. These two mosquitoes are also implicated in the transmission of other
arboviruses, including dengue, yellow fever and Zika virus. This disease has been prevalent on the
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African and Asian continents for more than 50 years. Over the past 30 years, mathematical modeling
has been applied to study several epidemic diseases [1-4]. Recently, the study of vector-borne diseases
has gained considerable attention and mathematics have become a useful tool for such studies; also,
several temporal deterministic models have been proposed for diseases like dengue, malaria, CHIKYV,
etc. Several mathematical models have been developed and studied to explain a variety of features
influencing the transmission of CHIKV [5-12].

However, several infectious diseases including all diseases caused by the transmission of a
pathogenic agent exhibit seasonal peak periods. Studying the population behaviors associated with
a seasonal environment becomes a necessity for predicting the risk of transmission of such a disease .
In [13], the authors discuss the periodic “SIR” epidemic model. In [14], the authors study an “SEIRS”
epidemic model with periodic fluctuations. They calculated the basic reproduction number R, by
using the time-averaged system and proved a sufficient but unnecessary condition such that the disease
could not persist. In [15], the authors consider a class of SIQRS models with periodic behavior of
the contact rate; they proved the existence of periodic trajectories. The authors of [16, 17] studied an
“SEIRS” epidemic model in a seasonal environment and proved some sufficient conditions for both
the persistence and the extinction of the disease. In [18], the authors give the definition of the basic
reproduction number for seasonal environments. The basic reproduction number R, is defined in [19]
for several compartmental periodic epidemic models; the authors show that R is a threshold value to
prove the stability of the disease-free periodic solution. In [20], the authors propose an extension of
the “SVEIR” model by taking into account the seasonal environment.

The aim of this work is to propose a new class of dynamical systems that models CHIKV dynamics
under the conditions of a seasonal environment with a general incidence rate, and where the adherent
cells are the main target for CHIKV. We will establish the existence, uniqueness, positivity and
boundedness of a periodic solution. Therefore, we will study the global dynamics with respect to the
basic reproduction number that will be calculated by using the spectral radius of an integral operator.
The global stability of the disease free periodic solution will be proved for Ry < 1; however, the
persistence of the disease will be proved for R, > 1 by proving that the trajectories will converge to a
limit cycle. Finally, some numerical simulations will be given to confirm the theoretical results.

2. Proposed mathematical model

CHIKYV is spread as follows. Mosquitoes contract the virus by biting animals or humans infected
with it. They then spread the virus by biting uninfected people. CHIKV infects macrophages and
adherent cells and it can be transmitted via a direct contact with the virus or with an already infected
cell. Thus, the CHIKYV infection can have two routes, i.e., CHIKV-to-cell and cell-to-cell infections
(see Figure 1). We adopt a general non-linear incidence rate for both routes of infection. Furthermore,
CHIKYV dynamics can exhibit seasonal peak periods, which is why all parameters of the models are
T-periodic functions where T > 0 is the period. The considered epidemic model for the CHIKV
dynamics in a seasonal environment with a general form of the incidence rate is given by the following
four-dimensional ordinary differential equation system which generalizes the models given in [21,22].
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S =mnSu(t) —m®OS (1) - BOPOFS 1) = B2OID (S (1)),
1) =pOPOFS @)+ LIS (@) —mDI®),

P@t) = o0I1) — myO)P) = r(HAP(),

A = ma(DAR@) + kOrOADP() — ma(DA(),

2.1

with the positive initial condition (S, I°, P°, A%) € R? . S(¢), I(z), P(¢), and A(¢) describe susceptible
cells, infected cells, CHIKV and antibodies, respectively. The uninfected cells are generated by a
periodic rate m(t)S ;,(t), die at a periodic rate m(t)s(¢) and become infected by the virus and infected
cells at a periodic rate B;(1)P(1)f(S(t)) + B()I()f(S(¢)), where B;(¢) and B,(t) are the periodic
incidence rates. The periodic variables m(t), m,(t), and m,(t) represent, respectively, the periodic
mortality rates for the infected cells, CHIKV and antibodies. 4(¢) is the rate of periodic production
of CHIKV from infected cells. Antibodies attack the CHIKV at a periodic rate of r(#)A(t)P(t). Once
an antigen is encountered, the antibodies expand at a periodic rate of m,(?)A;,(¢) and proliferate at a
periodic rate of k(#)r(t)A(¢)P(¢). All of the parameters of the model are positive periodic functions. We
give in Table 1 more epidemiological significance of the model parameters.

mq(D)A(1) m(t)P(t) m(n1(r)

A
A )< r(OA)P(1) P() < 6()1(1)

1(t)

(DA (1) m(n)S in(t) —> S (1) bR

Figure 1. Diagram describing an epidemic compartmental model that takes into
consideration a seasonal environment for the CHIKV dynamics (inspired from [23, Figure
2]). Compartments S,I,P and A are described by circles; transition rates between
compartments are described by arrows and labels.

Throughout the rest of the paper, we will use the following assumptions:

Assumption 1. (1) f is an increasing, non-negative C'(R,) concave function such that f(0) = 0.
(2) Sin(0), Ain(t), m(1), m, (1), my(2), 6(1), k(1), B1(2), B2(t) and r(t) are non-negative continuous bounded
T-periodic functions.
(3) my(t) <m,(t), VYt > 0.

Assumption 1 expresses that the CHIKV-to-cell and cell-to-cell incidence rates increase with
increasing number of susceptible cells. Assumption 1 affirms also that no CHIKV-to-cell or cell-
to-cell infection can take place in the absence of susceptible cells. All of the model parameters are
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T-periodic functions influenced by the seasonal environment. We assume also that the instantaneous
CHIKYV mortality rate is greater than the instantaneous antibody loss rate.

Lemma 1. The incidence rate f satisfies f'(x)x < f(x) < f'(0)x, Vx > 0.

Proof. Let x,x; € Ry, and the function g;(x) = f(x) — xf’(x). Since f’(x) > 0 (f is an increasing
function) and f”(x) < 0 (f is concave), gi(x) = —xf”(x) > 0 and g;(x) > g1(0) = 0. Therefore,
f(x) = xf’(x). Similarly, let g>(x) = f(x) — xf"(0); then, g5(x) = f’"(x) — f'(0) < 0 when f is a concave
function. Thus g,(x) < g2(0) = 0 and f(x) < xf’(0). O

Table 1. Significance of the variables and parameters of the proposed model (2.1).

Parameter Description
m(1)S;,(r) Instantaneous uninfected cell recruitment rate
my(t)A;,(t) Instantaneous antibody expansion rate

m(t) Instantaneous cell mortality rate

m,(1) Instantaneous CHIKV mortality rate

mg(t) Instantaneous antibody loss rate

o(1) Rate of instantaneous production of the virus from infected cells
r(t) Rate of instantaneous attack of the virus by the antibodies

k(1) Instantaneous proliferation rate for antibodies

B1(1),B>(t) Instantaneous incidence coefficients

3. Mathematical analysis for the autonomous system

As a first step, we consider the autonomous form of the model (2.1) where its right-hand side is
independent of  i.e., all parameters are constants.

= mS;y —mS —BiPf(S) - BAf(S),
BiPf(S) + Bl f(S) —ml,

0l —m,P —rAP,

= myA;, + krAP —m,A.

(3.1)

B N~
Il

In this section, we will use the following additional assumption on the incidence rate.

Assumption 2. f(S;,) < ﬂﬁ
2

The given condition of Assumption 2 is a mathematical artifice and has no biological meaning; here,
it is only used to prove the existence and uniqueness of the positive steady state.

3.1. Basic properties

In this subsection, we give some basic properties for the model (3.1) such as the existence, positivity
and boundedness of the trajectories of (3.1), as well as the existence of an invariance set of all solutions
of system (3.1).
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Lemma 2.

kS i
Q:{(S,I,P,A)eRj: S+I1=S8;,kP+A<A;,+ }

mg

is a positively invariant bounded set for system (3.1).

Proof. Note that if S = Othen S = mS;,, > 0; if I = O then I = B, Pf(S) > 0; if P = 0 then

P =61 >0;ifA =0thenS = myA;, > 0. Consider that F,(t) = S(t) + I(t) — S;, and F»(t) =
OkS i, .

kP(t) + A(t) — —— — A;,. Then, one has that F\(t) = mS;, — mS(t) — mI(t) = —mF(t). Hence

a

Fi(H) = F1(0)e™ = (S(0) + 1(0) - Sin)e_mt. Then, F;(t) = 0 if F{(0) = 0. Furthermore, one has
Falt) = SkI(t) — mokP(t) + maAin — moA(t) < kS o + moAy — ma(kP(t) + A(t)) o

Then F»(f) < F»(0)e "l Hence F,(1) < 0 if F»(0) < 0. Thus, Q is invariant for the model (2.1) since
all variables are non-negative. O

3.2. Basic reproduction number and steady states

When studying a disease, an important health question is whether the disease is spreading in the
population. The response can be obtained by calculating the average number of people an infectious
person infects while they are contagious. This average is known as the basic reproduction number
whose calculation is complex. It can be determined by using the values of the model parameters; thus,
we can determine if the disease spreads. The basic reproduction number can be calculated by using
several methods. For example, in the case of a single infected compartment, the basic reproduction
number is simply the product of the infection rate and its mean duration [24]. It can be calculated
by using graph, or network, theory [25,26]. If there are several compartments representing infectious
individuals as in our case here, the next-generation matrix method introduced by Diekmann et al. [24]
and developed later in [27,28], divides the population into two compartments whose first compartment
represents the infected individuals. The goal is therefore to see the rate of change in the population
established in each of these compartments. The matrix approach calculating the basic reproduction
number explains the relationship between compartmental models and population matrix models. For
the dynamics given by (3.1), we shall calculate the basic reproduction number by using the next
generation matrix method. Therefore, we will calculate the steady states by proving their existence

and uniqueness.
Bof(Si) Bif(Si) O m 0 0
F = 0 0 O|and V=| -6 rA;,+m, O .

0 0 0 0 —krA, m,
The determinant of V is given by det(V) = m,m(rA;, + m,) > 0; thus,

| my(rA;, + m,) 0 0
yl= m,0 m,m 0

det (V) SkrA;, mkrA;, m(rA;, + mp)
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and the next-generation matrix is given by

1 ma(rAin + mp)ﬂZf(S in) + maé‘ﬁlf(Sin) mamﬁlf(s in) 0

FV'= 1 0 0 0
mam(r in T mp) 0 0 0

Therefore, the basic reproduction number (i.e., spectral radius of FV™!) is given by:

ma(rAin + mp)ﬁZf(S in) + maéﬂlf(s in)

Ro = mam(rA;, +mp) 3.2)
_ Baf(Si) N B1f(Sin) :
B m m(rAy, +m,)’

Lemma 3. o I[fRy <1, then (3.1) admits only Ey = (S ,,0,0,A;,) as an equilibrium point.
o I[f Ry > 1, then (3.1) admits two equilibrium points, i.e., Ey and an endemic equilibrium E* =
(S*9 I*’ P*5A*)-

Proof. Let E = (S, 1, P,A) be an equilibrium point satisfying the following

0=mS;, —mS —B1Pf(S) —B1f(S),
0=PB1Pf(S)+BAf(S) —ml,

0=06I-m,P—rAP, 3.3)
0=m,A;, + krAP — m,A.
From Eq (3.3) we obtain the CHIKV-free steady state Ey = (S;,, 0,0, A;,). Furthermore, we have
_ maAin
"~ my — krP’
m,P+rAP m,P rm,A;, P
I = = + ,
0 0 o(m, — krP) (3.4
g = mS i, —ml S mm,, P rmyA;,mP
- m B om om(m, — krP)’
BiPf(S) = (m—=pBaf(S)I.
We define the function
1
gP) = Bif(S)+ Bf(S)— m);
_ 5 f(S- B mm,, P B rm,A;,mP ) 35
A ™ , Omlma = krP) | (35)
mm rmgA;,,mP m rmyA;
Sin _ P _ a‘lin _ _p + a‘lin )
+(ﬁ2f( om om(m, — krP)) )( o o(m,— krP))
Then, we obtain
mam, + rmyA;,
g0) = Bif(Sin)+Baf(Sin) —m) -
mamy + rmeAin Bof (Sw)  SmaBif(Sin)
= + - l °
m om, ( m m(mam, + rmyA;,) ) i (3.6)
maymy, + rmyA;, .
= m Ro-1D>0 if Ry>1.
om,

AIMS Mathematics Volume 8, Issue 10, 24888-24913.
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Now, we have

m,mP rm A;,mP
li Sin _r _ a‘tin - _
pdim om_ om(m, — krP))
then,
m,mP rmyA;,mP
- 0
P—>(ma/kr)*ﬁ 1f( om om(m, — krP)) <
and
I 5 f( m,mP rm,A;,mP ) <0
im - -
Po(malky om  om(m, — krP)

One deduces, therefore, that

li P) < 0. 3.7
ptim,, &(P) 6.7

The derivative of the function g is given by

mpym mrmA m m,mP rmyA;,mP
’ P _ P attin a ’ Sin_ 14 _ a‘tin
= Bl( md  (m, — krp)? )f ( om  om(m, — krP))
—ﬁ (@ rmaAm )(mpm mrmaAm my, )
2's " S(m, — krP) mo (m. — krP)?
m,mP rmyA;,mP
X / Sin_ 14 _ allin
/ ( om om(m, — krP))

MgA,kr? (ﬁzf( | _mme rmyA;,mP ) )

 S(m, —krPy om_ om(m, —krP))
mpm mrmyA;, m, ,
<P+ T )2)f<s>

—,3( rmyA;, )(mpm mrmyA;,
s T Sm, —krP) ms  (m, k P)>

maA,-,,kr
+ W(ﬁzf(sm) - m). (3.8)

)F/(S)

By Assumption 1, we have that g’(P) <0V P € (0, %). Then, the function g(P) admits a unique root
r
P. €(0, %). Thus, we obtain
r

myA;
A, = —2" 3.9
m, — krP, (3-9)
p rP.m,A;,
. myly + Mg —krP, mpma krmpP + rP.m,A;, (3.10)
t 5 6(ma — krP,) ’ '
mymyP, — krm,P.> + rP.m,A;,
S.=8,- 20 P < S G.11)
6(ma —krP.,)

Thus, the infected equilibrium E* = (S ., L., P., A,) exists if Ry > 1.
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From the equilibrium point conditions of E*, we have that mS;, = mS. + 81 P.f(S.) + BoL.f(S.) —

mS ., +ml, = mS;,; then, S, + I, = S;,. Furthermore, we have that m,kP, = okl + m,A;, — m,A.; then.

okS i,
mgkP,+m,A, < m,kP,+m,A, = 6kl.+m,A;, < 0kS j,+m,A;,, which means that kP, +A, < A;,+ .

a

Thus, E* € SOZ O

3.3. Local stability

In this subsection, we aim to study the local stability of the steady states of system (3.1) by using
the linearization method with the Jacobian matrix.

Theorem 1. If Ry < 1, then E, is locally asymptotically stable, and if Ry > 1, it is unstable.

Proof. The Jacobian matrix at point Ej is given by:

—m _ﬁZf(S in) _ﬁlf(S in) 0
0 Bof(Sin) —m Brf(Sin) 0
0

=19 5 —(m, + rAu)
0 0 krA;, —-my
Jo admits four eigenvalues; 4, = —m < 0 and 4, = —m, < 0. A3 and A4 are eigenvalues of the

sub-matrix

g = Baf(Sin) —m Brf(S i)
s 5 —(m, +rA;) |

The trace of S ;, is given by

TI'(SJO) = IBZf(Sin) -m-— (mp + r;’})(s ) 6,8 f(S )
5 in 1 in
< —(mp +rAy) — m(l T m(m, + rA;,)
< =(m,+rA;y) - m(l - RO)

and the determinant of S ;; is given by

Det(S ;) = —(my+ rAu)(Bof (Si) = m) = 5B1f(Sin)
B2f (S in) OB (S in)
= - A; 1+ =SEms
mimy + 1 )( m " m(m, + rA;,)
= —m(m, + rA,)(Ro — 1)
= m(m, + rAy)(1 - Ro)-
Then, E| is locally asymptotically stable if Ry < 1, and it is unstable if R, > 1. O

Theorem 2. If Ry > 1, then E* is locally asymptotically stable.
Proof. The Jacobian matrix at a point E* = (S, L., P., A.) is given by:

—m—= PP, f'(S.) = Bl f'(S.) —B2f(S.) —B1f(S.) 0

Jr = ﬁlp*f,(s*)‘i'ﬂZI*f’(S*) IBZf(S*) -m ﬁlf(S*) 0
B 0 o —(m, +rA,) —-rP,
0 0 krA, krP, —m,
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The characteristic polynomial is then given by:

X —m—=BiP.f'(S.) — Pl f(S.) —B2f(S ) —B1f(S) 0
PX) = BiP.f(S.) + Bl f'(S ) X +Bf(S.)—m Bif(S) 0
0 0 -X —(m, +rA,) —rP,
0 0 krA, - X+ krP, —m,
—(X +m) —(X +m) 0 0
_ | BPSS)+BLS (S —X+Baf(S.)—m Bif(S.) 0
0 0 -X —(m, +rA,) —-rP,
0 0 krA. X + krP, —m,
X+ B2 f(S)—m Bif(S.) 0
= —(X+m) o) =X —(m, +rA,) —rP,
0 krA, —X + krP, — my,
BiP.f'(S.) + Bl f(S ) Bif(S.) 0
+(X + m) 0 X —(m, +rA,) —rP,
0 krA., - X+ krP, —m,

= (X +m)|(X +m=BofS (X +m, + rA)X +m, — krP.) + kr’P.A.)

=01 f (S X +m, - krP*)] + (B1P S (S ) + Bl f/ (S ))NX + m)
(X +m, + rA)X +m, - krP.) + kr’P,A.).

The characteristic polynomial P(X) = 0 if, and only if

X +m)X +m—=pf(S.))+ BiP.f(S.)+ Lol f'(S )X +m)

((X +m, + rA)(X +m, — krP.) + krzP*A*)
= B fSH)X+m)(X +m, —krP,)

or if

X +m)(X +m—=Bof(S))+ BiPf'(S) + Lol f/(SIX +m)

Op1f (S )X +m)(X +m, — krP,)
((X +m, +rA)X +m, — krP,) + kr2P*A*)'

BiP.f(S.) and 2

Suppose that X is an eigenvalue with Re(X) > 0; then, since (m — B,f(S.)) = 7 nd 7=
—— , the left-hand side satisfies the following condition:
(m, +rA,)
X +mX +m=Lof(S.))+ BiP.f(S) + Bl f/ (S X + m)
P.f(S. OBLf(S .
>m = Bof S )X + ) = BTS2 PIO Dy (.12)
« m, +rA,
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and the right-hand side satisfies the following condition:

6ﬁ1f(S *)(X + m)(X +m, — krP*)
X +m, +rA)X + m,

'5ﬁ1f(S*)(X +m)(X +my
X+m,+ ré?)-(l_Xm-l)— m, — krP.) (3.13)
0B f(S .
B1f( )| X 4+ ml.
my, + rA,
This is impossible; then, Re(X) < 0 and E™ is locally asymptotically stable. O

3.4. Global stability

In this subsection, we aim to study the global stability of the steady states of system (3.1) by using
the Lyapunov theory. Let us define the function G(z) = z — 1 — Inz that will be used throughout this
subsection.

Theorem 3. E is globally asymptotically stable once Ry < 1.

Proof. Consider the following Lyapunov function Uy(S, I, P, A):

S
e _q _ S(Sin) Brf(Sin) Ain (A
Uy(S,I,PA)=S -5, . —f(v) dv+1+ —m,, A P+ . G(Ain) .
Note that Uy(S,I,P,A) >0 forall S,I,P, A > 0 and Uy(S;,,0,0,A;, = 0. Furthermore, we have
. Sm
U= (1- fj;( ))( Sin=mS —B1Pf(S) = Bolf(S)) + B1Pf(S) + Lol f(S) —ml
ﬁl Sm) 1 Ain
mp AL (61 —m,P —rAP + %(1 - T)(maA,-,, + krAP — maA))
Sm
= f( ))( Sin_mS)+ﬁ1Pf(Sin)+ﬁZIf(Sin)_mI
ﬁ‘ffs”‘) ( I+ 20 = A2 0m Ay — muA) —m P — AP+ r(1 - i)AP)
mp + rf}gm k A attin “ oP
< m(l - A ln))(Sm =8)+BPf(Sin) + Bl f(Sin) —ml
IBIf( m) Am
+m( + %(1 - 7)(7]’1& in — mx) - P(mp + rAin))
< m(l- ?Sgn))(Sin = 8)+ Bl f(Sin) —ml
in 1 Ain
N S
< _m(f(S)fsz)(Sm))(S _S.)+ m(BZfr(nSin)
BifSm) 1)1 rmaBrf(Sm) (A—Ay)
m(m, + rA;,) kr(m, + rA;,) A ,
(f(S) - f(S in)) rmaﬂlf(S m) (A Am)
< -m I S -5, - krGm, + Ay 2 +m(Ry — 1.
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If Ry < 1, then Uy < O forall S,1,P,A > 0. Let Wy = {(S,1,P,A) : Uy = 0} = {Ey}. By LaSalle’s
invariance principle [29], E is globally asymptotically stable once R, < 1. O

Theorem 4. For system (3.1), if Ry > 1, then E* is globally asymptotically stable.
Proof. Let a function U,(S, I, P, A) be defined as:

S £(S.) BiP.f(S.) rP.p1f(S.)

U, LPA=S-S5., - —Zdv+1.G _
! : . fW) ( ARy krol,
Clearly, U,(S, 1, P,A) > 0 for all non-negative variables S, I, P,A > 0; also, U(S ., L., P.,A,) = 0.

Furthermore, we have

P A
P.G(— A.G(—).
() + )

I,
U, =(1 - %)( Siu=mS = BiPSS) =B (9) + (1= DNBPLS) + I F(S) = mI)

P.f(S. P, P.f(S. A.

A Jf Do - )61 = myP ~ rAP) + rﬁ‘kr—;z)a — S5+ krAP = m)
S*

ff((s)) S 1y — ms) — BiPL(S) — BoL(S) + BIPF(S.) + ol f(S.) + BIPS(S)

£ BIf(S) —mi —Ble<S>I—* _BLAS) + ml. +,81P*f(S*)£ _B/P.
P, AP,
—ﬁIP*ﬂs* P.f(S) Do pP.f(s. P.f(S. )r
I’A P rﬁlP f(S. ) A,

+ﬁl P f(S ) * kl"él* (1 - X)(maAin - maA)

J;f(SS )) " PFS.)+ B f(S.) = ml = BiPSS)™ ~ ol FS) + ml.

1 P.1 P,
+ﬁlp*f(5*)l— —,31P*f(5*)— BiP.f(S. ) +ﬁ1P f(S. ) o
rA P r,81P f(S ) A,
k}"5l* (1 - K)(maAin - maA)'

Since E*: mS;, = mS . + B P.f(S.) +BL.f(S.), ml, = B P.f(S.)+pL.f(S.), m,P,+rA,P, = ¢l, and
myAi, + krA.P, = m,A., we get

0 =S =SNE = fED () 16

7S) 7S)
FBAIf(S.) —ﬁlp*ﬂs*)i _BIf(S.) —ﬁIPf(S)E _BLFS) +BiP.f(S.)

pl, —rA.P,)
oP.I,
rA.P

+ﬁl *

P.f(S.)=

1250+ Bo1.£(5 )+ BiPAS

+/321*f(5*)+ﬁ1P*f(S*)— BiP.

A, P,
+BIP.f(S. >+)

+ TroL. (1 A)(maA* krA.P, — m,A)

_ m(S - S)(f(S) - f(5.) N (1 8
Sf(S) £(S)

P.f(S.)

AP
+BIP.f(S, )r ~BiP.f(S )=

1250+ BoL.f(5 )+ Bips (S )
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1 L. 1
—ﬂlP*f(S*)— ~BIPIS)T =Bk f(S) + BiPof(S.) + Bl f(S.) + BiP.f(S )—

—BiP.

Pf(S.) + 1P,

AP A, P
+BIP.f(S. )r —BIP.f(S, >r me

P.f(S.) = BiPf(S)—
F,B1Pf(S)(A A

rAP

*

rAP

rA*2P*
P.f(S.
+B1P.f(S.) AL

(§ = SI(f(S) - f(5.)) +(1
f($)

f(S)
f(S)

krol.

~BPSS )

LN B1Pf (5 + B S5 )) - BiPAS)

—Bal. f(S) + BiP.f(S.) + Bl f(S ) — BiP.f(S. ) +,81P f(S.)
rAP, r,BlP*f(S Y(A - AL)?
—B1P.f(S. ) +BiP.f(S. ) M ST 1
A*ZP*
—~BIP.f(S, ) +BIP.f(S. )F(W*
__(5=S )(f(S) f(S.) _f(S)  PLf(S) PI
- o) +BIPSE3 f(S)  P.If(S.) Pz*)
S f(S) rA,P, A A,
+'821*f(5*)(2_—f(5) _—f(S*)) BIP.f(S.) = ( ___X)
—m rﬁ]P*f(S*) (A _A*)2
“ krol, A
_ m(S = S)f(S) = f(S.)  Bif(SIP, rmAi, (A= AL)
f($) S, krA., A
fS)  f(S) f(S.) PLf(S) P.I
+'821*f(5*)(2_ f(S)  f(S. )) PBJS. )( fS) PIfS.) PI*)'
Using the rule that
WES ]—[ a, (3.14)
n i=1 i=1
we get
L f(S)  f(S)
T * 7o) 2
and
l(f(S*) . PLf(S) P*I) o
3Vf(S)  PJAf(S) PLIT

Therefore, U; < 0 forall S,I,P,A > 0and U, = 0if, and only if S = S,,/ = 1,,P = P,and A = A,.
We deduce that £ is globally stable by LaSalle’s invariance principle [29]. O

4. Periodic system

Let us reconsider the periodic dynamics given by (2.1) where our aim is to prove that the system

admits a bounded positive T-periodic solution.
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For a continuous, positive T-periodic function g(z), we set g" = rr[l(.)a7>5) g(f)and g’ = rI[BiITl) g().
te[0, tel0,

4.1. Preliminary

Let (R™,R") be the ordered m-dimensional Euclidean space associated with the norm || - ||. For
X, X, € R, we establish that X1 =2 X, if Xi—X; € RT We establish that X1 > X 1fX1 -X; € RT\{O}
We establish that X; > X; if X1 —X, € Int(R7"). Consider a T-periodic mxm matrix function denoted by
C (1) which is continuous, irreducible and cooperative. Let us denote by ¢¢(7) the fundamental matrix,
which is the solution of the following system

x(t) = C(H)x(1). 4.1)

Let us denote the spectral radius of the matrix ¢¢(7T") by r(¢c(T)). Therefore, all entries of ¢ (¢) are
positive for each ¢t > 0. Let us apply the theorem of Perron-Frobenius to deduce that r(¢c(T)) is the
principal eigenvalue of ¢(T') (simple and admits an eigenvector y* > 0). For the rest of the paper, the
following lemma will be useful.

Lemma 4. [30]. There exists a positive T-periodic function y(t) such that x(t) = y(t)e"' is a solution
1
of system (4.1) where k = T In(r(¢c(T))).

Let us start by proving the existence (and uniqueness) of the disease free periodic trajectory of
model (2.1). Let us consider the following subsystem

S (®) = m(1)S i(t) — m(@®)S (1),

A() = ma(DAR() — maDA(), (4.2)

with the initial condition (S° A% € R2. Equation (4.2) admits a unique T-periodic solution
(S (1), A.(2)) with S.(f) > 0 and A.(r) > 0 which is globally attractive in R?; thus, system (2.1) has a
unique disease-free periodic solution (S .(¢), 0,0, A.(?)).

Let us introduce the following result.

Proposition 1.

4 §kS
Q={(S,I,PAYER /S +1<S":kP+A < A + —11

m,
is a positively invariant, compact and attractor set for model (2.1). Furthermore, we have

tlimS(t) +1(t) - S.(1) =0,

tlim k(HP() + A(t) — A.(1) = 0. (4.3)

Proof. From (2.1), we have

S0+ 1(0) = m0)S in(H) = m(O)(S (1) + 1(1))
<m(SY —m(r)(S @) + (1)) <0, if (1) + I(r) > S

n’
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and

k(DP(t) + A(t) =k(OGOI(1) — mp()P(1)) + ma()Ain(r) = ma(DA()
=k(D6(DI(1) — k(O)my(D)P(1) + ma (A1) — ma(D)A(1)
< kOSNI(1) — k(Dma()P(1) + ma()Ay(1) — ma(1)A(7)
< k(@D6(DI(1) + ma(1)(Ain() — (k(DP(1) + A1)

< 6'K"S, + miy(Af, = KOP@) +AD) if S (1) + 1) = A}, + —
ma

upLuQu

=(A}, + — = (k(OP() + A®)))
md

SUkUS Y

l b
ma

<0, if kP(1) + A1) = AL, + (4.4)

which implies that 0 is a forward invariant compact absorbing set for (2.1). Let Ny(¢) = S () + (¢) and
N, (t) = k(t)P(t) + A(?) be the sub-population sizes at time ¢. Next, let y(f) = N(t) — S .(¢),t > 0. Then,
it follows that y,(t) = —m(t)y,(¢), which implies that lim y,(#) = lim(N,(t) — S.(¢#)) = 0. Similarly, let
1) = No() = Au(@), 1 > 0. Then, it follows that $2(t) = —m(t)ys(£), which implies that lim y(r) =
im(No(t) ~ A.(0) = 0. o

Next, in Subsection 4.2, we define R, the basic reproduction number and we will prove that the
disease free periodic trajectory (0,0, S .(1), A.(¢)) is globally asymptotically stable (and therefore, that
the disease dies out) once Ry < 1. Then, in Subsection 4.3, we will prove that /(¢) and P(t) exhibit
uniform persistence (i.e., the disease persists) once R, > 1. Therefore, we deduce that R, is the
threshold parameter between the uniform persistence and the extinction of the disease.

4.2. Disease free periodic solution

We start by giving the definition of the basic reproduction number for model (2.1) by using the
theory given in [19] where

Bi(OP@)f(S (1)) + BDI(1) f(S (1))
o(DI(7)
0 ;
0

Ft,X) =

m(t)I(t)
m,()P(1) + r(t)A(t)P(t)
m()S (1) + Br@OPOf(S (1) + B2DID f(S (1) |
ma(1A(7)

YV (t,X) =

and
0

0
m()S in(1)
ma(DAin(1) + k(OrA@)P(7)

VYV, X) =
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1
. P
with X = s

A
Our aim is to check the conditions (A1)—(A7) in [19, Section 1]. Note that system (2.1) can have

the following form
X=Ft,X)-Vt,X)=F,X) -V (t,X) + V' X). (4.5)

The first five conditions (A1)—(AS5) are fulfilled.
0

The system (4.5) admits a disease free periodic trajectory X*(¢) = . Let f(t, X(1))

0
S (1)
A1)
0fi(t, X (1)

0X;
th components of f(z,X(r)) and X, respectively. By an easy calculation, we get that M(r) =

—m(t) 0
( 0 _ma(t)
the subspace I'y = {(0, 0,5,A) € Ri}. Thus, the condition (A6) in [19, Section 1] is satisfied.
ofi(t, X *(t)))
—_— and

aXj 1<i,j<2

Ft,X) -V, X) + V*(t,X) and M(t) = ( ) where fi(t, X(#)) and X; are the i-
3<i,j<4

) and then that r(¢y(7T)) < 1. Therefore X*(¢) is linearly asymptotically stable in

Now, let us define F(#) and V(¥) to be two by two matrices given by F(7) = (

V(@) = (W) where F;(¢, X) and V;(t, X) are the i-th components of ¥ (¢, X) and V(¢, X),
J 1<i,j<2
respectively. By an easy (/:alculation, we obtain the following from system (4.5):
_ [ BOf(S (1) Bi()f(S.(D)) _ [ m@ 0
k@) = ( ) 0 ) V) = ( 0 my() + r(DA(0) ) '

d
Consider Z(t, ;) to be the two by two matrix solution of the system d—tZ(tl, 1) = =V(t)Z(t, 1,) for

any t; > t, with Z(t,, ;) = 1, i.e., the two by two identity matrix. Thus, condition (A7) is satisfied.

Let us define Cr to be the ordered Banach space of T-periodic functions defined on R +— R2,
associated with the maximum norm ||.||., and the positive cone C;. = {¢y € Cr : ¢¥(s) > 0, forany s €
R}. Define the linear operator K : C;r — Cr by

(Ky)(s) = foo Z(s, s —w)F(s —wiy(s —w)dw, VseR,yeCy. 4.6)
0

Let us now define the basic reproduction number, Ry, of model (2.1) by using Ry = r(K).
Therefore, we conclude the local asymptotic stability of the disease free periodic solution () =
(5.(1),0,0,A.(t)) for (2.1) to be as follows.

Theorem 5. [19, Theorem 2.2]
e Ry<1l & r(¢py(T)) < 1.
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e Ro=1 & r(¢rv(T) = 1.
e Ro>1 & r(gp_y(T)) > 1.

Therefore, Ey(?) is unstable if Ry > 1 and it is asymptotically stable if Ry < 1.
Theorem 6. E((1) is globally asymptotically stable if Ry < 1. It is unstable if Ry > 1.

Proof. Using Theorem 5, we have that &y(¢) is locally stable once Ry < 1 and it is unstable once
Ro > 1. Therefore, we need to prove the global attractivity of &Ey(¢) when Ry < 1.

Consider the case in which R, < 1. Using the limits given by (4.3) in Proposition 1, for any 6; > 0,
there exists 7'y > 0 satisfying S (#) + I(t) < S.(t) + 6, and k() P(t) + A() < A.(¢) + 6, fort > T;. Then
S() <S.(t)+ 6, and A(r) < A, (1) + 61; also, we deduce that

{ f(t) < BiIOP@)f(S (1) +61) + B0 f(S (1) + 61) — m(DI (1), @7
P(@) = o@I(t) —m,(t)P(1) ’
for t > T,. Let M,(¢) be the following 2 X 2 matrix function
_ | BOS(S.() +61) B f(S(1) +61)
My(t) = ( 500) 0 . (4.8)

By Theorem 5, we have that r(¢r_y(T)) < 1. Let us choose 6; > 0 such that r(¢r_vis,m,(T)) < 1.
Consider the following system hereafter,

{ Ity = BIOPWOSS.D)+61) + LoD f(S (1) +61) = m(DI(D),
P@t) = &I(1) — my(1)P().

Applying Lemma 4 and using the standard comparison principle, we deduce that there exists a

positive T-periodic function y;(¢) satisfying x(f) < y;(H)e"" where x(t) = (I(t) ) and k; =

4.9)

- P(1)
1
T In (r(¢p-v+s,m,(T)) < 0. Thus, tlim I(t) = 0 and lim P(r) = 0. Furthermore, we have that
—00 —o0
lim S (1) — S.(t) = lim N1(¢t) — I(t) — S .(t) = 0 and lim A(¢) — A.(t) = lim N»(¢) — k(t)P(t) — A.(t) = 0.
[—0o0 —00 [—o0 [—o0

Then, we deduce that the disease free periodic solution &y(¢) is globally attractive which completes the
proof. O

For the following subsection, we consider only the case in which Ry > 1.

4.3. Endemic periodic solution

From Proposition 1, system (2.1) admits a positively invariant compact set £2“.

Let us define the function Q : R? — R? to be the Poincaré map associated with system (2.1) such
that X, — u(T, X°), where u(t, X°) is the unique solution of the system (2.1) with the initial condition
u(0,X% = X° e R?,

Let us define

I={(S.1,PA) € RY}, Ty = Int(R}) and 9T = T'\ T,

Note that from Proposition 1, both I" and I’y are positively invariant. P is point dissipative. Define

My ={(S°,1°, P°,A%) € oLy : Q"(S°. I, P*, A°) € 4Ty, for any n > O}
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In order to apply the theory of uniform persistence detailed in [31] (also in [30, Theorem 2.3]), we
prove that

My ={(S§,0,0,A), § >20,A>0}. (4.10)

Note that My 2 {(5,0,0,A), S > 0,A > 0}. To show that M\ {(5,0,0,4), S >0,A >0} = 0. Let us
consider (S°,1°, P°,A%) € M, \ {(5,0,0,A), S >0,A>0}. If P =0and 0 < I°, then I(t) > O for any
t > 0. Then, it holds that P(¢),—o = §(0)I° > 0. If P’ > 0 and I° = 0, then P(¢) > 0 and S (r) > O for any
t > 0. Therefore, for any ¢ > 0, we have

¢ fwm(u)du —f m(u)du
10 =[1"+ fo B@)(BIP@)f(S () + Bl (@) f(S (w)))eo dwle Jo >0

for all + > 0. This means that (S (¢), I(t), P(t), A(?)) ¢ 0Ty for 0 < t < 1. Therefore, Iy is positively
invariant from which we deduce (4.10). Using the previous discussion, we deduce that there exists one
fixed point (S *(0), 0,0, A*(0)) of P in My. We deduce, therefore, the uniform persistence of the disease
as follows.

Theorem 7. Consider the case in which Ry > 1. System (2.1) admits at least one positive periodic
trajectory and Ay > 0 satisfying ¥ (S, I°, P°, A®) € R, x Int(R?) x R, and

liminf 1(r) > y > 0.
[—o0

Proof. Let us start by proving that P is uniformly persistent with respect to (I'y, dI'y), which will prove
that the trajectory of the system (2.1) is uniformly persistent with respect to (I'y, dT'y) by using [31,
Theorem 3.1.1]. Recall that using Theorem 5, we obtain that r(¢r_y(7T)) > 1. Therefore, there exists
n > 0 small enough and satisfying that r(¢r_y_,um,(T)) > 1. Let us consider the following perturbed
equation

Ao = maAn() + ak(Or(DALD) — maAL(D). @10

{ Se® = mOSu®) = m®S o(t) = a(Br() + Ba(1) f(S o)),

The function Q associated with the perturbed system (4.11) has a unique positive fixed point (52, A%)
that it is globally attractive in R2. We apply the implicit function theorem to deduce that (S2, A?) is
continuous with respect to a. Therefore, we can choose @ > 0 small enough and satisfying S, () >
S(t)—n, and A,(¢) > A(f)—n, ¥ t> 0. Let M, = (§°,0,0,A°). Since the trajectory is continuous with
respect to the initial condition, there exists a* satisfying (S, I°, P°, A?) € Ty with ||(S°, I°, P°, A?) —
u(t, My)|| < a; it holds that

llu(t, (S°,1° P°, A%)) — u(t, M)l < @ forO <t < T.
We prove by contradiction that

limsup d(Q"(S° I°, P, A%, M) > a* ¥ (S°,1°, P°, A®) € Ty, (4.12)

n—oo
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Suppose that lim sup d(Q"(S°, I°, P°, A%), M) < " for some (S°, I°, P°, A%) € T,,. We can assume that

n—oo

d(Q"(5°,1°, P°, A%, M,) < a* V¥ n > 0. Therefore

lu(z, 0"(S°, I°, P°, A®)) —u(t, M) <a¥n>0and0<r<T.
t t
Forallt > 0,lett =nT +#,, witht; € [0,T) and n = [7] (greatest integer < T)' Then, we get

llu(t, (S°, 1%, P°, A®)) — ut, M)l = lluty, Q"(S°, I°, P°, A%)) — u(t, My)|| < a for all £ > 0.
Set (S (1), 1(2), P(1), A(D)) = u(1, (S°, I°, P°, A°)). Therefore O < I(1), P(1) < @, > 0 and

{ S = m@)S(t) — m@®)S (1) — aBi(2) + B2(1)) f(S (1)),
>

AD) 2 maO)An() — ma(DAQ). (4.13)

The fixed point S of the function Q associated with the perturbed system (4.11) is globally attractive
such that S () > S(f) — n, and A,(f) > A(¢) — 1; then, there exists T, > 0 large enough and satisfying
the condition that S () > S(¢) —  and A(f) > A(t) — n for t > T,. Therefore, for t > T,

1G)
P(1)
Note that we have the condition that r(¢r_y_yu,(T)) > 1. Applying Lemma 4 and the comparison
principle, there exists a positive T-periodic trajectory y,(¢) satisfying the condition that J(r) > e*'y,(f)

BIOP@) (S () — 1) + B)I@) f(S () — ) — m(D)(1),

S(OI(1) — m,(t)P(2). (4.14)

I v

with ky = —In 7 (@rv-pi,(T)) > 0. which implies that lim /(1) = o which is impossible since
the trajectories are bounded. Therefore, the inequality (4.12) is satisfied and Q is weakly uniformly
persistent with respect to (I, dI'y). By applying Proposition 1, Q has a global attractor. We deduce
that M, = (§°,0,0,A°) is an isolated invariant set inside X and that W*(M;) N Ty = 0. All trajectories
inside My converges to M; which is acyclic in My. Applying [31, Theorem 1.3.1 and Remark 1.3.1],
we deduce that Q is uniformly persistent with respect to (I'y, dIy). Furthermore, using [31, Theorem
1.3.6], Q admits a fixed point (S, I°, P°, A°) € T'. Note that

(S°,I°,P°, A% € R, x Int(R>) X R,.

We prove also by contradiction that S° > 0. Assume that $° = 0. Using the first equation of the
system (2.1), S (¢) verifies that

$(t) > m(0)S (1) = m(S (1) = BrOP(2) + Br(OI(1) f(S (1)), (4.15)
with §° = S(pT) = 0,p = 1,2,3,---. Applying Proposition 1, V 53 > 0; there exists 73 > 0 large
enough and satisfying the condition that I(¢) < S + 063 and P(t) < 7‘;’ + —" o % + 05 for t > T3. Then,

m!

by Lemma 1, we obtain !

u uLuQu

4 - Al
S(#) = m(1)S in(t) — m(1)S (1) - (,B](t)(ﬁ" T 83) + Ba(SL)F (S (1), fort > Ts. (4.16)

a
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There exists p large enough and satisfying the condition that pT > T3 for all p > p. Applying the
comparison principle, we deduce the following:

pT fw ((ﬁl(u)(ﬂ + SukS + 63) + Bo(u)S ;‘n)f’(O) + m(u))du
S(pT) :[S 0+ f m(w)S j,(w)evo k! k'mt, dw]

0

AL RS o
_ fo ((Brao(Z2 + - +65) + Ba(w)S) £ (0) + m(w))du ¥

Xe
for any p > p which is impossible. Therefore, §° > 0 and (§°, I, P°, A°) is a positive T-periodic
trajectory of the system (2.1). O

5. Applications and numerical results

For all of our numerical results, we will apply a nonlinear Monod-type function (or, also, a Holling
type-II function) as a typical example that describes the incidence rate and satisfies Assumptions 1
and 2:

nS
K+S°

f8) =

Here n and x are non-negative constants known as Monod constants. The periodic functions are

given by

m() = m’(1 +m'cosn(t + ¢))),

my(1) = my(1+m,cos2n(t + ¢))),

my(t) = mg(l + m}l cos(2n(t + ¢))),

5(t) = 6% + 6" cosRn(t + ¢))),

S, = S?n(l +S] cos2n(t + ¢))), (5.1
Bit) = B+ B} cosQa(t +¢),

Ba(t) = A1+ B cosa(t + ¢))),

r) = 1+ r!cosn(t + ¢))),

k(ty = ko1 + k' cos2n(t + ¢))),

with [m'|, [m,|, Im], 16", 1S ;,|, 18}, 18], Ir'| and |k'| denoting the frequencies of seasonal cycles, also, ¢
is the phase shift. The values of m°, mg, md, 6%, 89 B, 85, r” and k° are given in Table 2. However, the
1

values of m', m[‘), m}, ', S} . B, B r' and k' are given in Table 3.

Table 2. Used values for m°, m([)), md, 6%, S0, Y, B, r¥ and K°.

0 0 0 50 <0 20 @0 0 30
Parameter m’ m, m, & S, B B r k

Value 08 08 10 2 1 08 10 2 1

AIMS Mathematics Volume 8, Issue 10, 24888-24913.
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Table 3. Used values for m', m,, mj, 6', S}, B, . r' and k'.

n’

1 1 1 1 0 1 1 1 1
Parameter m' m, m, 6 S, B, B, r k

Value 08 08 10 2 1 08 10 2 1

We will consider three cases. The first case applies the autonomous system (constant parameters) to
confirm the global stability of the equilibrium points &y and &*. The second case applies the partially
non-autonomous system (only 5(#) is a periodic function). The third case considers all parameters as
periodic functions (i.e., a totally non-autonomous system).

5.1. Case in which all parameters are constants

In the first step, we performed numerical simulations for the system (3.1) when all parameters are
constant. Thus, the model is given by

: 00 0a i nB)P(1)S (1) B nBI(1)S (1)
S@ =m f""((t)) " S(t)o ()K(+)S(t) kK+S(t) 7
L mBPOS®  aBIOS®)

Ity = K1 S0 + c S0 m°1(1), (5.2)
P(t) = 6"1(t) - m)P(1) — rPA(D)P(1),

A@) =mPA° + KOr°A(0)P(1) — mgA(t),

a “in

with the positive initial condition (S, Eo, Iy, Ry) € Ri .

We give the results of some numerical simulations confirming the stability of the steady states of
system (5.2).

In Figure 2, the approximated solution of system (5.2) approaches asymptotically to &* once Ry > 1.

In Figure 3, the approximated solution of the given model (5.2) approaches the equilibrium &g, which
confirms that & is globally asymptotically stable once R, < 1.

S(t)
1(t)
P(t)
A(t)

P(t)sr

[¢] 10 20 30 40 50 60 70 80

o 05 1
t 1(t)

Figure 2. Behavior of the solution of system (2.1) forp = 0.9 and k = 2; Ry = 1.22 > 1.
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P(t)3f

10 15

0.25
1(t)

Figure 3. Behavior of the solution of system (2.1) forn = 0.25 and xk = 1; Ry = 0.46 < 1.

5.2. Case in which all parameters are constant with a periodic seasonally forced function

In the second step, we performed numerical simulations for the system (2.1) where only the T-
periodic seasonally forced functions 8; and S, are dependent on time. The other parameters were set
to be constant. Thus the model is given by

S = mdS(0) - m's (@) - 21 fﬁg?g 0 nﬁi(?lét()tb; ]

o _IBOPOSO) | ip0lOS®_

o0 =="50 " cxs0 ™ (5-3)
P(t) = 6"1(t) - m\)P(1) — rPA(H)P(1),

Ay = mPA° 1 KOPOAP() — mA(),

a’“in

with the positive initial condition (S°, 1%, P°, A%) e R? .
We give the results of some numerical simulations confirming the stability of the steady states of
system (5.3). The basic reproduction number R, was approximated by using the time-averaged system.
In Figure 4, the approximated solution of system (5.3) asymptotically approaches the periodic
solution with the persistence of the disease. In Figure 5, we show a magnified view of the limit
cycle when R, > 1. In Figure 6, the approximated solution of system (5.3) approaches the disease-free
trajectory once Ry < 1.
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Figure 4. Behavior of the solution of system (2.1) forn = 0.75 and « = 2; Ry = 0.7187 < 1.
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Figure 5. Enlarged view of the behavior of the solution of system (2.1) forn = 0.9 and x = 2;
Ro~ 1.22 > 1.
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Figure 6. Behavior of the solution of system (2.1) forn = 0.25 and k = 1; Ry = 0.46 < 1.

5.3. Case in which all parameters are periodic functions

In the third step, we performed numerical simulations for the system (2.1) where all parameters
were set as T-periodic functions. Thus the model is given by

$(f) = () _ B OP®OS (1) nB)ID)S (1)
S@) = m@®)Su1) —mnS (1) S0 P

K

i _ mBiOPOS (1) B (OIS (1)

{(t) TR + Kt SO m(DI(1), (5.4)
P(r) = 6(I(t) — m,(OP(1) — r()A()P(7),

A@D) = my(DAu() + kOrOAWDPE) — m(DA(),

with the positive initial condition (S°, 1°, P°, A%) e R? .
We give the results of some numerical simulations confirming the stability of the steady states of
system (5.4). The basic reproduction number R, was approximated by using the time-averaged system.
In Figure 7, the approximated solution of system (5.4) approaches asymptotically to a periodic
solution with the persistence of the disease once R, > 1. In Figure 8, we provide a magnified view of
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the limit cycle when Ry, > 1. In Figure 9, the approximated solution of system (5.4) approaches the
disease-free periodic trajectory &Ey() = (S *(¢),0,0, A*(¢)) once Ry < 1.

—

o 10 20 30 40 50 60 70 80 o 05 1
t I(t)

1.5 2

Figure 7. Behavior of the solution of system (2.1) forn = 0.75 and k = 2; Ry = 0.7187 < 1.

Figure 8. Magnified view of the behaviour of the solution of system (2.1) for = 0.9 and
k=2;Ry~ 122> 1.

0] -~ 4 6 8 10 b 14 16 18 20 o 0.05 0.1 0.15 0.2 0.25 0.3 0.35
+ 1(t)

Figure 9. Behavior of the solution of system (2.1) forn = 0.25and xk = 1; Ry = 0.46 < 1.
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6. Conclusions

When studying the CHIKV dynamics, it is important to consider that the contamination of
uninfected cells can be realized via contact with CHIKV (CHIKV-to-cell transmission) and by contact
with infected cells (cell-to-cell transmission). Moreover, disease spread can have seasonal peak periods
and it is important to consider this when modelling the dynamics. In this paper, we have proposed
an extension of the CHIKV epidemic model already considered in [5, 21, 22] by taking into account
the seasonal environment. In the first step, we studied the case of an autonomous system where all
parameters are supposed to be constants. We calculated the basic reproduction number and the steady
states of the system. We gave the existence and stability conditions for these steady states. In the second
step, we considered the non-autonomous system, gave some theoretical results and defined the basic
reproduction number, R, through the use of an integral operator. We show that if Ry < 1, all trajectories
converge to the disease-free periodic solution; however, the disease persists once Ry is greater than 1.
Finally, we gave some numerical examples that support the theoretical findings, including those for the
autonomous system, the partially non-autonomous system and the fully non-autonomous system. It
has been deduced that if the system is autonomous, the trajectories converge to one of the equilibriums
of the system (2.1) according to Theorems 3 and 4. However, if at least one of the model parameters is
periodic, the trajectories converge to a limit cycle according to Theorems 6 and 7.
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