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Abstract: The goal of this study is to bring out the following conclusion. Let R be a noncommutative
prime ring with 2(m + n)! torsion freeness and let m and n be fixed, non-negative integers and d, g be
Jordan derivations on R. If x"*"d(x) + x"g(x)x" € Z(R) or d(x)x™" + x"g(x)x" € Z(R) or X"d(x)x™ +
xX"g(x)x" € Z(R) then d = g = 0 follows for every x € R.
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1. Introduction

The present paper is particularly intended for algebraists whose work focuses on mappings of
rings (algebras) with special qualities such as Lie and Jordan derivations, extended derivations,
automorphisms, and linear preservers. The study is specifically devoted to ring theorists interested in
polynomial (algebraic or differential) identities and generalizations of such identities. These identities
have proven to be useful in solving several numerical problems in other branches of mathematics
including operator theory, functional analysis and lattice theory. We point out that the theory of
identities allows for some analogies with the theory of algebraic functions, at least at the level of
basic definitions. The idea behind the theory of differential identities was inspired by Kharchenko,
Herstein and Lanski. Kharchenko gave the basic idea to intrigue the differential identities of a ring as
a prominence of usual identities for endomorphisms which satisfy some conditions in a ring.

The ring R will considered as an associative throughout having centre Z(R). A ring R is n-torsion
free for n > 1 is an integer, if nw = 0 implies w = 0 for every w in R. A prime ring R posses the property
if cRd = {0} gives that ¢ = 0 or d = 0 and is said to be semiprime, if cRc = {0} implicit that ¢ = 0. A
derivation d is a mapping on R that is additive and fulfilling the condition d(wz) = d(w)z + wd(z) for
each w, z in R. Map d will be noted as Jordan derivation if the last condition replaced by the condition
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dw?) = dw)w + wd(w) for each w in R. Herstein [7] establish a result by choosing the identity
d(u)d(w)—d(w)d(u) = 0, where d represents a derivation and p, w are noted as symmetric elements can
not be true in the setting of prime ring with characteristic not 2 excepting that the ring satisfies S4 , the
fourth degree standard identity. In [6], the author mentioned that in a prime ring R having char(R) # 2,
any Jordan derivation will behave as ordinary derivation. Cusack [2] derive a more fine version of the
previous result by proving the following: Consider a ring R to be 2-torsion free and which posses a
commutator that is not a zero divisor. Then, all Jordan derivation on R act as a derivation simply.

One more discussion need to put here by Herstein Hyper-centre theorem which states: If a ring R
without nil ideals and a in R satisfies d,(x") = O for every x in R then d, = 0. Here, n = n(x) is an
integer greater than and equal to 1. Thus, d always be zero for such conditions. A simplification to this
fact can be found with the conclusion of Felzenswalb [3].

When we talked about identities, there is an expression figure out in our mind expressing for
elements of R or may be the elements for any subset of R, which involves maps on R. The general
idea behind the study of identities is to construct the structural model of the maps involved when
the ring structure can not describe. More precisely the commutative structure of ring. In this paper
our conclusion includes the differential identities involved with Jordan derivation with prime ring and
algebras.

A prime ring R and C is noted as its extended centroid and U its Martindale ring of quotients.
Then, every element of U can be considered as equivalence classes of left R-module homomorphisms
from ideals of R, to R. One can think that which structure U can have, we try to explain it by an easy
example as:

Example 1.1. Suppose K denotes a vector space of infinite-dimension over a field C. The notation
Hom (K, K) will be used for the set of all row finite matrices over C, with respect to a fixed well-
ordered basis of K. Let S be the subring of Hom(K, K) consisting of those matrices containing only
a finite number of nonzero entries. Then, U = Hom (K, K) and V is the subring of U of all column
finite matrices.

To build out our main results we required the following lemma:
Lemma 1.1. [19, Lemma] Let m be a fixed positive integer and R be a m!-torsion free ring having
center Z(R). Suppose that y\,y2,....,ym € R satisfy i/liyi € ZR) for A = 1,2,...,m. Then, y; € Z(R)
for every i. -

2. Results on prime ring

Theorem 2.1. Let the integers m,n be fixed and non negative, R be a non commutative prime ring
possessing 2(m + n)! torsion freeness, d, g be Jordan derivations on R. If X"*"d(x) + x"g(x)x" € Z(R)
forevery xin R, thend = g = 0.

Proof. Given Jordan’s derivations of R, namely d and g, by Herstien’s result in [6], derivations of R are
also d and g. From Theorem 2 of [10], R and U follows similar differential identities. This indicates a
possibility

X"d(x) + x"g(x)x" € C for every x in U. 2.1

Putting x + Ay for x in (2.1), we find
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(x + )" d(x + Ay) + (x + Ay)"g(x + Ay)(x + )" € C,

for every x,y € U. On expanding, we will get

[ oy (m;r") Xy 4 /l’”+”y’”+"](d(X) + Ad(y))

N N (2.2)
+[xm + (1)xm Ay + ...+ /l’”ym](g(x) + /lg(y))[x” + (l)x” Ay +...+ /l”y”] €C,
for every x,y € U. An application of Lemma 1.1 implicit that
m+n n—1 m+n
Pi(x,y) = (" )xm = lyd(x) + X (y) + g ()x" + ()" g(x) 03

+(’11)x’"g(x)x" ly + (l)x’” yg(x)x" € C,
for every y, x in U, where the word “P;(x,y)” stands for the entire collection of terms involving the i
factors of y. Since U possessing identity, so one can replace x by e in (2.3) to find that (m;r")yd(e) +

d) + 8 + (})s(e) + (})g(e)y + (})rg(e) € C. Since g and d are derivations, d(e) = g(e) = 0. Hence
we get d(y) + g(y) € C for every y in YU. Using Posner’s Theorem [13], we have d(y) + g(y) = 0 for
every y in U. Next, to find P,(x,y)

Py(xy) = (")emlyd() + (73" d(x)
gy + (")X’"g(y)x"“y 2.4)
+(1)(1)emtyg(arty + (1) yg(x" € C.

Again, replacing x by e in the above equation and using the fact that d(e) = g(e) = 0, we get ('"Ir”)yd(y)+

(1)sGy + (';’)yg(y) € C. This implies that (m + n)yd(y) + ng(y)y + myg(y) € C. Replace d(y) = —g(y)
to get n[g(y),y] € C. Which implies that [[g(y), y], 7] = O for each y, r in U. Hence, [g(y),y] € C for
every y in U. Then, by Posner’s Theorem g = 0. Now, if g = 0, then d = 0.

Theorem 2.2. Let the integers m,n be non negative and fixed, R be a non commutative prime ring
having 2(m + n)! torsion freeness, d, g be Jordan derivations on R. If d(x)x™*" + x"g(x)x" € Z(R) for
every xin R, thend = g = 0.

Proof. Due to [6], d and g will be derivations of R. Using [10], we get
d(x)xX™" + x"g(x)x" € C for all x € U. (2.5)

Replacing x + Ay for x in (2.5), we acquire

(dx) + Ad()[ 7 + (") emsn gy 4 reymen]

; (2.6)
+[x + (1) "1y + ... /l’"y’”](g(x) + /lg(y))[x" + (l)x”_]/ly +o. /l”y”] eC
for all x,y € U. Applying Lemma 1.1, we obtain
Py(x,y) = ("7")dx)x™ "y + d)xm + xmg(y)x + (])x"g(x) 07

+('1’)x’"g(x)x"‘1y + (T)x’"‘lyg(x)x” eC
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for each x,yin U. Replace x by e in (2.7) and use the fact that d(e) = g(e) = O to find that d(y)+g(y) € C
for every y in U. Using Posner’s Theorem [13], we have d(y) + g(y) = 0 for every y in U. Next, to find

Py(x,y)
Py(x,y) = ("7 )d)xm =ty + (7 )d(x0xm 2y
+(5)x"g(x)x" 2y + (1) g () y (2.8)
+(’1’)(T)xm‘1yg(x)x”‘1y + ("f)x’”‘lyg(y)x” €C.
Again, replacing x by e in the above equation and using the fact that d(e) = g(e) = 0, we get
(m + n)yd(y) + ng(y)y + myg(y) € C.

Replacing g(y) = —d(y), we get m[d(y),y] € C. Which implies that [[d(y),y],r] = O for all y,r € U.
Hence, [d(y),y] € C for every y in U. Then, by Posner’s Theorem we get the required conclusion.

Theorem 2.3. Let the integers m,n be fixed and non negative, R be a non commutative prime ring
possessing 2(m + n)! torsion freeness, d, g be Jordan derivations on R. If x"d(x)x" + x"g(x)x" € Z(R)
forevery xinRthend = g = 0.

Proof. Here, d and g will be derivations on R due to Herstien Theorem in [6]. From Theorem 2 of [10],
R and U follows similar differential identities. This indicates a possibility

X'd(x)x™ + x"g(x)x" € C for every xin U. (2.9)

Put x + Ay for x in (2.9), to perceive

(x+)'dx+ ) (x+ )"+ (x+ Ay)"g(x + Ay)(x+ )" €C
for all x,y € U. On expanding, we will get

[x” + ('ll)x"‘l/ly + ...+ /l”y"](d(x) + /ld(y))[x’" + ("f)x’"‘lxly + ..+ ﬂmym]

N N (2.10)
+[x'” + (l)x’" Ay + ..+ /lmy’"](g(x) + ﬁg(y))[x” + (l)x" Ay + ...+ /l”y"] eC
for every x,y in Y. Using Lemma 1.1, we obtain
—[(m m—1 n -1 m
Pi(x,y) = (7)xd(x)xty + xd(y)x" + ()2 yd(x)x" + x"g(y)x" o1

+(’l’)xmg(x)x”‘1y + ("f)x’”‘lyg(x)x” eC
for every y, x in U, where the word “P;(x,y)” signifies the same as first result. Since U has identity
element, one can replace x by e in (2.11) to find that

(’" 1+ ”)d(e)y +d(y) + g(y) + (’f)g(e) + (’f )g(e)y + (’?)yg(e) eC.

Since g and d are derivations, d(e) = g(e) = 0. Hence we get d(y) + g(y) € C for all y € U. Using
Posner’s Theorem [13], we have d(y) + g(y) = 0 for every y in U. Next, to find P,(x,y)
Py(xy) = (3)rdCoxm2y? + (7)x"d(y)x""y
+(’1’)(';’)x”‘1yd(x)x’"‘l y+ ('f)x”‘lyd(y)x’”
+(3)x 22 d () + (5)x"g(x)x" 2y (2.12)
gty + (7)1 yg )ty
+ ’;’)xm‘lyg(y)x” + (g)xm‘zyzg(x)x” eC.

+
AN
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Again, replacing x by e in the above equation and using the fact that d(e) = g(e) = 0, we get

md(y)y + nyd(y) + ng(y)y + myg(y) € C.

Replacing g(y) = —d(y), we get m — n[d(y), y] € C. Which implies that [[d(y), y],r] = Oforall y,r € U.
Hence, [d(y),y] € C for every y in U. Then, by Posner’s Theorem d = 0. Now, if d = 0, then g = 0.

Theorem 2.4. Let the fixed integers m,n be non negative, R be a non commutative prime ring
possessing 2(m + n)! torsion freeness, 6 be a Jordan derivation on R. If x"d(x)x" € Z(R) for every
xin R then 6 = 0.

Proof. Here ¢ will be a derivation on R due to Herstien Theorem in [6]. Form Theorem 2 of [10], R
and U follows equivalent differential identities. This indicates a possibility

X"6(x)x" € C for every x inside U. (2.13)

Putting now x + Ay for x in (2.13), we perceive

(x+ A)"0(x+ A)(x+ )" €C

for every x,y in U. On expanding, we will get
[xm + (';’)xm‘l/ly + ..+ /l’”ym](é(x) + /lé(y))[x” + (’l’)x”‘l/ly + ..+ /I”y”] eC (2.14)
for every x, y inside Y. Using Lemma 1.1, we obtain
Pi(x,y) = X"6()x"
+(’1‘)x’"6(x)x”“y + ("f)x’"‘lyé(x)x" €eC

for every y, x in U where the word “P;(x,y)” stands for the entire collection of terms involving the i
factors of y. Since U having an identity element, one can switch out x for e in (2.15) to find that

(2.15)

8(y) + (’I)a(e) + (Y)a(e)y 4 (T)yé(e) cC.

Since g and d are derivations, d(e¢) = 0. Hence we get 6(y) € C for each y in U. Using Posner’s
theorem [13], we conclude that 6(y) = O for each y in U.

3. Results on Banach algebra

Through the inspirational work of Sakai- Wermer-Singer-Hochschild, we got the idea to do this
work. Let us start with the theorem of Singer-Wermer which is the first and influential result on
Banach algebra that states that on a commutative Banach algebra, all continuous derivations map
into its Jacobson radical [16]. Thomas [17] renew the idea of the last result which says that Singer-
Wermer results will be true in the absence of continuity. This is widely known as the Singer-Wermer
conjecture. Many generalizations can be found in the literature for similar kinds of research. Mathieu
and Runde [12] obtained the finer version of the Singer-Wermer conjecture by establishing that on a
Banach algebra, each centralizing derivation maps into its Jacobson radical. Recently work in [4, 5] is
an outstanding contribution in the related algebraic structures. Our intention is to put out a conception
of the above discussed results. In certain cases, we have a quick start as follows:
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Theorem 3.1. Let B be a noncommutative Banach algebra, d and g are derivations on B such that
db)b™" + b"g(b)b" € Zg for all b € B for some fixed integer m,n > 1 then d(B) C rad(B) and
g(B) C rad(B).

Proof. Consider K be a primitive ideal in B. Zorn’s Lemma enable us to take a minimal ideal M of B
contained in K. Making use of Lemma in [12], we obtain d(M) € M and g(M) C M. If M is closed
then it is reasonable to extend d and g to Banach algebra derivations % given by

n ~ B
d(B) =d(B)+ M and g(B) = g(B) + M for all b € u and b € B. (3.1

If £ is commutative then both c?(%) and (&) are included in the Jacobson radical of £ by
following [17]. Next, think about the case when % is non-commutative. For all b, ¢ € % we have

[d(B)b™™ + b a(b)b", ¢] = 0.

Since % is prime and applying Theorem 2.1, we find that d = 0 and § = 0 on %. Therefore, we
have d(B) € K and g(B) C K. If P is not closed, the separating space of linear operator d, say S (d)
contained in K by Cusack [2]. This implies that S (Qgd) = 0 23 (d) = 0 where Qd is continuous on B.
Hence, Qzd(K) = 0 on % and d(K) C K. Thus, on Banach algebra % we have an induced derivation d
given as d(b) = d(b) + K for all b € B and b € £. Now, define a mapping #d"Qy : B — £ — £ such
that 3d"Qp(b) = Oud"(b) for all b € B and n € N. In this way 7 is canonical inclusion map from %
on % and d is continuous on %, we claim and ||Qgd"|| < lld|I* for all natural numbers n by [15]. By
using lemma from [18], d(K) € K. Repeating the same arguments for g so that also we can obtain
g(K) € K. This yields that d and g induces the derivation on % given as

db)=d(b)+ K and 2(b) =gb)+K

forall b € %, b € B. Arguing in a similar manner as in (3.1) and using the primeness of £, we conclude
that g(B) C K for all primitive ideals K. This implies that d(B) C rad(B) and g(B) C rad(B), as desired.

Corollary 3.1. Let B be a noncommutative semi-simple Banach algebra, d and g are derivations on B
such that d(b)b™™" + b"g(b)b" € Zg for all b € B for some fixed integer m,n > 1 then d = 0 and g = 0.

Theorem 3.2. Let B be a noncommutative Banach algebra, d and g be two continuous Jordan
derivations on B such that d(b)b™" + b"g(b)b" € radB for all b € B and for some fixed integers
m,n > 1 then d(B) C rad(B) and g(B) C rad(B).

Proof. Let K be a primitive ideal of B. We say that d(K) € K and g(K) C K as d and g are continuous
by [14]. d and g can be extend to the Jordan derivations on % such that

db) =d(b)+ K and 2(b)=g(b)+K

for all b € %, b € B. But if K is a primitive ideal, then Banach algebra % is semi-simple and prime.
Therefore, d and g both are continuous derivation following [8]. An applications of Singer-Wermer
theorem ensure us that there does not exits any nonzero derivations on a Banach algebra (commutative
and semi-simple). Hence we get § = 0 and d = 0 when % is commutative. Now we consider the
non-commutative case of %. Since 0?(13)13’"“’ + 13m§(13)13" € radBforallb € Band b € %. Making
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use of Theorem 2.2, we find d = 0 and § = 0. Hence in both cases we obtain d = 0 and g = 0.
As K is arbitrary, we have d(B) C rad(B) and g(B) C rad(B). This completes our investigation and
finished proof.

Corollary 3.2. Let a semi-simple Banach algebra B be non-commutative, g and d be two continuous
Jordan derivations on B. If d(b)b™" + b"g(b)b" € radB for all b € B and for m,n > 1 some fixed
integers then g = 0 and d = 0.

4. Conclusions

This article explores some of results on the structure of Jordan derivations satisfying particular
generalized differential identities on a prime ring. In third section, we extend our results on Banach
algebra and obtain the image of Jordan derivations contained in the radical. Future research on these
differential identities in the context of additional algebraic structures, such as Von Neumann algebra,
Lie algebra, etc., would be fascinating using the tools of algebra of linear operators (transformations).
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