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1. Introduction

Let the triplet (H, < -,- >,|| - ||) denote the real Hilbert space with the inner product and induced
norm. The classical monotone inclusion problem aims to find

s* € H suchthat 0 € As* + Bs”, (1.1)

where A C H x H is a multi-valued operator and B is a single-valued operator on H. In the
context of monotone operator theory, (1.1) has been largely considered for various problems in
signal processing, subgradient algorithms, image recovery problem, variational inequality problem
and evolution equations, see [17,19,37] and the references cited therein.

In order to study the problem (1.1), one can employ effective iterative algorithms. The elegant
forward-backward (FB) iterative algorithm [34, 35] is prominent among various iterative algorithms
to solve (1.1). However, the FB iterative algorithm exhibits weak convergence, assuming the stronger
conditions for the operators A and B [44]. Recently, Gibali and Thong [23] considered a modified
variant of the Tseng’s splitting method to obtain strong convergence results in Hilbert spaces.

Fixed point problem (FPP) is another important framework to study a variety of problems arising
in various branches of sciences [17,24,25]. In 2017, Takahashi [38] proposed and analyzed a new
unifying class of nonlinear operators namely the class of 7-demimetric operators in Hilbert spaces as
follows:

Let C be a nonempty subset of a real Hilbert space . An operator W : C — C is said to be
n-demimetric [38], where n € (—o0, 1), if Fix(W) # (0 such that

1
(s =t,(Id = W)s) > 5(1 —(Id — W)s|*, forall se€C and t € Fix(W),

where Id indicates the identity operator and Fix(W) = {t € C | t = Wt} denotes the set of all fixed
points of the operator W. Note that

Ws—1* <|ls— 1> +nlls — Ws|[>, forall seC and t € Fix(W),

is an equivalent representation of an n-demimetric operator. The class of n-demimetric operators have
been studied extensively in various instances of FPP in Hilbert spaces, see [39,40,42]. On the other
hand, Baillon [13] established the nonlinear ergodic theorem for nonexpansive operator as follows:

Theorem 1.1. [13] Let C be a nonempty, closed and convex subset of a real Hilbert space H and
W : C — C be a nonexpansive operator such that Fix(W) # 0 then for all s € C, the Cesaro means

1 n
W,x = D Wix, ¥nel0,1,2,+- ),
i=0

n+1 4

weakly converges to a fixed point of W.

Since then, the classical Cesdro means method has been considered for various classes of nonlinear
operators, see [18,28,29] and the references cited therein. Note that the Cesaro means method fails
to converge strongly for the class of nonexpansive operators [22]. In order to establish the strong
convergence results, one has to impose additional conditions on the algorithm. In 1967, Halpern [27]
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introduced and analyzed an iterative algorithm which strongly converges to the nearest fixed point
of the nonexpansive operator. It is remarked that the Halpern iterative algorithm coincides with the
Cesaro means method for linear operators. In 2000, Moudafi [33] proposed and analyzed the strongly
convergent viscosity iterative algorithm by utilizing a strict contraction operator instead of the anchor
point in the Halpern iterative algorithm. In order to generalize the classical Cesdro means method for
an infinite family of n-demimetric operators, we first consider the following auxiliary operator:

Qn,rz+1 = Ida
Onn = BuT,Qunir + (1 =BId,
Opn-t = BurTy O + (1 = Bun)d,

Ouwm = BT Qumst + (1 =B)Id,

Quz = PBTy0us+ (1 -Bo)ld,
Wo= 0w = BT+ (1-p0d,
where 0 < 8, < land T,, = ys + (1 — y)T,,s for all s € C with T,, being n-demimetric operator
and 0 <y < 1 —n. It is well-known in the context of operator W, that each T/, is nonexpansive and the
limit lim,,—,c, O, exists. Moreover,
Ws = lim W,s = lim Q,;s, forall s C.

n—o0o

It follows from [41] that
Fix(W) = ﬂ Fix(W,). (1.2)

n=1

Moreover, to enhance the speed of convergence of the proposed iterative algorithm, we also utilize
the inertial extrapolation technique essentially due to Polyak [36], see also [1-11,31].

The rest of the paper is organized as follows: We present relevant preliminary concepts and results
in Section 2. We show the convergence analysis of the proposed iterative algorithm in Section 3 and
compute a numerical experiment for the viability of the algorithm in Section 4. Section 5 includes an
experiment on image deblurring with applications.

2. Preliminaries

We start this section with the mathematical preliminary concepts required in the sequel. Throughout
the paper, we assume the triplet (H, < -,- >,|| - ||) to be the real Hilbert space with the inner product
and induced norm. For a nonempty closed convex subset C of the Hilbert space H, P(g denotes the
associated metric projection operator which is firmly nonexpansive and satisfies (s — P?s, P(é{s -1 >0,
for all s € H and ¢ € C. Recall that a set-valued operator A : H — 2*H is said to be monotone, if for all
s,t € H,u e Ax and v € Ay, we have (s — t,u — v) > 0. Moreover, A is said to be maximal monotone
if there is no proper monotone extension of A. For a monotone operator A, the associated resolvent
operator J4 of index m > 0 is defined as

JA = (Id +mA)™!,
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where (-)7! indicates the inverse operator. Note that the resolvent operator J2 is well defined
everywhere on Hilbert space . Further, J# is single valued and satisfies the firmly nonexpansiveness.
Furthermore, x € A~!(0) if and only if s € Fix(J3).

The rest of this section is organized with the celebrated results required in the sequel. The following
lemma is a special case of Lemma 2.4 in [30].

Lemma 2.1. Let u,v,é € H. Let a,8,y € Rwitha + 5+ 7y = 1 then we have
(i) Nl + VIP < Ml +2v, e+ v); ) i i
(i) llap + Bv + yE|I* = allull® + BIVIP + YIEI? = aBllu — VI — ayllu - €I - Byllv - &1
Lemma 2.2. [I12] Let W : C — C be an operator defined on a nonempty closed convex subset C

of a real Hilbert space H and let (p,) be a sequence in C. If p, — p and if (Id — W)p, — 0, then
p € Fix(W)

Lemma 2.3. [38] Let C be a nonempty, closed and convex subset of a Hilbert space H and let
W : C — H be an n-demimetric operator withn € (=0, 1). Then Fix(W) is closed and convex.

Lemma 2.4. [42] Let C be a nonempty, closed and convex subset of a Hilbert space H and let
W : C — H be an n-demimetric operator with n € (—oo, 1) and Fix(W) # (0. Let y be a real number
withO <y <1-nandsetT' = (1 —y)Id+yW, then T’ is a quasi-nonexpansive operator of C into H.

Lemma 2.5. [15] Let C be a nonempty bounded closed convex subset of a uniformly convex Banach
space and W : C — C be a nonexpansive operator. For each s € C and the Cesaro means
Wns:nlj Yiimo Wis, then limsup,_, . [|W,s — W(W,s)|| = 0.

Lemma 2.6. [14] Let A C HXH be a maximal monotone operator and let B be a Lipschitz continuous
and monotone operator on H. Then A + B is a maximal monotone operator.

Lemma 2.7. [23] Let A C H X H be a maximal monotone operator and let B be an operator on ‘H.
Define S, := (Id + pA)~'(Id — uB), > 0. Then we have Fix(S ) = (A + B)~1(0), for all u > 0.

Lemma 2.8. [46] Let (b,) be a sequence of nonnegative real numbers and there exists ny € N such
that
bn+1 < (1 - wn)bn + l/’ncn + dn, Yn > no,

where (Y,,) C (0, 1) and (c,), (d,) with the following conditions hold:
(I) Zzozl wn = ooy

(1I) limsup,_, ., ¢, < 0;
(1) Y. d, < oo, ¥0<d,(0<n);

then lim,_,o, b, = 0.

Lemma 2.9. [32] Let (q,) be a sequence of nonnegative real numbers. Suppose that there is a
subsequence (q,,) of (q,) such that q,; < q,+1 for all j € N, then there exists a nondecreasing sequence
(er) of N such that limy_,, &, = oo and satisfy the following properties such that

Ge, < Gev1 and Gi < Gepis

for some large number k € N. Thus, & is the largest number n in the set {1,2,--- ,k} such that
qn < qn+1-
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3. Main results

In this section, we prove the following strong convergence result.

Theorem 3.1. Let A C H X H be a maximal monotone operator and let B be a monotone and p-
Lipschitz operator for some p > 0 on a real Hilbert space H. Let W, be the W-operator and let h be a
A-contraction on H with A € [0,1). Assume that T = (A + B)™'(0) N Fix(W) # 0, u; > 0, o € (0, 1),
{&,} € [0, 1) and {a,}, {8} are sequences in (0, 1). For given pg, pi € H, let the iterative sequence {p,)
be generated by

Up = pPn t+ ‘g:n(pn - pn—l);

Vv, = Jﬁ‘n(ld — W, B)u,;

Sp = Vp — ,un(BVn — Bu,);

Pn+1 = a’nh(pn) + (1 -y _ﬂn)pn +ﬁn% 7:_()1 Wisn-

(3.1)

Assume that the following step size rule
MHn+1 = min{%’ﬂ”}’ lf Bu, — Bv, #0;
" HMns otherwise,

and conditions:

(CI) Z;ozl é_:n”pn - pn—l” < 00,

(C2) lim, @, = 0and Y,)", @, = oo, and for eachn € N, 0 < a* < liminf,. 8, < limsup,_,., B, <
b* <1 - a,, where a*, b* be positive real numbers,
hold. Then the sequence {p,} generated by (3.1) converges strongly to an element in I.

The following results from [23] are crucial for the analysis of our main result.

Lemma 3.1. [23] The sequence u, generated by (3.1) is a nonincreasing sequence with a lower bound
of min{yu, %),

Lemma 3.2. [23] Assume that Conditions (C1) and (C2) hold and let (s,) be any sequence generated
by (3.1), we have

2
_ _ M
s, = I < llpn = BIF = (1 = > Ipn = vall? (3.2)
n+1
and
Hn
”sn - vn” <o ”pn - vn”- (33)

Mn+1

Lemma 3.3. Assume that Conditions (C1) and (C2) hold and suppose that

n—1
1
Sp — ;l § Wisn
i=0

Let (p,) and (u,) be two sequences generated by (3.1). If a subsequence (p,,) of p, converges weakly
to some p* € H then p* € T.

=0.

lim [|p, — uy|| = lim ||p, — vyl = 1im [|p, — s,|| = lim
n—oo n—oo n—o0 n—oo
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Proof. Let p* € H such that p, — p* then p* € (A + B)~'(0) follows from [23, Lemma 7]. Since
lim,_, ||[psn = sull = 0 and p,, — p* therefore we have s,, — p*. Since

lim ||s,, — ~ Z Wisall =

n—oo

therefore, utilizing Lemma 2.2, we get p* € Fix(W;) and hence p* € T'. O
Now we are able to prove the main result of this section.

Proof of Theorem 3.1. For simplicity, the proof is divided into the following three steps:
Step 1. Show that the sequence (p,,) is bounded.
Let p € I, then for each n € N we have

”pn - p + é_:n(pn - pn—l)”2
”pn - 1_7”2 + gﬁ”pn - pn—l”2 + 2En<pn - ﬁ, DPn — pn—1>- (34)

=112
llu — Pl

IA

Set W, = v~ >:¥) W; and utilizing Lemma 2.4 we have

1 n—1 1 n—1 1 n—1
=3 Wis =~ > Wil < = > IWis — Wit
i=0 i=0 i=0
1 n—1
= D lls =l = s = .
i=0

It follows from the above estimate that W, is a nonexpansive operator. Moreover, for any p € I', we

||Wns - Wnt”

IA

have that W,p = 1 31" W;p = p. Since lim, (1 — 0'2 iy = 1 — g2 > 0, therefore for each n > ng

n+1

where ng € N, we have that

zﬂn

2
/’tn+1

> 0. (3.5

From (3.2) and (3.5), we obtain
s, — Pl < llpn — Pll. (3.6)
Further, from (C2) and (3.6), we have

Ipnir =PIl = llan(h(p,) — p) + (1 — @, = B)(pn — P) + Bu(Wys, — DI

< allh(pn) = pll + (1 = @ = B)llpn = Pl + BullWas, — Pl
< @ Allp. = pll + aullh(p) — pll + (1 — a)llp. — Pl

_ lh(p) — pll
= (1= a1 = Dlllpy = pll + (1 = ==

_. 1h(p) = pll
< - pl|, ————1}.
< max{||p, — pll, -1 }
Thus, for all n > ny, ||py+1 — pll < max{||p,, — P, ”h(”) ””} This implies that (p,,) is bounded.

Step 2. Compute the following two estimates:

2:un

(l) :ﬁn(l - )”pn Vn||2 +ﬁn(1 — _ﬁn)Hpn - vvnsnll2

n+1
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< Npw =PI = llpasr = PIP + aulli(py) = pIP; (3.7

(id) :llpnst = PIP < [1 = (1 = D]llp, = I

2
+au(l - ﬂ)[m(ﬁnllpn = Wasullllpusr = Pll + <A(P) = P, pust = PI))]- (3.8)

Utilizing Lemma 2.1(ii), we obtain

lla(h(pa) = p) + (1 = @ = Ba)(Pu = P) + Bu(Wos, = PIIP

= allh(pn) =PI + (1 = @y + Blpa = I + Bull(Was, = DI
~a,(1 = a, = BIIh(py) = pall?

~Ba(1 = @y = BIpn = Wasill® = @uBulln(p,) = Was,II®
allh(p,) = pII* + (1 = @y = B)llpn = PIF + Bulls, — bl
Bl = @, = BIpw = Wasil .

1Paer = BIF

IA

Now utilizing (3.2) in the above estimate, we get

||pn+1 - ﬁ”z < a’n”h(pn) - [7”2 + (1 - an)”pn - p”z _IBn(l -y _ﬁn)”pn - u/nsnll2

2

~B,(1 = P E)lIp — vl
n+1

< a’n”h(pn) - l_7||2 + ”pn - ﬁ”z _ﬁn(l -y _ﬁn)”pn - ‘/Vnsnll2

2

—Bo(1 = > L p, = vl
n+1

Simplifying the above estimate, we have the desired estimate (3.7).
Next, by using (C2) and setting j, = (1 = B,)p, + B, W,s,, we get

jn =Bl < llpa = Pl (3.9)

and
lpn = Jull = Bullpn — Wysill. (3.10)

Utilizing (3.9), (3.10), Lemma 2.1(i) and (ii), the desired estimate (3.8) follows from the following
calculation:

I1pnsr =PI
= (1 = @) = P) + @n(h(py) = () = @(pu = Jn) = @u(p — KPP
< (1 = @) (in = P) + @n((pa) = KD = 2a0(pu = ju + P = B(P), Pus1 = P)
< (1= ap)lljn = PIP + @llb(pa) = KPP = 24P = ju + P = h(P), Pus1 = P)
< (1= a)llpa = pIP + @y llpy = I + 200(pu = jus P = Pu1) + 20,(h(P) = P> Pus1 = P)
< (1 = (1 = Dlipa =PI + 2aullpn = julllpast = pll + 2€.h(P) = P, Pusi — P
= [1 = ay(1 = Dlllps =PI + 20BulIpn = Wasalllpast = pll + 2, Ch(P) = P, pus1 = P)
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2
= [1 = ay(1 = D]llps = pII* + a,(1 - ﬂ)[m(ﬁnllpn = Wasalllpnsr = pll + <h(P) = P, pur1 = P))]-

Step 3. Show that lim,_.. ||p, — pll = 0.
We consider the two possible cases on the sequence (||p, — pll).
Case A. For all n > ng, ||pp+1 — pII*> < |Ip, — pII* and ny € N. This implies that lim,,_., ||p, — p| exists.

Since lim,_, (1 — 0245) = 1 — ¢ > 0. By using (C2) and (3.7), we have

#n+1
lim [|p, = v,ll = lim ||p,, = Wys,ll = 0. (3.1D)
From (3.3), we get
lim ||s, — v,|| = O. (3.12)

By the definition of (u,) and (C1), we have
Iim [lu, — pall = ’}Lllgofnllpn — Pn-1ll = 0. (3.13)
By using the triangle inequality, we obtain the following estimates:

”un - vn” < ”un - pn“ + ”pn - vn” - 0, as n — oo;
ly = sull < Mty — vall + 1V = 84l = 0, as n — oo;

”pn - Sn” < ”pn - Vn” + ”Vn - Sn” - 0’ as n — oo;

ll$n = Wasall < [lpn = Sull + llpn = Wasyll = 0, as n — co.
By using Lemma 2.5, we have
limsup ||W,,s,, = W(W,s,)Il = 0. (3.14)
Note that for all n € N, we get
1Pner = Pall - < NIPnsr = Wasull + llpn — Wsill
< llh(pn) = pall + 2 = Bllpn = Wasall. (3.15)

From (3.11) and (C2), the estimate (3.15) implies that
lim {lp,.1 = pall = 0. (3.16)
Similarly, from (3.13), (3.16) and the following triangle inequality, we have

||pn+1 - un” < ||pn+1 - pn” + ”pn - un” - Oa as n — oo.

Since (p,) is bounded, then there exists a subsequence (p,,) of (p,) with p, — p* € H. Now utilizing
Lemma 3.3 we have p* €T.
By making use of the estimate (3.16), we get

lim sup{h(p) — p, pu+1 — p) < lim sup{h(p) — p, pus1 — pny + limsup{h(p) — p, p, — p) < 0. (3.17)

n—oo n—oo n—oo
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From the estimate (3.17) and Lemma 2.8, we get lim,,_,, ||p, — pl| = 0.
Case B. There exists a subsequence (||p,, — plI*) of (|p, — pl*) such that ||p,, — pll < ||pn+1 — pll for all
k € N.

It follows from Lemma 2.9 that there exists a nondecreasing sequence (b,) € N such that
lim,, e b, = o0, for all m € N with the inequality ||p,, — Pl < 1Py, +1 — plI> holds. In the similar

fashion from (3.7), we obtain
2
b
Bo, (1 = = ps, = Vo, +Bo, (1 = @, = BoMps, = S b, Wi, II°
by +1

< lps, = PIP = Py, 1 = I + e, l(ps,) = pIP
< ap, Ih(py,,) = pIP.

Since lim,,_,., @, = 0, so we get
lim ||py, — vp, |l = 1im ||p;, — Sy, wp, |l = 0.
m—oo m—oo

Similarly from Case A, we have

lim sup{i(p) = p, py,+1 = P) < 0.

m— oo

Using (3.8) for n > max{n*, ny}, we have the following estimate:

_2
||pb,,l+l - Dl

_ 2 _ o _
<[1—a, (1= Dllps, - pII* + ap, (1 - ﬁ)[m(ﬁb,,,ﬂpbm =S, W, s, +1 = DIl + {A(P) = P, pp,+1 — P))]

2
< [1 = ay, (1 = Dlllpy,1 — pIIF + ey, (1 - /1)[m(,3bm||l?bm = Su, W, llps,+1 — Pll + <h(P) — P, pp,+1 — P)].

The above estimate yields that
2

= /l(ﬂbm”pbm = S b, W, llpp,+1 = Pll + <A(D) = P, Pp,+1 = D)) (3.18)

_2
lps,,+1 = PII” <

Therefore, limsup,, . ||ps, — plI* < 0. Therefore, p, — p € I' and this completes the proof. O

We now propose a variant of the iterative algorithm (3.1) embedded with the Halpern iterative
algorithm [27].

Theorem 3.2. Let A C H X H be a maximal monotone operator and let B be a monotone and p-
Lipschitz operator for some p > 0 on a real Hilbert space H. Let W, be the W-operator and let h be a
A-contraction on H with A € [0,1). Assume thatT = (A + B)™'(0) N Fix(W) # 0, (1;) > 0, o € (0, 1),
(&} € [0, 1) and {a,},{B,} are sequences in (0,1). For given q, py, p1 € H, let the iterative sequences
{pa}, {und, (v}, {Awn} and {pns1} be generated by

Uy = Pn + gn(pn - pn—l);

Vo = Jo (Id = p, B)u,;

Sy =V, — (Bv, — Buy);

Pn+1 = Qg + (1 -, _ﬁn)pn +ﬁn,ll Z?:_()l Wisn*

(3.19)
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Assume that the following step size rule

Butn—Bv, > Hn

{ min{- Q=¥ if Bu, — By, # 0,
Mn+1 = .
s otherwise,

and conditions

(CI) ZZO:I ‘;Zn”pn - pn—l” < 0oy

(C2) lim, e ‘ﬁ’—" =0, 1-a,-B,=0and ¥, % = oo;

(C3) Foreachn € N, 0 < a* < liminf,_,. 8, < limsup,_,.. 8, < b* < 1 — a,, where a*,b* be positive
real numbers hold.

Then the sequence {p,} generated by (3.19) converges strongly to a point in I.

Remark 3.1. In order to obtain the desired result, for the iteration (3.19), we have to assume a stopping
criteria for (3.19) to be n > n,,,, for some sufficiently large number n,,,.

Proof. Observe that for each n > 1, arguing similarly as in the proof of Theorem 3.1 (Steps 1-3), we
deduce that I" is well defined, closed and bounded. Furthermore, the sequence (p,) is bounded and

lim [Ipys1 = pall = 0. (3.20)

Let ppi1 = g + (1 — @, — Bo)pn + B.W,s,. An easy calculation along (3.20), (C2) and (C3) implies
that

1 a,
”Wnsn - pn“ < _”pn 1= pn” + —||(] - pn”
By Bu

The above estimate infers that
lim ||[W,s, — p.ll = 0.
n—oo

The rest of the proof of Theorem 3.2 is similar to the proof of Theorem 3.1 and is therefore omitted. O

The following remark elaborate how to align condition (C1) in a computer-assisted iterative
algorithm.

Remark 3.2. We remark here that the condition (C1) can easily be aligned in a computer-assisted

iterative algorithm since the value of ||p, — pa-1l| is quantified before choosing &, such that 0 < &, < &,
with

= min{ﬁ,g}, lf Pn * DPn-15
g, otherwise.

Here {@,} denotes a sequence of positives ¥, ©, < oo and £ € [0, 1).
4. Example and numerical results
In this section, we compute a numerical experiment for the viability of the iterative algorithm (3.1).
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Example 4.1. Let H = R. We denote the inner product (s, ) = st, for all 5,7 € R and induced norm
Is| = V(s,t). Let the operators h,A,B : R — R be defined as h(s) = %, As = 4s and Bs = 3s for
all s € R. Observe that, & is a contraction with constant 4 € [0, 1), B is a monotone and p-Lipschitz
operator for some p > 0 and A is a maximal monotone operator such that (A + B)~!(0) = {0}. Let the
sequence of operators 7; : R — R be defined by

3s .
T(s) :{ -2, s € (=00, 1);

S, s € (1, 00).

Note that T; is an infinite family of (g;i; -demimetric operators with (2, Fix(T;) = 0 = Fix(W). Hence

I'=(A+B)"'(0) N Fix(W) = 0. In order to compute the numerical values of (p,), we choose ® = 0.5,
a, = ﬁ,ﬁn = % uy = 7.45 and o = 0.785. Since

min{m,O.S}, if Pn# Pn-t;
0.5, otherwise.

We now provide a numerical test for a comparison between accelerated Tseng’s type splitting method
defined in Theorem 3.1 (i.e., Theorem 3.1, & # 0), standard Tseng’s type splitting method (i.e.,
Theorem 3.1, & = 0), Algorithm 1 [31] and Theorem 2 [23]. The stopping criteria is defined as
E, = |Iv, — u,]| < 1075. Table 1 summarises the comparison of these algorithm with respect to the
following choices of initial inputs:

Choice 1. py =4, p; =4.5.
Choice 2. py =5, p; = -3.

Choice 3. po = —-1.3, p, = —4.7.

Table 1. Numerical results for Example 4.1.

Choice 1 Choice 2 Choice 3
Iteration CPU(s) Iteration CPU(s) Iteration CPU(s)
(1) Theorem 3.1, £, # 0 11 0.053120 14 0.051362 10 0.048537
(2) Theorem 3.1, &, = 0 17 0.060018 19 0.058867 16 0.057642
(3) Algorithm 1 [31] 27 0.068117 37 0.069215 33 0.065345
(4) Theorem 2, Gibali etal. 36 0.074537 45 0.077642 38 0.068804

The error plotting E,, of &, # 0 and &, = 0 for each choice in Table 1 are shown in Figure 1.
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Figure 1. Comparison of Theorem 3.1 for &, # 0 and &, = 0 with Theorem 2 [23].

We can see from Table 1 and Figure 1 that the Theorem 3.1 with £, # 0 performs better as compared
to the Theorem 3.1 with &, = 0, Algorithm 1 [31] and Theorem 2 [23].

5. Applications

In this section, we demonstrate some theoretical as well as applied instances of the main result in
Section 3.

5.1. Split feasibility problem

The classical split feasibility problem (SFP), essentially due to Censor and Elfving [16], aims to
find§ € w:=CNh'(Q)=1{feC:hie Q}, where C C H; and Q C H, are nonempty, closed and
convex subsets of H, and H,, respectively. In order to derive the result for SFP from Theorem 3.1, we
recall the indicator operator of a nonempty, closed and convex subset C of H as
0, s*€C;

0o, otherwise.

(Dc(S*) = {

It is well known that the subdifferential 0O, associated with ®¢ is a maximal monotone operator.
Recall also that 00 = N(u, C), where N(u, C) is the normal cone of C at u. Utilizing this fact, we
conclude that the resolvent operator of d®c is the metric projection operator of H; onto C. Setting
B(x) = h*(Id — Py)hx, where P, is the metric projection onto Q and A(X) = 0P (%) then the SCFP has
the inclusion structure as defined in (1.1). Since B is p-Lipschitz continuous, where p = ||7i||*> = 1 and
A i1s maximal monotone, (see [12]), we, therefore, arrive at the following variant of Theorem 3.1:

Theorem 5.1. Assume that T = w N Fix(W) # 0. For given py, p\ € H,, let the iterative sequence (p,)
be generated by

Up = pp+ é_:n(pn = Pn-1);

v, = Pe(ld — p,i*(Id — Po)h)u,;

Sn = Va — H(W*(Id — Po)h)v, — (h*(Id — Po)l)uy);

DPn+1 = anh(pn) + (1 — _ﬁn)pn +ﬁni ::01 Wisn-
Assume that the following step size rule:

5.1

1 Gllun_vn” . * * .
st = M T g Ga=Pgmm» Mnd ¥ (A7 (1d = Po)iyuy — (B*(Id = Po)h)vy # 0;
s otherwise,
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and conditions (C1) and (C2) hold. Then the sequence (p,) generated by (5.1) converges strongly to
an element in T

5.2. Convex minimization problems

Letf: H - RU(+o0) and g : H — R U (+00) be two convex, proper and lower semicontinuous
functions such that f differentiable with p-Lipschitz continuous gradient and g is such that its proximal
map. We consider the following convex minimization problem of finding ¥ € H such that

(%) + 9(x) = min {i(x) + 8(0)}. (5.2)

In view of the Fermat’s rule, the problem (5.2) is equivalent to the following problem of finding x € H
such that

0 € Vi(x) + 0g(x), (5.3)

where the subdifferential dg is a maximal monotone operator and the gradient Vf is p-Lipschitz
continuous [12,37]. Assume that w is the set of solutions of problem (1.1) and w # (. In Theorem 3.1,
set that B := Vfand A := dg. Then, we compute the following result.

Theorem 5.2. Let f : H — R U (4+), g : H — R U (+0) be two proper, convex and lower
semicontinuous functions on a real Hilbert space H. Assume that I’ = w N (2, Fix(W;) # 0 and
&, is a bounded real sequence. For given py, p1 € H, let the iterative sequences (p,) be generated by

Up = pp + En(pn = Dn-1);

v = Julld = 11, VDt

Sp = Vn — ,un(Van = Viuy,),

DPn+1 = a’nh(pn) + (1 — _ﬁn)pn +:8n% :l:_()1 Wisn-

(5.4)

Assume that the following step size rule

ntl s otherwise,

and the conditions (C1) and (C2) hold. Then the sequence (p,) generated by (5.4) converges strongly
to an element in T

5.3. Application to image processing problems

Let h € R™ be a blurring operator, z € R” be the original image and w € R” be the blurred and
noisy image (observed image) with v be the additive noise from R”. The following structure is known
as an image recovery problem:

hz =w+v.

For solving this problem, we make use of the model of Tibshirani [43] which is known as LASSO
problem:

1 )
min { >[Iz — il + kel | (5-5)

AIMS Mathematics Volume 8, Issue 10, 24590-24608.



24603

where k > 0 is a regularization parameter. Problem (5.5) cannot be used to solve the image de-
blurring directly, as the image is sparse under some gradient transformation. In order to reconstruct
the images from their noisy, blurry and/or incomplete measurements, Guo et al. [26] proposed a novel
regularization model for reproducing high-quality images using fewer measurements than the state-of-
the-art methods. We therefore use the following model:

1 )
min {>lhz - Wi + KIVz], ). (5.6)

The Richardson iteration, which is often called the Landweber method [20, 21, 45], is generally used
as an iterative regularization method to solve (5.6). This method is defined as follows:

sl = 2k + PhT(W —hzy), (5.7)

2

2
€max

and €,y 1S

the largest singular value of h. We set k = 0.7875 and u = 0.001, &, = Fggomizs @ = 375 Bn = 550r7-

The quality of the the restored images are analyzed on the following scale of signal to noise ratio (SNR)
defined as SNR = 201log,, ”Z”_Zgjnz , where z and z, are the original and estimated images at iteration n,
respectively. We compare the performance of the algorithms abbreviated as Theorem 5.1, &, # O,
Theorem 5.1, &, = 0, Algorithm 1 [31] and Theorem 2 of Gibali et al. [23] on the test images (Mona

Lisa and Cameraman) via the image restoration experiment for motion operator, respectively.

where p step size is constant. To ensure the convergence, the step size satisfy 0 < p <

It can be observed from Figures 3 and 5 that the larger SNR values infer the better restored images.
We can see from Table 2, and the corresponding test images in Figures 2 and 4, that the inertial variant
of the iterative algorithm in Theorem 5.1 (i.e., &, # 0) performs better as compared to the non-inertial
variant (i.e., & = 0) Algorithm 1 [31] and Theorem 2 of Gibali and Thong [23].

(a) Original image (b) Observed image (c) Reconstructed image

Figure 2. (a) Original image (182 x 276) with a motion length 30 and an angle 45; (b)
Observed image, degraded by motion; (c) Reconstructed image.
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Figure 3. Comparison of (5.1), &, # 0, (5.1), & = 0 and Theorem 2 [23].

(a) Original image (b) Observed image (c) Reconstructed image

Figure 4. (a) Original image (256 x 256)with Gaussian blur of size 9 X 9 and standard
deviation o = 6; (b) Observed image, degraded by Gaussian; (c) Reconstructed image.

‘ J
—e—Thm. 5.1, fin #0
g —+—Thm. 5.1,&, =0
el

—eo—Algo. 1, [28]
—+—Thm. 2, Gibali et.al

(SNR}

0 50 100 150 200 250 300 350 400
No. of Iterations

Figure 5. Comparison of (5.1), &, # 0, (5.1), &, = 0 and Algorithm 2 [23].

Table 2. The SNR in decibel(dB) values and average per iteration computation time of the
two optimization algorithms.

Mona Lisa Cameraman
No. of test image SNR(dB) CPU(sec) SNR(dB) CPU(sec)
(1) Theorem 5.1, &, # 0 38.3032  30.1321 349918  20.1326
(2) Theorem 5.1, &, = 0 37.5156  26.3298  27.7731 17.0077
(3) Algorithm 1 [31] 29.3231 254876  21.8794 15.6142

(4) Theorem 2 of Gibali and Thong 22.3231  23.1861 17.6226  13.0051
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6. Conclusions

In this paper, we have devised an accelerated Visco-Cesaro means Tseng’s type splitting method for
computing a common solution of a monotone inclusion problem and the FPP associated with an infinite
family of n-demimetric operators in Hilbert spaces. We have incorporated an appropriate numerical
example for the viability the iterative algorithm. We have also included some theoretical, as well as
applied instances, of the main result in Section 3 that can provide an important future research direction
in these theories.
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