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1. Introduction

A ten decades ago, the rudiments of metric fixed point theory came up in a work concerning
solutions of a class of differential equations. The earliest most celebrated fixed point theorem in this
regard was proved by Banach [5]. Thereafter, metric fixed point theory has progressed fruitfully in
different directions. (e.g., see [12, 13, 19, 21, 26]). Along the way, Edelstein [9] obtained a
modification of the Banach fixed point theorem.

Theorem 1.1. Let (w, &) be a compact metric space (MS) and p : @ — @ be a single-valued mapping.
If for all j, 9 € @, E(pJ, pp) < E(J, @), then p has only one fixed point in @.

Subsequently, Suzuki [28] came up with an extension of Theorem 1.1 as follows.

Theorem 1.2. [28] Let (@, &) be a compact MS and p : @ — @ be a single-valued mapping. Suppose
that for all j,9 € @, ]+ 9,

1
5&(1, pJ) <&@, 9) implies (o, pp) < (7, 9)-

Then, p has exactly one fixed point in @.

Not long ago, a novel type of contraction named the F'-contraction was initiated by Wardowski [30]
with the corresponding fixed point theorem, via which a significant number of well-known related
results were obtained as corollaries. Wardowski set up the idea of an F-contraction in the following
fashion.

Definition 1.1. Let (@, &) be a MS. A mapping p : @ — @ is named an F-contraction if there exists
a constant 0 > 0 and for all j, p € @,

&(py, pgp) > 0 implies 6 + F(&(p ), pp)) < F(E(), 9)), (1.1)

where the mapping F : R, — R obeys the following.

(F1) F is strictly increasing, that is, for all a,b € R, a < b implies F(a) < F(b);
(F2) for each sequence {T,},en of positive numbers,

lim 7, =0 & lim F(r,) = —oo;

(F3) we can find w € (0, 1) such that lim ™ F(t) = 0.
Remark 1. From (F1) and (1.1), it can easily be deduced that each F-contraction is continuous.
Wardowski [30] gave a refined form of the Banach fixed point theorem as:

Theorem 1.3. [30] Let (w, &) be a complete MS and p : w — @ be an F-contraction. Then, p has
only one fixed point in @.

For some examples of F-contractions and related fixed point theorems, please consult [4,14] and the
references therein. For a recent survey of F-contractions with corresponding results, we refer to [15].
Piri and Kumam combined the main ideas in [28, 30] and launched the next concept.
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Definition 1.2. [22] Let (w, &) be a MS. A mapping p : @ — @ is called an F-Suzuki contraction, if
there exists 6 > 0 such that for all j, 9 € @, pj # pg,

1
56(1, pJ) <&@y, 9) implies 0 + F(E(py, pp)) < F(E(), 9)),

where, in addition to (F1), the mapping F satisfies the following.

(F2*) inf F = —oo;
(F3*) F is continuous on (0, o).

It is interesting to know that C*-algebra (see [20]) has been applied several times to explain physical
phenomena in quantum field theory and statistical mechanics and later emerged as a diverse area of
research. On the other hand, the study of new spaces and their properties has been an interesting
research topic among the mathematical community. In this direction, by using the set of all nonnegative
elements of a unital C*-algebra (C*-Ag) instead of the set of real numbers, Ma et al. [17] initiated the
notion of C*-Ag-valued MS and established related fixed point theorems. Following [17], a number of
extensions of the concept of C*-Ag-valued MS have been presented (see, e.g., [18,23,25]).

In what follows, we collect specific concepts of C*-Ag and C*-Ag-valued MS.

Definition 1.3. [20] Let A be a unital algebra with the unit I. An involution on A is a conjugate
linear mapping j v— j* with j* = jand (jp)* = ¢ J, for all j,9 € A. The pair (A, *) is named
a x-algebra. A Banach x-algebra is a x-algebra A together with a submultiplicative norm : || j*|| = |||,
for all j € A, where a norm ||.|| on an algebra A is named submultiplicative if ||jp|| < |IJllll@ll, for all
7,9 € A. A C*-Ag is a Banach *-algebra : || J|| = |JI%, for all j € A.

Herein, A depicts a unital C*-Ag with the unit 1. Also, we let A, = {j € A : j = j*} and take
the zero element in A by 04. A member j € A is named positive, written j > 04, if j € A, and
o(j) c R,y = [0, 00), where o(j) = {4 € C : Al — jis not invertible} is the spectrum of ;. Employing
nonnegative members, we can define a partial ordering < on A, as: j < ¢ © ¢ — j = 04. Hereunder,
by A,, we represent the set {j € A : j > 04} and |j|# = (]*])%(cf. [17]).

Remark 2. When A is a unital C*-Ag, then, for any j € A,, we get 1 <1 & ||jl| < 1 (cf. [20]).
Ma et al. [17] launched the idea of a C*-Ag-valued MS in the following fashion.

Definition 1.4. [I7] Let w be a nonempty set. Assume that the mapping & : @w?> — A obeys the
following:

(cl) 07 2 &(),9) and E(j, 9) = 04 if and only if ] = @,
(c2) £&(J,9) = &9, ), for all j, 9 € w;
(c3) £(J,9) 2 €(J,2) + E(z, ), forall , 9,z € @.

Then, & is named a C*-Ag-valued metric, and (w, A, &) is named as a C*-Ag-valued MS.

Definition 1.5. [17] Let (w, A, &) be a C*-Ag-valued MS. Suppose that {},},en C @ and u € @. If for
any € > 0, we have ny € N : for all n > ny, [|£(J,, u)|| < €, then {j,},en is said to be convergent to u with
respect to A. In this case, we write lim J, = u.

n—oo

If for any € > 0, we can find nyp € N : n,m > ng, [|E(Jn, Jm)l| < €, then the sequence { j,}nen is said to be
Cauchy with respect to A. (w, A, ) is a complete C*-Ag-valued MS, if every Cauchy sequence in @ is
convergent with respect to A.
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It is clear that if @ is a Banach space (Bs), then (w, A, &) is a complete C*-Ag-valued MS, if
(g, 9) = (Il — pIDI for all j, p € @, where I is the identity operator ( [17]).

Example 1.1. [17] Let w = L*(Q) and H = L*(Q), where Q is a Lebesgue measurable set. Obviously,
B(H) is a C*-Ag with the usual operator norm. Define ¢ : w*> — B(H) by

f(f’g) = Tf-g| (f’g € ZD'),

where m; : H — H is the multiplication operator given by m)(¢) = lg, for ¢ € H. Then, £ is a
C*-Ag-valued metric, and (w, A, ) is a complete C*-Ag-valued MS.

Example 1.2. [29] Let w = C be the set of all complex numbers and A = M,(C) be the C*-Ag of
complex numbers. If B = [a;;] € A, then B* = [aj;] is a nonzero element of A. Define the norm

Al = max Z laijl, where ||| is the usual I-norm on C*. Let ¢ : @w X w — A be given by
<i<n

J=1

nt—epl 0 0

(g, 9) = t K|t — ¢ 0 |,
0 0 A - ¢

where n,k,A > 0, and €, p € C. Here, £ is a C*-Ag-valued metric but not a standard metric. Now,
consider a self-mapping p : w — @ defined by pl = g for all ¢ € @w. We see that p fulfils all the
assumptions of [17, Theorem 2.1] and possesses a unique fixed point £ = 0. However, the mapping p
is not a Banach contraction.

For more examples of C*-Ag-valued MS, we refer to [17, 18,29].

Remark 3. Example 1.2 illustrates the fact that neither the fixed point concepts nor the topological
properties in C*-Ag MS can be deduced from their corresponding ones in MS. In addition, the C*-Ag-
valued metric is not metrizable unless A = R. In other words, Example 1.2 is a counter example to the
claims of [1, 8, 16] and some references therein.

Mat et al. [17] presented a modified version of the Banach contraction and corresponding fixed
point theorem as follows.

Definition 1.6. [17] Let (w, A, &) be a C*-Ag-valued MS. A mapping p : @ — @ is named a C*-Ag-
valued contractive mapping on @, if there exists an A € A with ||A|| < 1 such that for all }, 9 € @,

E(pg, pp) 2 ATE(], p)A. (1.2)

Theorem 1.4. [17] Let (w, A, &) be a complete C*-Ag-valued MS and p : w — @ a C*-Ag-valued
contractive mapping on @. Then, p has exactly one fixed point in @.

We recall that the introduction of F-contractions and Suzuki contractions witnessed tremendous
improvements in metric fixed point theory and applications. However, since the initiation of
C*-Ag-valued MS (see [17, 18]) and the related fixed point theorem, corresponding ideas of
C*-Ag-valued Suzuki-type and Wardowski-type contractions ( [28, 30]) are yet to be examined,
leaving gaps in the literature. Consequently, this paper focuses on establishing the notions of
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C*-Ag-valued F-contractions and C*-algebra-valued F-Suzuki contractions and then investigates
sufficient conditions for the existence of fixed points for such mappings. We note that the concepts
studied herein unify and improve a significant number of existing fixed point theorems. Some of these
particular cases include the main results of Ma et al. (Theorem 1.4), Wardowski (Theorem 1.3),
Suzuki (Theorem 1.2), Piri and Kumam [22, Theorem 2.1] and related references therein. From
application viewpoints, one of our results is availed to put forward novel criteria for solvability of a
Volterra-type integral equation.

2. Main results

We start this section by introducing the concept of a C*-Ag-valued F-contraction in the following
manner.

Definition 2.1. Let F : A, — A be a mapping satisfying the following assumptions:
(A1) F is <-increasing, that is, for all a,b € A, with b —a > 04, we have F(b) — F(a) > 04;
(A2) for every sequence {A,} en in A,

lim A, = 04 if and only if lim [|F(A,)|| = oo;

n—oo

(A3) there exists w € (0, 1) such that Alin(‘)l AYF(A) = 04.
—0x

We denote the family of mappings obeying (A1) — (A3) by Ag.

Remark 4. Note that if we take A = R, then Definition 2.1 reduces to Definition 1.3 due to
Wardowski [30].

Definition 2.2. Let (@, A, &) be a C*-Ag-valued MS. A mapping p : w — @ is named a C*-Ag-valued
F-contraction if there exists an A € A, with ||A|| < 1 such that for all j, 9 € @,

E(pJ, pp) > 0z implies A + F(£(p), pp)) < F(A™E(], p)A), (2.1)
where F € Ag.

Remark 5. It is pertinent to point out that every C*-Ag-valued contractive mapping (in the sense of Ma
etal. [17]), is a C*-Ag-valued F-contraction. To see this, assume that p is a C*-Ag-valued contractive
mapping on (w, A, £), that is, (1.2) holds. Then, if A = 04 in (1.2), £(oJ, pp) = 04 and there is nothing
to show. So, for A # 04, passing to logarithm in (1.2), gives

(=In()I + In(&(p), p))] = In(AE(), )AL, (2.2)

forall j, 9 € @w with £(pj, pp) > 04. Setting A = (—In(I))I and F(a) = (In(a))I in (2.2), we have that
pis a C*-Ag-valued F-contraction.

Moreover, it is clear that a C*-Ag-valued F-contraction generalizes the notion of an F-contraction
(in the sense of Wardowski [30]), by swapping the set of real numbers with A.

Example 2.1. Let H = L*(Q), where Q is a Lebesgue measurable set. By B(H), we represent the set of
all bounded linear operators on a Hilbert space H with the usual operator norm. Then, the mapping
F : B(H), — B(H) defined by F(a) = (In(a))A obeys (A1) — (A3).
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Following Remark 5, every mapping p : @ — @ obeying (2.1) is a C*-Ag-valued F-contraction,
where for all j, p € @,

Eprpp) = e A&y, 9)A)
ATE(), p)A. (2.3)

IA

Obviously, for each j, p € @w with pj = pg, (2.3) is also obeyed, which means alternatively that p is a
C*-Ag-valued contractive mapping on .

Example 2.2. Let @ be a Bs and £(j,¢9) = (/|7 — 9IDI for all j, 9 € @w. Then, (w,A,E) is a C*-Ag-
valued MS. The mapping F : A, — A defined by F(a) = (In(a) + a)l obeys (A1) — (A3), and the
inequality (2.1) becomes

E(pJ, p)IA*E(), 9)A] " e €U Eorn] < (o),

forall j,9 € @.

Consistent with the notion of continuity in MS, we give the analogue concept in C*-Ag-valued MS
as follows.

Definition 2.3. Let (w, A, &) be a C*-Ag-valued MS. A mapping p : @ — @ is said to be continuous
with respect to A, if for every € > 0, there exists a 6 > 0 such that for all j, 9 € @,

1€C7: 9)II < 6 implies [|£(07, pP)I| < €.

Remark 6. From (Al) and (2.1), it is easy to deduce that every C*-Ag-valued F-contraction p is
continuous, since for all j, 9 € @,

€GPl < lle™ (A", 9)A)I
< A%, pAll
< AANIEC, ol

IAIPIEG, )1 < G, )II-

Now, we state and prove our first fixed point theorem as follows.

Theorem 2.1. Let (w, A, &) be a complete C*-Ag-valued MS and p : w — @ a C*-Ag-valued F-
contraction. Then, p has a unique fixed point in .

Proof. Choose jo € w and define a sequence {J,}uaw bY J1 = pJo, J2 = PJ1 = P2 Jos*** + Just = PJn =

"y, n=1,2,3,---. It is obvious that if we have n € N with £(j,,pJ,) = 04, then the proof is
finished. Whence, suppose that

0z < &EUns pIn) = E@Jn-1,0Jn), n € N. (2.4)
For convenience, we denote the element &(J,+1, J,) by n,,n = 0,1,2,---. Notice that in a C*-Ag,

if p,g € A, and p < g, then for any r € A, we have r*pr,r'qr € A, [20]. Whence, from (2.1),
A+ F(f(p]n—lap]n)) =< F(A*f(]n—l’]n)A), that iS,

F(é‘:(p]n—l’p]n)) = F(A*g(]n—l, ]n)A) —A.
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Repeating this procedure gives

F(A™E(Jp-1, JnA) — A
F(A™E(p Jn-2, PJn-1)A)
F(A"€(n-1, 1)A%) - 2A
F((A")VE(Q Jn-3, PIn-2)A?)
F((A* Y-, Ji2)AY) = 3A

FE@in-1,pJn)

IA

IA

IA

IA

F((A")"'moA") — nA,

that is,
F(n,) < F((A")"'noA") — nA.

From (2.5), we have ||[F(1,)|| — o0 as n — co. Whence, by (A2),
lim 7, = 04.

n—:oo

From (A3), we have w € (0, 1) with
Tim [l F ()l = O
By (2.5), the following holds for all n € N:

M F (1) = 1y [F((A")"'170A™)]
< 7, [F((A")'0A™) = nA] = i) [F((A")"10A™)]
= —1n,nA <04

Taking the limit as » — oo in (2.8) and applying (2.6) and (2.7), we get
lim ||nnyAll = 0.
Whence, from (2.9), we have ny € N with np’A < I, for all n > ny. It follows that

A -1
[l < (i lP , 2 Ny,
Nnw

So, form,n € N with m < n + 1, we have

é:(]n+1’]m) = M SN+ +00+ 0y
< Zﬂiﬁ Zﬂi I
A—l

< |1

i Il = >

[se)
i=m

lw

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)
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(o)

=Y

Given that the series )., ll is convergent, ||n7,,]| — 0 as n — oo, establishing that {,},«n is a Cauchy
W

1

i

low

1
=1

1
lw

<y

=m

sequence in (@, A, &). The completeness of this space yields u € w with lim j, = lim pj,-; = u.

Since p is continuous with respect to A,

1€ Gou, |

Tim (€00, 1)
N [SORAT
lim €, )] = 0.

showing that &(pu, u) = 04.
To see that p has only one fixed point, let v € @ be with pu = u # v = pv. Then, from (2.1),

F(&u,v)) = F(&(ou,pv)) <A+ F(&(ou, pv))
F(A*€(u, v)A). (2.11)

IA

Given that F is <-increasing, (2.11) implies that &(u,v) =< A*é(u,v)A, from which the
submultiplicativity of ||.|| yields

lE@, I < JA™E(u, VA
< NATAJ|IE G, vl
= NAIPIEw, I < IEw, I,
a contradiction. Whence, u = v. m]

Before presenting our second fixed point theorem, we give the following definition.

Definition 2.4. Let (w, A, &) be a C*-Ag-valued MS. A mapping p : w — @ is named a C*-Ag-valued
F-Suzuki contraction, if there exists A € A, with ||A|| < % such that for all j,p € @, ] # ¢,

AE(g,p)) 2 €(J, p) implies A + F(&(pj, pp)) < F(A™E(), 9)A), (2.12)
where F € Ag.

Theorem 2.2. Let (w, A, &) be a complete C*-Ag-valued MS and p : w — @ be a C*-Ag-valued
F-Suzuki contraction. Then p has a unique fixed point in @.

Proof. Choose Jo € @ and define a sequence {Jubuert BY Ji = PJos J2 = PJ1 = P2J0s++ » Just = Pn =

n+1

0" g0, n € N. If we have n € N with &(j,,p07,) = 04, then we are done with the proof. Whence,
presume that 07 < &(J,,, pJn), for all n € N. Whence, for all n € N,

AE(Jn, pn) = Ens P Jn)- (2.13)

For convenience, we denote the element &£(j,,0j,) by @,, n > 0. Recall that in a C*-Ag, if p,q € A,
and p < g, then for any r € A, we have r*pr,r*qr € A, [20]. Thus, from (2.12),

A+ FEW s p* ) < F(AEn pJn)A),
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from which we get

F(E(ps1,pgne1)) = FAE(n, pjn)A) — A
< F(AY €1, pIn1)(A)) — 2A
< FUA"YE(uozs pJu2)(A)) — 3A
< F((A")"E(x0,pJo)(A)") — nA,

that is,
F(a,) < F(A")'apA") — nA.

From (2.14), we have
lim [IF(@)ll < lim [IF((A") aA")
+||A]| lim n = co.

Therefore, applying (A2) gives
lim @, = 04.

n—aoo

(2.14)

(2.15)

Now, we claim that {j,},ay 1s @ Cauchy sequence in (w, A, £). Assume on the contrary that we have

€ > 0 and sequences {r(n)},cy and {{(n)},en of points of N with r(n) > I(n),

€ . € .
||§(]r<n),J1(n))|| 2 5 =€, ||§(]l(n)—1,Jz(n))|| < 5 =€,neN.

Then, we have

€ < ||§(]r(n), .]l(n))” < ||§(Jr(n), ]r(n)—l) + f(]r(n)—1 s ]l(n))||
< MEGrmys Trim-DI + NECrm-15 Jim)|l
< ”f(]r(n)’ Jr(n)—l)” + E*

NECrmy-15 PTrm-DIl + €,

that is,
€ < EGrmy> Tl < Nlatpmy-1ll + €.

Passing to the limit in (2.17) as n — oo, and using (2.15), gives
nh_r)l})o WECrimys Jin)Il = €.
From (2.17) and (2.19), we can find an ny € N such that

AEJrinys PIrimy) 2 A€ =L Ermy> Jim))s 1= Mg

Whence, by hypothesis of the theorem,

A+ F(EW 1> PIiny) = FA EGrmny> Jin)A), 1> ng.

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)
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By (2.12), we depict (2.20) as

A+ FErime1 Jim+1)) = FAA™Ermys Jim)A), 1> no, (2.21)
that is,
FEGrm+1s Jim+1) = FA™E(Jrnys Jim)A) — A.
< FA iy Jin)A)s n 2 ng. (2.22)

From (A1) and (2.22), we have

EGrim+1s Jim+1) = A Eriny» Jim)A-

Whence,

IA

WA™Ernys Jim)Al
WA ANNECTrnys Ji)Il
AIPIE Ty Jia)l

”é:(]r(n)a .]l(n))”

€ < EGrmy+1> Jim+)Il

IA

(2.23)

Letting n — oo in (2.23) and applying (2.19), yields €* < % a contradiction. Consequently, {j,},ex 18
a Cauchy sequence in (@, A, £). The completeness of this space implies that we have u € @ :

G, w)l] — 0 as n —> oo. (2.24)
Now, we affirm that for all n € N,
A A )
Eé:(]nap.]n) < A&(jn, u) or Ef(p]n’p Jn) = O Jus 1). (2.25)

Again, suppose that we can find m € N :

A A )

Ef(]m,P]m) > A&(Jm,u) and Eé-‘(pjm,p Jm) Z A& Jm, w). (2.26)
Whence,

2AE(jm» u)

IA

AE(Jms PJm)
A[EQm w) + Eu,pm)] s

IA

from which we have
AE(Jm,u) < Aé(u, pJp). (2.27)

From (2.26) and (2.27), we have
A 2
AE(Jms u) = A&, pJm) < > 5WJm:p Jm)- (2.28)
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From (2.26), (2.27) and the assumption of the theorem,

A&(Jm» 1)

IA

A
A€, pJn) < Ef(p]map2]m)

AEW Jms 07 Im)
EUms> PJm)- (2.29)

IANIA

Consequently, from (2.12),

FA™E(Jm, pJm)A) — A

FEPJm P m) <
< F(AE(m, pIm)A).

Thus, applying (A1) yields
EQJms P Jm) = A"E s pJm)A. (2.30)
Then, using (2.26), (2.29) and (2.30) leads to

IA

IAECms o J) Al

1A ANIECms L)
IAIPNEms 01

AN 1 Cm, w) + £, pgm)lI]
IAEms I + NAE(t, p g

A A
"Ef(mm,pzjm) Eg(p]m, 02 Im)

IANIED Joms 0% T

W Jm> P2 Tl
2 b

€GO Jms 02 1)l

IA

IANIN A

IA

+

IA

A

a contradiction, showing that (2.25) is true. Thus, for every n € N, we either have

F(A™¢(jn, w)A) — A

F(&(pjn pu)) =<
< F(A*E(gn, wA), (2.31)

or

F(EQ*jn,pu)) = F(A*E(pJ,, pw)A) — A
F(A*E(p Ju, p)A). (2.32)

IA

Using (2.24), (2.31) and (A1), we obtain that ||F(£(pJ,, pu))|| — o0 as n — oco. Again, by (A1), (2.31)
gives
E(OJns pu) < ATE(Jn, wA. (2.33)

Since (2.24), (2.33) and continuity of the norm ||.|| leads to
nli_rgollf(pjn,pu)ll < Al nl'ggollf(h,u)ll =0,
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it follows therefore that

1€, puo)| Lim I8, pu)ll

Lim igo 7., pu)ll = 0.

Similarly, from (2.24) and (2.32), ||F(£(0* J,., pu))|| — o0 as n — oo, and by (A2), £(p? J,, pu) — 04
as n — oo. Consequently,

1€, pro)l|

nh_r)rio ”f(]n+1 ,PU)”
Jlim €60 o, proll = 0,

proving that u is a fixed point of p.
Now, we show that the fixed point of p is unique. For this, suppose that u, v € @ are two fixed point of
p with u # v. Then, 04 = Aé(u, pu) < £(u, v). Whence, by hypothesis of the theorem, we have

F(&(u,v)) = F(&(ou, pv)) = A+ F(&(pu, pv))
F(A*£(u, v)A).

IA

Thus, applying (A1), yields &(u, v) < A*é(u, v)A, and the submultiplicativity of ||.|| leads to

16, Il < [IAE(u, A < JATANNIE G, v
IAIP I, W < 11, v,

IA

a contradiction, showing that u = v. ]

Remark 7. (i) In Theorems 2.1 and 2.2, the completeness of @ is necessary. For instance, consider
Theorem 2.1, let w = (0,1) and ¢ : w X w —> B(H) be defined by £(,9) = (IJ — DI, for all
J,9 € @w. Then (w,B(H),¢) is a C*-Ag-valued MS, but (w, B(H), ) is not complete. However,
take pj = é forall j € w. It is clear that p is a C*-Ag-valued F-contraction on @, but p has no
fixed point in @.

(ii) In Theorems 2.1 and 2.2, if ||A|| = 1 (or ||A|| = %), the mapping p may not have a fixed point. For
example, let @ = I"(N) = {(J1, )2, J3,"**) : Jan € C}and sup,|j.| < oo, for j = (j1, 2,3, €
[®(N)), and let || jullc = sup,|ju| Define & : w x @ —> M,(C) by £(j,9) = (l7 — 9IDI. Then
(@, M5(C), &) is a complete C*-Ag-valued MS. Define p : @w — @ by

1

1
s ) ) = 1+ ’_+ ’_+ s -
P> J2s J3 ) ( Jo 5 s 5g + s )

Then p is obviously a C*-Ag-valued F-contraction. But foreach A € C, j = (4,1—-1,1=32,--- | 1
Z:’:_Ol (zl) ,-++) is a fixed point of p, which shows that p has many fixed point in @.
In the following, we construct an example to support the hypotheses of Theorem 2.1.

Example 2.3. Let the sequence {a,},cn be given as:

a=1x1l,ap=1%x1+2x%x2,---,
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D2n+1
@ =1X1+2X2+4---+n*= ot )6( - ).
Let w = {a, : n € N}, A = M,(C) be the set of all invertible 2 X 2 matrices with elements in C, and
forall j,9 € @, defineé : w X w — Aby &, 9) = () — 9lDI. Then, (w, My(C), &) is a complete
C*-Ag-valued MS. Define the mapping p : @ — @ by

ola,) = apq,ifn>1
and

play)) = ap, ifn=1.
Note that if we set A = I € A, then

lim £P@.ple) IIan_l—lll)
m ————— = Ilim|— |/
e gy, @) n—eo\ [l = 1]
mn—n@n—n—6H1
nn+1H2n+1)-6

1 2 1 6
2y TateTw
2+142,1, 8

n n

n n

= lim

n—oo

I=1

= lim

n—oo

Whence, p is not a C*-Ag-valued contractive mapping, that is, Theorem 1.4 is not applicable to this
example. On the other hand, defining the mapping F : M,(C), — M,(C) by F(a) = (In(a) + a)A, we
reach a conclusion that p is a C*-Ag-valued F-contraction. To see this, take A = wl, where w € (0, 1).
Then, ||A|| = w < 1. Next, notice that for all m,n € N, p(a,,) # p(a,) © (m>2An=1)V(im>n>1).
Now, for each m € N, m > 2, we have

£6(am), p(1)) o plen)-£tam.an
‘f(a’ma @ )
_ E0@n). p(@)) ettt plen]
é:(a/m’ @ )

-1 - m— m—1—" A
(lm-1 = a1 llA)llam = ay[|A) ! (e) Henmarllenmanlidy

”2m3—3m2+m—6

I ~|lm? -
2 6 i e (e

Consequently, all the conditions of Theorem 2.1 are obeyed, and whence p has a unique fixed point
a1 = p(ay).

3. Applications to Volterra-type integral equations

Integral equations come up in many situations in mathematical physics, bio-mathematics, control
theory, critical point theory for non-smooth energy functionals, differential variational inequalities,
fuzzy set arithmetic and traffic problems, to mention but a few. In particular, Volterra-type integral

equations are known to be of great importance in investigating dynamical systems and stochastic
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processes. Some instances are in the fields of oscillation problems, sweeping processes, granular
systems, control problems and so on.

Fixed point results for contractive mappings are usually examined and enjoy great applications in
the theory of differential and integral equations (e.g., see [6,7,24,27,31] ). As an application of
Theorem 2.1, we study in this section simple and new criteria for the existence of a unique solution to
the following Volterra-type integral equation:

J@) = f M(t, s, j(s))ds + p(t), t € [0,Q] = J. 3.1
0

Letw = C(J,R) € L(,R), H = L*(J) and A = B(H). For an arbitrary u € @, let

llull, = sup{lu(t)le™ : w € (0, 1)}.

tel

Notice that ||.||,, is @ norm equivalent to the Chebyshev norm, and (@, ||.||,,) equipped with the metric
&, defined by

(1, 9) = sup {(J(D) — p()e™}, (3.2)

tel

for all j,9p € @, is a Bs. Whence, (w, B(H),¢,) is a complete C*-Ag-valued MS. Note that
problem (3.1) represents an integral reformulation of physical phenomena such as the motion of a
spring that is under the influence of a frictional force or a damping force. For some related results
modeling practical phenomena, employing integral/differential equations, see [2, 3, 10, 11] and the
references therein.

We study solvability conditions of (3.1) under the following hypotheses.

Theorem 3.1. Suppose that the following conditions are satisfied:

(C1) M :IxIXxR — Rand p : ) — R are continuous mappings;
(C2) forallt,s € Jand u,v € R,

[M(t, s,u) — M(t, 5,v)| < we “|w(u —v)|.

Then, (3.1) has a unique solution in .

Proof. Put A = wl, then A € B(H),, and ||A|| = w < 1. Define the operator p : @ — @ by

pJ(t) = f M(t, s, j(s))ds + p(t), t € 1.
0

Then, for all j, p € @, we have

o) = pp@)] < f(;IM(t,S,J(S))—M(t,s,SO(S))IdS

IA

fo we™“lw(j(s) — p(s)lds

!
f we “wl|j(s) — p(s)le’e *ds
0
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IA

!
f e'we ™ wl|j(s) — p(s)le”*ds
0

IA

w*e Ny = 9l ft e'ds
< ey - sOIIQ)et-O
This implies that |p j(f) — pp(t)le™ < e “w(||j — 9ll,)w. Equivalently,
Eu(p),p9) = € wE(], PIw. (3.3)
Passing to the logarithm in (3.3) yields
In(&, (07, p9)) < In[e™“wé (], P)w].

from which we have
w +1In(€,(p], pP)) < In(wWé, (], PIw). (3.4)

Now, by defining the function F : B(H), — B(H) by F(a) = (In(a))I, (3.4) becomes
Al + |1F(Euog, p9)) < IIFIATNIEL(, oIAIDII-

Consequently, Theorem 2.1 applies to the operator p, which has a unique fixed point in @,
corresponding to the unique solution of (3.1). m|

The following example is constructed to illustrate an application of Theorem 3.1.

Example 3.1. Consider the Volterra-type integral equation:

!
J(s)
1) = + ————ds, t€[0,Q],Q > 0. 3.5
=17 l:%+guw‘s (0. €21, €2 > (3-5)
From (3.1) and (3.5), we observe that p(t) = # and M(t, s, j(5)) = 3¢ Jr]((j()s»z are continuous; that is,

Condition (C1) of Theorem 3.1 is obeyed. Furthermore,

1
IM(2, 5, j(5)) = M(1, 5, 9(s)| < %IJ(S) — ()l
(De™'15(s) = p(s)] = we™|j(s) = P(s)].

Thus, Condition (C2) is obeyed. Consequently, Theorem 3.1 can be employed to infer that (3.1) has a
solution in w = ([0, Q], R).

IA

4. Conclusions

Following the fact that a C*-Ag-valued MS is more general, and concepts in this space are proper
improvements of the equivalent results in standard metric spaces, the notions proposed in this paper are
significant extensions of the ideas of F-contractions, Suzuki contractions and similar fixed point results
in the literature. However, the main idea of this paper, being discussed in the setting of C*-Ag-valued
MS, is rudimentary. Whence, it can be fine-tuned when examined in the context of some generalized
C*-Ag-valued MS such as C*-Ag-valued b-MS, C*-Ag-valued-R-MS and some other pseudo-MS. In
addition, the investigated single-valued mappings can be extended to set-valued mappings, and whence
the integral equations investigated herein can be upgraded as integral inclusions, compatible with multi-
valued versions.

AIMS Mathematics Volume 8, Issue 1, 1154-1171.



1169

Acknowledgments

This work was funded by the University of Jeddah, Saudi Arabia, under grant No. (UJ-21-DR-96).

The authors, therefore, acknowledge with thanks the University technical and financial support.

Conflict of interest

The authors declare that there is no competing interest.

References

1.

10.

11

H. Alsulami, R. Agarwal, E. Karapinar, F. Khojasteh, A short note on C*-algebra-valued
contraction mappings, J. Inequal. Appl., 2016 (2016), 50. https://doi.org/10.1186/s13660-016-
0992-5

O. Abu, Numerical solutions for the Robin time-fractional partial differential equations of heat
and fluid flows based on the reproducing kernel algorithm, Int. J. Numer. Method. H., 28 (2018),
828-856. https://doi.org/10.1108/HFF-07-2016-0278

O. Abu, Numerical simulation of time-fractional partial differential equations arising in fluid
flows via reproducing Kernel method, Int. J. Numer. Method. H., 30 (2020), 4711-4733.
https://doi.org/10.1108/HFF-10-2017-0394

H. Aydi, E. Karapinar, H. Yazidi, Modified F-contractions via a@-admissible
mappings and application to integral equations, Filomat, 31 (2017), 1141-1148.
https://doi.org/10.2298/£il1705141a

S. Banach, Sur les opérations dans les ensembles abstraits et leur application aux équations
intégrales, Fund. Math., 3 (1922), 133—181. https://doi.org/10.4064/fm-3-1-133-181

H. Chauhan, B. Singh, C. Tung, O. Tunc, On the existence of solutions of non-linear 2D Volterra
integral equations in a Banach space, Rev. Real Acad. Cienc. Exactas Fis. Nat. Ser. A-Mat., 116
(2022), 101. https://doi.org/10.1007/s13398-022-01246-0

A. Deep, D. Epmala, C. Tung, On the existence of solutions of some non-linear functional integral
equations in Banach algebra with applications, Arab Journal of Basic and Applied Sciences, 27
(2020), 279-286. https://doi.org/10.1080/25765299.2020.1796199

L. Dey, T. Senapati, Remarks on common fixed point results in C*-algebra-valued
metric spaces, Journal of Informatics and Mathematical Sciences, 10 (2018), 333-337.
https://doi.org/10.26713/jims.v1011-2.618

M. Edelstein, On fixed and periodic points under contractive mappings, J. Lond. Math. Soc., 37
(1962), 74-79. https://doi.org/10.1112/jlms/s1-37.1.74

M. Khater, A. Mousa, M. El-Shorbagy, R. Attia, Analytical and semi-analytical solutions
for Phi-four equation through three recent schemes, Results Phys., 22 (2021), 103954.
https://doi.org/10.1016/j.rinp.2021.103954

. M. Khater, S. Salama, Plenty of analytical and semi-analytical wave solutions of shallow water

beneath gravity, J. Ocean Eng. Sci., 7 (2022), 237-243. https://doi.org/10.1016/j.joes.2021.08.004

AIMS Mathematics Volume 8, Issue 1, 1154-1171.


http://dx.doi.org/https://doi.org/10.1186/s13660-016-0992-5
http://dx.doi.org/https://doi.org/10.1186/s13660-016-0992-5
http://dx.doi.org/https://doi.org/10.1108/HFF-07-2016-0278
http://dx.doi.org/https://doi.org/10.1108/HFF-10-2017-0394
http://dx.doi.org/https://doi.org/10.2298/fil1705141a
http://dx.doi.org/https://doi.org/10.4064/fm-3-1-133-181
http://dx.doi.org/https://doi.org/10.1007/s13398-022-01246-0
http://dx.doi.org/https://doi.org/10.1080/25765299.2020.1796199 
http://dx.doi.org/https://doi.org/10.26713/jims.v10i1-2.618
http://dx.doi.org/https://doi.org/10.1112/jlms/s1-37.1.74
http://dx.doi.org/https://doi.org/10.1016/j.rinp.2021.103954
http://dx.doi.org/https://doi.org/10.1016/j.joes.2021.08.004

1170

12

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

. E. Karapinar, A. Fulga, New Hybrid contractions on b-metric spaces, Mathematics, 7 (2019), 578.
https://doi.org/10.3390/math7070578

E. Karapinar, O. Algahtani, H. Aydi, On interpolative Hardy-Rogers type contractions, Symmetry,
11 (2019), 8. https://doi.org/10.3390/sym 11010008

E. Karapinar, H. Aydi, F. Andrea, On p-hybrid Wardowski contractions, J. Math., 2020 (2020),
1632526. https://doi.org/10.1155/2020/1632526

E. Karapinar, A. Fulga, R. Agarwal, A survey: F-contractions with related fixed point results, J.
Fixed Point Theory Appl, 22 (2020), 69. https://doi.org/10.1007/s11784-020-00803-7

Z. Kadelburg, S. Radenovic, Fixed point results in C*-algebra-valued metric spaces are direct
consequences of their standard metric counterparts, Fixed Point Theory Appl., 2016 (2016), 53.
https://doi.org/10.1186/s13663-016-0544-1

Z. Ma, L. Jiang, H. Sun, C*-algebras-valued metric spaces and related fixed point theorems, Fixed
Point Theory Appl., 2014 (2014), 206. https://doi.org/10.1186/1687-1812-2014-206

Z. Ma, L. Jiang, C*-algebras-valued b-metric spaces and related fixed point theorems, Fixed Point
Theory Appl., 2015 (2015), 222. https://doi.org/10.1186/s13663-015-0471-6

S. Mohammed, M. Alansari, A. Azam, S. Kanwal, Fixed points of (¢, F')-weak contractions on
metric-like spaces with applications to integral equations on time scales, Bol. Soc. Mat. Mex., 27
(2021), 39. https://doi.org/10.1007/s40590-021-00347-x

G. Murphy, C*-algebras and operator theory, Boston: Academic Press, 1990.
https://doi.org/10.1016/C2009-0-22289-6

M. Noorwali, Revising the Hardy-Rogers-Suzuki-type Z-contractions, Adv. Diff. Equ., 2021
(2021), 413. https://doi.org/10.1186/s13662-021-03566-8

H. Piri, P. Kumam, Some fixed point theorems concerning F-contraction in complete metric spaces,
Fixed Point Theory Appl., 2014 (2014), 210. https://doi.org/10.1186/1687-1812-2014-210

S. Rashid, K. Kubra, H. Jafari, S. Lehre, A semi-analytical approach for fractional order Boussinesq
equation in a gradient unconfined aquifers, Math. Method. Appl. Sci., 45 (2022), 1033-1062.
https://doi.org/10.1002/mma.7833

C. Shen, L. Jiang, Z. Ma, C*-algebra-valued G-metric spaces and related fixed-point theorems, J.
Funct. Space., 2018 (2018), 3257189. https://doi.org/10.1155/2018/3257189

M. Shagari, Q. Shi, S. Rashid, U. Foluke, K. Abualnaja, Fixed points of nonlinear contractions with
applications, AIMS Mathematics, 6 (2021): 9378-9396. https://doi.org/10.3934/math.2021545

M. Shagari, S. Kanwal, H. Aydi, Y. Gaba, Fuzzy fixed point results in convex C*-algebra-valued
metric spaces, J. Funct. Space., 2022 (2022), 7075669. https://doi.org/10.1155/2022/7075669

M. Shagari, T. Alotaibi, H. Aydi, C. Park, Fixed points of non-linear multivalued
graphic contractions with applications, AIMS Mathematics, 7 (2022), 20164-20177.
https://doi.org/10.3934/math.20221103

T. Suzuki, A new type of fixed point theorem in metric spaces, Nonlinear. Anal.-Theor., 71 (2009),
5313-5317. https://doi.org/10.1016/j.na.2009.04.017

AIMS Mathematics Volume 8, Issue 1, 1154-1171.


http://dx.doi.org/https://doi.org/10.3390/math7070578
http://dx.doi.org/https://doi.org/10.3390/sym11010008
http://dx.doi.org/https://doi.org/10.1155/2020/1632526
http://dx.doi.org/https://doi.org/10.1007/s11784-020-00803-7
http://dx.doi.org/https://doi.org/10.1186/s13663-016-0544-1
http://dx.doi.org/https://doi.org/10.1186/1687-1812-2014-206
http://dx.doi.org/https://doi.org/10.1186/s13663-015-0471-6
http://dx.doi.org/https://doi.org/10.1007/s40590-021-00347-x
http://dx.doi.org/https://doi.org/10.1016/C2009-0-22289-6
http://dx.doi.org/https://doi.org/10.1186/s13662-021-03566-8
http://dx.doi.org/https://doi.org/10.1186/1687-1812-2014-210
http://dx.doi.org/https://doi.org/10.1002/mma.7833
http://dx.doi.org/https://doi.org/10.1155/2018/3257189
http://dx.doi.org/https://doi.org/10.3934/math.2021545
http://dx.doi.org/https://doi.org/10.1155/2022/7075669
http://dx.doi.org/https://doi.org/10.3934/math.20221103
http://dx.doi.org/https://doi.org/10.1016/j.na.2009.04.017

1171

29. A. Tomar, M. Joshi, Note on results in C*-algebra-valued metric spaces, Electronic Journal of
Mathematical Analysis and Applications, 9 (2021), 262-264.

30. D. Wardowski, Fixed points of a new type of contractive mappings in complete metric spaces,
Fixed Point Theory Appl., 2012 (2012), 94. https://doi.org/10.1186/1687-1812-2012-94

31. M. Zada, M. Sarwar, C. Tunc, Fixed point theorems in b-metric spaces and their applications to
non-linear fractional differential and integral equations, J. Fixed Point Theory Appl., 20 (2018), 25.
https://doi.org/10.1007/s11784-018-0510-0

@ AIMS Press

AIMS Mathematics

©2023 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

Volume 8, Issue 1, 1154-1171.


http://dx.doi.org/https://doi.org/10.1186/1687-1812-2012-94
http://dx.doi.org/https://doi.org/10.1007/s11784-018-0510-0
http://creativecommons.org/licenses/by/4.0

	Introduction
	Main results
	Applications to Volterra-type integral equations
	Conclusions

