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Abstract: We have considered a special class of ordinary differential equations in which the
differential operators are those of the Caputo fractional global derivative. These equations are
generalizations of the well-known differential equations with the Caputo fractional derivative. Due
to the various possible applications of these equations to model real-world problems we have first
introduced some new inequalities that will be used in all fields of science, technology and engineering
where these equations could be applied. We used Nagumo’s principles to establish the existence and
uniqueness of the solution for this class of equations with additional conditions. We have applied the
midpoint principle to obtain a numerical scheme that will be used to solve these equations numerically.
Some illustrative examples are presented with excellent results.
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1. Introduction

The generalization of differential and integral operators has gained popularity in recent years since
it has been discovered that these operators are useful for capturing phenomena with complex
dynamics [1-5]. Particularly in the context of fractional calculus, the concept of differentiation and
integration of a function with another function has attracted a lot of attention. The most recent
extensions are based on the Riemann-Stieltjes integral concept, which can be seen as a generalization
of the fractional Riemann, Caputo-Fabrizio and Atangana-Baleanu integrals [6—-10]. Therefore, these
operators can be viewed as fractional derivatives and integrals of a function with respect to another
with respect to a function say g(#). When g(¢) = ¢ we recover the classical fractional differential and
integral operators. It is therefore required that, the function g(¢) should be nonzero, continuously
differentiable and increasing, it is also possible to have g(¢) decreasing but never constant. A unique
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selection of the g(¢) function leads to a special class of fractional differential and integral equations.
For example, choosing g(f) = ! will lead to fractal-fractional differential and integral operators. We
will then point out that new classes of differential and integral operators will result in new classes of
differential and integral equations, which will require fresh research to grasp. Numerical methods are
required to solve these equations due to the potential applications of the fractional global derivative
with the power-law kernel, certain significant inequalities, existence and uniqueness [11-15]. Since
these differential and integral operators will be used for modeling in many fields of science,
technology and engineering, the first goal of this work is to establish some significant inequalities
using existing theory. If precise solutions are not possible, the second goal is to identify specific
circumstances in which these equations admit a singular solution. The final goal is to develop a
numerical method to solve these equations based on current theory; in this study, the well-known
midpoint approximation will be applied [16]. The above-mentioned processes will subsequently be
followed by the structure of this work.

This work is organized as follows. In Section 2, we give details of the fractional global differential
equations with the power law and some useful theorems regarding the proposed study. In Section 3,
we give the existence and uniqueness of the nonlinear equations with global derivatives by using the
power law. In Section 4, we use the generalized Caratheodory principle to give results for a general
global fractional model to obtain the unique solution; further, some new results in the form of theorems
are shown. In Sections 5 and 6, we use the numerical approach to solve the model and then provide
some illustrative examples with details respectively. Finally, in Section 7, we summarize the results.

2. A fractional global differential equation with the power law kernel

The concept of the global fractional differential equation was first introduced in [17]. In this section,
we consider the following general nonlinear equation:

{ REDey(0) = f(£,y(1)), if £ > 0, y(to) = to, if t = 1. (2.1)

Here, the operator }*Dgy(t) is defined as follows:

1 !
REDEy(r) = ng f (1)t — 7)"dn, (2.2)

where from the Riemann-Stieltjes integral,

0o f () = f f()dg(); (2.3)

if the function g(¢) is differentiable with g’(¢) # O for all ¢ € [#y, T'], we have

oS (D) = f Fog (Dt (2.4)

With the fundamental theorem of calculus, we yield the corresponding differential operator:

. fa@+h) - f@)
IO g iy — gy
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The above formula has been independently obtained and studied by several authors from different
scholarly backgrounds. Some work related to this can be found in [9, 10].
We start our analysis by providing some useful inequalities under some conditions of the function

f.
We assume that 7 € [y, T]. We assume that the function g(¢) is differentiable that g’(¢) > 0 and that
it is continuous and bounded. That is to say V¢ € [#y, T], and there exists M; > 0 such that

1g'Dlles = sup 1g"(D < M,.

t€[to,T]

Theorem 1. Assume that V't € [ty, T); the function f(t,y(t)) satisfies

lf @&, y(@)l < C(1 + [y@)),

where C is a constant; then,

(@l <

g’ [l C(t — 1)* [Ilg'llooC(t - to)“]
X .
T+ 1) INa+1)

Proof. Since g'(t) exists and is positive, bounded and continuous, then we convert the differential
equation into an integro differential equation as follows:

0 = g | s - o
1 !
bl = il [ eresm ol

< %a) fm 8’ @Iz, (D)t = 1) dr]
= T J, les[li)]g]Ig'(l)llf(T,y(T))I(t—T)‘HdT
< 1ol f )N - .
()
Using the hypothesis, we get
@l < llt(g;||°;f|C+C|yll(t ) ldr
< ”lf(cllg ) C(t—?’)“‘ld7'+C1!‘(g llwf;lyl(t—r)"_ldr
118”10 L g€ el
ECa—) 4 fo"(t ol

We can put for the sake of clarity [y(¢)| = w(¢); then, we have

19/l IglC o
W) < e Ca -+ I f W)t - 7 dr.
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By virtue of the Gronwall inequality, we have

g’ lloo I8l C (£ — 19)*
t C(t— 1) .
WO < F U0 exp| Ta+1) |
Therefore,
1lg"lloo gl C (2 — 20)*
t C(t—1y)" ,
YO < s 7y € 0" exp [

which completes the proof.

Theorem 2. Assume that for all t € [ty, T), there exists a k > 0 such that
[f @y @) < k(1 + |yP),

and if @ > 1/2, then

(t=t)" " [ M
2@ Qa-1  PIR@Ee-1)
Proof. If g'(¢) is continuous and bounded, then

b < (=107

) = % f ¢ @O -7 fr, (D),
SO — f @ -1y )]
Y FZ(Q) fo & Y )

By the Cauchy-Schwarz inequality

1 t

P < @) f g’ (DPdr f |t = T2 f(r, y(@)PdT
s r

" ) f (g'(n)dr f (t = 07| f(r, y()Pdr.

By integration by parts, we have

yOF < ——{g'(Dg(t) - & (t0)g(to) + gl _ @} X f (1= 02 )P
() 2 2 fo
By hypothesis, we get
lgllz, . 18(to)
2 ’ 0 ’
P < r2(a){ng lollglloo + =5 + =27+ Ig )80
t t
X f (t - 1) kdr + f klyP (e — 1) 2dr]
fo 1o
M ((t—19)*" ft 2 20-2
k k t—1)  dry.
= (a){ Sa Tk | AEOPE 7
By virtue of the Gronwall inequality, we have
M (f - 1p)%! Mk B
2 L \2a-1
PO < P 2a-1 eXp[FZ(a)(za i J

with the condition that 2a — 1 > 0 implies that @ > 1/2, which completes the proof.

O
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Theorem 3. Assume that for all t € [ty, T], there exists C > 0 such that NVt € [ty, T]
(&, y()l < C(1 + |y(@D)D).
Then

y(@)l < C g (D) + f g(@), I (Texp| f g ()t — )" 'dqds|.

to T

Proof. We have that for all 7 € [1y, T1],

) = ﬁ fm g (@t =0 flz,y(1))dr,

1 t
vl = [ [ ¢ =0 e,
Vol = s [ eI o
VOl = pos [ W@l + b

1 ! C f
< @fm g -1 Cdr + @jt; & (Ot - D) y(0)ldx.

We let c )
W) = ) fz; gt —1)""'dr, wt) = y@)l

We have

t

w(t) = v(t) + % ) g - 1) 'w(r)dr.

For t > ty, v(f) is continuous and g’(7)(t — 7)*"'; therefore,

w(t) < v+ f g (T exp| f g ()t — 9" |dgdr,

1o T

YOl < Crodg/(0) + f g (@ Jeg (@) exp| f g(q)(t - q)*”'dg|dr.

Io t

Note that
C 3
Ta)f gD -q) 'dr=,J7g (1 C,
1o

which completes the proof.

Theorem 4. Assume that for all t € [ty, T, there exists C > 0, such that for all t € [ty, T

£, y(@) < C(1 + [y(D)D.
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If in addition g'(t) € LP[ty, T], p > 1, then we have

C ., (=1 C ., (=it
Hl <
VO < sl exp [ sl e |
a> LT and
q
1
-+—-=1
q P

Proof. For all t € [ty, T], we have

ol < % f @O - " 1dr+% & (@)t — T (D,
@l < r( ) f (g ())” f (t—1)*" ”’dT +ﬁ g @@ -1 y(ldr
(Z —t )aq q+1 ol
< mll gy o F( )fg(f)(t ) y()ldr.
For a > £~ usmg the Gronwall inequality, we have
(t — 1) 771" c , a1
G )ng e om f g (@t~ 1) dr]
C ., (t=1) ! C . (t=1)r!
L exp [ 1l p— +1].
Therefore,
C ., (1—1)™ ! cllg’ll, (r — 1)@+
Ol < Fo e G [F(a) poa— |

which completes the proof.

Theorem 5. Assume that for all t € [ty, T, we can find a positive non-null function M(t) such that

Lf (@, (@)l < m(D),

then
18" lloo 1.

C(a) ' fim(@).

(@l <

Proof. Let us start with the following:

1 !
o = ¢ (O FEy @) = 1 dr],
BOI < s f ¢ @I @O - dr,
ol < ”é('l‘;’ (o)t = 7Y < lg I RET ),

AIMS Mathematics
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which completes the proof; however, if the function M(¢) € L”[ty, T], then we have

I8/l 0= )7

MOl < ol

if p > 1/2anda>”7j1.1f1 < p <2, we have

g’ lloo (t—to)“q g
t
bOL < Tyt mill, (= +1)

with

1 1

-+-=1

q9 P
and a > %. O

Theorem 6. Assume that for all t € [ty, T1, g(¢) is twice differentiable continuous ([ty, T], X, ). Assume
that

F@y @), f@, @) : 1, T] - R
is continuous and belonged to LP[ty, T]; then,

1
1/2 12 (1 - )ap r

ol < ligllg” =17y, ) + (YOI,

ifa>”7_1and2<p<oo.

Proof. We begin the proof by starting with the following:

1
bl = ]| [ @y,
MOl S s f Sup (D) (@)1 = e
g/l -
o] f FE @) =" .

By the Landau-Kolmogorov inequality, we have

2l 0" ||1/? t ‘
pol < P [ wa@rar) [ (o= orerar)

(@)
2llgll"g” M2 (¢t — tg)pa=r+! f F@y(@) + f(7,3() , f@y@) - F@ (1) ‘,, 0
fo 2 2

N I'(@) pa—p+1
2llgl'Ng” I (2 = )P P! Hf( ) ))+f( YOI ”f( () - f( y())”

I'(@) pa—p+l

Ly L17

Using the Clarkson’s inequality, we have

2lgl"llg” NI (2 ~ to)"““"’+l

bl < T@)  pa—p+l2

([l 7CyOlz, + 1FC YOI,

AIMS Mathematics Volume 8, Issue 10, 24699-24725.



24706

if2< p<ooanda > ”le, which completes the proof. However, if 1 < p < 2, we shall have

IIgll”zllg”Il”z((f — 1o) !

r () M Gl o, 7o)

@l <

-1
a > qT and

O

The above inequalities are of great importance because they appear in several proofs, such as the
existence and uniqueness of nonlinear equations. In the next sections, we shall present the existence
and uniqueness of the nonlinear equations.

3. Existence and uniqueness

In this section, we shall use different hypotheses to establish the existence and uniqueness of
nonlinear equations with global derivatives based on the power law. First, we give results for the
existence; then, in the next subsection, we show results for the uniqueness.

3.1. Uniqueness

Euler’s method: Let f be a real continuous function on a domain §S in the (¢, y) phase. We note
that by the definitions, &-approximate solutions of our equations on I = [#y, T'] constitute a function
y(t) € C(I) satisfying the following:

o (1,y() eD,tel.

e y € C'[1], except for a finite set, and I c I, where ¥ (f) may be discontinuous.

o INDy - fLY <1l

Itis also possible that y(7) has a piecewise continuous derivative on /; then, we shall write y € C},,(1),

B=A{(t,y):|t—tl <a,ly -yl < b}

we have that a, b > 0; we assume that f is continuous, and we impose
N = max |f(t,V)|.
max |(z.)

We also define

BT
p = minla. ()}

where

I8'll.e = sup |g"(®)I.

1€to,T]

Theorem 7. Let f € C(B). For all ¢ > 0 there exists an &-approximate solution'y of our equation on
|t — 10| <.

AIMS Mathematics Volume 8, Issue 10, 24699-24725.



24707

Proof. Let & > 0; we shall construct y on

K = [ty tp + Bl

But f € C(B) and B is compact; f is indeed uniformly continuous on B. On the other hand g’(¢) is

bounded and continuous, as well as positive. Therefore, g’(¢#) is uniformly continuous; then,

g (0 f(t,y(1)) is uniformly continuous on B. Therefore for all £ > 0, there exists ¢ > 0, such that
El(a+1)

8’0 f(t.y) -8 O yD) < ReT V(t,y), (t,y(1) € B,

where
lt =11 <0, ly-Y<E.

We shall subdivide ?y, 7y + 8 into m subintervals with the end pointt, =ty +nl, n=0,1,--- ,m, [ = %
where
o1 (a)\L
1 < min {5, (2527

From ¢, until ¢ = #;, we shall have

{( — 1) (-1n)
a

Y1) = g/ (10) f (20, 5(10)) JF@ 5,

we have

y(t) = g (to)f(to,y(to)) {(t - tl) ( tz) }

+8'(t) f (11, 3(11))

(LRl iy (62,5 (1),
a

we have

(t—1)" @-n)* (t—1)" (-n)*
{ 0 al } { 1 2 }

(0

Y1) = g(t)f(to, y(to)) + &' () f (1, y(t)

{( —l‘l)" (f—fz)”}_

(0

+8' () f(t2, Y(12))

Repeating thus until #,,; = T, we have

Z g,(tj)f(tj’y(lj)){ (t - tj)(l _ (f _ th)a}

y(®)

Jj=0 Fa+ D
= Z f” g/(t])f(t T y(t]))(t — T)a_ldT,
j=0 v

For all ¢, and K, we have that
B o n £js1 B T)a 1 T)a 1
5o -501 = | f YOS O [y f ¢ 00, 50) =)
2], @ T2 @

1+ _ -1
+Zf 0 a0 ),

Jj=n+1

AIMS Mathematics Volume 8, Issue 10, 24699-24725.
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if we assume without loss of generality that r > ¢

)a—l (; _ T)a—l
T@) I e

IS IO
£ 3 g L \ﬁ (- 1

5 - 50| < }]@a»vm,a»hf” (=

j=n+1
g/ @)l (=) (=t)" (-1
< ;;IT)Lﬂuyu»H e -
(t— +1) (t—1)"  (F=1t;1)"
s +-§]munvman)M{ — -

Jj=n+1

181N~ (E=1)*  (t—t)*  (@—1)*  (E—tp1)"
= I'(a) (JZO{ a/] B af - cx] " aj })

+|g/|OON m {(t_tj)(z ~ (t—tj.;.l)a}.
I'(@) a a

j=n+1

We should evaluate each term separately:

ji{u—ﬁp“_(t—mHP _G—¢ﬂ“+(i—eHW}

=0 a a a a
_ - -0 (-n) -0
B (0 a a a
-0t G-t -0 )
a a a a

=) =) 1) (= )
a a a a
_ -0 1) b)) (b))
a a a a

On the other hand, we have

i{mﬁm_04mw}_a—mm_a—%w+a—%m_u—mw

a a a a a a

j=n+1

) S G0 N et 710) S (0

(04 (04 (04 a
But t = t,,, therefore,

Zml {(t—tj)“ _ (t—tj+1)“} _ (t —t41)" _ (t—f)“.

(01 a a (0

j=n+1
Putting everything together, we get

g’ Il N

rw+1ﬂ0—%f—G—mW—U—mHV+G—aHV+0—Dﬂ

(@) -yl <

AIMS Mathematics Volume 8, Issue 10, 24699-24725.
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g’ llcN
T(a+ 1)

g’ llo N
T(a+ 1)

{t=t)" = E-t0)" =t =D+ @ =D" + (t - D"}

IA

{(t —10)* — (t — 19)"}.

The function (p — fy)* is differentiable in [z — £y, — #o] by the mean value theorem there exists p €
[t = 11,1 = 1]

a(p—10)" (1 =1) = (t = 10)" = (1 = 10)".
Therefore, replacing yields

llg’llee N
[(a+1)

This obtained fact and the previous result imply that

(1) = y()| < alp—1) -1 < QU -1, t,teK.

V() =yl <&, 1€ 1o, t,1].

Now,
_ 1 !
o - f g (@) =7 f(x, ¥

! 1j+1 _ -1 1 ;
) 'Zf, ¢ I( )> Syt = 505 | @ =1 f(r, ()]

3 L+l ( _ )(x 1 £+l ( _ )a/ 1
= ',Zo f Dy ))dr—; f ey @y

IA

g () = T (T (@) - ft ya)|de

|| '||Oo n Lj+1 o
< ﬁ(a) ;ft; (t—1) 1(f(T,y(T))—f(tj’y(tj)))‘d,r
180, < f”’“ w1, D@+1)
- dr.
) r(a)f; R T
18”1l Y @ o L@+ 1)
< r(aﬂ)f;[(t—tj) —(t—1;11)"] T
Note that
Z[(t—tj)“_(t—tj+1)“] = (=1 = (t—1) "+ (=1 = —12) = (t—1,)" = (t = t))"
j=0
= (t—1)".
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Since (¢ — t,41) = 0, because ¢ = #,,1,

- . g/l .
b”‘fﬁ; §EE -0 )| < g0

180 . T + 1)
e+ Tlglle
= £

A

Therefore, y is an é-approximate solution, indeed when & — 0. We have that

t

'ﬂ)—ﬁj g @ - " f(@, y ()| =

that is to say

im=f%1£g@m—ﬂ“7@ﬂﬂwr

is the solution. O

We shall note that the required conditions can be imposed on the function f(z,y(#)) to derive the
existence of a solution. In the next subsection, some conditions will be imposed to demonstrate the
uniqueness of the existing solution.

3.2. Uniqueness of existing solution

In this section, we shall use existing theories to establish conditions under which the considered
linear equation admits a unique solution.

Nagumo’s conditions: By definition, a function satisfies the Nagumo conditions in the domain D
if

173) ~ 9] < K2 “

H t;tt()a ksl,

for all (¢, y), (t,y) € D. The following important lemma should be stated.

Lemma 1. Let (1)) = 0 be a no_n—negative continuous function in |t —ty| < T and 8(ty) = 0, and let 5(1)
be differentiable at t = to, with 6 (ty) = 0. Then the inequality

6(t)<'f (T)

Theorem 8. (Extension of Nagumo’s uniqueness theorem) Assume that f(t,y(y)) is continuous and
meets the requirements stated by Nagumo. Assume in addition to Nagumo’s condition that g'(t) is
continuous and bounded in [ty, T], with

leads to g(t) =0, iflt -1 < a.

M, = max |g'(t
¢ = max [¢'()

AIMS Mathematics Volume 8, Issue 10, 24699-24725.
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and that < 1, where

A= min { min (¢t — ‘r)“‘l}.
te[ty,T] \ Tte(ty,t]

Then the equations

DY) = f(,y@), if t> 1,

(%) Yo, t =1y,

have a unique solution in [ty, T].

Proof. Let (1,y), (t,y) € D, then,

(@) =yl = g'(T)(t - Nf (@ y(@) - (@ 3(1)lda|.

Using the Nagumo criteria yields

(@) - y(t)|<m f 181t = ) liT = 17 Iy(7) = F()ld.

We put B
o(1) = [y(1) = (1),
then

_ 1 ro . =
51 < ﬁ f 81 = 7)1 (7 = 10) 50|

1 1 -
: o(r)d
Iﬂ(CY) f le[to ‘r] X 18'( )l — ) (1 - 1) (1) T‘
5(1)
< g -1 1-a d
B F(a) lg[};rTl = }T — 1 T‘
‘ f 6(7)
F(a)/l — fo
Using % <1, we get
L=
= 0
i< [ X,
1o T— t()

where 5(7')_ is a non-negative continuous function in |t — )] < T satisfying Nagumo’s condition;
therefore, 6(t) = O for all ¢ € [#, T'], that is to say y(t) = y(¢) for all ¢ € [ty, T], which completes the
proof. O

It is worth noting that this condition suggested by Nagumo is only a sufficient condition for the
uniqueness of the solutions to initial value problems.

AIMS Mathematics Volume 8, Issue 10, 24699-24725.
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Theorem 9. (Lipschitz uniqueness) Let f(t,y(t)) satisfy the Lipschitz condition; assume that g'(t) is
bounded. Then the initial value problem has a unique solution.

Proof. Let y(),¥(t) € D and

@ -yl < ) f g —T)“_l(f(T,y(T))—f(T,Y(T)))‘dT
a) 0]
1 t
< @) f lg" (@I —T)“_ll(f(T,y(T))—f(T,i(T)))‘dT
a,) o

< M, j: t(r — ) Ly(1) = Y(1)\dr.
0
We let ¢(1) = |y(t) — y(¢)|, we have
p) < My f [(t — 1) Lo(1)dr.
to
By Gronwall’s inequality, we get

-LM, ("
o) < qexp( F(a)g f (t =) dr)

(t—7)"° )

< - IM, —
< qexp( ‘Ta+1)

whereas g = 0, then for all ¢ € [y, T], ¢(¢) = 0 implies that y(¢) = y(¢), which completes the proof. O

We shall use other conditions to establish the comprehensive existence and uniqueness.
4. The generalized Caratheodory principle

We shall use some existing theories based on the Caratheodory approach to show that
REDE(Oy() = f(t.y@®), t>0,

y0) = o,
have a unique solution. In this work, we shall let [18]
Yn =Y
in C([#y, T'], R); the following topology’s uniform convergence on C([ty, 7], R) is closed. We let

dn = sup [y,(t) = ().

to<t<T

We define
Y' =y —d,sign(y),

which is of course positive for all ¢ € [#y, T].

AIMS Mathematics Volume 8, Issue 10, 24699-24725.
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Theorem 10. Consider the closed interval [0, 1]. The function
[0,1]XR — f(t,y) e R

is such that t — f(t,y(t)) holds for eachy € R and y — f(t,y) is continuous for all t € [0, 1]. If there
exists M € ([0, 1] X R) such that

lf (& y@)l < M(x)(1 +|y]), (2, y) € [0, 1] X R,

then there exists an absolutely continuous function y(t) such that

?(t)=ff(s,y(S))ds, Ve [0,1].

The proof can be found here [18]. From the above theorem, we have following corollary:

Corollary 1. Assume that, for all (t,y) € [0, 1] X R, f(t,y(t)) satisfies the following:

lf(, yO)l < M()(1 + [y()])

forallt € [0,1] X R. Then, for a fixed 0 < a < 1, there exists an absolutely continuous function y(t)
such that

_ L t ’ _ a1
y0) = @) fo § @ —1)" f(r,y(@)dr.

Proof. Since f(t, y(t)) verified the Caratheodory principle in [0, 1] X R then for a fixed a € [0, 1]

1

yo <ol < ﬁ fo g’(T)M(T)(t—T)"_ldT+$ 5 g @OM@y@I(t )" 'dr

IA

f Q) (t — 1) dr + f Q)| — 1) 'dr
0

0

IA

V(t) + fo t Q()(t — )" y(1)|dx.
If we put ¢(f) = |y(7)|, then
(1) < () < V(D) + fo Qe - 1 o
We see that ¢(7) satisfies the condition of Gronwall, which therefore leads us to
¢(1) < V(tyexp | fo t Q(o)(t - 1) dr].

On the other hand, however,

lf (& (@)l < M(®)(1 + [y(D)])
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implies that if |[y(#)| is continuous and ¢(?) is also absolutely continuous, as with 1 + ¢(¢), then put

M(1) = M(D(1 + [y(0))).

M(?) is continuous, absolutely; therefore, if D is an open set of R, since f(¢,y(¢)) satisfies the
Caratheodory principle D, then for all (¢, yo) € D, we assume @ and 3 positive members such that the
rectangle

B@,B) = 1{(t,y) : lt—tol <@ ly—yol <BYc D

We now let
I,={t:lt—1t] <al,
we choose
m = M(t) € B@,p)
and set

( )(t 1 .
1(l) = f (@) ———g¢'(n)m(r)dr.

We chose @, and j, such that we have
O<a; <a; and O<B1 < By,

indeed
IMi(D] <B, t€l.

We let A be the set of functions ¥ € C[I5,, R] satisfying
¥(to) = yo, (DI <B

for all € I3,. Clearly A is a bounded, closed and convex subset of C [75] ,R]. Thus forally € A, we
can define the following mapping I'y:

1 d _
Fﬂ0=iz5bngﬂﬂn§ﬁDO—TW”dntelm-

Note that the fixed points of the above mapping, if they exist, are considered as a solution of our
equation in A. The Schwarz theorem for fractional case can be used to show the existence of the fixed
points of I', n, A. We shall now show that I" is well defined providing that f(z, (7)) is integrable for any
y(t) € A. T'y(¢) is continuous for all ¢ € I since

)~ 5G| = bf(n—rf‘fﬁyhnﬁﬂdr

nﬂ
-1f(n—rf”ﬂnﬂﬂﬁﬁmr
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Assuming that #; > 7,, we have

GYESIGY f (1 =0 f(@ ¥ (0)g (Ddr + f (1 =0 f(m, y(0)g (dr

ol
- f (1 = 7" f(E (@) ()]

IA

1 n
(o) f g @I @y -1 = (1~ 1)) (dr
(a) 1)

+% f (b = T g (@) f D)

< 1_,( ) f (1 —T)Ql (_1 _T)<l—1)dT+L(t1 _T)a—ldT]

< T(a + ){[(l—to) —(—1)* = —1)" + (1) + (1 — 1) ]}
_ M o )

- m{(“_’@ —(t; = 10)"}.

By using the mean value theorem, we have

() — y(t)] < (I - 10)*(t; — 1y).

M
I'a+1)
Therefore, for all & > 0, there exists 6 > 0 such that

() = ()l < €
implies that |¢; — #;] < &; in this case, we have

T(a+ )¢
M- ty)*

which completes the proof; therefore, I" is continuous

T30l < o)l
< f Ig’(T)IM(T)(t—T)"“dT|
< M) <B.

In fact, if y, € Q and y, — y in A, then using the continuity of f(z,y) in y for all fixed ¢, leads to

f@.y,0) = f(t, (1)

as n — oo for all ¢ € I, ; then, also

g@ -0 f(@,3,(0) = @0 =) + 1, 5(1)
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forall ¢ € 751. Additionally, since
|f (@, Y, (D) < M(2),

the Lebesgue dominated convergence theorem leads to

ggﬁaﬁﬁvm—ﬁﬂﬂmmmmaféjmﬂmrJWV@wmﬁ

We have shown I' to be uniformly continuous, and that AQ is an equilibrium set of C[l3,,R]. Of
course A is also uniformly bounded which leads to the fact that AQ is relatively compact; therefore,
AQ is completely continuous. The Schauder fixed-point theory helps complete the proof. O

We have shown that if the function meets the requirements of the theorem then for all ¢ € [#y, T],
lim (2, ya(1)) — f(2, y(®))
pointwise, we have to show that

Jaya(t) = f(&,y(®)

in measure in [#y, T']. The continuity of f’(., y(.)) ensures that

J@,ya(@") = f(1, y()).

However, an additional requirement is that the sequence (y,(?)), satisfies the Lipschitz condition, of
course with
K = max|k,|,
n=0

Where k, 1s the Lipschitz constant of (y,#(z)). Therefore, with this condition, the continuity of g’(#) and

(’Fs) for every fixeda € [0,T]and tg < s < 1", tg < s < I

e e > ¢ 0 =2 ).
I'(@) (@)

However, f should meet an extra condition for all
(yl’l(t))n € V([tO’ T]7 R) - C([ZO, R]’ R)’

where V is a convex set but also compact. In the classical case the result was achieved with some extra
definitions which we adapt here in the case of our problem.

Definition 1. We assume thata > 0, I, = [0,al and P’,--- ,P", ¢',--- ,q" € LZ’I [1,,R], where

ol (l _ T)a—l
L [1,,R] = F( ) f @) ——h(7)dt}

exists.

GO (g.p) ={h:he LY [, R], p'@) < h'(t) < P (1), Vi€ 1,1 <k <m).
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For simplicity GZ,”I notation is adopted instead of Gg’l(q, p). One can easily see that for all 4,k €
Gg’l, we have that
(1-Dh+theGP,

when ¢ € [0, 1].
Therefore, for any fixed @ and g Gg’l is a convex set.

Definition 2. Let
a,l _ al
G, =Gy p.ql

and
f:,xR—->R

be such that
1 1
t,— | &@@ -1 "h(r)dr) e G
o5 ) ¢ )<a:
Jor all h € Gy for every fixed 0 < & < 1; and, g'(t) is continuous. Then f is said to be Gy integrable on

I,
Definition 3. Ler f € Gy on I, and let h € Gg. Let the sequence

yu(f) = % fo g ()t — 1) hy(1)dr,

h, € Gg such that y,(t) — y(t) uniformly on 1,. Let " = d — d,, where d, is defined as before. For any
sequence

e = e ))egmif@ o
(@) ['(@)

then f is Gg’l regular on 1. Let
a,l _ a,l
G, =Gy [p.q]

and M € Lg’][R] be such that |p(t)] < M(t) and |q(t)] < M(t) for all t € I,; then, Gg’l is said to be
dominated by M.

The Caratheodory principle can now be extended.

Theorem 11. Let a > 0 and 1, = [0,a]. Let f be G;”l-regular on I. Then we can find at least one
absolutely continuous function y satisfying the first theorem under this section.

Proof. We let

={z: &0 = f(t—T)" ¢/ (Dz(1)dz, z € Gy,
0

1
I'(a)
we let

1 g _
Tz(t) = @ fo (t =) g (D) f(t, z(7))dT, z€Q.
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Itis also clear from [18] thatT'y € Q, because fe Gg’l and Q is compact. Let z, — z forall z, € Q: we
have to show that 'z, — I'z. Lett" =t —d,,,

dn = Ssup |Zn(t)_z(t)|’

tel,

I, —T| = |$ ; gt =) T, z,(7"))dT
L gt -0 flry)drl, 1< j<n,
(@) Jo

. . 1 ! ren n\a— j n
lim [ =T = lim | f g =Y P 2P
n—0oo n—oo 0

!

- ’ a1 rj
o ) €= 0T ]

The continuity of g’(f) and (r — 7)"! for all #; < 7 < t allows us to have

1 ! .
fim I, =12 = fim [ s [ o= 0 e, 2 e = £ o],

From [18] and by Fatou’s lemma,

n—oo

! !
f lim (M) = (", y,(/")))dt < lim f (MG = f/(@", y()))dr, 1< j<nt>0,
0 = Jo
by letting
o) = fI", za(),
it follows by [18] that

!

!
lim | z(v)dr = f 7' (t)dr.
0

—00
n 0

Therefore, we also have
! !
lim f g)(t- T)“_lz,l,(f)dr = f g -1 (n)dr.

Then Q is equicontinuous because M is dominating Gg’]. This implies that I',, — I'; uniformly. 7 is
continuous. Thus, with Schauder fixed-point theorem the proof is completed. O

5. Numerical scheme

In this section we shall derive a numerical solution to the nonlinear equation. The used method is
the extension of Heun’s approach. To start, we shall give some important hypotheses:

{ 1 DIy = f(t,y(0), if t> 1, (5.1)

¥(to) = Yo, if t=r.
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(1) g’(¢) is continuous and positive.

(1) f(t, (1)) 1s twice continuously differentiable.
(i11) g’(¢) is bounded.

(iv) f(¢,y(¢)) is bounded for all ¢ € [#y, T].

(v) f(¢, (1)) is Lipschitz with respect to y.

Equation (5.1) is converted to the integral equation as follows:

FLD () = g (Of (L Y1), if 1> to, 52
¥(to = Yo, if t=t. '
Y0) = 7 [ & @f @y -1 ld, 53)
¥(to = Yo. .
We put
tn+1 = (n + l)h,
where h = t,,,; — 1, in (5.3), and we get
1 T+l
Ytn1) = ) f g @ f@ Y@yt =) dT
1o
1 n ffjﬂ 4
= = 'O f (@ y@)ty — 1) dr. (5.4
I(a) ; ) .
Between ¢, 1;, in (5.4), we approximate
, , h yj+yj
§Of @ y@) ~ 8 W) f (1 + 5. 75) (5.5)
substituting (5.5) into (5.4), we get
il Y+l
o = Z | gl 5 T o 56
Further simplification of (5.6) leads to the below equation:
A el h yi+y o o
Yt = fr gy 28 G+ 5 TS ) X o= D= = ), (5.7)
Jj=0

The method used to get (5.7) is implicit since we have y,,; on the both sides when j = n. Therefore,

n h . n
D& G f 1+ 5, LI X (= o+ D = (0 )]

Yn+1
Mo+ 1) & 2
h® i1+ 1, yn+1
(e G, (5.8)
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where

ha’
I'a+1)

Yn+1 =

Z g W)ty fn—j+ D" = (n— ). (5.9)
Jj=0

Note that

8(tne1) — 8(1)

h (5.10)

g,(tn+l) =

replacing (5.10) in the main Eqgs (5.8) and (5.9), we get

Ly S hoyi+yim i -
Y Na+1)ﬂﬂ4l—5+ﬁ—gmﬂdq+§,’zf )X [ = j+ 1) = (n = )]
a-1 h'y ;
+rm+1ﬂm%n—gmnxun—j+na—m—ﬁﬂﬂ%+iﬁb%ily (5.11)
where
— et i .
Vurt = rm+1)ﬁjg%n—gmﬂﬂ@nnm—1+Da—m—ﬁﬂ,
a-1
o= S (o, y0)[g(t1) — g(t0)], yo = y(to). (5.12)

[a+1)
6. Illustrative examples

In this section, we shall solve equations and compare their exact solutions with the numerical
solutions.

Example 1.

SEpey@® =1, y(0)=0,t€(0,1), 6.1)

8
where g(t) = 2t. The exact solution is

I'3)

_ a+2
YO =2 )

Results for Example 1: Here, we consider the numerical solution of Example 1 by using the
scheme given in (5.11). The numerical solution of Example 1 is shown graphically in Figure 1 by
comparing it with the exact solution. It can be seen from Figure 1 that the numerical scheme provides
accurate results for the exact solution. Further, we consider various values of the fractional order « and
provide the error and estimated order of convergence (EOC) for different subintervals. As a result of
increasing the number of subintervals N and fractional order « the error is minimizing; see Table 1.
This shows that the present method is useful and reliable and can be considered for other scientific and
engineering problems.
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Plot of example 1 with alpha = 0.8, tin (.0,1.0)

= num. soluton
* exact solution

08

06

yie)

02

0.0

0.6

08

1.0

Figure 1. Plot of exact and numerical solutions for Example 1.

Table 1. Results for Example 1 obtained using 7 € (0, 1); N = number of subintervals.

N Error EOC N Error EOC

Results for a = 0.6 Results for a = 0.8

80 0.00068825 - 80 0.00017232 -

160 0.0002273 1.598 160 5.001e-05 1.785

320 7.522e-05 1.595 320 1.455e-05 1.782

640 2.49¢-05 1.595 640 4.23e-06 1.781

1280 8.24e-06 1.595 1280 1.23e-06 1.783

Results for = 0.9 Results for a = 0.99

80 7.658e-05 - 80 3.033e-05 -

160 2.078e-05 1.882 160 7.59¢-06 1.999

320 5.66e-06 1.877 320 1.91e-06 1.99

640 1.54e-06 1.875 640 4.8e-07 1.986

1280 4.2e-07 1.876 1280 1.2e-07 1.984
Example 2.

o Dy =1,

g(0)

¥(0)=0,7r€(0,1),

(6.2)

where g(t) = 1*. The exact solution is

1
Ta+p+2)

Results for Example 2: We solve Example 2 by using the numerical approach shown in (5.11),
and we have obtained the results both graphically as well as in tabular form. The numerical solution of

y(1) = BT (B + 2)1**F*!
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Example 2 is given in Figure 2 by comparing it with the exact solution. We observe that the numerical
solution obtained through the present scheme is matched well to an exact solution as given in Figure 2.
We also consider various values of the fractional order @ and provide the error and EOC for different
subintervals; see Table 2. It can be observed from Table 2 that by increasing the number of subintervals
N and the fractional order «, the error is minimized; see Table 2.

Plot of example 2 with alpha = 0.8, tin (0.0,1.0)

14

1.2

1.0

0.8

vie)

0.6

0.4

0.2

(.0 e R =2

= num. soluton
exact solution

0.6 08 10

Figure 2. Plot of exact and numerical solutions for Example 2.

Table 2. Results for Example 2 obtained using ¢ € (0, 1); N = number of subintervals.

N Error EOC N Error EOC

Results for @ = 0.6 Results for @ = 0.8

80 0.01643295 - 80 0.0035491 -

160 0.00565334 1.539 160 0.00108545 1.709

320 0.00192324 1.556 320 0.00032859 1.724

640 0.00064911 1.567 640 9.864e-05 1.736

1280 0.00021782 1.575 1280 2.941e-05 1.746

Results for @ = 0.9 Results for @ = 0.99

80 0.00132247 - 80 0.0003269 -

160 0.00037914 1.802 160 8.352e-05 1.969

320 0.00010799 1.812 320 2.144e-05 1.962

640 3.057e-05 1.821 640 5.51e-06 1.959

1280 8.6e-06 1.829 1280 1.42e-06 1.958
Example 3.

RLpe, = %ﬁ—a, (0) = 0,1 € (0,8), (6.3)
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with g(t) = t. The exact solution is y(t) = 1.

Results for Example 3: We solve Example 3 by using the numerical approach in (5.11) and we have
obtained the results both graphically as well as in tabular form. The numerical solution of Example 3
is given in Figure 3 by comparing it with the exact solution. We observe that the scheme matches well
for this problem and the exact solution in Figure 3. Further, we provide the results for Example 3 in
Table 3 for various values of the fractional order «, and we provide the error and EOC for different
subintervals N; see Table 3. Table 3 shows that the error is minimized by increasing the number of
subintervals N and the fractional order «.

Plot of example 3 with aloha = 0.6, tin (0.0,8.0)

= num. selution

500 exact solution

400

300

(e

200

100

Figure 3. Plot of exact and numerical solutions for Example 3.

Table 3. Results for Example 3 obtained using 7 € (0, 1); N = number of subintervals.

N Error EOC N Error EOC

Results for a = 0.6 Results for = 0.8

80 0.00082668 - 80 0.00023354 -

160 0.00027342 1.596 160 6.783e-05 1.784

320 9.058e-05 1.594 320 1.974e-05 1.781

640 3.001e-05 1.594 640 5.75e-06 1.781

1280 9.94e-06 1.595 1280 1.67e-06 1.782

Results for @ = 0.9 Results for @ = 0.99

80 0.00010951 - 80 4.53e-05 -

160 2.972e-05 1.882 160 1.133e-05 1.999

320 8.09¢e-06 1.876 320 2.85e-06 1.99

640 2.21e-06 1.875 640 7.2e-07 1.986

1280 6e-07 1.876 1280 1.8e-07 1.984
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7. Conclusions

Beyond fractional ordinary nonlinear differential equations with the power law kernel, exponential
decay kernel and the generalized Mittag-Lefller kernel, there exists a class of differential equations in
which the mentioned fractional differential operators are their generalization. They are fractional
differential operators of a given function with respect to another function. This gives them the
flexibility to capture complex processes that cannot be captured by using classical fractional
differential operators. In this work, we have established very useful inequalities similar to the
Gronwall inequality that will be employed for theoretical and applied purposes. Using Nagumo’s
conditions for existence, we have derived conditions under which the equations admit unique
solutions. We have also suggested a methodology that could be used to solve these equations
numerically. We considered the detail steeping to solve the fractional system numerically and
provided examples and their exact solution, as well as presented their comparison, graphically and in
tabulated form. The results indicate that the provided scheme is accurate and one can use this for the
solution of other nonlinear systems arising in scientific and engineering areas. We shall extend this
work to other fractional operators based on exponential decay and the Mittag-Leffler kernel to obtain
the theoretical and numerical results.

Use of AI tools declaration

The authors declare that they have not used Artificial Intelligence (Al) tools in the creation of this
article.

Acknowledgments

The authors are thankful to the anonymous reviewers for their careful checking and suggestions that
greatly improved the present paper.

Contflict of interest

The authors declare that they have no conflicts of interest.

References

1. T. H. Hildebrandt, Definitions of stieltjes integrals of the riemann type, Amer. Math. Mon., 45
(1938), 265-278. https://doi.org/10.1080/00029890.1938.11990804

T. J. Stieltjes, Recherches sur les fractions continues, Ann. Fac. Sci. Toulouse, 4 (1995), 1-35.

3. J. Liouville, Mémoire sur quelques quéstions de géométrie et de mécanique, et sur un nouveau
genre de calcul pour résoudre ces quéstions, J. I’école Polytech., 1832.

J. Liouville, Mémoire sur le calcul des différentielles a indices quelconques, WorldCat, 1832.

5. A. Atangana, D. Baleanu, New fractional derivatives with nonlocal and non-singular
kernel: theory and application to heat transfer model, Ther. Sci., 20 (2016), 763-769.
https://doi.org/10.2298/TSCI160111018A

AIMS Mathematics Volume 8, Issue 10, 24699-24725.


http://dx.doi.org/https://doi.org/10.1080/00029890.1938.11990804
http://dx.doi.org/https://doi.org/10.2298/TSCI160111018A

24725

6. M. Caputo, M. Fabrizio, A new definition of fractional derivative without singular kernel, Progr.
Fract. Differ. Appl., 1 (2015), 73-85. https://doi.org/10.12785/pfda/010201

7. W. Chen, Time-space fabric underlying anomalous diffusion, Chaos Solitons Fract., 28 (20006),
923-929. https://doi.org/10.1016/j.chaos.2005.08.199

8. A. Atangana, Fractal-fractional differentiation and integration: connecting fractal calculus and
fractional calculus to predict complex system, Chaos Solitons Fract., 102 (2017), 396—406.
https://doi.org/10.1016/j.chaos.2017.04.027

9. M. Frigon, R. L. Pouso, Theory and applications of first-order systems of stieltjes differential
equations, Adv. Nonlinear Anal., 6 (2017), 13-36. https://doi.org/10.1515/anona-2015-0158

10. R. L. Pouso, A. Rodriguez, A new unification of continuous, discrete and impulsive
calculus through stieltjes derivatives, Real Anal. Exchange, 40 (2015), 319-354.
https://doi.org/10.14321/realanalexch.40.2.0319

11. M. Nagumo, Eine hinreichende bedingung fiir die unitét der 16sung von differentialgleichungen
erster ordnung, Jpn. J. Math., 3 (1926), 107-112. https://doi.org/10.4099/JIM1924.3.0-107

12. V. Lakshmikantham, On the uniqueness and boundedness of solutions of hyperbolic
differential equations, Math. Proc. Camb. Philos. Soc., 58 (1962), 583-587.
https://doi.org/10.1017/S0305004100040615

13.J. A. Clarkson, Uniformly convex spaces, Trans. Amer. Math. Soc., 40 (1936), 396-414.
https://doi.org/10.1090/S0002-9947-1936-1501880-4

14. O. Holder, Ueber einen Mittelwertsatz, Nachr. Ges. Wiss. Gottingen, 1889 (1889), 38—47.

15. T. H. Gronwall, Note on the derivatives with respect to a parameter of the solutions of a system of
differential equations, Ann. Math., 20 (1919), 292-296. https://doi.org/10.2307/1967124

16. D. V. Griffith, I. M. Smith, Numerical methods for engineers: a programming approach, CRC
Press, 1991.

17. A. Atangana, Extension of rate of change concept: from local to nonlocal operators with
applications, Results Phys., 19 (2020), 103515. https://doi.org/10.1016/j.rinp.2020.103515

18. J. Persson, A generalization of Carathéodory’s existence theorem for ordinary differential
equations, J. Math. Anal. Appl, 49 (1975), 496-503. https://doi.org/10.1016/0022-247X(75)90192-
4
E ©2023 the Author(s), licensee AIMS Press. This

is an open access article distributed under the
@ AIMS Press terms of the Creative Commons Attribution License

(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 8, Issue 10, 24699-24725.


http://dx.doi.org/https://doi.org/10.12785/pfda/010201
http://dx.doi.org/https://doi.org/10.1016/j.chaos.2005.08.199
http://dx.doi.org/https://doi.org/10.1016/j.chaos.2017.04.027
http://dx.doi.org/https://doi.org/10.1515/anona-2015-0158
http://dx.doi.org/https://doi.org/10.14321/realanalexch.40.2.0319
http://dx.doi.org/https://doi.org/10.4099/JJM1924.3.0-107
http://dx.doi.org/https://doi.org/10.1017/S0305004100040615
http://dx.doi.org/https://doi.org/10.1090/S0002-9947-1936-1501880-4
http://dx.doi.org/https://doi.org/10.2307/1967124
http://dx.doi.org/https://doi.org/10.1016/j.rinp.2020.103515
http://dx.doi.org/https://doi.org/10.1016/0022-247X(75)90192-4
http://dx.doi.org/https://doi.org/10.1016/0022-247X(75)90192-4
http://creativecommons.org/licenses/by/4.0

	Introduction
	 A fractional global differential equation with the power law kernel
	Existence and uniqueness
	Uniqueness
	Uniqueness of existing solution

	The generalized Caratheodory principle
	Numerical scheme
	Illustrative examples
	Conclusions

