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Abstract: In real Hilbert spaces, for the purpose of trying to deal with the pseudo-monotone
variational inequalities problem, we present a new extrapolation projection contraction algorithm based
on the golden ratio in this study. Unlike ordinary inertial extrapolation, the algorithms are constructed
based on a convex combined structure about the entire iterative trajectory. Extrapolation parameter y
is selected in a more relaxed range instead of only taking the golden ratio ¢ = % as the upper bound.
Second, we propose an alternating extrapolation projection contraction algorithm to better increase the
convergence effects of the extrapolation projection contraction algorithm based on the golden ratio. All
our algorithms employ non-constantly decreasing adaptive step-sizes. The weak convergence results of
the two algorithms are established for the pseudo-monotone variational inequalities. Additionally, the
R-linear convergence results are investigated for strongly pseudo-monotone variational inequalities.
Finally, we show the validity and superiority of the suggested methods with several numerical
experiments. The numerical results show that alternating extrapolation does have obvious acceleration
effect in practical application compared with no alternating extrapolation. Thus, the obvious effect of
relaxing the selection range of parameter ¢ on our two algorithms is clearly demonstrated.
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algorithms; weak convergence
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1. Introduction

In the present investigation, H is a real Hilbert space and C is a nonempty, closed, and convex subset
of H, A : H — H is a continus mapping. The variational inequality problem (abbreviated, VI(A, C)) is
of the form: find z* € C satisfied with

(A7',z-7)>0, YzeC. (1.1)
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Numerous domains have important uses for variational inequalities. Many academics have studied and
come up with a multitude of findings [1-4].
The problem VI(A, C) (1.1) is analogous to the problem of fixed points:

7= Pc ("= AAZ), 1> 0.

As a result, VI(A, C) (1.1) is possible solved by using the fixed point problem (see, e.g., [5,6]). The
following projection gradient algorithm is the simplest one:

Zns1 = Pe (2, — AAZ,) . (1.2)

However, this method’s convergence necessitates a moderately strong supposition that A is a n-strongly
monotone and L-Lipschitz continuous mapping, 1 is a positive constant and step-size A4 € (O, i—rz’)
However, algorithm (1.2) does not work when A is monotone.

The extragradient algorithm of the following type was presented by Korpelevich in [7]: given z; €
C,

(1.3)

Yn = PC (Zn - /lnAZn) s
Zn+l = PC (Zn - /lnAyn) 5

where 4, € (0, %) A is relaxed to a monotone mapping based on algorithm (1.2). Moreover, it has
been shown that the sequence {x,} will eventually arrive at a solution for the (1.1). However, P¢ lacks
a closed form formula and (1.3) requires calculating P¢ twice in each iteration, which will result in an
increase in the amount of computing that the procedure requires. There has been a lot of research done
in this area by Censor et al ( [8—10]). The issue that it can be tricky to calculate P was solved by using
the projection onto the half space or intersection of half spaces rather than subset C. He first proposed
projection and contraction method (PCM) in [11]. Cai et al. in [12] have studied the optimal step size

n, for PCM, and the method which takes the following form:

Yn = PC (Zn - /lAZn)a
d(Zn’ yn) =Z2n—Yn— A (AZn - Ayn) s (14)
Zn+l = Zn — )’ﬂnd (Zna yn) s

where

ldGryl? (1.5)

Cynd@y)) - 1d (z,,, yo)ll # O,
M =
0 Id 2oyl = 0.

The benefit of this method is that A is as flexible as the algorithm (1.3) and only needs to calculate
the projection once. The method’s efficacy will be vastly enhanced by both theoretical and numerical
experiments. After adding the optimal step size 7,, the speed of convergence is enhanced further. The
focus of numerous professionals has been drawn to method (1.4) because of its great characteristics
and results. Based on the method (1.4), numerous academics have achieved numerous significant
advancements (see, e.g., [12-14] and others). Recently, Dong et al. in [13] added inertial to
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method (1.4) in order to obtain better convergence effect. In [15], Shehu and lyiola incorporated
alternating inertial and adaptive step-sizes:

_un + @y (uy —u,m), no=o0dd,
"= {Mm n = even,
u, = Pc (v, — 1,Av,), (1.6)
d (Vs ) = vy = Ty — A, (Av, — AlL,)

Up+l = Vn — Vﬂnd (Vn’ ﬁn) s

where
s LV =1yl -
Ape1 = mm{uAv,,—Aunn’/l"}’ Av ¢’f‘u”’ (1.7)
A, otherwise,
and
(Vn_ﬂn,d(vn,ﬁn» -
I e LG AR s
0, ld (v, up)ll = 0.

When the assumption of mapping A is relaxed to pseudo-monotone, convergence of the algorithm is
proved. Additionally, they gave R-linear convergence analysis when A is a strongly pseudo-monotone
mapping. In numerical experiments, the algorithm with alternating inertial in [15] performs better than
the algorithm with general inertial in [13].

A fascinating concept has lately been created by Malitsky in [16] to solve mixed variational
inequalities problem: find z* € C satisfied with

(A7, z-7)+g(@)—-g(@) 20, VzeC, (1.9)

where A is monotone mapping, g is a proper convex lower semicontinuous function. He proposed the
following version of the golden ratio algorithm:

Z — (¢_ Dzn+2n-1
! o (1.10)
Zn+l = PrOX,lg (Zn - /lAZn) s

where ¢ is golden ratio, i.e. ¢ = % In algorithm (1.10), z,, is actually a convex combination of all
the previously generated iterates. It is straightforward to ascertain that when g = ¢¢, (1.9) is equivalent
to (1.1). Then, the algorithm (1.10) may be written equivalently as:

Z — (p—1)z,+Zn-1
" 67 (1.11)
n+l = PC (Zn - /lAZn) .

Numerous inertial algorithms have been published to address the issue of pseudo-monotone
variational inequalities. Moreover, the golden ratio algorithms and their convergence have been
researched for solving mixed variational inequalities problem when A is monotone. However, there are
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still few results about golden ratio for solving variational inequalities problem (1.1) when A is pseudo-
monotone. The algorithm presented by Malitsky is very novel, and it provides us with some inspiration.
Under more general circumstances, we hope to solve the variational inequalities problem (1.1) using
the convex combination structure in this algorithm.

In this research, we combine the projection contraction method in [11] and golden ratio technique to
present a new extrapolation projection contraction algorithm for the pseudo-monotone VI(A, C) (1.1).
To speed up the convergence of the new extrapolation projection contraction algorithm, we also present
an alternating extrapolation algorithm. We can greatly expand the selection range of step size in the
combination structure, and expanding the range of step size has a significant effect on the results of
numerical experiments. Although the golden ratio is not used in our algorithm in the end in [13],
considering that this paper is inspired by Malitsky’s golden ratio algorithm, the algorithms proposed in
this paper is still recorded as projection contraction algorithms based on the golden ratio. In this paper,
we primarily make the following improvements:

e We propose a projection contraction algorithm and an alternating extrapolation projection
contraction algorithm based on the golden ratio. Weak convergence of two algorithms are
established when A is pseudo-monotone, sequentially weakly continuous and L-Lipschitz
continuous.

o We get R-linear convergence results of two algorithms when A is strongly pseudo-monotone.

e Our algorithms all use the new self-adaptive step-sizes which is not monotonically decreasing,
like (1.7).

e In our algorithms, A is a pseudo-monotone mapping which is weaker than [13, 17, 18].
Additionally, it is not necessary to restrict the extrapolation parameter y in (1, %] asin [19,20],
it can be to extend the value to (1, +00).

The structure of the article is as follows:

Section 2: Related knowledge involved in the paper. Section 3: We give a projection contraction
algorithm based on the golden ratio and the proofs of weak and R-linear convergence of the algorithm.
Section 4: We also give an alternating extrapolation projection contraction algorithm based on the
golden ratio, prove weak and R-linear convergence of the algorithm. Section 5: We give two numerical
examples to verify the effectiveness of the algorithms.

2. Preliminaries

Let {z,} be a sequence in H. We denote z, — z as {z,} weakly converges to z, while denote z, — z
as {z,} strongly converges to z.

Definition 2.1. [21] A : H — H is known as:
(a) n-strongly pseudo-monotone if

(Av,u—v)20:>(Au,u—v)anlu—vllz, Yu,v € H,

where n > 0;
(b) pseudo-monotone if

Av,u—v) >0 = (Au,u—v) >0, Yu,v € H;
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(c) L-Lipschitz continuous if there exists a constant L > 0 such that
|[Au — Av|| < L|ju —v||, Yu,v € H;
(d) sequentially weakly continuous if for each sequence {u,} :
u, = u— Au, — Au.

Definition 2.2. [22] Pc is called the metric projection onto C, if for any point u € H, there exists a
unique point Pcu € C such that ||lu — Pcu|| < |lu — V||, Yu € C.

Definition 2.3. [23] Suppose a sequence {z,} in H converges in norm to 7* € H. We say that {z,}
1
converges to 7* R-linearly if lim,_ ||z, — Z||" < 1.

Lemma 2.1. [21], [22] P¢ has the following properties:
(i) (u — v, Pcu = Pev)y > ||Pcu — Povll*, Yu,v € H;
(ii) Pcue C and (v— Pcu,Pcu—u) >0, YveC.

Lemma 2.2. [2]] This following equation holds in H :
llow + (1 =) VI* = o llull’ + (1 = ) IVMP* = o (1 =) llu = v|*, Yo €R, Yu,v € H. (2.1)

Lemma 2.3. [24] Suppose A is pseudo-monotone in VI(A,C) (1.1) and S is the solution set of
VI(A,C) (1.1). Then S is closed, convex and

S={zeC:(Aw,w—-2)>0,Ywe C}.

Lemma 2.4. [25] Let {z,} be a sequence in H such that the following two conditions hold:
(i) for any z € C, lim,_,, ||z, — z|| exists;

(ii) w,, (z,) C S.

Then {z,} converges weakly to a point in C.

Lemma 2.5. [19] Let {a,} and {b,} be non-negative real sequences which meet
n+1 < Ay — bna Yn > N’

where N is some non-negative integer. Then lim,_,, b, = 0 and lim,_,, a, exists.

Lemma 2.6. [26] Let {A,} be non-negative number sequence such that
/ln+1 < é_‘n/ln + Ty, Vn € N’

where {¢,} and {T,} meet
{6} C [1,+°0),Z(§n —1) < 400, 7, >0 and ZT,, < +00.
n=1 n=1

Then lim,,_, A, exists.
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3. Projection contraction algorithm based on the golden ratio

We provide a PCM algorithm with a new extrapolation step and the corresponding convergence
analyses in this section.

Assumption 3.1. In this paper, the following suppositions are true:

(a) A: H — H is pseudo-monotone, sequentially weakly continuous and L-Lipschitz continuous.
(b) The solution set S is nonempty.

() (&) € [1,400), 52, (&4 — 1) < +00, 7, > O and ¥, 7, < +oo.

Algorithm 3.1.  Projection contraction algorithm based on the golden ratio.

Step 0: Take the iterative parameters u € (0, 1), ¥ € (1, +00), vy € (0,2), and &, 71,4, > 0. Letu; € H,
vo € H be given starting points. Known sequences {&,}, {7,}. Setn := 1.
Step 1: Compute

-1 1
v, = Lun + —V,_1. (3.1
1/ 1/
Step 2: Compute
ﬁn = PC (Vn - /lnAvn) s (32)
where
] :u”‘}n_ﬁn” 7
Apry = min {IlAvn—Aﬁnll’gn/l” + T”} , Avy # %‘u"’ (3.3)
Endn + Ty, otherwise.
If v, = u,, STOP. Otherwise, go to Step 3.
Step 3: Compute
d (Vn,ﬁn) = (Vn - ﬁn) - /ln (Avn - Aﬁn) s (34)
©On = <Vn - ﬁna d (Vn, ﬁn» s
Upy1 = Vp — Yﬁnd (Vn’ ﬁn) ) (35)
where
‘Pn 7
5 e 1Ol 0, 56
0, ld (v, u,)l| = 0.

Step 4: Setn <« n + 1, and go to Step 1.
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Remark 3.1. Observe in Algorithm 3.1 that if Av, # Au,, then

,U”Vn - ﬁn” > /_lllvn - ﬁn” — E
”Avn - Aﬁn” L ”Vn - ﬁn” L

Therefore, A, > min{’z‘,/ll} > 0. By (3.3), we have A, < &4, + T,. From Lemma 2.6 we obtain

lim, e A, = A when {£,} C [1,+00), 377 (£, — 1) < +co, and },° | T, < +0o0.

Remark 3.2. In our algorithms, it is not necessary to restrict the range of W to (1, \52”] or (1,2], ¢
only needs to be greater than 1, which greatly relaxes the range of parameter to be chosen.

Lemma 3.1. Assume {u,} is the sequence generated by Algorithm 3.1 under the conditions of
Assumption 3.1. Then {u,} is bounded and lim,,_,, ||u,, — u*|| exists, where u* € §.

Proof. 1t is available from the iterative formate

lttsr — w|* = vy = " = yBud (v, I
= o = ' = 2By (Vo — ", d (v, 1)) + VB2 (v, )| .

According to (3.2) and Lemma 2.1(i),

(3.7)

<ﬁn - M*, Vn — ﬁn - AnAVn>
=(Pc (v, — ,Av,)) — Pcu*,v, — L,Av, —u" + u" — u,)
= <PC (vn - /lnAvn) - PCu*’ Vn — /lnAvn - l/t*>
+ <PC (Vn - ﬂnAVn) - PCu*7 u - ﬁn> (38)
>[|Pc (v, — 4,Av,) = Peut | + (@, — u*, u* — T,
= |l — w’l* = i, — u'|I®
=0.
Since u,, € C and u* € §, and Definition 2.1 (b), we have (Au,,, u,, — u*) > 0, thus,
A, (Au,, u, —u*) > 0. (3.9)
Making use of (3.8) and (3.9), we gain

<ﬁn - u*,d(vn, ﬁn» = <ﬁn - I/t*, Vn — ﬁn - /lnAvn + /lnAﬁn> = 09

SO,
(Vo =", d (Vy, U)) 2 @y (3.10)
Putting (3.10) in (3.7), we get
litnsr = wIP < lve = @I =¥ 2 =) Bap- (3.11)
By (3.5) and (3.6), we gain
_ . 1 5
Bupn = |1Bnd (v, w)|I” = " Vi = thnall” - (3.12)
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Putting (3.12) in (3.11),

Ve =t |- (3.13)

112 2
ety — u'll” < |lv, = u™l|” =

From (3.1) and Lemma 2.2,

ey — w2 = —2— v, — | - s = 12+ —2 = Ve = vat I
v -1 v-1 Ww-1)
v | ) (3.14)
= v, — u I - Vet = WP + — [ty = Vol
y-1 v-1 v
Combing (3.13) and (3.14),
112 112 112 1 112
et = = Nty =1 < = g v = I+ g e —
(3.15)

-y

2 2
- = ”un - Vn—l” - ”Vn - un+l|| s
v
SO we can obtain
apy1 < ay — bm

where

2
”vn—] - l/t*” ’

1
ay = llu, — u||* +
v—1
2-vy

1
2 2
bn = ”Vn - Mn+l|| + J ”un - Vn—l” .

From the above proof, we have obtained a, > 0 and b, > 0. According to Lemma 2.5, we can get
lim,, b, = 0 and lim,,_,, a, exists. Thus, we can get further lim,_, |[v,, — U+ I=0.
Inferring from the definition of v,, we get

%ﬂzuwﬂ—uw”+w_lm%—ww
= % IVie1 — M*”2 + ﬁ Vst = vall?
(3.16)
‘¢_1W%‘fW+¢_1W%‘fW
'// %112 1 2
= [Vn+1 — + — [Up+1 — Vall™ -
l/,_lllvH u'l| wlluu vall
We already know that
lim [[v, — 1> =0 and lim a, exists, (3.17)

we can easily get lim, . [[Vir1 — u*||* exists. From this it can be concluded that 1imy,_e |[#ns1 — u*|]*
exists and {u,}, {v,} are bounded. O
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Lemma 3.2. Suppose {u,} and {v,} are generated by Algorithm 3.1. Then under Assumption 3.1,
lim,, e ||V — u,ll = 0.

Proof. Noting
©On = ”Vn - ﬁnllz - /ln <Vn - ﬁn,AVn —Aﬁn>
> ”Vn - ﬁnllz - /1n ”Vn - ﬁn” ”Avn - Aﬁn”

An (3.18)
z(l—ﬂ “)nvn—ﬁnnz.

n+1

Available from (3.4),
ld (v, Ul < 1V = Uyl + A, [|AV, — Altyy]|

A _
< (1 + 2 ,U)Ilvn — Uyl .

n+1

(3.19)

Choosing a fixed number p in (i, 1). Since lim, . 4, = 4, we have lim,_, f—jl,u = u < p. Then
dng such that ﬁ,u < p, ¥Yn > ny. Therefore, Yn > ny, we have

lld v, wn)ll < (1 + p) Ve = uall,

and
@n > (1= p)|lv, — wl.
Thus,

1- ~mlF 1-
e =plv-Tl _ 1-p

B = = , (3.20)
Id a u)IF (L + ) vy =l (1+p)°
and so, Yn > ny, we can get
_ 1 1 (1+p)?
va = Tll* < T n = Ty e = ol < m o=l (321
From (3.21), we get lim,,_,«, ||v, — u,|| = O. O

Lemma 3.3. Assume that {u,} is generated by Algorithm 3.1, then w,, (u,) C S.

Proof. Since {u,} is bounded, w, (u,) # 0. Arbitrarily choose ¢ € w, (u,), then there exists a
subsequence {u, } < {u,} such that u,, — ¢. Then u,,y — ¢, v, -1 — ¢g. From Lemma 2.1(ii)
and (3.2) we have

W, — LAV, —u,u, —u) >0, Yu € C,

thus,

|
(Av,, u —u,) > T vy, — Uy, —u,), Yu € C. (3.22)

n

From (3.22) we can obtain
1
(Av,,u — v,y = (Av,, u, — v,) + T WV, — Uy, u—uyy, Yu e C.

n

So
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_ 1 _ _
<Avnk—]’ u-—- Vnk—l> > <Avnk—l, unk—l - Vnk—l> + /1 <Vnk—l - unk—l’ u-—- unk—l> ) VM € C (323)
ne—1
Fixing u € C and passing k — oo in (3.23), noting |{v,, — u,,|| — O, {u,,}and {Av,,} are bounded, we
obtain
lim (Av,, 1, u —vy—1) > 0. (3.24)

k—oo

Choosing a decreasing sequence {€;} such that ¢ > 0 and lim;_,, = 0. For each ¢,
Avy, #0and (Av, 1, u=v, 1)+ & 20, ¥j2 N, (3.25)

where N, is smallest non-negative integer that satisfies (3.25). As {¢} is decreasing, { N} is increasing.
For simplicity, it is useful to write Ny as ny,. Setting

AVNk—l
ﬂNk—l = —2,
[Avn |
one gets (Avy,_1, Py,—1) = <Aka_1, ||AAv:—kll||2> = 1. Then, by (3.25) for each k,
v, k=

(Avn,—1, U + €&FN—1 — V-1)

= <AVNk—1, u-— VNk—1> + € <AVNk_1, ﬂNk—1> (326)
>0.

From Definition 2.1(b), we have
<A (l/l + EkﬁNk—l) ,u+ EkﬁNk—l - VNk—l> > 0. (327)

Since v,,-; — q as k — oo and Definition 2.1(d), we obtain that Av,,_; — Ag. Suppose Ag # 0 (if
Ag =0, g € §). Following that, employing the norm’s sequentially weakly lower semicontinuity, we
gain

0 < llAgll < lim [[Av,, .

k—oc0
Because {N,} C {n}, and lim;_,., = 0,
Y 1 Ek—mo €k 0
0<1 Ty, — 1 ,
= kI_TOHGk N 1|| lm( ||AVNk 1“) < k_,oo”AVNk 1” < ||Aq||

and this means limy_,« ||6k1‘}Nk_1|| = 0. Inputting k — oo into (3.27), we get
(Au,u—¢qy >0, Yu € C.

From Lemma 2.3, g € S, then w,, (u,) C S. O
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Theorem 3.1. Assume {u,} is the sequence generated by Algorithm 3.1 under the conditions of
Assumption 3.1. There exists u* € S such that u, — u*.

Proof. From Lemmas 3.1 and 3.3, we get lim,,_,., ||u,, — u*|| exists and w,, (u,) € S. From Lemma 2.4,
u, = u* €Ss. O

Theorem 3.2. Suppose {u,} is generated by Algorithm 3.1 under the condition of A is n-strongly
pseudo-monotone withn > 0. Then {u,} converges R-linearly to the unique solution u™ of VI(A,C) (1.1).

Proof. Since u, € C, from Definition 2.1(a), we have
(AT, 1y~ u) > 1|, — |
Multiply 4, on both sides of above inequality, we get
A (AT Ty — ") > A |, — || (3.28)
(3.8) plus (3.28), we obtain

<ﬁn - M*, d(vmﬁn» = <ﬁn - I/t*, Vn — ﬁn - /lnAvn + /lnAﬁn>

3.29
>, |, — u'||, .29
SO
Vo =" d (V1)) = @ + A iy — || (3.30)
Putting (3.30) into (3.7), we obtain
i1 — | <N = 1P =¥ 2 =) Bupn — 2¥Budany [ty — || . (3.31)
Using (3.18) in (3.31), we have
* * /ln - — *
lttsr — u|I* < [V = w > =y 2 =) Ba (1 -3 u) IV = @ll* = 2yB,dan i, — |, (3.32)
n+1
where
/ln - 12 — *112
_’Y(z_'}/)ﬁn 1 - 1 M ”Vn_un” _27ﬁn/lnn||un_u ||
n+1
. ﬂn — 2 — %12
< = yBamin {2 =) 1= =) 22 (Ivn = Wl + |G = u'I)
n (3.33)

(1 A, ,
<—yByming = 2 -y |1 = —ul|,Am¢lv, — |l
2 /ln+1

p . 1 1 } %012 4
< - min{ = (2 — 1-p),=A v, —ull", Yn > n,.
7(1+p)2 {2( ) (1 -p) > Il I 0

The last inequality is true because there exists n;) such that 8, > (11;;2 R — % and (1 - ftl ,u) >
1 —p, ¥n > n,. Putting (3.33) in (3.32), we get

1-p . (1 1 .
s — | < (1 R 5)2 mm{i 2-y-p), Eﬂn})uvn — ' (3.34)
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. 1-p A _ .
Since S, > oot and (1 yo ,u) > 1 —p, we obtain

e .1 1
0<1- min{ = (2 — 1- ),—/l}<1.
TS {2 V(A =p). 50

Lets” =1 —7(:52 min{% 2-y —p),l/ln}, we have 0 < 6% < 1 and

Ntte1 — w'|* < 8% vy — |, VY = ny. (3.35)

Putting (3.14) into (3.35), after collation, we get

J%mwwW<@+

v )Ilvn —u*|*, Vn > ny. (3.36)

v—1

62

1
+o-T
£ < 1. Therefore,
-1

SinceO<62<1,62+L<1+L:%.Andwecanget0< -
W

v—1 y—1

2 2 2 ’
Vpir — el < 77 |lv, — w'|I°, Y > ny,

2+ . .
where r = 2~~. By induction, we get
=1
’ 2 ’
s = P < 200D o |, v > g,
By (3.35),
, 2 ,
ey — |7 < 6%72(7m0) Ve = u*” , Yn > ny,.
And we have
1
1 ™ " ’
Uy —W|" <r™ (ollv, —u'||]] , V¥n>n
m, 0
So
v 1
lim ||u, —u'l|]" <r < 1.
n—oo
Therefore, {u,} converges R-linearly to the unique solution u* . O

4. Alternating extrapolation projection contraction algorithm based on the golden ratio

In this part, we offer an algorithm for settling the problem of variational inequalities based on the
golden ratio and provide the proofs of weak and R-linear convergence.

Algorithm4.1.  Alternating extrapolation projection contraction algorithm based on the golden ratio.

Step 0: Take the iterative parameters u € (0, 1), ¥ € (1,+00), y € (0,2) and &,71,4; > 0. Letu; € H,
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vo € H be given starting points. Known sequences {£,}, {7,}. Setn := 1.
Step 1: Compute

v 4.1)

-1
Lun +Ly,,, n=odd,
V, =
Uy, n = even.

Step 2: Compute

ﬁn = PC (Vn - ﬂnAvn) P (42)
where
. LV =1yl -
Ans1 = min {[{Hh £, + 1), Av, # %‘M"’ (4.3)
Endn + Ty, otherwise.
If v, = u,, STOP. Otherwise, go to Step 3.
Step 3: Compute
d (Vn,ﬁn) = (Vn - ﬁn) - /ln (Avn - Aﬁn) , (44)
Ups1 = Vn — yﬁnd (Vn, ﬁn) , (45)
©On = (Vn - ﬁn’ d(vn’ ﬁn))
where
$n 37
5, = | Hona” lld (va, u)ll # 0, @6)
0, ld (vi,, )l = 0.

Step 4: Setn <« n+ 1, and go to Step 1.

Lemma 4.1. Assume {u,} is the sequence generated by Algorithm 4.1 under the conditions of
Assumption 3.1. Then {u,,} is bounded and lim,,_,, ||u,, — u*|| exists, where u* € S.

Proof. Following the proof line (3.7)—(3.13) of Lemma 3.1 and ||v,, — u*|I* = |lua, — u*|], we obtain

2 _
Y o =tz P 4.7)

%112 2
et2ns1 — w'll” < gy, — u*||” =

From (3.13) we have

2 _
L Waner = sl (4.8)

2 2
luznso = w’ll” < Avapr — uw'llI” =

By the definition of v,
Y

-1 2 1 , y-1
—— lugns1 — w|I” + — ||va, — u’||” -

1/ W 17[,2 V2, — u2n+1||2 . 4.9)

2
||V2n+1 - M*H =
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Combing (4.9) and (4.8), we obtain
%12 ‘ﬁ -1

L e e (Ht20e1 = 'l = Ity = u'I)
4.10
2 Y s = ol = L s = i P o
Von+1 = Uzn+2 2 Von = Ugp+1ll -
From (4.7) we have
* * 2 -
lttass — ' = Ntz — 'l < ==L v = |- (4.11)
Combining (4.10) and (4.11), we get
znsa — w'|]* = Nz, — "I
-1 (2- 1 —
s—f——(——z+—MWWﬁmHW— Y Wanet — el (4.12)
v Y v
<0.

Therefore ||uz,0 — u*|| < ||up, — u*||. This proves that {u,,} is bounded and lim,, ., ||uo, — u*|| exists. O

Lemma 4.2. Under Assumption 3.1, suppose {u,,} and {u,,} are generated by Algorithm 4.1. Then
lim,,_,o |[u2, — Uaul| = O.

Proof. From (4.12) and u,, = v,,, we get that {||u,, — u*||} is bounded and
}1_{{)10 etz — t2p41]l = 0.

From (3.18) and (3.19), we have

Aoy _
m@@—ﬂzﬁmfmw, (4.13)
2n+1
and
—_ A—Zn —_
M%MMM1+AIWM—%W (4.14)
2n+1

Combining (4.13) and (4.14), we can obtain

Pon

1201 = Vaull = ¥Bon lld Vo, uzp)ll = y——"——
’ ld (van, tz)l|

_ Ao
/l)'l -
2y | — o |Ivan = il (4.15)
1 +'1—1—
2n+1
> — Vo — Uaul|l, Y1 > nyg.
7/1 4_’)|| n nll 0

Using uy, = v, and lim,, o ||tt2, — t2,41]| = 0 in (4.15), we get
im [z, = it| = .

O
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Lemma 4.3. Assume that {u,,} is generated by Algorithm 4.1, then w,, (uy,) C S.

Proof. Vp € w, (uz,), then exists a subsequence {uy,,} C {u,}, such that u,,, — p. By Lemma 2.1(ii)
and (4.2) we have
(Uan, — Ao Aty — Uy, Uy, — 1) > 0, Yu € C,

thus,

_ 1 _ _
(A, U — Uy, ) = — Uy, — Unp, U — Uy, ), YU € C,
un

and

1 _ _ —
/l_ <l/t2nk — Uy, U — Ltznk> + (Au2nk, Uy, — I/tznk> < <Au2nk’ u— I/tznk> , Yu e C. (416)
2ng
Similar to Lemma 3.3, the following proof steps are omitted as they are redundant. Thus, we come to
the conclusion,

(Au,u—p) >0, Yu e C.
Using Lemma 2.3, we get p € S. O

Theorem 4.1. Assume {u,} is the sequence generated by Algorithm 4.1 under the conditions of
Assumption 3.1. There exists q € S such that u, — q.

Proof. {u,,} 1s bounded implies that {u,,} has weakly convergent subsequences. Then, we can choose
a subsequence of {u,,}, denoted by {u,,, } such that u,,, — g € H. We obtain lim,, |[u2, — ¢l| exists
and g € S from Lemma 4.1 and 4.3. The proof of the whole sequence u,, — g € § which is the same
as Lemma 4.4 in [15]. Hence, u, = g€ S. O

Theorem 4.2. Suppose {u,} is generated by Algorithm 4.1 under the condition of A is n-strongly
pseudo-monotone withn > 0. Then {u,} converges R-linearly to the unique solution u* of VI(A,C) (1.1).

Proof. From (3.35), Vn > n,, we have
tznsr — w'|]* < 8% oy — ' |I* = 6% gy — |, (4.17)
and

2 _ 2
luaniz — wll” < 6" Ivaper — u'll°, (4.18)

where 6% = 1 — y2; min {1 (2 - y) (1 - p), 147} and 0 < 6> < 1. Combining (4.9) and (4.18),

(1+p)?
Y -1 y-1
17[/2

2 @
lu2nso — u'l|” < 6 (

Putting (4.17) in (4.19), we have

lvan = M2n+1||2)- (4.19)

1
2 2
luoner — u'll” + J otz — u*||” —

2
||u2n+2 - l/t*”

l//2

-1 1
<& (‘”762 s = 1P + - gy = 1P = 2 e, — uzn+1ll2)

(4.20)
<é (w_—152 + l) [
Y Y

< 6% lug, — u*|I*, ¥n > n;).

So
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2 2 2 ’
22 — u'||” < 07 |z, — u*l|”, Y > ny,. 4.21)

By induction, we have

’ 2 ’
ltonsn — u'|]* < (52(”‘”0“) Hu% - u*‘ , Yn > n,.
Thus,
2 _ 2 2
ltanss — WlI” < 6" llugnsz — 7|
2
< lugns2 — || (4.22)
’ 2 ,
< §2n=ng+1) Hub’é - u*‘ , Yn > n,.
Therefore, {u,} converges R-linearly to the unique solution u* . O

5. Numerical examples

The following sections provide some computational experiments and comparisons between our
algorithms considered in Sections 3 and 4 and other algorithms. All codes were written in MATLAB
R2016b and performed on a PC Desktop AMD Ryzen R7-5600U CPU @ 3.00 GHz, RAM 16.00 GB.

We make a comparison of our Algorithm 3.1, Algorithm 4.1, Algorithm 2 in [15] and Algorithm 1
in [27], Time in the table indicates CPU Time. In this section, we set maximum number of iterations

Mpax = 6% 10°, &, =1+ S and 7, = .

Example 5.1. Define A : R™ — R™ by
Au=M+pB)(Nu+q),

where M = ¢ 24 N is a positive semi-definite matrix, Q is a positive definite matrix, g € R™ and g >
0. In addition to being easy to obtain, A is pseudo-monotone, differentiable and Lipschitz continuous.
Take C = {u € R™ | Bu < b}, where Bis a k" Xm matrix and b € R{f with k* = 10. Select the initial point
u, = (1,1,..., D) for all algorithms. Initial points of Algorithm 3.1 and Algorithm 4.1, vy is generated
randomly in R™. We take ¢ = ‘52” , 4 = 0.6 in Algorithm 3.1 and Algorithm 4.1. We take 6, = f(;—lyy
in Algorithm 2 in [15] and 0 = 0.45 (1 — ) in Algorithm 1 in [27]. Thus, we take different values for
Ay and vy respectively to compare with the algorithms in the other two papers. In this example, we take

[, — vall < 1073 as the stopping criterion.

In Table 1, we give a comparison of our Algorithms 3.1 and 4.1 with Algorithm I in [27] and
Algorithm 2 in [15] in different dimensions for y = 1.5,4; = 0.05 and a comparison Figure 1 for
m = 100. It is illustrated that our two algorithms have some superiority.
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Table 1. Example 5.1 with y = 1.5, 4y = 0.05 and various values of m.

Problem size Alg 3.1 Alg 4.1 Alg 2 in [15] Alg 1 in [27]
k* m Iter Time Iter Time Iter Time Iter Time
100 1821 0.3262 1162  0.2071 1979 0.3926 7644 1.4647
150 1568 0.3271 1050 0.2163 4716 0.9535 29390  6.3288
10 200 1645 0.4181 1164  0.3074 6754 1.6716
300 2034  0.7110 1192  0.4525 18566 6.0136
500 2641 2.2280 1584 1.4692 55310 27.8013
1000 3885 9.3913 2332 5.8732
10°
" S Netnen
[S]
| 10'd

0 200 400

600 800 1000 1200 1400 1600 1800 2000

n

Figure 1. Relationship between error value and iteration times in Example 5.1 with k* =

10,m = 100.

In Tables 2 and 3, we give a comparison of Algorithm 3.1 and Algorithm 4.1 for the same number
of dimensions with different y, respectively. We find that the larger vy is for both algorithms in the same
dimension, the fewer the iterations and the shorter the CPU Time, where y € (0, 2).

Table 2. Algorithm 3.1 with different y.

m = 200 m = 400 m = 800 m = 1000

Y Iter Time Iter Time Iter Time Iter Time

0.25 9996 2.4136 14529  1.5986 20320 27.2981 23441  42.2450
0.5 4746  1.1729 7244 3.3542 10136  14.8189 11069  21.5681
1 2438  0.6266 3402 1.7116 5049 8.4571 5736 12.3817
1.25 1939  0.6079 2866 1.4242 4126 7.2440 4515 10.2743
1.5 1546  0.4253 2315 1.1200 3386 6.0285 3878 9.1699
AIMS Mathematics Volume 8, Issue 10, 23291-23312.
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Table 3. Algorithm 4.1 with different y.

m = 200 m = 400 m = 800 m = 1000
Y Iter Time Iter Time Iter Time Iter Time
0.25 7212 1.7554 10193  4.6670 14085 19.7867 17188  32.4055
0.5 3063  6.7968 4836 2.3662 7362 11.7332 8108 16.3521
1 1626  0.4460 2292 1.1557 3170 5.8066 3324 8.0294
1.25 1429  0.7354 1468 0.8067 2602 5.0285 3212 7.8888
1.5 964 0.2697 1300 0.7061 2104 4.1989 2586 6.4205

Example 5.2. [28] Define a mapping A by
Au=(M"M+N +P)u.

The matrices N and P are randomly generated skew-symmetric matrix and positive diagonal matrix,
respectively. Assume C := {u € R" | Mu < p}, where matrix M € R*™" and vector p € R* are randomly
generated. Thus, all entries in p are non-negative. Here VI(A,C) (1.1) has a unique solution u* = 0.
Set y = \@2”, u = \/LE in Algorithm 3.1, 4.1. We choose 0, = % in Algorithm 2 in [15] and
0 =0.45(1 — ) in Algorithm 1 in [27]. Additionally, we take different values for A, andy , respectively,

to compare with the algorithms in the other two papers. We use the stopping criterion ||, — y,|| < 107>

In Table 4, we give a comparison of our Algorithm 3.1 and Algorithm 4.1 with Algorithm 1 in [27]
and Algorithm 2 in [15] in different dimensions for y = 1.5, 4; = 0.05 and a comparison Figure 2 for
k =30,m = 60.

In Figures 3 and 4 we compared the impact of Algorithm 3.1 and Algorithm 4.1 with varying .

Table 4. Example 5.2 with y = 1.5, 4y = 0.05 and various values of k, m.

Problem size Alg 3.1 Alg 4.1 Alg 2 1in [15] Alg 11in [27]
k m Iter Time Iter Time Iter Time Iter Time
60 1146  0.2566 437 0.0990 2227 0.5476 7656 12.8395
30 100 1429 03478 510 0.1237 6731 2.2071 23695 277.4316
120 1680 0.4009 586 0.1407 7585 24785 27968 245.5148
50 1359 04956 501 0.1841 1166 0.5706 4987 15.0018
50 100 1434  0.5570 476 0.1862 5817 3.1011 22307 300.3848
150 1439  0.6184 420 0.1832 14681 8.5531 52346  1.8247e¢+03
100 100 1399 1.0800 498 0.3947 4115 4.7235 16011 514.9273
200 1445 1.3125 405 0.3740 19535 284272 —— —_
500 500 1561 0.7445 448 0.2162 25091 17.1813 —— —_
1000 887 8.8188 255 2.5293 —_
1000 1000 957 18.0159 270 5.0675 e
2000 647 224660 206 7.0048 _—
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10° T
—o— Alg3.1.
<% - Alg 4.1,
4t ]
10 ==a= Alg2in [15].
—*— Alg 1in [27].
10° F E

flon — |

1
0 500 1000 1500 2000
n

Figure 2. Relationship between error value and iteration times in Example 5.2 with y =
1.5,4; = 0.05,k = 30,m = 60.
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Figure 3. Algorithm 3.1 with varying .

10"

[[on — ||

103 L I
0 100 200 300 400 500 600 700

n

Figure 4. Algorithm 4.1 with varying .
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Remark 5.1. From Figures 1 and 2, we can see that the projection contraction algorithms based
on golden ratio have numerical advantages over inertial extrapolation. Alternating extrapolation
projection contraction algorithm is better than projection contraction algorithm based on golden ratio.
Thus, it can be seen from Figures 3 and 4 that our algorithms with larger W converges faster.

6. Conclusions

We present a projection contraction algorithm and an alternating extrapolation projection
contraction algorithm based on the golden ratio for solving pseudo-monotone variational inequalities
problem in real Hilbert spaces. We give proofs of weak convergence of the two algorithms when
the operator is pseudo-monotone. Thus, we obtain R-linear convergence when A is strongly pseudo-
monotone mapping. We have extended the range of the  from (1, %] to (1, +00), and the proofs of
both algorithms are given in the absence of Lipschitz constant. We give numerical examples and show
the superiority of our algorithms. Then, we discover that our algorithms suffer less impact under the
same unfavorable conditions and has a relatively stable rate of convergence.
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