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1. Introduction

Dynamic process is a mightful formalistic apparatus for association with a large spectrum analysis
of multistage decision making problems. Such problems appear and are congruent in essentially all
human activities. Unfavourably, for explicit reasons, the analysis of fuzzy dynamic process is difficult.
Fuzzy dynamic process are characteristic of all dynamic process where the variables associated are
state and decision variables. Fuzzy dynamic iterative process is established as a process getting
preprocessed inputs and having outputs that are furthermore defuzzified for realistic applications.
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In the light of epistemic access, the term fuzzy sets appear as descriptions or perceptions of
nonexistent underlying crisp values. As an example, it is noted that the temperature was high form but
the numerical value is uncharted. This leads the way, to a number of classical problems which usually
provide themselves to fuzzification fashions like Zadeh’s generalization theorem [19].

In functional analysis, the field Banach fixed point theory originate as an imperative apparatus over
the last some decades in non-linear sciences and engineering via behavioral science, economics, etc
see ([4,6-8,11,12,14,16,20,21,23-26,29,31]). To be unequivocal, while codifying an experiment
mathematically, many number of researchers to interrogate the solvability of a functional equation in
terms of differential equations, integral equations, or fractional differential equations. Such as the
existence and uniqueness of a solution are often achieved by finding fixed point of a particular
contraction mapping, (see more [1,3,9,10, 13,15, 18,30]). The three major structure in Banach fixed
point theory are metric structure, topological structure, and discrete structure. These idea was extend
by either generalized metric spaces into by modifying the structure of the contraction operators.
However, Nadler [22] display the concept of Hausdorff metric discoursed the Banach fixed point
theory for multi-valued mapping rather than single-valued mappings.

On the other hand, Alghamdi et al. [2] improved the idea of partial metric space to b-metric-like
space. They produced interesting theorems of fixed point in the newly defined frame. Their concept
was expedited by various researchers in many ways (see more [17,27,28]).

This article regards fuzzy dynamic process as fuzzy dynamic process on b-metric-like space,
specifically the mapping of set-valued (extended) fuzzy intervals endowed with the b-metric-like.
From that point of view, a natural topic is convergence theorems via fuzzy dynamic process in the
class of b-metric-like space. Our view of convergence theorems in b-metric-like space, then, disposes
of fuzzy dynamic process entirely. Instead, we just adopt the standard setting of fuzzy dynamic
process in b-metric-like space which defines convergence theorems in generalized ¥ -contraction via
expectations of fuzzy Suzuki Hardy Rogers type contraction operators. Subsequently, corollaries are
originated from the main result. To explain the example in the main section, a table and diagram has
been created that best illustrates the Fuzzy dynamic process to the readers. At the end, gives an
application of our results in solving Hukuhara differentiability through the fuzzy initial valued
problem and fuzzy functions. The pivotal role of Hukuhara differentiability in Fuzzy dynamic process
is stated. At last, a summary of the article is described in the conclusion section.

2. Preliminaries

Formally, an fuzzy set is defined as [32]:

A fuzzy set on G is a mapping that assigns every value of G to some element in [0, 1]. The family
of all such mappings is expressed as F(G). For a fuzzy set A on G and u € G, the value A(u) is known
as the membership grade of u in A. The a—level set of A expressed as [A], is given by

{ [Al, ={u:A@W) 2 a}, ac(0,1];
[Aly = {u: A >0}

For a nonempty set G and an ms G’, a mapping 7 : G — F(G’) is a fuzzy mapping and is a fuzzy
subset of G X G’ having the membership function 7'(g)(g’). T(g)(g") describes the membership grade
of g’ in T'(g), while [T (g)], states the a—level set of T(g), for more details see [5].
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Definition 2.1. [5] A point g € G is called a fuzzy fixed point of a fuzzy mapping 7 : G — F(G) if
there is @ € (0, 1] such that g € [T (g)].,.

In the recent past, Wardowski [31] provided the term known as F-contraction and implemented on
Banach fixed point theory. Which is the efficient generalization of Banach fixed point theory. Formally,
an F-contraction is defined as follows [31]:

Definition 2.2. Let V# is the set of mappig F : R* — R satisfying (F;) — (F;):
(F)) iy < o implies F (uy) < F (up) for all g, up € (0, +00);
(F;;) For every sequence {u,} in R* such that

lim u, = 0if and only if lim 7 (u,) = —o0;
o—>+00 T+
(F.ir) There exist k € (0, 1) such that lim,,_oOu*F (1) = 0.
A mapping T : G — G is called an ¥ -contraction on a metric space (G, d), if there is 7 € R*/ {0}
such that

d(Tu;, Tu) >0 = v+ F (T, Tup) £ F (d(u1,42)) for each g, u, € G.

After, we recall the following some basic idea of dynamic system:
Let ¢ : G — C(G) be a mapping. A set

D (&, 110) = {(Ha)ysp : Ha € Eftay for alla € N}.

is called dynamic process D (¢, uo) of i with starting point io. Where 1y € G be arbitrary and fixed. In
the light of D (&, 10) 5 (Ha)gen—10) OnWard has the form (u,) (see more [18]).

Further, the literature contains many generalizations of the idea of fixed point theory in metric
spaces and its topological behavior. In particularly, Alghamdi et al. [2] designed the fashion of b-
metric-like space as follows:

Definition 2.3. [2] Let G be a b-metric-like space with G # ¢ and s > 1. A functiond : G X G —
R* U {0} such that for every u;, us, u3 € G, the following conditions (b;) , (b;) and (b;;) hold true:

(b;) the condition: d (uy, up) = 0 implies y; = uo;

(b;;) the condition is hold true: d (uy, u2) = d (ua, 1) 3

(b;;;) the condition is satisfied: d (uy, u3) < sld (uy, uz) + d (ua, u3)].

The pair (G , d) is known as a b-metric-like space.

Example 2.4. Define (G, d) with s = 2 by

d(0,0) =0,d(1,1) =d(2,2) =d(0,2) =2,d(0,1) =4,d(1,2) = 1,

with
d (i, ) =d W, py),

for all uy,u; € G = {0, 1,2}. Then, (G, d) is a b-metric-like space. Clearly, it is neither a b-metric nor a
metric-like space, see more detail in [2].
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Remark 2.5. Owing to above definition (2.3), every partial metric is a b-metric-like space but converse
may not hold true in general, see more [2]

Nadler [22], design the idea of Hausdorff metric and extended the Banach contraction theorem for
multi-valued operators instead of single-valued operators. Hereinafter, we investigate the concept of
Hausdorff b-metric-like as follows. Let (G, i) be a b-metric-like space. For y; € G and L; C G, let
dy (U, Ly) = inf {d (uy, o) : up € Ly} . Define H, : CB(G) x CB(G) = [0, +o0) by

H, (L, L,) = max { sup dy(u1, L), sup dp(uy, Ll)} ,

1€l €Ly

for each L;,L, € CB(G). Where CB(G) denote the family of all non-empty closed and bounded-
subsets of G and CL (G) the family of all non-empty closed-subsets of G.

Definition 2.6. [5] Let L, L, € V(G), a € (0,1]. Then d,(Li, Ly) = infeer,, ger,,4(8, &)s
Ho(Ly, Ly) = Hy(Lias Lao),

where H), is the HausdorfF distance.

Lemma 2.7. Let L, and L, be nonempty proximal subsets of a b-MLS (G, d). If g € Ly, then
d(g, Ly) = H(Ly, Ly).

Lemma 2.8. Let (G, d) be a b-metric-like space. For all L, L, € CB(G) and for any g € L such that
d(g, Ly) = d(g,8'), where g’ € Ly. Then, Hy (Ly,Ly) > d (g,£).

In the following, the concept of fuzzy dynamic process as a generalization of dynamic process, and
some elementary facts about these concepts are discussed.

3. Fuzzy dynamic process: D ([Ty], , o)

In this section, first we deal with some new aspects of the fuzzy dynamic process as follows:

Definition 3.1. Let 7 : G — F(G) be a fuzzy mapping. If there is @ € (0, 1], and let yy € G be
arbitrary and fixed such that

D([Tl, »po) = {(llj)jeNu{O} RS [T.Uj—l]a, Vje N}-
Every membership value of D ([Tu],, , o) is called a fuzzy dynamic process of T starting point yo. The
fuzzy dynamic process (u;) jenujo; onward is written as (,u j).

Example 3.2. Let G = C ([0, 1]) be a Banach space with norm |[|ul| = sup,¢y ;I (r)| for u € G. Let
T : G — F(G) be a fuzzy mapping. If there is « € (0, 1] such that for every u € G, [T], is a set of the
function

5l—>kf,u(r)dr, kel0,1],
0
that is, ]
D(Tul, @) i) =tk [ udrike 0,11 weG,
0
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and let uy (6) = 0, 6 € [0, 1]. Then the iterative sequence

= ( |(j+1)16/+1) .] 2 0
Hi 0 elsewehere.

is a fuzzy dynamic process of mapping 7" with starting point wy. The mapping T : G — F (R) is said to
be D ([Tu], »uo) fuzzy dynamic lower semi-continuous at u € G, if for every fuzzy dynamic process
(u;) € D(T, up) and for every subsequence (u;i)) of () convergent to u

[Ty, <lim inf | Tujo| -

In this case, T is fuzzy dynamic lower semi-continuous D ([Tu], , o). If T is fuzzy dynamic lower
semi-continuous I ([Tul, ,po) at each u € G, then T is known as lower semi-continuous. For every
sequence (1;) C G and u € G such that (u;) — u, we have [Tu|, < liminf, . [T ())], -

Example 3.3. Let G = R* U {0}. Define T : G — F (G) by

Lifo<p <%

, 5 it G <p <5

T ()W) = —,1f”<,u§%’
0,if 5 <y’ <1.

all u € G, there is a (u) = 1 such that [T,u]a(ﬂ) = [0, ‘%] . Apply the following iterative procedure to

generate a sequence {u,} of fuzzy sets is given by (see Table 1 and Figure 1)

ok i 2 2;
Hi= 0, elsewhere.

Where 1o = 2 is intial point and h = 1.

Table 1. Fuzzy dynamic process.

i>2 Hi = pog"™! € [Tila = 0.4

Hi=2 1 - [Tti1] gy = 10, 1]
Mi=3 % - [Tﬂz]a(m) =1 2]
HMi=4 i - [Tﬂ3]a(,¢3) - Y% 4]
HMi=5s % - [Tﬂ3]a(,14) J g]
Hi=6 % - [T,U3]a(,15) = [0, R]
Mi=7 31_2 - [T#B]a(#é) = [0, 31_2]
Hi=g & - [TH3) 0y = 10, 351
Hi=9 1—§8 - (7143415 = 10 128]
HUi=10 %6 - [Tﬂ4]a(u9) [0, 256]
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Figure 1. Fuzzy dynamic process: D ([Tu], , o).

We obtain 1111 1 1 1 1
DT, o10) = 15073 760 33 25 o5 352
is a fuzzy dynamic process of T starting at point wy = 2.
Further, in the following we develop fuzzy fixed point theorems with respect to fuzzy dynamic
process D ([Tu],, , o) as follows.

4. Fuzzy fixed point theorems with respect to fuzzy dynamic process: D ([Tu],, , o)

Now, we start with the following main definition:

Definition 4.1. Let (G, d) be a b-metric-like space with s > 1. A mapping 7 : G — F (G) is called
a F-fuzzy Suzuki-Hardy-Rogers (abbr., F-FSHR) type contraction with respect to D ([Tu],, , 1o) and
@ : G — (0,1] such that [Ty;],, are nonempty closed subsets of G if for some F € Vg and 7 :
(0, +00) — (0, +00) such that

1
Zdb(,ui—la [Tui-1]oio1) S d (io1s i) s
we have
T(U(i-1, ) + T[Hb([Tﬂi]a(,-) > [Tﬂi+1]a(i+1))] < F(Ui-1, pa)), 4.1)
where

Ui, ) = ey [d uimrs w)] + ealdy(uior, [Taioi] 1)1 + esld(i [Tai] )]

AIMS Mathematics Volume 8§, Issue 1, 1208-1229.
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ey €s

+2—S[db(ﬂi—1, [Twil )] + z—s[db(lli, [T pti-1] 1)1
for all u; € E([T,u]a,,uo), Flb([Ty,-]a(i),[T,u,-ﬂ]w(iﬂ)) > 0, where ey, es,e3,es,es € [0, 1] such that
eite;test+es+es=1land 1 —e3—es > 0.

Remark 4.2. To continue with our results, the behavior of self distance in b-metric-like space is defined
by
d () < 2d (uyg, po) -

Additionally, we assume that y; € D ([Tu],, , o) satisfying fuzzy dynamic process for below condition:

dy(is [TpiDatiy > 0, dp(utizr, [Ti-1]4-1) > 0, 4.2)

for all i € N. If for the investigated process that does not satisfy (4.2), there is some iy € N such that

dp(Wigs [T tiolagiy) > 0,

and
db(lll‘O—l s [T/’lio—l]a/(io_l)) = O’

then we get w;, , = pi, € [Tio, ]y, ,, Which implies the existence of fuzzy fixed point. In the light
of this consideration, fuzzy dynamic process satisfying (4.2) does not depreciate a generality of our
analysis.

Now, we proceed to our main result:

Theorem 4.3. Let (G,d, s) be a complete b-metric-like space. Let T : G — u,(G) be an F-FSHR type
contraction with respect to u;. Assume that the following holds:

(i) There is a fuzzy dynamic iterative process p; € D ([Tul, ,po) such that for each 1 > 0
liminf,_;+ 7 (k) > 0;

(ii) A mapping G > y; ¥ dp(wi, [Til ) is fuzzy dynamic lower semi-continuous D([Tu], . mo);

(iii) If, in addition, F is super-additive, i.e., for u,, uz, 1, & € RY we have

F (& + Expp) < EF () + EF ().

Then T has a fuzzy fixed point.

Proof. Choose an arbitrary point iy € G. In veiw of fuzzy dynamic iterative process, we have

D([Tﬂ]a 2 H0) = {(Mienogoy © Mist = Hi € [Tiz1 4y for all i € N},

In case that there is iy € N such that u;, = ., then our proof of Theorem (4.3) go ahead as follows.
If we let w; # w4y for all i € N, then we have

1
2—db(ﬂi, [Tuiloi) < d (i pis1) , foralli e N. (4.3)
s
From (4.1) and in the light of Lemma (2.8), we have
Fd(iv1, tiv2) < T[ﬁb([T/li]a(,‘) s [T,Ui+l]a(i+1))] 4.4)

AIMS Mathematics Volume 8, Issue 1, 1208—1229.
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< F [eld (Uis Mis1) + exdp (/Ji’ [T/Ji]a(,')) + e3d), (,Ui+1a [T,ui+l]a,(,'+1))

+%db (Mi, [T,Ui+l]a(i+1)) + %dh ('ui“’ [Tﬂi]“(i))]

-7 [eld (Wi» Miv1) + €xd), (,Ui, [T/-li]a(,')) + e3d), (,Ui+1, [T/li+1](,(,'+1))

%db (/li, [Tﬂi+1]a(i+1>) + 5 dp ('“i“’ [T'u"]a@)] :

€s
2s

+

Now, we survey to the following inequality

dp(Uis1, [T,Ui+l]a(,'+1)) <d, (,Ui, [T,Ui]a(,-)) > 4.5)

for all i € N Suppose, on the contrary, there is i3 € N such that
A(iys15 [T i1 gps1y) = digs [T i log,))- BY (4.4) and Lemma (2.8), we have

7 [db(ﬂioﬂa [T,Uio+1](,(,~0+1))] = F [d(ﬂi0+1,ﬂi0+2)] (4.6)
7 [I:Ib ([T (llio)]a(io) ’ [T (/Jio+l)]a(i0+1))] -7 (U(ﬂio’ﬂioﬂ))

7 [61 (db (,uio, [T (ﬂio)]a(,-o))) +e (db (,Uio» [T (Hio)]a(io)))

+es3 (db (ﬂio+1’ [T (/Jio+1)]a(io+l)))

+§—1 (db (/lio’ (T (lui0+1)]a(i0+l)))

+§—Z (db (lli0+1 AT (/Jio)]a(io)))] — 7 (U (g fig+1))

F [eldb (,ul-o, [T (/«lio)]a(io)) +e (db (,Uio’ [T (.Uio)]a(,-o)))
% (db (ﬂi0+1’ (T (,Uio+1)]a(io+1)))

IA

IA

IA

#5817 Gy

+s2_e;db ([T (/Jio)](t(io) > [T (,Ui0+l)]a(io+1))
2se

_|_2_s5 (db(:uio’ [T (/li())]a/(io))]

-7 (U(/Jio,llio+1)) :

Owing to the above hypothesis, this, in turn, yields:

F [db(uioﬂ, [Tﬂio+1]a(i0+1))] < F [eldb (,Uio, [T (ﬂio)]a(io)) + e (db (,Uio’ [T (:uio)]a(io)))
s (d (igers [T (igs)]aioen))
+ey (db ([T i) oy » [T (Hi0+1)]a(i0+1)))
+es (db (,Uio, [T (:uio)]a(io)))] = 7 (U(Higs Hig+1)) -
Since ¥ is super-additive, we can write

e +e +e
77 I:db(:uio+la [T/Jio+l]a(,-0+1))] < u¢ [db(ﬂio, [Tﬂio]a(io))] -

 (I-e3—ey)

7 (U(ig-1» Hiy)

(1-e3—es)

AIMS Mathematics Volume 8, Issue 1, 1208—1229.
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From this, By given condition e; + e, + €3 + e4 + s = 1, we have

T (U(fig-1, Hiy))

(1-e3—es) ’

F | do i1 [ TttiyerLagiosr)| < F | dottis [Thtig) i) = (4.7)

a contradiction. Hence (4.5) holds true. In the light of above hypothesis, Therefore d, ( i [T,ui]a(l.)) isa
decreasing sequence with respect to real number and it is bounded from below . Suppose that there is
Y > 0 such that

¥ = lim dy (i [Tuily) = inf{dy (us [Thilo) = 1 € NJ. (4.8)

We now to prove that ¥ = 0. Suppose, based on contrary that ¥ > 0. Then, for every € > 0, there is
a natural number j such that

dp (/Jj, [T,u.,-]a(j)) <¥+e.
By (F2),
F [db (1 [T j]a(j))] <FW+e). 4.9)

Also, by applying (4.3), we have

2isdb (,uj, [T,uj]a(j)) <d, (,uj,;zjﬂ) , forall i € N.

Since F-FSHR type contraction with respect to D(T', i), we have
Flstwsos [T )| = F [d@surio)]
7 [ﬂb ([T ()], 17 (ﬂfﬂ)]a(jﬂ))] =7 (U p500))
¢[el (d” (”-” 7 ('“j)]x(j)))wz (db (“j’ 7 (”’)]wo)))
s ). )
+2—(db (ﬂw[ (501)], ,+1)))
o)L )] - ()
Due to the above hypothesis, this, in turn, yields:
st (1] ] = e o[, )+ e (o ), )
oo ), )
# 5 o [7 ()],
+&db([ ()] [T (1))

2se5 (d;,(,uj T (ﬂ])]au))]

IA

IA

AIMS Mathematics Volume 8, Issue 1, 1208—1229.
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—7 (U pjan))
7 [erds (s [ )], )+ 2 7 ()], )

tes (dh (ﬂf+1’ |7 (k1)) um))

veu (d 15[ ()], ))

+es (db (u,, T (uj (])))

F [db(ﬂjﬂ’ [Tﬂﬁl] o +1))] [db('uj’ [Tﬂj]a(]))]

IA

(U, 1))

This implies
(U, )
l—e3
Since

2s (X(j+1)) d (/'t]+17/1]+2) fOI’ all l (S N

By appealing to above observation, we obtain

idb (,Uj+1’ [T/Jj+1]

T (U(ﬂj+1,ﬂj+2))

T bt [Tl )| < T | ditison [Trsn], )] - = (4.10)

Continuing these fashion, we obtain

T (U(/Jj+(i—1),,uj+i))
F [db(/ljﬂ'a [T,Uj+i]a(j+i))] < F [db (,Uj+(i—l)a [T/Jj+(i—l)]a(j+(l._l)))] - 4.11)

1—63

T(U(I"j+(i—2) MG 1)))

1—e3
T [db (l‘tj+(i—2)’ I:T/l]+(l_2):|d(j+(l_2))):| - { T(U(/J/Jr(, i ﬂjﬂ))

1-e3

IA

oo i, )| - )

(n = jo (U, 1))

1—63

IA

< FW+e)-

Upon setting i — +00, we have

Qim 7 [db (u,+,, [Tu,ﬂ]a(ﬂi))] = —
Also, in veiw of (F;;) , we get
tim |t [Tasu] )] = 0

i—+o0

So, there is i; € N such that dj,(u 4, [T,u j+i] (,+,)) < ¥ for all i > i;, which is a contradiction with
a(j+i

repect to W. Therefore, we have
lim [d (1. [Thiay)| = 0. (4.12)

i—+00

AIMS Mathematics Volume 8, Issue 1, 1208—1229.
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Now, we show that
lim d(u;,u,) = 0.

i,m—+00

(4.13)

Let us assume on the contrary that, for every € > 0 there are sequences y(i) and 6(7) in N such that

d(l'l)/(,‘)’l'lé([)) 2 8’ db (ﬂé(,‘)_l b I:Tu’y(;)_l]a’(')/(i)l)) < 8’ y(l) > 6(i) > i’

for all i € N. So, we have

Aty Ms,) < sdp (/4‘7(»1 ) [Tﬂml]a(y(i)_l)) + sdp, ([Tﬂm)l]a(y(i)_l) ’:“5@)

< sdy (:um)’ [T:uw»—z] ) + se.

a(yir-2)

By (4.12), 4 i, € N such that

db (ﬂ}/(i)_l > [T:uni)—l]a(y([)_l)) <§g, db (lu)’(i)’ [TMYU)]Q(Y([))) <&, db (/'té(i)’ [Tﬂé(i)]a(ﬁ(i))) <%

for all i > i,, which together with (4.15) yields
d(pty,» Ms,,) < 2s€) for all i > .
In view of (¥;), we can write
F (d(tay,r o)) < F(25€) for all i > iy,

From (4.14) and (4.16), we write

1
2
Applying the triangle inequality, we find that

€ < d(py» fy,) < sd (:“7(0’/‘7(0“)

2 2
+ s7d (:uy(im ’/15«)“) +57d (/15(i)+1 ’/1(5(1')) :

Next, if we setting to the limit i — +oc0 in (4.19) and make use of (4.12), then,

€ ..
— < lim infd (,umﬂ, u(;(M) .

SZ i—+00

Also, there is i3 € N such that
d (/'t')’(i)ﬂ s qus(i)+l) > 0’

€ L.
Sdb (:u)'(i)’ [T:um)]a(m)) < 2_s < d(IIY(i)’#é(i)) for all i > i,.

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

for all i > i3, that is, d (,umﬂ, u(;(m]) > 0 > 0 for i > i3. Further, from (4.1) and Lemma (2.8), we can

write

F [d (/'17(i)+1 s M6y )] <F (I:Ib ([T,uy(,.)]a (o) [T,u(;(,.)]a (5(,-)))) = 7(U(ty i) Mo(i)))

(4.20)

AIMS Mathematics Volume 8, Issue 1, 1208—1229.
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IA

T [ert@ns s + e (d (s [T, )
sl o)
ves (d (s [Trna )| = 7001500

T ert@nspson + e (d (i [T, ))
s i L)) (i)
e (d s [Ts, ] 5, )) + 55 (d (500 0))
el Ly |-
for all i > max (i, i»} . In view of (4.16)~(4.18), inequaility (4.20) yields

T [ (s )] < 7 (B ([T, oy 17130, (6@))) @21)

T |e12se) + ex s (duon [Tra |, )

+e3 (db (#a(i>’ [T“‘S“‘)]a(%)))

€4 €5
+5(ss + 5€) + E(ss + &))]

-7 (U (i) /Ja(i)))) ,

for all i > max {iy, i,}. Taking the limit i — +co in (4.21), we get

IA

IA

lim [d (ﬂy(z’)ﬂ’luis(i)ﬂ):l = —00,

i—+0co

which by vertue of (), implies that lim;_, . d (,uy(,-)ﬂ ,.UJ@H) = 0. In the light of (4.19), we can write
lim;_, ;0 d(y,,), t5,)) = 0, which contradicts. Hence (4.13) holds true. Hence {u;} is a Cauchy sequence
in G. Since G is a complete b-metric-like space, there is a point ¢ € G such that

d(c,c) = lim d(u;,c) = lim d(u;,u;) = 0. 4.22)
1—+00 l,]—)+oo
Now, we show futher the following inequatlity
idb His [THil o) < d(is ) or idb Hists [Thist]ogan)) < d Wist, ©) . (4.23)
2s 2s
Assume on the contrary that 3 i, € N such that
1
_db(/'ll(p [Tl“llO](Z(lo)) = d(l'lto’ C) (l’ll[p,] ’ [T/"l10+l]a(10+1)) > d (/'llo+15 c) . (4'24)
Then from (4.5) and (4.24), we have
dy (,Ui()’ [Tﬂio]a(io)) < sd(uj,, c) + sdy (C, [Tl‘tio](y(io))
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1 1
< ZSdb (ﬂio’ [T:uio]a(io)) + ZSdb (:uion’ [T/'li0+l](l(i0+]))

< %db (ﬂiO’ [T:uio]a(io)) + %db ('uio’ [T'“io]a(io))
< dy (:uio’ [T:uio]a(io))’

a contradiction. Thus (4.23) holds true. So,we can write

IA

F (dy (i1 [T o)) < F AT @D ay > [T (©ae)| = T (Ui, )
F e1(dui, ©)) + exdy (pir [T (1))

resdy (e, 1T (o) + Sody (12 [T (@)

2s
dy (e, [T @) | — 7 (Ui ),

IA

€s

+
2s

or

T (d (1t I ©aco))

IA

F | B ([T i) aiisny - [T (o) | = 7 (Ui )
7 [el(d(ﬂiﬂ’ 0)) + exd, (ﬂi+1, [T (,Ui+1)]a(i+1))
+esdy (C, (T (C)]a@)) + % (,Ui+1, [T (c)]a/(c))

€s
+2_sdb (C, [T (/1i+1)]a(i+1))

IA

=7 (U(Wis1,0)) .

Now, let us now examine the following cases:
Case 1. Assume that (4.25) holds true. From (4.25), we have

F (db (,Ui+] [T (C)]G(C)))

IA

F | AT Wiy [T (o) = T (Ul )
F e1(dui, ©)) + exdy (pir [T (1))

+e3dy (C, [T (C)]a(c)) + %db (i ©)

5y (0,17 (Olo) + 5 (1)

+%5db (,ul., [T (ﬂi)]a(i))

IA

-7 (U, 0)).

By (4.12) and (4.22), there is i, € N such that for some &, > 0

d(c, ) < &1, dp(pi, [T (U)o < &1, fori > iy,

From (4.27) and (4.28), we have

(4.25)

(4.26)

(4.27)

(4.28)
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T (ds (1,17 Ol

IA

F [T W)y - [T ()|~ 7 (Ui ). (4.29)
F [e1(d(ur. ) + exdy (p. [T ()]

+exd; (¢, [T (@) + 5 (1)

+ 5y (0,17 (o) + 5 21)

—t (Ui, c)).

IA

for all i > iy. Taking the limit as i — +o0 in (4.29), we find that lim;_, ;.. ¥ (db (,u,-+ T (c)]a(c))) = —o0,
By means of (7;;), we have
11_1)1330 dp(is1, [T () = 0.

On the other hand, we see that
dy (¢, [T (o) < d (e tirn) + dy (g1, [T (oo -

Further, in the light of above hypothesis with respect to G 3 ¢ +— d,(c, [T (lli)]a(i)) is D(T, Ho)-fuzzy
dynamic lower semi-continuous, we have

dy(€, [T (©)lu) < i inf dy(c, [T ()],) +0 = 0.

Also, the closedness of [T (c)],(, implies that ¢ € [T (c)],, Which means that c is a fuzzy fixed
point of 7.
Case 2. Assume that (4.26) holds true. From (4.26), we can write

IA

F (do (2 [T Olato)) < F [AbAT @)y [T ©lao) | = 7 (Ui, e) - (4.30)
F |erd(uini, ) + exdy (i [T (i) oo
+esd, (C, [T (C)]a(c)) + e—;d (His1,C)

€4 (2
+dy (€ [T (o) + 5 d (e pi)

IA

e
+35db (,Ui+b [T (/~li+1)]a(i+g)) -7 (U(is1,0)).
From (4.12) and (4.22), there is i5 € N such that for some &, > 0
d(c, pin) < &2, dp(is1, [T (,Ui+1)]a(,~+1)) < &, fori > is. (4.31)

Now, from (4.30) and (4.31), we have

IA

F (do (12 [T Olaio) < F [ApAT W)y [T ©Olao) | = 7 (Ui, e) - (4.32)
F [el(d(,u,-H, ) + exdy (Hi+1, [T (ﬂi+1)]a(i+1))

+esd) (C, [T (C)]a/(c)) + 6—24 (&1)

IA
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€4
454y (e [T (©luo) + es (e1)
—T(U(ir1, ).
for all i > is. Taking the limit as i — +oo in (4.32), we see that lim;_.e F (dy (ttis2. [T (©)]o())) = —o0.

By means of (7;;), we have
Tim dy iz, [T (Olygo) = 0.

Consequently,
dp (C, [T (C)]a(c)) <d(c,pix2) + dp (,Ui+2, [T (C)](z(c)) .

Further, in view of above fashion with respect to G > ¢ + d,(c, [T (ﬂi)]a(i)) is (T, Uo)-fuzzy
dynamic lower semi-continuous, we have

dp(c, [T ()] < ZEIJBO inf dy(c, [T (Wis1)]oisy) +0 = 0.

Also, the closedness of [T (¢)],, ,» which implies that ¢ € [T (¢)],,.- Hence, c is a fuzzy fixed point
of T. O

Corollary 4.4. Let (G, d) be a b-metric-like space with s > 1. Assume that T : G — u(G) is a F-fuzzy
Suzuki-Kannan (abbr., F-FSK) type contraction with respect to fuzzy dynamic system D ([Tu],, , o) and
a : G — [0, 1] such that [T (u;)],;, are nonempty closed subsets of G. Assume that for some F € Vg
and 7 : (0, +00) — (0, +00) such that

1
Zdb (,Ui—la [T (/Ji—l)]a(i_l)) <d Ui-1, i) s
we have
(Uit 1)) + F | By (IT Wl - [T Wic)agen))| < F Ui ),
where

U(ui1, i) = exdy (,Ui—la [T (/Ji—l)]a(i_l)) + esd), (,Ui» [T (/li)]a(,-)) ,

forallp; € D ([Tul, > po), H, ([T U)oy - [T (/’li+1)]a(i+l)) > 0, where e, e3 € [0, 1] such that e, +e, = 1.
Assume that (i)—(iii) are satisfied. Then T has a fuzzy fixed point.

Corollary 4.5. Let (G, d) be a b-metric-like space with s > 1. Assume that T : G — w(G) is a F-fuzzy
Suzuki-Chatterjea (abbr., F-FSC) type contraction with respect to fuzzy dynamic system D ([Tu], » io)
and @ : G — [0, 1] such that [T (u;)],, are nonempty closed subsets of G. Assume that for some
F € Veand 7 : (0, +00) — (0, +00) such that

1
2—sdb (ﬂi—l, [T (ﬂi—l)]a(i_n) < d (fi-1, i) »

we have R
(U1 1) + F [Hy (1T @y » [T @is)aen))| < F U@, 1)),
where

Ui, 1) = eady (it [T @)oo + €5y (i [T @i 0]y

for all ;€ DTl o10) By (IT )y - [T Gict)]uer)) > O where es,es € [0,3). Assume thar
()—(iii) are satisfied. Then T has a fuzzy fixed point.
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Corollary 4.6. Let (G, d) be a b-metric-like space with s > 1. Assume that T : G — u(G) is a F-fuzzy
Suzuki-Banach (abbr., F-FSB) type contraction with respect to fuzzy dynamic system D ([Tu),, , o) and
a : G — [0, 1] such that [T (u;)],;, are nonempty closed subsets of G. Assume that for some F € Vg
and 7 : (0, +00) — (0, +00) such that

1
5o (i [T (i) < d (i)
we have
t(d(pi1 1)) + F [Hy ([T @l oy » [T W) airn))| < Flerduior, ),

forall y; € D ([Tul, » o), H, ([T Wl > [T (,Lti+1)](l(i+1)) > 0, where e, € [0,1). Assume that (i) and
(ii) are satisfied. Then T has a fuzzy fixed point.

Corollary 4.7. Let (G,d) be a b-metric-like space with s > 1. Assume that T : G — u(G) is a F-
fuzzy Banach (abbr., F-FB) type contraction with respect to fuzzy dynamic system D ([Tul, s po) and
a : G — [0, 1] such that [T (;)],;, are nonempty closed subsets of G. Assume that for some ¥ € Vg
and 1 : (0, +00) — (0, +00) such that

(d(i1 1)) + F [ Ay ([T @)oo - [T Wis)aeny )| < Flerduior, )

for all y; € D ([Tul, » o), H, ([T Wl > [T (ﬂi+1)]a(i+1)) > 0, where e, € [0,1). Assume that (i) and
(i) are satisfied. Then T has a fuzzy fixed point.

Example 4.8. Let G = R* U {0}and d : G X G — R* U {0} be a function defined by

d (y, po) = (max {u; ,#2})2 .

. . . . _ 4 . .
Clearly, (d,G) is a complete b-metric-like space with s = 3. Define a fuzzy mapping T : G — F(G)
by

Lifo<p <4
1 el ’ M.
5, f 2 <y <%;
TWwW)=31 ¢4 _ ¢
Z,lf%l</l S’%,
0,if % <y <1,

Define ¥ : R* - Rand 7 : R* - R* by ¥ (1) = In(u) and

() = { In(1), foru=0,1;

ﬁ, for u € (1, 400).

For all u € D ([Tu], o), there is a (1) = 1 such that (Tl = [0, ’5‘] . Then we have
1
2s
setting e; = e3 = e4 = e4 = 0 and e; = 1, we obtain

T(d(ui, piv1)) + F [I:Ib ([T (/Ji)]a(i) T (/Ji+l)]a(i+1))] < F(ad(ui, pis1))-

Hence all the required possible hypothesis of Corollary 4.6 are satisfied, Thus 7" has a fuzzy fixed
point.

dp (,Ui, [T (/Ji)]a(i)) < d (Wi, fiv1)
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5. An application to Hukuhara fuzzy differentiability problem

Fuzzy differential equations and fuzzy integral equations have always been of key importance in
dynamical programming and engineering problems. Therefore, various authors used different
techniques for solving an fuzzy differential equations and fuzzy integral equations. Among those,
Hukuhara differentiability for fuzzy valued function is the most celebrated problem. This section
renders solution of a fuzzy differential equations. For this we explore Hukuhara differentiability for
fuzzy functions and fuzzy initial valued problem in the setting of b-metric-like space.

Definition 5.1. A function g : R — [0, 1] is called a fuzzy real number if
(i) g is normal, i.e., there is yy € R in such a way that g (ug) = 1;

(i) ga is fuzzy convex, i.e., g(B(uy) + (1 = B) p) > min{g (1), g (w2))}, 0 < B < 1, for all uy, u, €
R;
(iii) g 1s upper semi-continuous;

(iiii) [g]° = cl{u € R : g (u) > 0O} is compact.

Note that, for @ € (0, 1],
[g]" =cl{ueR: g >a) =g}, 8%].

expresses « — cut of the fuzzy set g. For g € P!, where P! represents the family of fuzzy real numbers,
one can write [g]" € C.(R) foralla € [0, 1], where C. (R) denotes the set of all compact and convex
subsets of R. The supremum on P' endowed with the b-metric-like is defined by

I

for all g, g, € P!, 87, — &, = diam([g]). Consider the continuous fuzzy function defined on [0, ],

d*(gl’ g2) = sup [|g(11,s1 - gg,m + |g(1l,sz - gg,sz
a€[0,1]

forI'>0as C ([O, I, Pl) endowed with the complete b-metric-like with respect to b-metric-like as:

d(gi,82) = sup [d"(g1,8)],
1el0,1]

forall g;, g, € C! ([O, I7, Pl) . Consider the fuzzy initial valued problem:

gw)=f(ugw), uel=1[0IT;
{g(O):O, (5.1)

where g’ is the Hukuhara differentiability and f is the fuzzy function, i.e., f : IxP! — P! is continuous.
Denote the set of all continuous fuzzy functions f : I — P! which have continuous derivatives by
C! (I , P‘) . A family u € C! (I , P‘) is a solution of fuzzy initial valued problem (5.1) if and only if

g (W) = go®r (=1) f (r,g (N)dr, peI=1[0,T7, (5.2)

where (5.2) is called a fuzzy Volterra integral equation.
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Theorem 5.2. Let f : I x P' — P! be a continuous function such that

g < g implies f(u, g W) < f (1, & (W),

forg, g € P!, In addition, assume that T : (0, +00) — (0, +00) such that
2
(1 (2 G = f (8" )| < 7e™ max (@' (g1 (), g2 (e ™),

where g < g forallu € I and g,g' € P'. Then the FIVP (5.1) has a fuzzy solution with respect to
c'(r.pPY).

Proof. Let 7 : (0, +00) — (0, +0c0) and the family C! (I , P]) endow with the b-metric-like as:

d.(g,8") = sup [d"(g(u),g (w)e ™],

uel0,1]
forall g, g’ € C'(I,P'). Let S : G — (0, 1]. Due to (5.2) for g € G, one can write
Yo (1) = 80O (1) f (r,g (n)dr, p € L.
Assume that g < g. Then we have

Yy (1)

200 (=1)y f (r,g () dr
80Ok (‘Dﬁf(”’ g (r)dr
= Yy (.

This implies Y, (1) # Yy (). Assume a fuzzy mapping T : G — PC is defined by

A

Y@, tw =Y, (w;
Mg (1) = { 0, otherwise. ’

_J Y@, t(w) =Yy ()
My (D) = { 0, otherwise. ’

Owingtoa(g) =S (g)and @ (g’) = S (g’), we have
[Tgly =1t€G:Tgw) 2S5 (9)} =Y, (W),
and on the same fashion, we have
[Tg' o) =(t€G:Tg () =S (&)} =Yy ().
Therefore,

Supge [Tg]“(g)

Supg,E[Tg,]a(g,) mfge [T¢]

A

infycrre1  d(g.8),
Hb ([Tg]a(g) R [Tg,]a’(g’)) = max{ 8 E[ 8 ]a(g )

) d(g,g),

alg

IA

2
max {suP [[¥e )| + Yo @) }
ue
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= sup (17 @) + ¥, @]
ue

= sup||go®@s (=1 £ (g () dr] + |g0®@r (1. £ (g () ]|

pel

= sup [g0®x (=10} (If (g (D drl + |f (r. g () ]|

uel

2

Then, in view of above hypothesis we have:,

a, ([Tg]oz(g) ) [Tg/]a(g/)) < SU? [ﬁf (r,g(r))| + |‘(§f (g (7”))| d’”]z
e

IA

1 1 2
sup|lsf g ()] + i (8’ ) ]|
e

IA

sup {’(;Te_T lg (r) — g (r)| e_”e”dr}
uel

—Tl N Tr
= Te '—d:(g,8)e".
.
By appealing to the above fashion, we obtain
A, ([Tg]a@ : [Tg']a@r)) e <e'di(gg),

or equivalently,
Ay (IT8)ue) - (T8 Tuger)) < €7 (3. 8).

Owing to logarithms, we have
In (I:Ib ([Tg]a(g) ’ [Tg,]a/(g’))) <In(e7d:(g.8)),
Owing to the above speculation, this, in turn, yields:
7(d- (8.8)) + I (Hy ([Tglue) - [T8 o)) < In(de(3.8)) -

Due to ¥ -contraction, with the setting () = Inpy, forallu € C! (I , Pl), we have

7(dr (8.8)) + T (Hy ([T8luie) - [T8 1ue)) < T (di(8.8)) -

It follows that there is ¢ € C! (I , Pl) such that ¢ € [T'c],, - Hence all the possible hypothesis of
Corollary 4.7 are satisfied and consequently fuzzy initial valued problem (5.1) has a fuzzy solution
ceC'(I.P")inC'(1.P'). O

6. Concluding conclusions and observations

The article regards with new approach of fuzzy dynamic process on b-metric-like space, specifically
the mapping of set-valued (extended) fuzzy intervals endowed with the b-metric-like. After we just
adopt the standard setting of fuzzy dynamic process in b-metric-like space which defines convergence

theorems in generalized ¥ -contraction via expectations of fuzzy Suzuki-type contraction mappings.
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Subsequently, corollaries are originated from the main result. To explain the example in the main
section, a graphically interpretation has been created that best illustrates the fuzzy dynamic process to
the readers. At the end, gives an application of our results in solving Hukuhara differentiability through
the fuzzy initial valued problem and fuzzy functions. The pivotal role of Hukuhara differentiability in
fuzzy dynamic process is stated. In future, this methodology can be inspected intuitionistic fuzzy and
picture fuzzy sets the fuzzy dynamic process for a hybrid pair of mappings can be examined.

Acknowledgements

All the authors have equal contribution, read and approved the final manuscript. The authors S.
Subhi, N. Mlaiki and W. Shatanawi would like to thank Prince Sultan University for paying the
publication fees for this work through TAS LAB.

Conflict of interest

The authors declare that they have no conflicts of interests.

References

1. M. Abbas, B. Damjanovi¢, R. Lazovi¢c, Fuzzy common fixed point theorems
for generalized contractive mappings, Appl. Math. Lett., 23 (2010), 1326-1330.
https://doi.org/10.1016/j.am1.2010.06.023

2. M. A. Alghamdi, N. Hussain, P. Salimi, Fixed point and couplete fixed point theorems on b-metric-
like spaces, J. Inequal. Appl., 2013 (2013), 402. https://doi.org/10.1186/1029-242X-2013-402

3. A. Al F Uddin, M. Arshad, M. Rashid, Hybrid fixed point results via generalized dynamic process
for F-HRS type contractions with application, Phys. A: Stat. Mech. Appl., 538 (2020), 122669.
https://doi.org/10.1016/j.physa.2019.122669

4. S. Atailia, N. Redjel, A. Dehici, Some fixed point results for (c¢)-mappings in Banach spaces, J.
Fixed Point Theory Appl., 22 (2020), 51. https://doi.org/10.1007/s11784-020-00787-4

5. A. Azam, Fuzzy fixed points of fuzzy mappings via a rational inequality, Hacet. J. Math. Stat., 40
(2011), 421-431. https://doi.org/10.1016/j.physa.2019.122669

6. A. Azam, M. Arshad, P. Vetro, On a pair of fuzzy ¢-contractive mappings, Math. Comput. Model.,
52 (2010), 207-214. https://doi.org/10.1016/j.mcm.2010.02.010

J. P. Aubin, 1. Ekeland, Applied nonlinear analysis, John Wiley Sons Wiley, 1984.

. J. P. Aubin, J. Siegel, Fixed points and stationary points of dissipative multivalued maps, Proc. Am.
Math. Soc., 78 (1980), 391-398. https://doi.org/10.2307/2042331

9. A.Ali, A. Hussain, M. Arshad, H. A. Sulami, M. Tariqg, Certain new development to the orthogonal
binary relations, Symmetry, 14 (2022), 1954. https://doi.org/10.3390/sym14101954

10. A. Ali, A. Muhammad, A. Hussain, N. Hussain, S. M. Alsulami, On new generalized
O,-contractions and related fixed point theorems, J. Inequal. Appl., 2022 (2022), 37.
https://doi.org/10.1186/s13660-022-02770-8

AIMS Mathematics Volume 8, Issue 1, 1208—1229.


http://dx.doi.org/https://doi.org/10.1016/j.aml.2010.06.023
http://dx.doi.org/https://doi.org/10.1186/1029-242X-2013-402
http://dx.doi.org/https://doi.org/10.1016/j.physa.2019.122669
http://dx.doi.org/https://doi.org/10.1007/s11784-020-00787-4
http://dx.doi.org/https://doi.org/10.1016/j.physa.2019.122669
http://dx.doi.org/https://doi.org/10.1016/j.mcm.2010.02.010
http://dx.doi.org/https://doi.org/10.2307/2042331
http://dx.doi.org/https://doi.org/10.3390/sym14101954
http://dx.doi.org/https://doi.org/10.1186/s13660-022-02770-8

1228

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

R. Bellman, E. S. Lee, Functional equations in dynamic programming, Aequat. Math., 17 (1978),
1-18. https://doi.org/10.1007/BF01818535

M. Cosentino, P. Vetro, Fixed point results for F-contractive mappings of Hardy-Rogers-type,
Filomat, 28 (2014), 715-722. https://doi.org/10.2298/FIL1404715C

Y. J. Cho, M. Jleli, M. Mursaleen, B. Samet, C. Vetro, Advances in metric fixed point theory and
applications, Singapore Springer Nature, 2021. https://doi.org/10.1007/978-981-33-6647-3

D. Derouiche, H. Ramoul, New fixed point results for F-contractions of Hardy-Rogers
type in b-metric spaces with applications, J. Fixed Point Theory Appl., 22 (2020), 1-44.
https://doi.org/10.1007/s11784-020-00822-4

P. Debnath, N. Konwar, S. Radenovi¢, Metric fixed point theory: Applications in science,
engineering and behavioural sciences, Springer Verlag, 2021. https://doi.org/10.1007/978-981-16-
4896-0

N. Hussain, J. R. Roshan, V. Parvaneh, Z. Kadelburg, Fixed points of contractive mappings in
b-metric-like spaces, Sci. World J., 2014 (2014), 471827. https://doi.org/10.1155/2014/471827

M. Kikkawa, T. Suzuki, Three fixed point theorems for generalized contractions with constants
in complete metric spaces, Nonlinear Anal. Theory Methods Appl., 69 (2008), 2942-2949.
https://doi.org/10.1016/j.na.2007.08.064

D. Klim, D. Wardowski, Fixed points of dynamic processes of set-valued F-contractions
and application to functional equations, Fixed Point Theory Appl., 2015 (2015), 22.
https://doi.org/10.1186/s13663-015-0272-y

R. Kruse, K. D. Meyer, Statistics with vague data, Reidel, 1987. https://doi.org/10.1007/978-94-
009-3943-1

V. Lakshmikantham, R. Mohapatra, Theory of fuzzy differential equations and inclusions, CRC
Press, 2003. https://doi.org/10.1201/9780203011386

S. G. Matthews, Partial metric topology, in proceedings of the 11th summer conference
on general topology an applications, Ann. New York Acad. Sci., 728 (1994), 183-197.
https://doi.org/10.1111/j.1749-6632.1994.tb44144 .x

S. B. J. Nadler, Multi-valued contraction mappings, Pac. J. Math., 30 (1969), 475-488.
https://doi.org/10.2140/PIM.1969.30.475

H. K. Nashine, C. Vetro, W. Kumam, P. Kumam, Fixed point theorems for fuzzy mappings
and applications to ordinary fuzzy differential equations, Adv. Differ. Equ., 2014 (2014), 232.
https://doi.org/10.1186/1687-1847-2014-232

N. Onjai-Uea, P. Kumam, A generalized nonlinear random equations with random fuzzy
mappings in uniformly smooth Banach spaces, J. Inequal. Appl., 2010 (2010), 728452.
https://doi.org/10.1155/2010/728452

R. A. Rashwan, M. A. Ahmed, Common fixed point theorems for fuzzy mappings, Arch. Math., 38
(2002), 219-226.

M. Sgroi, C. Vetro, Multi-valued F-contractions and the solution of certain functional and integral
equations, Filomat, 27 (2013), 1259-1268. https://doi.org/10.2298/FIL1307259S

AIMS Mathematics Volume 8, Issue 1, 1208—1229.


http://dx.doi.org/https://doi.org/10.1007/BF01818535
http://dx.doi.org/https://doi.org/10.2298/FIL1404715C
http://dx.doi.org/https://doi.org/10.1007/978-981-33-6647-3
http://dx.doi.org/https://doi.org/10.1007/s11784-020-00822-4
http://dx.doi.org/https://doi.org/10.1007/978-981-16-4896-0
http://dx.doi.org/https://doi.org/10.1007/978-981-16-4896-0
http://dx.doi.org/https://doi.org/10.1155/2014/471827
http://dx.doi.org/https://doi.org/10.1016/j.na.2007.08.064
http://dx.doi.org/https://doi.org/10.1186/s13663-015-0272-y
http://dx.doi.org/https://doi.org/10.1007/978-94-009-3943-1
http://dx.doi.org/https://doi.org/10.1007/978-94-009-3943-1
http://dx.doi.org/https://doi.org/10.1201/9780203011386
http://dx.doi.org/https://doi.org/10.1111/j.1749-6632.1994.tb44144.x
http://dx.doi.org/https://doi.org/10.2140/PJM.1969.30.475
http://dx.doi.org/https://doi.org/10.1186/1687-1847-2014-232
http://dx.doi.org/https://doi.org/10.1155/2010/728452
http://dx.doi.org/https://doi.org/10.2298/FIL1307259S

1229

27. H. M. Srivastava, A. Ali, A. Hussain, M. Arshad, H. A. Sulami, A certain class of 6;-type non-
linear operatorsand some related fixed point results, J. Nonlinear Var. Anal., 6 (2022), 69-87.
https://doi.org/10.23952/jnva.6.2022.1.05

28. T. Suzuki, A new type of fixed point theorem in metric spaces, Nonlinear Anal. Theory Methods
Appl., 71 (2009), 5313-5317. https://doi.org/10.1016/j.na.2009.04.017

29. D. Turkoglu, B. E. Rhoades, A fixed fuzzy point for fuzzy mapping in complete metric spaces,
Math. Commun., 10 (2005), 115-121.

30. V. Todorcevic, Harmonic quasiconformal mappings and hyperbolic type metrics, Cham Springer
International, 2019. https://doi.org/10.1007/978-3-030-22591-9

31. D. Wardowski, Fixed points of a new type of contractive mappings in complete metric spaces,
Fixed Point Theory Appl., 2012 (2012), 94. https://doi.org/10.1186/1687-1812-2012-94

32. L. A. Zadeh, Fuzzy sets, Inf. Control, 8 (1965), 338-353. https://doi.org/10.1016/S0019-
9958(65)90241-X

©2023 Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

%’1\% AIMS Press

AIMS Mathematics Volume 8, Issue 1, 1208—1229.


http://dx.doi.org/https://doi.org/10.23952/jnva.6.2022.1.05
http://dx.doi.org/https://doi.org/10.1016/j.na.2009.04.017
http://dx.doi.org/https://doi.org/10.1007/978-3-030-22591-9
http://dx.doi.org/https://doi.org/10.1186/1687-1812-2012-94
http://dx.doi.org/https://doi.org/10.1016/S0019-9958(65)90241-X
http://dx.doi.org/https://doi.org/10.1016/S0019-9958(65)90241-X
http://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminaries
	Fuzzy dynamic process: ( [ T] ,0) 
	Fuzzy fixed point theorems with respect to fuzzy dynamic process: ( [ T] ,0) 
	An application to Hukuhara fuzzy differentiability problem
	Concluding conclusions and observations

