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Abstract: Multifractal analysis is typically used to describe objects possessing some type of scale
invariance. During the last few decades, multifractal analysis has shown results of outstanding
significance in theory and applications. In particular, it is widely used to characterize the geometry
of the singularity of a measure u or to study the time series, which has become an important tool for
the study of several natural phenomena. In this paper, we investigate a more general level set studied
in multifractal analysis. We use functions defined on balls in a metric space and that are Banach
valued which is more general than measures used in the classical multifractal analysis. This is done
by investigating Peyriere’s multifractal Hausdorff and packing measures to study a relative vectorial
multifractal formalism. This leads to results on the simultaneous behavior of possibly many branching
random walks or many local Holder exponents. As an application, we study the relative multifractal
binomial measure in symbolic space d.A.
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1. Introduction

The concept of multifractal analysis was developed around 1980, following the work of B.
Mandelbrot, when he studied the multiplicative cascades for energy dissipation in the context of
turbulence [24, 25]. Since then, it has been developed rapidly and discussed by several authors,
emphasizing its importance in the study of local properties of functions and measures. In particular,
the multifractal spectrum provides a characterization in terms of the geometric properties of the
singularities of a distribution. More precisely, let X : R — R be a signal; the multifractal analysis
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is a processing method that allows the examination of X by using the characteristics of its pointwise
regularity, which are measured by ax(x), i.e., the exponent of pointwise regularity. This is done by
using the multifractal spectrum, which is the Hausdorff dimension of the set of locations where the
function ax(x) is distributed, to characterize the set of x such that ax(x) = a. Specifically, consider the
set

E(a) = {x eRY ax(x) = oz}, (1.1)

which gives a geometric and global account of the variations in X’s regularity along x. Usually, we
use the Hurst exponent H as a quantification of the degree of self-similarity of the time series which
is directly correlated with the fractal dimension D and describes the complexity of the signals. A
higher value of D indicates a higher irregularity of the signals: D = 2 — H [11, 18]. In the last
few decades, multifractal analysis has become a powerful tool to study the time series which has
become an important tool for the study of several natural phenomena. In fact, such series present
complex statistical fluctuations that are associated with long-range correlations between the dynamical
variables present in these series, and which obey the behavior usually described by the decay of the
fractal power law. This theory in time series was first introduced by B. Mandelbrot in [21-23] including
early approaches by Hurst and colleagues [18,19]. Since then, fractal and multifractal scaling behavior
has been reported in many natural time series generated by complex systems, including medical and
physiological time series especially recordings of the heartbeat, respiration, blood pressure wind speed,
seismic events, etc.

Recall the set E(a) given in (1.1) and consider, for n > 1, the dyadic interval I,,(k) = [(k—1)27", k27"]
with 1 < k < 2" and with length |/,,(k)| = 27". In fact, there are various definitions of the exponent «:

_ i log Ax(1,(k))
a=lim ————,
n=eo log LK)
where Ax(1,(k)) may be chosen to be the wavelet-leaders Lx(7,(k)) or the oscillation Oscx(I,(k)) of X
over the interval I,,(k) [20]. Therefore, it is interesting to introduce the local dimension of a probability
measure y at a point x:
ifmioe(r, ) = lim 2B B®)
r—0 logr

as well as the set E (a) = {x € RY; dimyge(x, u) = a/}, where B(x, r) stands for the closed ball of
center x and radius » and @ > 0. In the beginning, the multifractal formalism used “boxes”, or in other
terms took place in a totally disconnected metric space. To get rid of these boxes and have a formalism
meaningful in geometric measure theory, Olsen [27] introduced a formalism which is now commonly
used. Especially, we compute the Hausdorfl multifractal spectrum function f, defined as

ful@) = dim (E,(@)),

where dim denotes the Hausdorff dimension. To this end, multifractal analysis can be considered
as another way to describe the local properties of time series. Since then, numerous writers have
looked at these measures, stressing their significance for the study of local fractal properties and fractal
products [5-7,13-16,26].

Moreover, the developments of this field showed that getting a valid variant of the multifractal
formalism does not require the application of radius power-laws equivalent measures. This leads one
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to think about a general framework wherein the restriction of the vector-valued function on balls may be
any vector-valued function &(B(x, r)) which is not equivalent to power-laws r* and develops a general
multifractal analysis. In particular, and in another context, to overcome the problem of being a non-
doubling, non-Holderian measure, Cole, in [10] proposed to control the analyzed measure u by another
suitable measure v via a relative multifractal analysis of the relative singularity sets. More specifically,
he calculated, for @ > 0, the size of the set

_ log u(B(x, 1))
E(a)—{xESupp,uﬂsuppv I%m ar,

where suppu is the topological support of the measure p. For this, he introduced a generalized

Hausdorff and packing measures denoted by H,", and P}, respectively. One can emphasize the duality

by replacing RY by a general metric space (X, d) and then replacing the diameter by a more general

function defined on balls in X and analyzing functions defined on balls which are more general than

measures. More precisely, let E be a separable real Banach space, whose dual is denoted by E’ and the

form of the duality (, ). We denote by B(X) the set of closed balls on X. We consider the functions
{g :B(X) >R, (12)

x:XxXR, —->F,

such that, for all x € X, one has that lir% &(B(x, r)) = +o0. For a € E’, we consider the set

X, (a) = {x e X fim WX

T ={(w,a), VWEE},

where y = (x%,&). The set X, (@) may be thought of as the set of points x such that ”(x ’) tends to « in
the sense of topology o (E,E’) when r tends to 0. In [28], Peyriere introduced Vectorlal Hausdorff and
packing measures denoted by H," " and 7’; respectively. He defined, in a natural way, the Hausdorff
and packing dimensions denoted respectively as dim{ and Dim{. In particular, if % = O then dim{ will
be denoted by dim, and Dim! will be denoted by Dimg. In fact, such measures are appropriate for the
study of a general formalism by relating

dimg(X,(a)) and Dimy(X,())

to the Legendre transform of the multifractal Hausdorff and packing functions denoted respectively by
b, and B, (see Section 2 for the definition).

The purpose of this paper is to study the Hausdorff and packing dimensions of the set X, («). In
fact, it is difficult to compute these dimensions in general, but we can compute a lower bound of
the Hausdorff and packing dimensions of this level set. Indeed, we can decompose the set X, (@) and

: 6( = (. Inspired by [4,10,29],
r—0 — r
we define @ € E” and 8 > 0 ; then the set is given as
X, (@, f) = {x e X 1im XDy and im S50 g ywe E}.
r—0 é:(_x, }“) r—0 — lOg r
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This article is organized as follows. The next section is devoted to recalling the definitions of the
various multifractal dimensions and measures investigated in the paper. In Section 3, we will state and
prove our main results concerning the study of Hausdorff and packing dimensions of the set X, (@, 8). In
general settings, we have that dim X, (a, 8) # Dim X, (a, 8); for this, we give in Section 4 a sufficient
condition so that we have the equality. In this case, we say that the relative multifractal formalism
holds. As an application, we study the validity of the relative multifractal formalism for the binomial
measure in symbolic space 0.A.

2. Preliminaries

2.1. Vectorial multifractal measures and dimensions

In this section, we recall the multifractal Hausdorft and packing measures introduced in [28]. We
assume throughout this paper that X is a separable metric space verifying the Besicovitch covering
property [8,9]. We define

Bx,r):={yeX; d(x,y)<r},

1.e., the closed ball with center x € X and radius r > 0. We denote by B(X) the set of closed balls on X.
Let ¢ : B(X) — R be an application such that, for all x € X, one has that lirrol &(B(x, r)) = +00. Such

a function will be called a valuation on X and we will write that &(x,r) = &(B(x, r)), for simplicity.
When such a valuation is given, one sets

X, = {xGX; E(x,r)>1 forr < l/n}.

We consider the function % : X X R, — E’. We denote by ( , ) the duality bracket between E and E'.
LetACX,teR,geE, y=(x¢ and 6 > 0; we write

ﬁ;;(A) — infz e—((q,%(xznri)Htf(xl',ri))’
where the infimum is taken over all families {(x;, r;)}; satisfying that {B(x;, r;)}, is a centered d-cover of
A, thatis, A € | JB(xi,r), 7 < 6 and x; € A. Let

—q,t . =gt —~ —q,t
H, (A) = (151_r)13‘HX’6(A) and  H(A) = Isg\)?{)( (F).

Now ?{;” 1S a metric outer measure. In addition, the function ¢t +— ‘H)?”(A) is non-decreasing;
nevertheless, it is so if A is a subset of one of the X,,. This is why one more step is needed in the
construction. We write

H(A) = lim H(A N X,).

Similarly, multifractal packing measures are defined as

—qt _ - -
P){,(S(A) = sup Z e ((q,%(xhr,)>+f§(xz,r,)),
i
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where the supremum is taken over all families {(x;, 7,)}; such that (B(x;, 7)), is a 6-packing of A, that is,
ri <0, x; € Aand B(x;, ;) N B(xj,7;) = 0, for i # j. Then, we define

ﬁqJA li ﬁq’tA
VA = LimPA),

inf{Z¢)‘j”(A,~) |Ac UAI},

SD)Z’I(A)
and _
7’)‘?” (A) = lim P)q(”(A N X,).

The functions ﬁfﬁ’t and P)q(” are metric outer measures. Furthermore, we may prove using the well
known Besicovitch covering theorem that there exists an integer 6 € N such that

HI < 0P, 2.1)

The measures ﬂf’t and P)q(’t assign in the usual way a multifractal dimension to each subset A of X.
They are respectively denoted by dim{(A) and Dim{(A). More precisely, we have

dim?(A)
Dim?(A)

inf{re R | H(A) =0} = sup{r e R | HI'(A) = oo},
inf{r e R |PY(A) =0} = sup{r e R |P(A) = oo},

One also defines A)q(, which generalizes the Minkowski-Bouligand dimension; for a bounded set A, one
sets )
. . —q,
AYA) =inf{t=0 | lim Py'(ANX,) =0},

If A is unbounded, one chooses x, € X and can set
Al(A) = nl—i>IPoo A)q((A N B(xg,n)).

As a direct consequence of the definition, the dimensions defined above satisfy that dim!(A) <
Dim{(A) < Al(A). Moreover, for x = 0, the functions H,", P}’ and ﬁq(’t will be denoted respectively
—t
by ‘Hg, Pff and P,; then, we will write
dimg(A) = dim!(A), Dimg(A) = Dim{(A) and A(A) = Al(A).

Remark 1. In the special case where x = 0 and &(x,r) = —logr, we come back to the classical
definitions of the Hausdorff and packing measures and dimensions in their original forms [27]. In
particular, we get

7-()‘(” =H, 7’;” =P,
and
dim;(A) = dim(A), Dimg(A) = Dim(A).

Finally, we respectively define the multifractal functions b,, B, and A, : E — [—oc0, +0o0] by
by(q) = dim{(X), B,(¢) =Dim/(X) and A,(g) = ALX). (2.2)

Moreover, it is well known [28] that A, and B, are convex and b, < B, < A,.
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2.2. Example: Homogeneous tree

Let b > 2 and consider the set A* = U A as a free monoid consisting of words on A =
k=0
{0,1,2,...,b — 1}. The empty word ¢ is the identity element and it is convenient to set A’ = {e}.

The concatenation of two words u# and v will be simply denoted by a juxtaposition, that is the word.
The length of the word u is denoted by |u|. Moreover, we may define an order “ < on A" : if a word v
is a prefix of the word u, we write v < u. The set of infinite sequences of elements of A will be denoted
by 0A. We identify u € A* with the cylinder [u] := {x € dA, u < x}. We define an ultrametric
distance on 0.A by

d(u,v) = b7, (2.3)

where u A v stands for their largest common prefix. In this example, we consider X to be the space 0.A
and y = (%, &) defined in (1.2) such that y constitutes functions defined on the cylinder. Let 6 > 0; A is
a bounded subset of X. We set

*q "(A) = sup Z PRGLEANEECEN)
J

where the supremum is taken over by the collection of 6-packings {B(xj, r;)} of A suchthatd/b < r; <
0. We define
P,7'(A) = sup limsup P % (A NX,)

n>1 -0

and
AY(A) =inf{t> 0 | P/(A) =0},

Definition 1. For b > 2, the valuation £ is said to be normal if, for all n > 1 and all € > 0, there exists
p > 0, such that Z e 1P < oo where
20

E,(t) = inf inf f(x r).

x€X,, 1/b<r<
Lemma l. Let g € E, t € Rand k > 1. If ¢ is normal, then we have the following
(1) P*qt (aﬂ) — Z e‘(%”([“]»—ff([u]).

ue Ak
(2) AL =AY

Proof. (1) Let {B(x;, r;)}; be a packing of A such that b*"! < r; < b7*; then,

Z ~(@XBOr)) =t i) < Z ~(q.%([u))~E([ul)

ue Ak

It follows that SD*"’ (0A) < Z (@.x(un=60ud " Op the other hand, since {[u] u e ﬂk} is a b7k-
uc Ak

Z @ £l < Pt (5 7)

uc Ak

packing of 0.A, we have

as required.
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(2) Since, for all n > 1, P*'(A) < ﬁq(’t(A N X,), one has that A}’(A) < Al(A). Now, suppose that
Al(A)> 0. Let 7 and € be two positive numbers such that 0 < ¢t — € < ¢ < AJ(E). Therefore,

?)z’t(A) = +00. We define recursively a sequence {1,,}m=0. First, 7o = b™%p, where p given by the
normality of & and ky is chosen so that 7o < 1/n. Suppose that 1,, has been defined. Then, there
exists an (17,,/b)-packing of A N X, with

Z e_(<q,%(xjarj)>+t§(xi;"j)) > 1.
There exists a positive integer k > 1 such that

Z e‘((%%(xjw’j)>+t§(x,~,rj)) > e—fé(b‘knm)/z o€l )

Jinm /b <brrj<my, k>1

Then we set 1,41 = b~*1,,. It follows that

P ANX,) > Z oo rp)+reir) pectr) < 1 /Z Y

Xollm+1
Jinm/b<bkri <my k>1

Therefore P} “(A) = +o0 and A}(A) > 1 — €.

Proposition 1. Let g € E, t € R and k > 1. If the valuation & is normal, then we have

1
A(q) = inf{t € R, limsup % log Z e~ (@)= (lu)) < 0},

koo ue Ak

1
Proof. Lett > f(g) := inf {f € R, limsup % log Z R~ O}. Then, there exists ky € N
k— o0 weAk

such that
Z o@D < 7 k> ko.
ueAk

It follows that

P;?;ik(aﬂ) - Z (@A uD)—5u) < 7

uc Ak

and, then P;q” < oo, This implies that A,(g) < f(q). On the other hand, assume that 7 < f(g); then,
there exists a sequence (k,,),,>1 such that

Z o~ $Gx)=tE((ul)

ueAkm

It follows that

7)*‘7,[ (aﬂ) — Z e—(q,%([u]»—l-f([u]) >0

X b—km
ueAkm

and then P;*" > 0. This implies that A, (g) > f(g) as required. o
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Remark 2. If y = (%, —logr) then

7);2;_ (BA) = b Z o~ (@ H(uD)

ue Ak

and 1

ko uc Ak

3. Main results

Multifractal analysis is typically used to describe objects possessing some type of scale invariance.
The investigation has focused on structures produced by one mechanism which were analyzed with
respect to the ordinary volume or metric. The most imported examples include branching random walk
and self-similar measures [1,2,27]. In particular, the multifractal spectrum provides a characterization
of the singularities of a distribution in terms of the geometrical properties. Unfortunately, we may
obtain identical spectra despite having strikingly different measures. For this, we will study a more
general level set. More precisely, let (X,d) be a separable metric space verifying the Besicovitch
covering property; E’ is the dual of a separable real Banach space E and y = (x,¢) such that » and &
satisfy (1.2). For @ € E’ and 8 > 0, we recall the set

(w, %(x, 1)) §(x, 1)

X (@,B) = {X €X; lrl_f}(} W =(w,@) and &1_1}1(} —logr

=P, VWEE}.

In this section, we will state our main results concerning the estimation of the Hausdorff and packing
dimensions of the set X (@) by using the Legendre transform of the multifractal Hausdorft and packing
functions, where the Legendre transform of a real valued function f : E — Ris a function f* : E' — R
defined by

fi(@) = inf (g, a) + f(q).
More precisely, we have the following results.

Theorem A. (1) Let ¢ € E and B > 0. Assume that, at some point q, the multifractal function
b, is convex and differentiable and set a = —b;((q). Then, provided that by(a) > 0 and

W;’bX(Q)(XX(a, B)) > 0, one has
dim X, (a,B) = B by (a).

(2) Let q € E and B > 0. Assume that, at some point q, the multifractal function B, is differentiable
and set @ = =B/ (q). Then, provided that B;(a) > 0 and SD)Z’BX (q)(XX(a, B)) > 0, one has

Dim X, (a,B) = B B (a).

The most common example in this context is considered when we study the multifractal measure u
with respect to arbitrary measure v. More precisely, take

#(x,r) = —logu(B(x,r)) and &(x,r) = —logv(B(x,r)),
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where p and v are two Borel measures defined in the metric space X. The major interest of this is to
use a partition of the space in sets of equal v measures instead of equal size (when considering the
diameter). In [10] the author formalizes the idea of performing multifractal analysis with respect to
an arbitrary reference measure by developing a formalism for the multifractal analysis of one measure
with respect to another. This formalism is based on the ideas of the ‘multifractal formalism’ as first
introduced by Halsey et al. [17], and closely parallels Olsen’s formal treatment of this formalism
in [27]. The Hausdorff and packing dimensions of X, (a) are fully carried by some subset X, (a, ().
The following corollary provides us with a sufficient condition that gives the lower bound for the
Hausdorfl and packing dimensions of X, (a).

Corollary B. (1) Assume that, at some point g, the multifractal function b, is convex and
differentiable. Set a = —b)'((q) and
I = { >0 ﬂq’bx(q)
= |82 01 H{" " (X (a.9)) > O},
Suppose that b;(a) > 0; then,

dimX (@) > supB b, ().
Bel

(2) Assume that, at some point g, the multifractal function B, is differentiable. Set « = - B, (q) and

J={B>0] P "(X,(.8)) > O}.
Suppose that By (@) = 0; then,

Dim X, (@) > supf B (a).
peJ
Remark 3. It is not difficult to observe that the second assertion of the preview corollary remains true
when we consider A, instead of B,. In particular, let a = —A;((q) and

I={820|H™ X (a.p)) > 0.

Then, provided that A} (@) > 0, we have that dim X, (o) = Dim X, (@) > Sup,cr B AL(@).

In the following example, we will consider a special case when the function A, is differentiable.
This fact will be used in Section 4.

Example 1. In this example, we will use the same notation as in Section 2.2. Let X = 0A, E be the
Euclidean space R" and {(p; )o<j<b}, <i<y be a family of positive numbers. Define the recurrence p;,
for giveniandu € A*:
Pie =1 and DPiuj = Piu Pi,j-

b-1
Then, when Z pi.j = 1, the function [u] — p;, extends to a probability measure on 0A. We set the

=0
function x([u]) = (—1og p;.)i<i<y and E(u]) = —logr. For ¢ = (q1,q2, - - .,qn) € RY, we have

N b-1 N b-1 N
iu Lut’i,j L]
ue Ak+1 ue Akt i=1 ueAk j=0 i=1 uc Ak j=0 i=1
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It follows that the sequence (Z e~ ”([”D)] is geometric; then, using Remark 2,
ue Ak k

b-1 N b-1 N
1
A,(g) = limsup — log Z ~@.xD) = Jim sup — logb Z l_[ plq’J Z 1—[ p
e uc Ak k=00 j=0 i=1 j=0 i=1

which is clearly differentiable.

3.1. Upper bound of Hausdorff and packing dimensions
LetA CE, @ € E' and 8 > 0; we define

Xyl i) = x| h?r%%_i;» > w.) and lim f(l’;;r >p, Vwe Al
(w, %(x, 1)) — &(x,r)
X, (@B A) _{ |Hnéw_<w,a> and Tim = < vWeA}.

The sets X, (a, g; E) and XX@,B; E) will simply be denoted by X, (a, ,[_3) and X, («, E) respectively. We
will be interested in the set

Xy(@,B) = X,@p) NX/(p.
Theorem 1. For @ € E' and > 0, we have the following:
(1) dim (X () < Bb"\(@).
(2) Dim (X,(@.f) < BB ().
A negative dimension means that X, («, ) is empty.

Proof. This theorem follows immediately from the following lemma. m|
Lemma2. LetacE,qgeE ACEandpB > 0.
(1) If (g, @) + b,(q) > O, then
dim (X,(@,5; A)) < B({g @) + by(9)).
(2) If (g, @) + B,(q) > 0, then
Dim (X, (@.B; A)) < B({q, @) + By(9))-

Proof. 1t is clear that we only have to consider the case when the set A = {g}. Let n and m be two
positive integers such thatm > n, g € E, t € R and €, and &, are two positive numbers such that

g <{q,a)y+t and & <B({g,a)+1t—g).

We consider the set

Am,n(gla 82) = {

< {(qg,a)+ d <B+———F"———f < —1.
&E(x, r) (@ @) +& an —logr P (g, ) +t+ & orr m

x(x,r)) &(x, 1) & 1 }

Then, we have

X @B:Aa) < () [JAna1/p1 1/p2).

n>1 p1,pr2>1 m2n
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(1) Let (B(xl-, r,-))i be a centered d-covering of a subset F' C A, ,(g1,&;) with0 < 6 < nl’z Then one has
e~ (@ arenitarn) < p=(a@.x(xir)) and ,lﬁ(<q’ ayttte)ter < e~ (@ o)+t+eE(ir) Tt follows that, for ¢ = bX(q) +7

,,f(<4’a>+bx<4>+'7+€1)+€2 < e~ (@b @nre))enr) o p=(@xCur by écr)

Therefore, we have

e by Z rf(<q,a>+bx(q)+n+61)+az < Z o~ (@ rtrr+ b @ mecr)
i i

. ——B{q.a)+by(+n+e1)+er —q,by(@)+7
From this, we can deduce that for 0 < ¢ < i , ?lf; g ) < ?{MX (F). Now,

letting 6 — 0, we obtain, for all F C A,,,.(g1, &2),

HAGO DDA, (61, £2) < HE D Ana(er,22).
Then it is easy to conclude that PO th@mrenter (4 (g, &,)) = 0. This implies that
dim (A1, £2)) < B({q. @) + by(q) + &1) + &2;

then by the countable stability and monotony of the Hausdorff dimension, we have
dim (X, (@.5: ) < B({q. @) + b,(q)).

(2) Let (B(x;, ri))l_ be a 6-packing of F C A,,.(&1,&) with 0 < § < L. Then, for r = B,(q) + 1, we
have that e~(@@*eDéin) < o=@ xtir)) and pplaaBarme e < (@0 Bl@nre et pyting
these together we see that

rf((q,(t)+BX(4)+n+s1)+ez < rlﬁ((q,a)+BX(q)+n+£1)+52 < e—((g,u(x,-,r,-)>+(BX(q)+;7)f(x,-,r,-))_

a)+B _ . .
Hence Z rf«q @By (a)men) e < Z e (@ ”(x”r’>>+(BX(‘1)+'7)f(x"r')). Then, we can deduce that, for 0 <
; 3

s< it
—B(g.a)+By(q)+n+er)t+e —q.By(¢9)+n
P? 'y 1 Z(F) < PX,(SX (F).
. . —B({(g:)+By(@)+n+e1)+e —q,By(q)+n
Letting 6 — 0, we obtain that Pﬁ BT l 2(F) < Pf’,f (F). Now, let (A));ay be a

covering of A, ,(€1,&,). We have

PB((q’a>+BX(q)+n+81 )+ex (Am,n (31 5 82))

IA

Z 7—jﬁ(<q,a>+BX(q)+n+81)+az (ANA)
i
—q.B(q)+n
DA ANA)

Z ﬁi’BX(q)m(Ai)-

IA

IA
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It results that PA@OB@enter (4 (s, &,)) < PEHP(A, (&1, 8,)). Since PLHPT (%) = 0,
it follows that, for all n, P**“*(x,) = 0. Therefore,

pﬁ((qﬂ>+3)((q)+77+81)+82 (Am,n(sla &)) = pﬁ((q,d)+BX(4)+n+81)+82 (Am,n(gl’ &)) = 0.

So, we have that Dim (A,, (g1, &2)) < B({q, @) + B,(q) + €1) + &;; then,

Dim (X,(@.B; A) < B(g, @) + By(q)).

3.2. Lower bound of Hausdorf{f and packing dimensions
Let v, g € E and assume that |B§,x(q)| < co. We define

B/\((q + [V) - B,\((Q)
; .
We will denote by B;((q) (as an element of E’) the derivative of B, at g when it exists. When B, has a

partial derivative at point ¢ along the direction v, one has that d_,B,(¢) = —0,B,(¢). In this case, we
have

(9VB,\/(Q) = 1[1_1;13

0,B,(q) = (v, B(q)).
Assume that the function v — 0,B,(g) is lower semi-continuous; then, from [28, Proposition 10]
and (2.1), one gets that P**?(X (a)) > 0, which implies that there exists B such that

P)z’BX(q)(XX(a/, B)) > 0. Similarly, if the function b, is convex and differentiable and v +— 9,b,(q)
is lower semi-continuous, then

H" (X @) >0  or  HIX\ X)) =0,
which implies that there exists A such that H/"*'" (X, (a. 8)) > 0.

Theorem 2. (1) If, for some q, W)f’bx(q)(XX(a, ,8)) > 0 and if v — 0,b,(q) is lower semi-continuous,
then, if b,(q) is convex and differentiable at g, one has

dim(X,(~ (@) 8)) = (b (@) - 4,b,(@))
(2) If, for some g, P)z’BX(Q)(XX(a, B)) > 0 and if v — 0,B,(q) is lower semi-continuous, then one has
Dim(X,( - B,(@).5)) = B(B.(@) - 0,5,(@)).

Proof. This theorem follows immediately from the following Lemma. O

Lemma 3. (1) If b,(q) is convex and differentiable at q and we set « = —b’,(q), then for each Borel
set E C XX(Q’:@ N X, we have

HL (E) < HPOo-do-e)-: (E),
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(2) Set a = —B',(q); then, for each Borel set E C Xx(%é) N X, we have

PIBD () < pA(B@-0,89-e1)-e (),

Proof. (1) For m > n, we consider the set

A, = {x € X, (a,p)NX, (q, %(x, 1)) + (0,0,(q) + &1)é(x, 1) > 0

and

>p+ for r< —
—logr B b, (q) — 0,b,(q) — &1 m

Given n and a subset F of A,, let (B(x;,r;); a centered J-covering of F with 0 <
§ < min{l/n,1/m). We have that e (v@-dby@-e)écir) 5  p-(Gntur+b@éin) and

r.(ﬁ(b)((q)—()qb)((q)—sl)—52) > e_(bX(CI)_")qb)((KI)—sl)f(xiari
i Z

&(x, 1) S & 1 }

). Therefore, we have
ﬁj’?(q) (F) < Z e‘((%”(xi,ri)>+b)((11)f(xi,r)) < Z ri—(ﬁ(bx(‘I)—aqb)((‘I)—m)—52).

i 7@ ——Bby(@)-0,b(9)-1)-
Then, for 6 < min{l/n, 1/m}, we have that ‘H;;q (F) < wg(*q ibila)-1)-:

60 — 0 gives that forall F C A,

(F), and letting

—qb —8(by(@)-8,b,(q)—e1 )
7’ (@) (F) < 7{8( (@) ~0yby(@)—&1 )2

X (F) S ﬁﬁ(b)((q)—aqb)((q)—b‘] )—82 (Am),

which gives that t?-(;f’b*(q) (A,) < wﬁ(bx(q)—aqu(q)—gl)_gz (A,,). Finally, since E = | J,, A,,, we obtain
HIO(E) < Ao D-dp-e1)-e2(F).
(2) For m > n, consider

A, = {x € XX(Q,E) NX,

(g %(x, 1)) + (0B (q) + £1)§(x, ) 2 0

and

f(x, I") &

1
2p+ for r< —}.
—logr p B,(q) — 0,B,(q) — & m

Givenn and a subset F ofA,,,0 < < i and let (B(x;, r;)); be a 6-packing of F. Then, we have that

o~ (B@-0,B, @ )eir) > p~((grayBy@ &) g - CEO-0BLD-21)=22) o (8,(0)-0,B,@ 1 e
> , >

Putting these together we see that

Z e—((q,z(xi,ri))+BX(q):f(x,-,r)) < Z ri_(ﬁ(B)(((I)—ﬁqBX(CI)—s|)—sz) < az,Bx(Q) (F)
i i

b

—q.By(q) —q.B(q)
then, P ;" (F) < Py "

pB@ (F). Now, let (A;); be a covering of A,,. Therefore, we have

(F). Thus, letting § — 0 gives that for all F C A, ﬁ(’B

—q,BX(q)

PLA) <P AN AY) < Y PETA, N A) < Y P (AL N A,
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It follows that

J— -0, —&1 )—¢ —] -0, —&1 )—¢&
PR (4 ) < Z Pﬁ(mq) (By(@)-1)-e2 (A, N A). < Z Pﬁ(BX(q) (By@)-1)-e2 A).

We can deduce now that P2 (E) < PA(BUa-0,B 021 )52 ),
O

As mentioned above, in the last decay, there has been a great interest in the validity and non-validity
of the multifractal formalism. Many positive results have been written in various situations. What
follows, we state a sufficient condition so that we obtain the validity of the multifractal formalism.
This result will be used to study the binomial measure in symbolic space 0.A.

Proposition 2. Let g € E and > 0. Assume that, at some point q, the function A, is differentiable
and set @ = =N} (q). Then, provided that 7‘(5’/\* @ (X (@,pB)) > 0, one has

dim (X, (@, 8)) = Dim(X(a,B)) = B by(a) = B By(a) = B A (a).
Proof. 1t is known from Theorem 1, that for all 8 > 0 and « € E, one has
Dim (X(0,8)) < B Bj(@) < B Aj(@).
It is clear that X (@, ) € X, (). Then the assumption 7{;’/\*(") (X, (@,p)) > 0 implies that
HEMD (X (@) > 0.

Therefore from [28, Theorem 12] we obtain that b,(q) = B,(q) = A,(q). Hence, using Lemma 4 and
the fact that A, is differentiable at g, we get

0< 7_{)‘(1’/\)((‘]) (Xx(a,ﬁ)) < Wﬁ(anX(Q)JFAX(q)*SI)*SZ (XX(Q/’ﬁ))
and then
dim (X,(@.8)) 2 B0,A (@) + Ay(q) — &1) = &2

Letting &, — 0 and &, — 0 yields that dimX,(a,8) > B(9,A,(q) + A,(¢g)), which achieves the
proof. O

Usually, it is difficult to check the hypothesis that W;’A*(q) (X, (@,B)) > 0. For this, we use the
Frostman lemma, which is a useful tool to verify this hypothesis.

Lemma 4. (Frostman lemma [28]) For > 0, if there exists a Borel measure u,, and two positive
numbers n and C such that uq(XX(a, B)) > 0 and such that, for all x € X, (a,B) and all r <1, one has

1 (B(x, 1)) < € e~ (artenedaen),
then 7«();1,AX(61> (XX(a, ,8)) > 0.
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4. Application

In this section, we will consider a special case when » and ¢ are two functions defined by using
binomial measures. In this situation, we are able to construct an auxiliary measure u, so that we obtain
the validity of the relative multifractal formalism, that is

dlm (XX(a,ﬁ)) = Dlm (XX(Q’ ﬁ))

Moreover, we can compute explicitly the Hausdorff and packing dimensions in this case. Take the
space E to be the Euclidean space R and we denote by X the space A with b = 2, that is, X = {0, 1}*".
Let (po, p1) and (wy, w;) be two probability vectors, that is pg, p1, wp, w1 = 0and ) p; = > w; = 1. We
define on A two binomial probability measures y,,, v,, by u,([€]) = v,([€]) = 1 and, for all u € A~
and i € {0, 1},
u([uil) = pupi  and  W([ui]) = w, w;.

Now, we consider the functions % and ¢ to be defined on the cylinder such that, for all u € A, we have
that %([u]) = —log u([u]) and

v([u])1+h(k) < o8 < V([u])l_h(k),

where 4 : N — R* is a non-increasing function with gim h(k) = 0. It is clear that a special example of

the function £ is when it is defined using the measure v by &([u]) = —log v([u]). For g € R, we define
7(q) as the unique number satisfying

plog? + plw@ = 1. 4.1)

Choose h(k) small enough so that 1/2 < inf,cq v([u])™"® < sup, o v([u]) 7" < 3/2 (take for
instance h(k) = o (inf {Inv(u), u € A* })). Finally, we define

B(q) := —pow;? log, wy — prw; ? log, w;.

Theorem 3. Let (a, ) € R? such that a = —7'(q) and 8 = B(q) for some q € R. Then,
dim (X,(.f)) = Dim (X(a.f) = B 7'(a).
Observe that, for all £ > 1, we have

Z o~ (@A) -T(@EuD Z w([u]) v ([u])" @)

ueAk+1 ue Ak+

3/2 3 p(lu)y ()

ueAk+1

3/2 " ([ (plwp® + pley®) < 3/2.

ue Ak

IA

IA

=1

Similarly, we have that Z e~ (@ lD=T@EuD) > 1 /2 Tt is clear that & is normal; therefore, according

ueﬂk“
to Lemma 1, we have

0< p;q,r(q)(agz[) <oo andthen A, (q) =1(q.
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We define, for each g € R, the measure y, on 0.A by

wle) =0  and  p,([u]) = pl W@ 42)
for all u € A*.

Lemma 5. Let y; be a binomial probability with the parameter | € (0, 1); then, for u,-almost every x

11 10g2 Iul([xm]) p ‘r(q)

7(q)
lim - log, [ — piw; ¥ log,(1 - 1),
where X = Xj ... X € Ak,

Proof. The proof follows immediately from the law of large numbers see the details in [29], or [3] in a
more general case. O

In particular, using the Lemma 5, for y,-almost every x € A, we have

E([xw)) im (1 — (k) logy vl _ poc® ()

ke klog2 klog2 k- —k log, wo — prw; ™ log, wy = B(q)
and
(D) . logy (D)) —k(1— k() _ powy ¥ logy po+ prvilogy pr
lim = lim D e =-7(q) = a.
k—oo E([xp]) ko —k log, v([xi]) powy " log, wy + prw; ? log, w,

Hence, p, (X, (a,B)) = 1. Moreover, for any u € 0A, we have

) ) )
e~ @ x([uD)-1(@&u)  — IJ([u])‘lv([u])T(Q)(l‘*’h(k)) =k u([u])QV([u])T(Q)
3 Hg([ul) 3 plwi® 3

2 @y @ = 2 plr® =2

u

Therefore, from Lemma 4, we have that ?{;”T(")(X,{(a, B)) > 0, which implies that

b(q) = B,(q9) = A (q) = T(q).

Since 7 is differentiable at g, Theorem 2 gives that

dim (X, (@, B)) = B(ga + 7(q)).

On the other hand, by Theorem 1, we have that dim (XX(a, ,8)) < B bi(a) = B (). Finally, we
obtain

dim (X, (a,3)) = Dim(X (e, 8)) =8 b)*((a/) =B B;(a/) =B 1 ().
Remark 4. In fact, we can use the mass distribution principle [12] to compute the validity of the
multifractal analysis. Indeed, for p,-almost every x € A, we have

lim 82D Tog g nd) Slnd) B(g lim(1 - () ——* 108 Py

k=00 -k koo —E([xp]  klog2 B log w,, i T(Q)) Alaa +7(@)).

Therefore, the Hausdorff dimension of the measure y, is g v*(a), where § = 5(q).
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