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1. Introduction

Let D := {{ € C : || < 1} be the open unit disk in the complex plane. A harmonic mapping with
domain D is a complex-valued function u such that

2

9 u_ =0.
/4e

In this paper, we denote H(D) as the space consisting of analytic functions on the unit disk, Har(D)
as the space consisting of harmonic mappings.

The harmonic mapping u always a representation of the form 4 + v, where & and v are analytic
functions. Up to an additive constant, this representation is unique. Therefore, u € Har(D) if and only
if u =h+v, where h,v € H(D) and v(0) = 0.

For a general reference on the theory of harmonic functions, see [8]. Harmonic mappings appear

regularly and play a fundamental role in math, physics and engineering; see e.g., [5], [6], [7], [15],
and [22].

Au =4
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The composition operator C, induced by analytic or conjugate analytic self-maps of D is defined as
the operator
Cou=uog, VYueHar(D).

Obviously, such an operator preserves harmonicity.

Recall that, for any two normed linear spaces X and Y, the linear operator 7 : X — Y is said to
be bounded if there exists C > 0 such that ||Tully < Cllullx, Yu € X. Furthermore, a linear operator
T : X — Y is said to be compact if it maps every bounded set in X to a relatively compact set in ¥
(i.e., a set whose closure is compact).

The operator theory has been characterized for spaces of analytic functions in different settings and
a significant number of related papers have appeared in the literature (see, for example, [9], [11], [14],
and [18]). However, a similar investigation of the harmonic setting remains limited.

In [1], we have examined numerous characterizations of the weighted Bloch spaces and closed
separable subspaces of harmonic mappings. We then presented the relationships between the weighted
harmonic Bloch space and its Carleson measure. In [2], Aljuaid and Colonna studied the weighted
Bloch space as the Banach space for harmonic mappings on an open unit disk. They showed that the
mappings in weighted Bloch space can be characterized in terms of a Lipschitz condition relative to
the metric and can also be thought of as the harmonic growth space. Besides, in [4] they studied the
harmonic Zygmund spaces and their closed separable subspace called the little harmonic Zygmund
space. In [13], Colonna introduced and studied Bloch harmonic mappings on D as Lipschitz maps
from the hyperbolic disk into C. In [20], Lusky investigated weighted spaces of harmonic functions
on D and, in [21], isomorphism classes of weighted spaces of holomorphic and harmonic functions
with a radial weight on C and on D. In [23], Yoneda studied harmonic Bloch spaces and harmonic
Besov spaces. Characterizations of the isometries between weighted spaces of harmonic functions
were provided by Boyd and Rueda in [10]. In [17], Jorda and Zarco studied Banach spaces of harmonic
functions and composition operators between weighted Banach spaces of plurtharmonic functions.
Isomorphisms on weighted Banach spaces of harmonic and holomorphic functions were treated in [16].

Lately, studies on operator theory acting on spaces of harmonic mappings on the unit disk have been
conducted. In [3], the composition operators were studied on the Banach spaces of harmonic mappings
on D, including the weighted Bloch spaces, the growth spaces, the Zygmund space, the analytic Besov
spaces, and the space BMOA. Shao et al. in [12] studied composition operators in the space of bounded
harmonic functions D and then provided criteria for determining the essential norm of the difference
between two composition operators. In [19], Laitila and Tylli characterized the weak compactness of
the composition operators on vector-valued harmonic Hardy spaces and on the spaces of vector-valued
Cauchy transforms for reflexive Banach spaces.

Unlike what happens in the class of analytical functions which is closed under the customary
composition, the usual composition product of two harmonic functions is not in general a harmonic
function. This fact causes some problems which are studied for a long time in the space of analytical
functions that do not make sense or are difficult to translate and treat on the set of complex harmonic
functions with the tools of the complex variable. We give two typical examples: the theory of linear
composition operators whose symbols are complex harmonic functions and the corresponding theory
of iterations for complex harmonic functions.

In this work, we are concerned with the operator-theoretic properties of composition operators
between distinct spaces of harmonic mappings in order to overcome these difficulties. Specifically,
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we investigate the composition operators from the space of bounded harmonic mappings H into the
harmonic Zygmund space Zy.

The reason behind our study of the properties of composition operators between distinct spaces of
harmonic mappings is the wide range of applications for different harmonic mappings, especially in
operator theory.

We start with several preliminaries used to derive the main results of this work. Then, we focus
on the boundedness and compactness of the composition operators from = space into the harmonic
Zygmund space Zy. We conclude by approximating the essential norm.

The space of bounded harmonic mappings H*. First, we denote H* = H®(D) as space
consisting of all bounded harmonic mappings u on D equipped with the norm

llulleo = sup [u(2)-

leD
The harmonic Bloch space containing of all u € Har(D) is defined such that

)|, [0l
o 7

If u is a harmonic Bloch mapping represented as u = h + v, with h,v € H(D), the Bloch seminorm
B. can be characterized as

(1.1)

B = sup(l - [{] >(

(eD

Bu = sup(1 = [ZPYIR' QI + V' (D) < oo. (1.2)

LeD
The quantity
llullg,, := u(O)] + Bu,
yields a Banach space structure on By, see [2].
The harmonic Zygmund space containing of all u € Har(D) such that = + = e By. Define

+ sup(1l —
leD

lllz, = u(O)] + <0)‘ ’—(0)

e
is anorm on Zy and Zy is a Banach space, see [4].

Remark 1.1. When u € H(D), the mappmg reduces tou’ and OZ = ZZM = 0. Thus, the collection of

analytic functions in the space Zy is the classzcal Zygmund space Z and both norms are identical.

Throughout this paper, we use the notation A < B, which implies that there is a constant C > 0
such that A < CB. Therefore, when B < A < B, we use the notation A ~ B, meaning that A and B are
equivalent. Moreover, if A * Bthen B < co &= A < oo.

2. Boundedness

Given n € N, and u € Har(D) be represented as u = h + v, with h,v € H(D). Let us define

Br(w) = iug(l = 1ZPY" (™l + (D, 2.1)
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and

Bhrou) = l}gﬂ)] (1 = [P (R O) + VD). (2.2)

The following lemma as a result of Theorem 19 provided in [2] will help characterize the
boundedness of the composition operators.

Lemma 2.1. For u € Har(D) represented as u = h + v, with h,v € H(D).

(1) If u € H® then for any n € N, £, (u) < ||ullo.
(2) u€ By & B (u) < oo.
(3) u € Byy = By,u) =0.

Let b € D be a fixed and let 1 < k < 3. Then, for any { € D, we consider a set of functions A, as

—_ b —_ b ' ‘

For every k € N, it can be demonstrated that h,; € H™ and sup,cp [lhpillee < 1. Moreover,
it is evident that limp—,; 5 = O uniformly on compact subsets D C D. Recall the power series
representations of 4, are given as

J=k=

@) = (1 = ) (kf 1){@4)]'—"” + 6D}, (24)
1

Foralln e Nand 1 < k < 3, by direct calculation we know that

dh k- Db (1 - b
by (n+k-1) [ (1- I)];

oC (k=D! L1 =poysn

Iy (k- 1)![17”(1 - |b|2)k]

o' © = (k=D L1 —poyen I

Thus, we obtain

Pl (k=D b
aL" k=D (1= pR)”
(9nhb’k _ (I’l + k- 1)' b"

b .
N e I (T,

(2.5)

Now, we are prepared to show and prove our fundamental theorem in this section.

Theorem 2.1. Let ¢ € S(D). Then, C, : H* — Zy is bounded if and only if

supl¢’ + @z, < 0. (2.6)
j20

Proof. Let the sequence p;(w) = w/ + W’ for w € D and when j > 0 is an integer. Since the sequence
{p;} is bounded in the harmonic H* space with ||p;llo < 1,if C, : H* — Zpy is bounded then for each
Jj = 0 we have

g’ +@llz, = IC,pllzy < IC,ll.
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Therefore,

sup ll¢’ + @'liz, < oo.
j20
Conversely, suppose that (2.6) holds and set

L=suplle’ +¥llz, < oo.
=0

Since the sequence p;(w) = w/ + W, Cypy = (9)° + (@)" = 2 € Zy and |2l1z, = IC,poliz, <
Note that for any £ € D and u € Har(D) represented as u = h + v, with h,v € H(D), |(C, u)(0)| =
[u((0))] < ||ull. Therefore, because |p(0)] < 1 we note that

'(9(C o) (O)l ‘3((3 )(0)' _ |9ue0)) , (0)‘ aM(<P(0)) '(O)‘
S
= K (e0)¢" O] + V' (90(0))90 Ol
¢’ (0)]
= T-wop =
On the other hand, for any £ € D and u € Har(D),
9*(C i Oou
0| = [ wor + 2Dy
u(e(Q)) du(p(0))
’ 2 12 .
< WO e 22|
»(C, 5> . .
;g Y| = —”;;2@)) F@r + LR
i 0
< WP u(so({))' ") u(cp_({))"
By adding the above expressions and multiplying by (1 — |£]?) we obtain
0? C 0? C &? 5
a —|§|2>( ggz )@)‘ ( )(4)‘) <« —|§|2)|<,o’(§)|2( ”a(";z@) ”(;;2@)‘)
0 0
v -l ”(;”fo))').

Since u € Har(D) can be represented as u = h + v, with h,v € H(D), by Lemma 2.1, we obtain

*(Cyu)
02

2 az(C ) 2 ’ 2(11.7 ”
(1-1¢P) (4)' @) = (- KPR @@l + b @)
b (L= P OIIH @) + V@)
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(1= 1Ple” @)
1= le(P

(1 =P’ P

T (I =1eP)?
(Ly + Ly)l|ul|,

B2,(u) +

Br(u)

IA

17129 2 YA .
where L; = % and [, = W. To prove the boundedness, it suffices to show that the

quantity L; + L, is finite. Since Cyp; = ¢ + ¢, for { € D, we have

82 (Cgopl)
02

0*(C -
@) = (azj‘;” V)= 0 + 77D,

Then,

. 1 L
sup(1 = [ZP)|e" (DI < ZIIC¢p1||zH <7 2.7)
LeD

Moreover, since p;(w) = w/ + W’ with j > 0 is an integer, we have C,p, = (¢)* + (9)°,

0*[C - -
[%22(4)] 2(¢' () + 2@ (D) + 20" () + 20" (),
0*[C - -
[%;(m = 2@ (D)) + 2" (D) + 20" () + 20" ({).
Since |¢(£)| < 1 for £ € D, we have
1 (10%[C, 0*[C
|()0/(§)|2 S _{ [ nppj(()] [ ¢_p22(§)]‘}+|"0,,({)|
8 ol Y
Thus,
1 o’[C o%[C
sup(1 ~ [ZP)lg ()P < g sup(l - |4|2>( : ;pj@] S ')
LeD leD s oc

+sup(1 - 1ZP)le" )
LeD
3L

1 1
< —|C + —||IC < —. 2.8
< 8|| oD2llz, 4|| oDillz, < g (2.8)
On the other hand, by the linearity of the test function (2.4) for k = 1,2,3 and { € D, we have
2k N J j—k+1 k
ICohyillzy < (1 = 1(DI) (k— 1)|90(§)| ICyppj-irillzy, < 2°L. (2.9)
j=k=1

From (2.5), for k = 1,2,3 and { € D, we obtain

O [Cohypy 4 (D]
P

@) + ()
1 —le(0)P

e(0) + ¢(0)

= k(e 1) )z[so’@)]z L ey SO}
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62 [C(pht,o({),k (g)]

— —
(%2 0(0) + @) ©(Q) + ¢(0) )W o.

= k(k+1 "OF +k
o+ 1 1—|<p<§)|2)[‘” OF + (1—|<,o<§>|2

Thus, for k =1, 2, 3, we let

0 _ PLCohy ()] N FP[Cohy k()]
w({).k aéxz aZ2

P L olc) @)2([90’(4)]2 +F )

1 =P

BN )+ D)

Using (2.10) by subtracting, we get

k(k + 1)(

@(0) + ¢(Q)
1 —lp()P

On the other hand, using (2.9) and (2.11) we obtain

(1 = 1ZPNe@)Ple’' I 1 )
(1 - ()R =18 216115(1 A )(|Q“’@’1| +2Qp)0l + |Q¢(§),3|)

1
S(ICehgllz, + 2Cehsoallz, + ICohosllz, )
< L.

2 —_—
Quorn = 20uoa + Quors =2 | (@@ + @@r)

IA

Now, we let 0 < s < 1. Then, if |¢({)| > s in (2.12) we have
(1 =-1Ple' QP L

> = -
(1 =1e(OP) 5
Conversely, if we let [p({)| < s in (2.8), we have
(L= KPP @F _ 3L
(1-le@P)* ~ 81 =)

From (2.13) and (2.14) it follows that the quantity L, is finite.

For the second time, we go back to (2.9) by subtracting we get

L=
20002 = Qer3 = (%)(w"({HW({)),
which implies that
(1 = 1ZPlelle” &)l 1
e 33000~ )2 Cug2l + 10w

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)
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1
< Z(2||C¢hm2||z,, F1IC,o sl zH)S 4L. (2.16)

If we instead let 0 < s < 1, then if |¢({)| > s in (2.16), we deduce

(A - 1ZP)sle" @Dl _ (1—|§|2)|90(§)|I<P”(§)|<4L

1= lp()P B 1=l
Thus,
(1= 1ZPle” Q) 4L
< —. 2.17
P A &1
If we instead let |p({)| < s in (2.7), we have
_ 2 7
A-Ple" @l . L L o)

L=l ~ 41 -le@P) ~ 4(1 - s>’

Therefore, the quantity L, is finite and so is the quantity L; + L,. The proof of Theorem 2.1 is
complete.

3. Compactness

In this section, we focus on discussing the composition operators’ compactness. We make use of
the following lemma:

Lemma 3.1. The bounded operator T : H* — Zy is compact if and only if ||[Tuyllz,, — 0 asm — oo,
for any bounded sequence {u,,},cn in H® converges to zero uniformly on compact subsets D C D.

Proof. We focus on demonstrating the sufficiency. Suppose that T : H*® — Zj is not compact. Then,
there is a bounded sequence u,, in H* such that {T'u,,} has no convergent subsequence. However, we
know that every bounded sequence in H* has a subsequence that converges uniformly on compact
subsets D c D. Therefore, u,, has a subsequence u such that u,,(w) — u(w) for w € D, and because

sup lu,,(w)| < luw)| <C Vm=1,2,3,....
weD
Therefore, u € H*. The sequence (u,, — u) is bounded in H* and converges to zero uniformly on
compact subsets D c D. If we assume |7 (4, — w)llz,, = 0 as n — oo, then the subsequence T'u,, of Tu
converges in Zy, which is a contradiction.
The following result indicates that the compactness of the composition operators can be
characterized in terms of the sequence [|Cyp/llz,, where p;(w) = wi + W

Theorem 3.1. Let ¢ € S(D) and assume that the operator C, : H® — Zy is bounded. Then,
C, : H® — Zy is compact if and only if

lim llg” +%llz, = 0. 3.1

AIMS Mathematics Volume 8, Issue 10, 23087-23107.
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Proof. As in the proof of Theorem 2.1, we let the sequence p;(w) = w’ + W/, where w € D and j > 0
is an integer. Since the sequence {p;} is bounded in the harmonic space H* and converges to zero
uniformly on compact subsets D c D, if C, : H* — Zy is compact then it is a bounded operator and
(3.1) holds.

Conversely, assume the operator C, : H* — Zy is bounded and Jh_)lg ll’ + g_oj |z, = 0.

Now, we define a sequence {/;,} in the harmonic space H* with Lo, = sup ;o |1l < 00 and h; — 0
uniformly on compact subsets D C D, as j — co.
To prove the compactness of C, : H® — Zy, it suffices to show that lim ||A]|z, = 0.
Jj—oo

Next, we suppose [|Cyp|llz, < L (L1is an upper bound for [|Cypjllz,). Then, for £ > O thereis N € N
such that

le’ +@liz, = IC,p)llz, <& ¥ j=N.
By using the test function (2.4), for k = 1,2,3 and { € D, we have
k+N-2

Cohonllz, = O -le@PH{[ Y + I[o7 Je@ricpiz,)

j=k—1  j=k+N-1
k+N-1
< (1- 2k L+ 2*e.
( |<p(§>|)( i ) £
On the other hand, for any { € D let 0 < s < 1 be sufficiently close to 1 such that |¢({)| > s. Thus,
ICohpipillz, <2 e, for k =1,2,3.
Since ¢ is arbitrary, for k = 1, 2, 3, it follows that

1' e - 3.2
lsoéi&” Nl zy )

Going back to the proof of Theorem 2.1, from (2.12) and (2.16), we know

(1= 1ZPle’ P - IChp)1llzy + 21Cohpp2llzy + 1ICohe) 3z,

(1 -le@P)?* = 18lp({)P ’
(1= 1ZPle” () < 2Cohpallzy + ||C¢hw<§),3llzﬂ' (3.3)
1 =l 4l
Using (3.3), we have
(1= 1PN’ QP 0. I (1= 1Ple”" I
— =0, m 5 =0
@=L (1 = ()P k@l=1 1 =)
Thus, for any 0 < s < 1 sufficiently close to 1 if [¢({)| > s. Then,
1712\, 2 1712\ A
AP @F _ (1=l G

(-l@Ry 0 T- kP
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By Lemma 2.1, if h,, € H*, then S},(h,,) < ||hylle, for any m € N. Thus, using (3.4), for [p(w)| > s
we have

0*(C h,, 0 (C hm
<1-|§|2)( (3;2 )(§>| ( )@)D
, atho,o(o) ath«o({»)
2 2
< a-u )|<p(§)|( e e |
oh,, oh,,
. 4P Wol(‘ <<p<§)>' | <<p<§)>')
(- KPP OP . (1=Kl
e
< (= op o <1—|¢<4>|2>
< &lL. 3.5

Once again going back to the proof of Theorem 2.1, from (2.7) and (2.8), we know

L 3L
iug(l —1ZPle” ()] < = 7 and sup(l —1¢Plg’ QI < < (3.6)

We know by Cauchy’s estimates that, the sequences {ah 1, {a;} 1, {8;;2’”} and {

zero on D. Thus, using (3.6), for any 0 < s < 1 if ()| < s, we obtain

} are convergent to

0*(Cyh) 02(C hm)

— 2 Ld

- e[ Z o) @

¢ Pt a2hm<so<§>>') L2, ‘ahmw))) an

which implies that

. 0*(Cyphm) 02(C hm)
lim (1 - |§|2)( o (5)‘)
m—-oo g
2 2p
PO, O, R P TS
Therefore, lim,, . |Cyh,,(0)] = 0 and hmm_m|a[c elin)©) |— 0. Thus, we obtain
lim ||Cghyllz, = 0. 3.9)

By Lemma 3.1, we verify that C, : H* — Zy is compact. The proof of the main theorem of this
section is complete.
Our next goal of this paper is to provide an approximation of the essential norm.

AIMS Mathematics Volume 8, Issue 10, 23087-23107.
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4. Essential norm

In this section, we characterize the essential norms of the composition operators from H> to Zy.
We know that the essential norm ||T’||, of an operator 7 is its distance from the compact operators in the
operator norm. Consider X and Y to be Banach spaces and let T : X — Y be a bounded linear operator.
Then, the essential norm of 7 between X and Y is given by

IT|lex—y = Inf{|{|T — T llx>y|7 : X — Y is compact}.

Let b € D be fixed and let 1 < k < 3 in (2.3). Then, for any { € D we obtain

hs(0) = (11‘_';’5 )k+(11‘_";l_f )k.

(=P’ W)

Now, we define By = lim sup WPl (0] o B, = limsup
’ ! (I=lp(w)?) (I=lpw)?)* *

lp(w)l—1 le(w)l—1
Theorem 4.1. Let ¢ € S(D) and consider C, : H* — Zy is bounded. Then,

&

max {lim sup ||Cohp (Ol z,,}

C Pf o
” cp”e,H —>Zy I<ke3 .

max{B;, B>}.

Q

Proof. First, we prove that

max {lim sup [|Cyhy il 2, } 2 NCollepr=— 24
1<k<3 |b]—1

Fix b € D since for all 1 < k < 3, hy; € H™ and h,, converges uniformly to O on compact subsets
D c D. Then, for a compact operator 7~ : H* — Zy we have

tim [Ty illz, = 0. Yk = 1,2.3.

Thus,
ICy = Tllptonzy = limsup[(Cyp = T)hpillz,
bl—1
> limsup||Cohyillz, — imsup (|7 hyillz,, -

|b|—1 |b|—1

Hence, we obtain

IColle =z, = Inf[|C, — T|| = max{lim sup [|Cyphyillz,, }-
T 1<k<3 |bl—1

Next, to prove that [|Cylle#~—z, > max{B;, B,} we define the sequence {w;} such that lim |o(w;)| = 1

for w; € D and i > 0 is an integer.

AIMS Mathematics Volume 8, Issue 10, 23087-23107.
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Moreover, we define

5 2
Gii({) = hywyi(d)— §h¢(w,«),2 Q)+ ghcp(wi)ﬁ ),
Gi2o(Q) = hy1() = 2hyu)2(0) + hyap (D).

lim G;; = 0 uniformly on

For all £ € D, it can be proven that G;1,G;, € H* and lim G;, _I( m
p(wi)l—

le(wil—1

compact subsets D cD. By direct calculation, we see that G; ;(¢(w;)) =

By (2.5) we know that

Gia(e(w) = 0.

Ohgn,1 B ew) Ol W pw)
o Y T T e Y T T bRy
g2 20wi) . Ohgapa, o 20(wi)
oz PO = Teemd’ a2 Y T T ey
Ogini3 3pwi) - Ohgowps, o 3p(wy)
Toc T Topem ez M T T eonpy
Moreover,
Ry 2(p(w:))? 0 hn.1 2(p(wi))?
———(p(wy) = ; ———(p(w;)) = ———,
o (1 - lp(w)P)’ o (1 - lp(w)P)’
N2 6(p(w;))? N2 6(p(w;))*
((w) = ; A2 (p(w)) = ——l
g (1 = lpw)P)’ o (1 = lpw)IP)’
0 hgu 3 12(p(wy))? 0 hyu 3 12(p(wy))?
——A2 (o)) = ; A3 (o)) = LD
o (1 = lp(wpP)’ o (1= le(wpP)’
Thus,
'B(Gzl)( (w ))‘ 3 ‘5[h¢(wi),1(§)] B éa[ht,a(w,—)l({)] N %a[hgo(w,-)j(f)]
= FYe 3 o 3 FYe
_ 1 lpOw)
3(1 = lpwpP)’
(G, 0’h Wi Wi Wi
(g 0 ) = 6“2“( o(w 1»—5 ;{(2”( o) + 3 6“22”@( W) =
Moreover, we obtain
0(G; 0h Wi Wi Wi
(65’2)<¢<w,~>> 6*22)1( olw) — 27 (,;Ziz)z(sa( W) + 6;252“( o)) = 0
82 G,‘ (9 wi wi Wi
| ggz’Z)w(wi))‘ - | A ) - ;;fz”(go( W) + 6‘22)3(90(%))
2lp(w)P
(1 = lew)P)?

AIMS Mathematics
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Similarly,

‘a(G")< )

'0 (Gi2)

()|
e

lp(wi) (92(G, 1) 3
(1 = lew)I?)’ (plwn) =
N
2|p(w))| 5(Glz)( (W) = 0

(1 = lp(wpP)?’

Since 7 : H* — Zy is a compact operator, by Lemma 3.1 we have

ICy = Tllozy = limsupliC,Giillz, — limsup TGyl z,
0*(C G; 0*(C G,
a—— ( 24@,1(5)) | 1@))‘
| (|G 6(G.)
= timsup(1 — Pl )| 2 ,»' 1(9@( o
| S 16Gu) a(G, )
+limsup(l — iy <wl~>|{\ et »)\ \ ) (o l)>|
| vl (W)
> limsup(l — |w;}) —2——2,
noP (1= lew)P)
Thus,
”Cgo”e,(l—(‘”—)ZH = ll}l_fllcsp_T”

In the same way, we have

\'%

lim sup(1 — |wi|2)w

im0 (1 = lp(wpl?)
sy (L1 0]
w1 (I =lew)?) a

ICo=Tlhie-z, > TmsupIC,Gializ, ~ lim sup 17 Gialz,
= timsup(1 - P az(cg?;’m) az(c 7O
= timsup(1 = b o) 62;(;;2)«0( l>>| aZ(G’”(«p( )
i sup(1 - |wi|2>|so"(wl~>|{“9(g§”2)(so( )+ ‘G(G’Q)W(Wi))'}
S

AIMS Mathematics

Volume 8, Issue 10, 23087-23107.



23100

Thus,

||C<p||e,7{°°—>ZH lgl,f ”Ccp - T”

. N RACHE
tim sup(l = Wiy Ry
= limsup (L= WP’ ()l =
=1 (L= lo(w)[*)?

Y

2.

Hence, we obtain
1Collett=—z, = nflICy = Tl = max{B;, Ba}.
Next, we prove that

ICylle oz = max{hmsupllC hyillz, )
<k<3 |bl—1

For any 0 < § < 1, let the operator 7 : Har(D) — Har(D) such that
(Tsu)(w) = us(w) = u(éw), u € Har(D).

Without a doubt, us — u uniform on compact subsets of the unit disk as 6 — 1. Moreover, 75 is a
compact operator on H* and ||75||¢ 9~ < 1. For {6;} C (0, 1) a sequence such that §; — 1 as i — oo.
Thus, for all positive integers i, we obtain C, 7, : H* — Zy is a compact operator.

However, the definition of the essential norm indicates that

1Colle—z, < limsuplICy — Co T llgr~- 2, 4.1
Thus, we only need to demonstrate that

limsup [[(C,y = CoTlly~—z,, < max{limsup [[Cohpllz,, )

i—00 k<3 |b|—1

Let u € H* such that ||u||., < 1. Then,

I(Cp = CoT5)ullz, = lu(p(0)) — u(s; 90(0))|

P -
+|<,o'(0>|{‘ (- - W) (0»‘ ‘ ), (0))‘
200, _ 2[(u - °
(eD g (9{
Thus, we have that
lim [u(¢(0) — u(@p(O)] = lim m‘ o ;5)
= ‘ O — 4.3)
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Moreover, we consider

O [(u— us) o ()]

P[(u = us,) o p(0)] ‘}

li 1-|P
imsup(1 - | =
2 _ o 2 — o
< limsup sup (1 - |§|2){ al ;&3 go({)]'+ a(C uiiz) (,0({)]‘}
im0 p)l<ox ¢ ac

. Pl - us) o 1] [|0*[(u - us,) o p(0)]

1 1- 21 ’ ’
e

= Iap,i + J¢’i.

Now, let N € N be large enough and ¢; > %, for all i > N. Then,

O[(u — us, Ol(u — us,

im0 p(QI<oy o,
2 _ 2 —
+ limsup sup (1 — kPl { 0"[(u au(s;)(SD(())] N 0"[(u M:s;)(QD(f))] }
oo p(0)]<on ¢ o

Since C, : H* — Zp is bounded, from Theorem 2.1 we see that

sup(1 = [ZP)le” (Ol < eo,  sup(1 = IZP)|¢' (DI < oo.
(eD (€D

Moreover, since the following limits are uniform on compact subsets D c D,

T N )
i—o0 a{ aé/ i—00 a{ aé’

62 _ 2 02 _ 2
lim(8;)* ty _ OU lim(6;)? Usi _ Ou

IO e Tap MO T
Then, we have

ou(w)  Ous,(w)

N ou(w) _ au(;iEW) }: 0,

lim sup sup {

im0 wizoy O o aZ oc
lim sup Sup{ O*u(w) _ azuéi(W) O*u(w) 3 (92u51~(W) }_ 0
i—eo  |wl<éy L2 02 (922 (922 .

Hence, by the above equations we have

(4.4)

(4.5)
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Next, considering |¢({)| > oy, we obtain

0 -
Joi < limsup sup (1—|§|2)|90”(§)I{‘ [ - uw(so(g))]‘ ' [(u ua,)(so(é“))]}

im0 |p(O)>0n

O [(u = us)(@()]

O [(u = us) ()] ‘+

+ Timsup sup (1 - IEP)¢' P

im0 IO 0 o
. Au(p(0))|  |Oule(L))
1 1-— 2 ’”
< timswp sup (1~ Py <§>|{\ Rl |
ou (5 8 (5
im0 Oy
. & u (¢(§)) 52M(¢(§))
1 1-— 2 ’ 2
+ timsup sup (1P (4)|{ M |
0% u(d; 0% u(6;
+ limsup sup (1~ P O 6| T A
im0 lpO)l>0y ¢ o

lim sup Z R;.

i—00

Now we estimate the quantities R;, where j = 1,2, 3. We define

5 2
hpa(0) — §hb,2(§) + 5hb,3(§),
hp 1 (0) = 2hp2(0) + hy3(0).

Gp1(D)
Gp2(D)

By Lemma 2.1, since By (u) < ||u|| for all u € H*. Because ||u|l, < 1, we have

0 0
Rl — Sup (1 _ |év|2)|90//(é,)|{ M(SO(O) M(QD(()) },
|¢(§>|>6N i

a
—||u||m sup (1= IZP)le" (O3

le(DI
POI>on 3(1 = le(O)?)

sup [|CoGpillz,
[bI>6n

IA

IA

IA

5 2
sup [ICohpillz, + 5 sup [ICehollz, + 5 sup ICohsllz,- (4.6)

|bI>6n bI>6w [bI>6n

Consequently,

lim sup R, th sup [|C bl z,- (4.7)

i—0o =1 |b|—1

IA

Similarly, we see that

IA

lim sup R, th sup [|C hpillz,- (4.8)

i—0o =1 |b|—1
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By direct calculation, ﬁ%{(u) < ||ul|w, for all u € H*. Because ||ullo < 1,

, u(p()|  |8°u(e())
Ry = sup (1-KPIe @R ;”f ad h
PI>6n 4 oz
2lp(D)
< Nl sup (1 =PI OF s
|¢<§>|£)6N Plete 3(1 = (D)
< sup ||C<pr,2||ZH
bl
< sup [ICphpillz, + 2 sup [|[Cphpallz, + sup |ICphpsllz,- (4.9)
Ibl>6 B> bl>6n
Thus, we obtain
3
limsupR; < Zlim sup ||Cohyp il z,, - (4.10)
i—oo =1 |b|—1
Similarly, we see that
3
limsupRy < Zlim sup ||Cohp il z,, - “4.11)
i—00 =1 |b|—1
By the inequalities (4.7)-(4.11), we obtain
an,i < max{lim supIIC‘ohb’klle}. (412)

1<k<3 |b|—1
Hence, by applying (4.5) and (4.12) we determine that

lim sup [(C, = €T b=z, < maxlim sup I,y liz,

i—0o S|
Finally, we prove that
ICllep=—2, < max{By, By}.
According to the definition of the essential norm, we only need to prove that
lir_risup ICy — CoT 5 |lpt~—z,, < max{By, B,}.
i—c0

From (4.6), we see that

. . lp()]
limsupR, < limsup(l — |¢P)|¢”({)|——2— = B,. (4.13)
i—00 P |¢(g)|—>1p LA (1 =le)) ?
Similarly,
limsupR, =< B,. (4.14)

i—o0
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23104

Moreover, for (4.9), we see that

. . 2l
limsupR; < limsup(l — |{P)|¢' ()P —2—— = (4.15)
noupfs = st =k O S ey
Similarly,
limsupRs < Bi. 4.16)

1—00

Hence, by the inequalities (4.13)-(4.16) we obtain
”Cgo”e,‘H“’—)ZH < maX{Bb B2}

The proof is complete.

Theorem 4.2. Let ¢ € S(D) such that C, : H* — Zy is bounded. Then,

||Cg0||e,7‘(°°—>ZH ~ hm sup ||‘10J + S_OJHZH-

Proof. First, we prove that

”C‘P”eﬂ‘[“’—’ZH > lim sup ||‘;0J + (:_D'IHZH'

J—oo

Set the sequence p;(w) = w/ + W/, for w € D and when J = 01is an integer. Then, ||pjllo = 1 and p;
converges uniformly to 0 on compact subsets D C D. Therefore, by Lemma 3.1 we see that

lim 17pjllz, = 0.

Hence,
ICy = Tyt z,y = lirjg sup(C, = Tpllzy = 111;1 sup ICoplizi:
Therefore,
ICllecr=—z, = hrjg sup [ICopllz, = “‘}L sup e’ +@llz,- (4.17)

Next, we prove that
||Ccp||e,(l‘(°°—>Z1-1 < hm sup ||90J + W”ZH-

]—)00

Since C, : H* — Zp is bounded, by Theorem 2.1

L :=supll¢’ +¢'llz, < .
j20

Now, consider the test function A, with b € D in (2.4), for k = 1,2, 3. By linearity of C,, for any
fixed positive integer n > 2, we have

AIMS Mathematics Volume 8, Issue 10, 23087-23107.
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A

IChpallz, < (1- |b|2)z bPIIC,pjllz,,
=0

(1- |b|2)[{ni + i}lﬁ’ll@p,-llz;;]
=0 =

nL(1 = 1bI*) + 2 supllg’ + @llz,,-

j=n

IA

Letting |b| — 1 in the above inequality leads to

limsup |Cohpillz, < 2suplle’ +¢llz,
[bl—1 j=n

< limsuplp’ +@llz,.
j—oo
Similarly, we can prove that
limsup [|Cyhypollz, =< limsup e/ + &'z,
b1 jroo
limsup [|Chysllz, =< limsup ||<pj + ¢l z,-
|b|—1 Jj—o

Hence,

max{limsup |Cohpillz,} < limsuplle’ +¢llz,.
1<k<3 |bj—>1 Jj—oo

By Theorem 4.1, we obtain

IColleinz, < max(lim sup ICyhaliz, ) sup g’ + Pz, (4.18)

|b|—1 Jj—ooo
By (4.17) and (4.18), we have achieved the desired result.
5. Conclusions
In this work, an interesting result in harmonic mappings about the operator-theoretic properties of
composition operators between H* space and harmonic Zygmund space Zy has been obtained. It is
well known that the existing similar results in spaces of analytic functions have been applied many

times to the composition operators between H* and Zygmund space Z. We hope that this study can
attract people’s attention to the operator theory on harmonic mappings.

Use of Al tools declaration
The authors declare they have not used Artificial Intelligence (AI) tools in the creation of this article.

AIMS Mathematics Volume 8, Issue 10, 23087-23107.



23106

Contflict of interest

The authors declare no conflict of interest.

References

1.

10.

1.

12.

13.

14.

M. Aljuaid, M. A. Bakit, On characterizations of weighted harmonic Bloch
mappings and its Carleson measure criteria, J. Funct. Space., 2023 (2023), 8500633.
https://doi.org/10.1155/2023/8500633

M. Aljuaid, F. Colonna, Characterizations of Bloch-type spaces of harmonic mappings, J. Funct.
Space., 2019 (2019), 5687343. https://doi.org/10.1155/2019/5687343

M. Aljuaid, F. Colonna, Composition operators on some Banach spaces of harmonic mappings, J.
Funct. Space., 2020 (2020), 9034387. https://doi.org/10.1155/2020/9034387

M. Aljuaid, F. Colonna, On the harmonic Zygmund spaces, B. Aust. Math. Soc., 101 (2020), 466—
476. https://doi.org/10.1017/S0004972720000180

M. Al-Qurashi, S. Rashid, F. Jarad, E. Ali, Ria H. Egami, Dynamic prediction modelling and
equilibrium stability of a fractional discrete biophysical neuron model, Results Phys., 48 (2023),
106405. https://doi.org/10.1016/j.rinp.2023.106405

M. Al-Qurashi, S. Sultana, S. Karim, S. Rashid, F. Jarad, M. S. Alharthi, Identification of numerical
solutions of a fractal-fractional divorce epidemic model of nonlinear systems via anti-divorce
counseling, AIMS Mathematics, 8 (2023), 5233-5265. https://doi.org/10.3934/math.2023263

A. K. Alsharidi, S. Rashid, S. K. Elagan, Short-memory discrete fractional difference
equation wind turbine model and its inferential control of a chaotic permanent magnet
synchronous transformer in time-scale analysis, AIMS Mathematics, 8 (2023), 19097-19120.
doilinkhttps://doi.org/10.3934/math.2023975

S. Axler, P. Bourdon, W. Ramey, Harmonic Function Theory, 2nd Eds., New York: Springer, 2001.

M. A. Bakhit, Essential norms of Stevi¢—Sharma operators from general Banach spaces into
Zygmund-type spaces , J. Math., 2022 (2022), 1230127. https://doi.org/10.1155/2022/1230127

C. Boyd, P. Rueda, Isometries of weighted spaces of harmonic functions, Potential Anal., 29
(2008), 37-48. https://doi.org/10.1007/s11118-008-9086-4

R. E. Castillo, J. C. Ramos-Fernadndez, E. M. Rojas, A new essential norm estimate of composition
operators from weighted Bloch space into Bloch spaces, J. Funct. Space., 2013 (2013), 817278.
https://doi.org/10.1155/2013/817278

J. S. Choa, K. J. Izuchi, S. Ohno, Composition Operators on the Space of Bounded Harmonic
Functions, Integr. Equ. Oper. Theory, 61 (2008), 167—-186. https://doi.org/10.1007/s00020-008-
1579-4

F. Colonna, The Bloch constant of bounded harmonic mappings, Indiana U. Math. J., 38 (1989),
829-840.

C. Cowen, B. MacCluer, Composition operators on spaces of analytic functions, Boca Raton: CRC
Press, 1995.

AIMS Mathematics Volume 8, Issue 10, 23087-23107.


http://dx.doi.org/https://doi.org/10.1155/2023/8500633
http://dx.doi.org/https://doi.org/10.1155/2019/5687343
http://dx.doi.org/https://doi.org/10.1155/2020/9034387
http://dx.doi.org/https://doi.org/10.1017/S0004972720000180
http://dx.doi.org/https://doi.org/10.1016/j.rinp.2023.106405
http://dx.doi.org/https://doi.org/10.3934/math.2023263
http://dx.doi.org/https://doi.org/10.1155/2022/1230127
http://dx.doi.org/https://doi.org/10.1007/s11118-008-9086-4
http://dx.doi.org/https://doi.org/10.1155/2013/817278
http://dx.doi.org/https://doi.org/10.1007/s00020-008-1579-4
http://dx.doi.org/https://doi.org/10.1007/s00020-008-1579-4

23107

15

16.

17.

18.

19.

20.

21.

22.

23.

.J. G. Liu, W. H. Zhu, Y. K. Wu, G. H. Jin, Application of multivariate bilinear neural
network method to fractional partial differential equations, Results Phys., 47 (2023), 106341.
https://doi.org/10.1016/j.rinp.2023.106341

E. Jord4, A. M. Zarco, Isomorphisms on weighted Banach spaces of harmonic and holomorphic
functions, J. Funct. Space., 2013 (2013), 178460. https://doi.org/10.1155/2013/178460

E. Jord4, A. M. Zarco, Weighted Banach spaces of harmonic functions, RACSAM, 108 (2014),
405-418. https://doi.org/10.1007/s13398-012-0109-z

A. Kamal, S. A. Abd-Elhafeez, M. Hamza Eissa, On product-type operators between H* and
Zygmund Spaces, Appl. Math. Inf. Sci., 16 (2022), 623—633. https://doi.org/10.18576/amis/160416

J. Laitila, H. O. Tylli, Composition operators on vector-valued harmonic functions and Cauchy
transforms, Indiana Univ. Math. J. , 55 (2006), 719-746.

W. Lusky, On weighted spaces of harmonic and holomorphic functions, J. Lond. Math. Soc., 51
(1995), 309-320. https://doi.org/10.1112/jlms/51.2.309

W. Lusky, On the isomorphism classes of weighted spaces of harmonic and holomorphic functions,
Stud. Math., 175 (2006), 19—-45. https://doi.org/10.4064/sm175-1-2

S. Rashid, F. Jarad, S. A. A. El-Marouf, S. K. Elagan, Global dynamics of deterministic-stochastic
dengue infection model including multi specific receptors via crossover effects, AIMS Mathematics,
8 (2023), 6466—-6503. https://doi.org/10.3934/math.2023327

R. Yoneda, A characterization of the harmonic Bloch space and the harmonic
Besov spaces by an oscillation, Proc. Edinburgh Math. Soc., 45 (2002), 229-239.
https://doi.org/10.1017/S001309159900142X

©2023 the Author(s), licensee AIMS Press. This

i is an open access article distributed under the
@ AIMS PI’CSS terms of the Creative Commons Attribution License

(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 8, Issue 10, 23087-23107.


http://dx.doi.org/https://doi.org/10.1016/j.rinp.2023.106341 
http://dx.doi.org/https://doi.org/10.1155/2013/178460 
http://dx.doi.org/https://doi.org/10.1007/s13398-012-0109-z
http://dx.doi.org/https://doi.org/10.18576/amis/160416
http://dx.doi.org/https://doi.org/10.1112/jlms/51.2.309
http://dx.doi.org/https://doi.org/10.4064/sm175-1-2
http://dx.doi.org/https://doi.org/10.3934/math.2023327
http://dx.doi.org/https://doi.org/10.1017/S001309159900142X 
http://creativecommons.org/licenses/by/4.0

	Introduction
	Boundedness
	Compactness
	Essential norm
	Conclusions

