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1. Introduction

Time-delay occurs in many practical systems, and it may cause poor performance or even instability.
Therefore, the stability analysis of time-delay systems has attracted considerable attention over the past
two decades [1–11]. The authors of [1–4] studied linear time-delay systems. The authors of [5–11]
studied nonlinear time-delay systems. As is well known, the Lyapunov-Krasovskii functional (LKF)
method is an effective method for stability analysis of time-delay systems. Researches often carried
out their studies in two steps. One step is to construct an appropriate LKF, and the other is to estimate
the derivative of the LKF. For the first one, there are many types of LKFs, such as integral delay
partitioning-based LKFs [12], the augmented LKFs [13] and delay partitioning-based LKFs [14,15].
Based on the delay-partitioning method, a new stability criterion for systems with an interval time-
varying delay is introduced in [15]. In [15], the time-varying delay satisfies 0 ≤ h1 ≤ d(t) ≤ h2, but
only the delay interval [0, h1] is divided into m segments, i.e., the delay interval [h1, h2] is ignored. This
motivated our present research.

Sometimes in order to contain more information about the time-delay, some quadratic terms of
the time-delay are introduced [16]. Therefore, it is necessary to study the negative-determination of
quadratic functions. In [17], a new inequality is proposed for the quadratic polynomials by introducing
free matrix variables. However, these free matrix variables increase computational complexity.
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In recent years, several inequalities have been introduced to estimate the integral terms in the
derivative of LKFs, such as the Jensen inequality [18,19], Wirtinger inequality [20], auxiliary
inequality [21], Bessel inequality [22] and free matrix inequality [23]. By using the Jensen inequality,
Wirtinger inequality and Bessel inequality to estimate the integral term in the derivative of the LKF,
the term − 1

α
ζT

1 (t)Qζ1(t) − 1
1−αζ

T
2 (t)Qζ2(t) is obtained, where α ∈ (0, 1), ζ1(t) and ζ2(t) are two real

column vectors and Q is a positive symmetric matrix. This term is usually handled by a reciprocally
convex lemma [24] and some improved reciprocally convex lemmas [25–29]. The advantage of these
lemmas lie in changing the non convex term into a convex expression. However, it is shown that these
lemmas increase the number of matrix variables which may increase computational complexity. This
motivated our present research.

In this paper, some new integral inequalities have been introduced without using any reciprocally
convex method. Based on these new integral inequalities and a new delay partitioning approach, some
new stability criteria are obtained for systems with a interval time-varying delay. It is worth noting
that not only the interval [0, h1] but also the interval [h1, h2] is partitioned. The merits of the presented
criteria are demonstrated through two numerical examples. The contributions of our paper are as
follows:
• Different from Refs. [19–24], some new integral inequalities are introduced to deal with the

integral term −h12

∫ t−h1

t−h2
ẏT (s)Rẏ(s)ds without using any reciprocally convex method.

• In this paper, not only the interval [0, h1] but also the interval [h1, h2] is partitioned. A new LKF
is introduced based on this new delay-partitioning approach. It can be seen that the relationship among
some state vectors xT (t − h1), xT (t − h1 −

1
m2

h12), · · · , xT (t − h1 −
m2−1

m2
h12) and xT (t − h2) are considered

sufficiently, which may yield less conservative results.
In this paper, the set S n denotes the set of symmetric matrices, the set S n

+ denotes the set of
symmetric positive definite matrices and S ym {A} denotes A + AT .

2. Preliminary

Consider the following systems with a time-varying delay{
ẋ(t) = Ax(t) + Bx(t − h(t))
x(t) = ϕ(t), t ∈ [−h2, 0],

(2.1)

where x(t) ∈ Rn is the state vector and A, B, ∈ Rn×n are constant matrices. The time-varying delay h(t)
satisfies

0 ≤ h1 ≤ h(t) ≤ h2, h12 = h2 − h1, (2.2)

ḣ(t) ≤ u. (2.3)

Lemma 2.1. For any matrix R ∈ S n
+, scalars h1 and h2 with h1 ≤ h2, scalar function 0 ≤ h1 ≤ h(t) ≤ h2,

a vector valued function y(t) : [h1, h2] −→ Rn such that the following inequality holds for every integer
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M ≥ 0:

−h12

∫ t−h1

t−h2

yT (s)Ry(s)ds ≤ −
M∑

i=0

αi(h(t) − h1)
∫ t−h1

t−h(t)
yT (s)Ry(s)ds

−

M∑
i=0

βi(h2 − h(t))
∫ t−h(t)

t−h2

yT (s)Ry(s)ds,

(2.4)

where α = h2−h(t)
h12

, β = 1 − α.

Proof. According to 0 ≤ h1 ≤ h(t) ≤ h2, for every integer M ≥ 0, define α = h2−h(t)
h12

; we have

h12 = (h(t) − h1) + (h2 − h(t))
= (h(t) − h1) + αh12

= (h(t) − h1) + α[(h(t) − h1) + (h2 − h(t))]
= (h(t) − h1) + α(h(t) − h1) + α2h12

= (h(t) − h1) + α(h(t) − h1) + α2[(h(t) − h1) + (h2 − h(t))]
= (h(t) − h1) + α(h(t) − h1) + α2(h(t) − h1) + α3h12

= · · ·

= (h(t) − h1) + α(h(t) − h1) + α2(h(t) − h1) + · · · + αM−1(h(t) − h1) + αMh12

≥ (h(t) − h1) + α(h(t) − h1) + α2(h(t) − h1) + · · · + αM−1(h(t) − h1) + αM(h(t) − h1).

(2.5)

Similarly, the following inequality can be obtained easily:

h12 ≥ (h2 − h(t)) + β(h2 − h(t)) + β2(h2 − h(t)) + · · · + βM−1(h2 − h(t)) + βM(h2 − h(t)). (2.6)

Then, based on (2.5) and (2.6), we can obtain:

−h12

∫ t−h1

t−h2

yT (s)Ry(s)ds = − h12

∫ t−h1

t−h(t)
yT (s)Ry(s)ds − h12

∫ t−h(t)

t−h2

yT (s)Ry(s)ds

≤ −

M∑
i=0

αi(h(t) − h1)
∫ t−h1

t−h(t)
yT (s)Ry(s)ds

−

M∑
i=0

βi(h2 − h(t))
∫ t−h(t)

t−h2

yT (s)Ry(s)ds.

(2.7)

Lemma 2.2. [18]. For a matrix R ∈ S n
+ and scalars a and b satisfying a < b, a vector function

y : [a, b] −→ Rn such that the following inequality holds:

(b − a)
∫ b

a
yT (s)Ry(s)ds ≥

∫ b

a
yT (s)dsR

∫ b

a
y(s)ds. (2.8)

Lemma 2.3. [20]. For a matrix R ∈ S n
+ and scalars a and b satisfying a < b, any continuously

differentiable function y : [a, b] −→ Rn such that the following inequality holds:∫ b

a
ẏT (s)Rẏ(s)ds ≥

1
b − a

(ΩT
0 RΩ0 + 3ΩT

1 RΩ1), (2.9)

where
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Ω0 = y(b) − y(a),
Ω1 = y(b) + y(a) − 2

b−a

∫ b

a
y(s)ds.

Lemma 2.4. [23]. Let g(y) = a0 + a1y + a2y2, where y ∈ [h1, h2] and a0, a1, a2 ∈ R. For a given
nonnegative integer N, if the following conditions hold for i = 1, 2, · · · , 2N:
(i)g(h1) < 0,
(ii)g(h2) < 0,
(iii) h12

2N+1 ġ( i−1
2N h12 + h1) + g( i−1

2N h12 + h1) < 0, i = 1, 2, · · · , 2N ,
then g(y) < 0.

Lemma 2.5. [29]. Let f (y) = a0 + a1y + a2y2 + a3y3, where y ∈ [h1, h2] and a0, a1, a2, a3 ∈ S n, if there
exist constant matrices Fi ∈ Rn×n such that for i = 1, 2:[

hi(a1 + F1 + FT
1 ) + a0

hi
2 a2 − F1 + hiFT

2
∗ hia3 − F2 − FT

2

]
< 0,

then f (y) < 0.
Based on Lemma 2.1 and Lemma 2.2, a novel integral inequality is obtained as follows.

Lemma 2.6. For any matrix R ∈ S n
+ and scalars h1 and h2 with h1 ≤ h2, a nonnegative integer M and

scalar function 0 ≤ h1 ≤ h(t) ≤ h2, any continuously differentiable function y : [a, b] −→ Rn such that
the following inequality holds:

− h12

∫ t−h1

t−h2

ẏT (s)Rẏ(s)ds

≤ −

M∑
i=0

αi[y(t − h1) − y(t − h(t))]T R[y(t − h1) − y(t − h(t))]

−

M∑
i=0

βi[y(t − h(t)) − y(t − h2)]T R[y(t − h(t)) − y(t − h2)],

(2.10)

where α = h2−h(t)
h12

, β = 1 − α.

Remark 1. When M = 1, Lemma 2.6 is reduced to the method in [15]. So the method in [15] is a
special case of Lemma 2.6 in this paper.

Based on Lemma 2.1 and Lemma 2.3, another improved integral inequality is obtained as follows.

Lemma 2.7. For any matrix R ∈ S n
+, scalars h1 and h2 with h1 ≤ h2, a nonnegative integer M and scalar

function 0 ≤ h1 ≤ h(t) ≤ h2, any continuously differentiable function y : [a, b] −→ Rn such that the
following inequality holds:

−h12

∫ t−h1

t−h2

ẏT (s)Rẏ(s)ds ≤ −
M∑

i=0

αi(Ω̄T
1 RΩ̄1 + 3Ω̄T

2 RΩ̄2) −
M∑

i=0

βi(Ω̄T
3 RΩ̄3 + 3Ω̄T

4 RΩ̄4), (2.11)

where α = h2−h(t)
h12

, β = 1 − α.

Ω̄1 = y(t − h1) − y(t − h(t))),
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Ω̄2 = y(t − h1) + y(t − h(t))) − 2
h(t)−h1

∫ t−h1

t−h(t)
y(s)ds,

Ω̄3 = y(t − h(t)) − y(t − h2),
Ω̄4 = y(t − h(t)) + y(t − h2) − 2

h2−h(t)

∫ t−h(t)

t−h2
y(s)ds.

3. Results

Theorem 3.1. For given scalars h1 > 0 and h2 > 0, u and nonnegative integers M, m1 and m2,
System (2.1) is asymptotically stable if there exist matrices P ∈ S (m1+m2+1)n

+ , Q1 ∈ S m1n
+ , Q2 ∈ S m2n

+ ,
Q3 ∈ S (m1−1)n

+ , Q4 ∈ S (m2−1)n
+ , Q5 ∈ S n

+, Ri ∈ S n
+, i = 1, 2, · · · ,m1 and Zk ∈ S n

+, k = 1, 2, · · · ,m2 such that
the following linear matrix inequalities (LMIs) hold for k = 1, 2, · · · ,m2:

ϖk =S ym
{
ΠT

11PΠ12

}
+ ΠT

21Q1Π21 − Π
T
22Q1Π22 + Π

T
23Q2Π23 − Π

T
24Q2Π24 + Π

T
31Q3Π31 − Π

T
32Q3Π32

+ ΠT
33Q4Π33 − Π

T
34Q4Π34 + eT

m1+iQ5em1+i − (1 − u)eT
2(m1+m2)+2Q5e2(m1+m2)+2

+

m1∑
i=1

(
h1

m1
)2e0Rie0 +

m2∑
k=1

(
h12

m2
)2e0Zke0 −

m1∑
i=1

ΣT
i R̄iΣi −

m2∑
k=1

Σ̂T
k Z̄kΣ̂k + Σ̂

T
k Z̄kΣ̂k

−

M∑
j=0

α jΠT
41kZ̄kΠ41k −

M∑
j=0

β jΠ̂T
42kZ̄kΠ̂42k < 0,

(3.1)

where

Π11 =
[

eT
1 eT

m1+m2+2 · · · eT
2m1+m2+1 eT

2m1+m2+2 · · · eT
2m1+2m2+1

]T
,

Π12 =
[

eT
0 eT

1 − eT
2 · · · eT

m1
− eT

m1+1 eT
m1+2 − eT

m1+3 · · · eT
m1+m2

− eT
m1+m2+1

]T
,

Π21 =
[

eT
1 eT

2 · · · eT
m

]T
,

Π22 =
[

eT
2 eT

3 · · · eT
m1+1

]T
,

Π23 =
[

eT
m1+1 eT

m1+2 · · · eT
m1+m2

]T
,

Π23 =
[

eT
m1+2 eT

m1+3 · · · eT
m1+m2+1

]T
,

Π31 =
[

eT
m1+m2+2 eT

m1+m2+3 · · · eT
2m1+m2

]T
,

Π32 =
[

eT
m1+m2+3 eT

m1+m2+4 · · · eT
2m1+m2+1

]T
,

Π33 =
[

eT
2m1+m2+2 eT

2m1+m2+3 · · · eT
2m1+2m2

]T
,

Π34 =
[

eT
2m1+m2+3 eT

2m1+m2+4 · · · eT
2m1+2m2+1

]T
,

Σi =
[

eT
i − eT

i+1 eT
i + eT

i+1 − 2eT
m1+m2+1+i

]T
,

Σ̂k =
[

eT
m1+1+k − eT

m1+2+k eT
m1+1+k + eT

m1+2+k − 2eT
2m1+m2+1+k

]T
,

Π41k =
[

eT
m1+k − eT

2(m1+m2)+2 eT
m1+k + eT

2(m1+m2)+2 − 2eT
2(m1+m2)+3

]T
,

Π42k =
[

eT
2(m1+m2)+2 − eT

m1+1+k eT
2(m1+m2)+2 + eT

m1+1+k − 2eT
2(m1+m2)+4

]T
,

e0 = Ae1 + Be2m1+2m2+2,
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R̄i = diag(Ri, 3Ri), i = 1, 2, · · · ,m1,

Z̄k = diag(Zk, 3Zk), k = 1, 2, · · · ,m2,

ei =
[

0n×(i−1)n In 0n×(2(m1+m2)+4−i)n

]
, for i = 1, 2, · · · , 2(m1 + m2) + 4.

Proof. Let integers m1 > 0, m2 > 0, [0, h1] and [h1, h2] be divisible into m1 and m2 segments, i.e.,
[0, h1] =

⋃m1
i=1[ i−1

m1
h1,

i
m1

h1] and [h1, h2] =
⋃m2

k=1[h1 +
k−1
m2

h12, h1 +
k

m2
h12]. Thus, for any t ≥ 0, there exists

an integer k ∈ {1, 2, · · · ,m2} such that h(t) ∈ [h1+
k−1
m2

h12, h1+
k

m2
h12]. Then, we introduce the following

LKF candidate:

V(x(t))|k = V(x(t))|h(t)∈[h1+
k−1
m2

h12,h1+
k

m2
h12], (3.2)

V(x(t))|k = V1(x(t)) + V2(x(t)) + V3(x(t)), (3.3)

where

V1(x(t)) = ηT (t)Pη(t), (3.4)

V2(x(t)) =
∫ t

t− h1
m1

ΥT
3 (s)Q1Υ3(s)ds +

∫ t

t− h12
m2

ΥT
4 (s)Q2Υ4(s)ds∫ t

t− h1
m1

ΥT
5 (θ)Q3Υ5(θ)ds +

∫ t

t− h12
m2

ΥT
6 (θ)Q4Υ6(θ)ds

+

∫ t−h1−
k−1
m2

h12

t−h(t)
xT (s)Q5x(s)ds,

(3.5)

V3(x(t)) =
m1∑
i=1

h1

m1

∫ − i−1
m1

h1

− i
m1

h1

∫ t

t+u
ẋT (s)Ri ẋ(s)dsdu

+

m2∑
k=1

h12

m2

∫ −h1−
k−1
m2

h12

−h1−
k

m2
h12

∫ t

t+u
ẋT (s)Zk ẋ(s)dsdu,

(3.6)

where

η(t) =
[

xT (t) Υ1(t) Υ2(t)
]T
,

Υ1(t) =
[ ∫ t

t− 1
m1

h1
xT (s)ds

∫ t− 1
m1

h1

t− 2
m1

h1
xT (s)ds · · ·

∫ t−m1−1
m1

h1

t−h1
xT (s)ds

]T
,

Υ2(t) =
[ ∫ t−h1

t−h1−
1

m2
h12

xT (s)ds
∫ t−h1−

1
m2

h12

t−h1−
2

m2
h12

xT (s)ds · · ·
∫ t−h1−

m2−1
m2

h12

t−h2
xT (s)ds

]T
,

Υ3(s) =
[

xT (s) xT (s − 1
m1

h1) · · · xT (s − m1−1
m1

h1)
]T
,

Υ4(s) =
[

xT (s − h1) xT (s − h1 −
1

m2
h12) · · · xT (s − h1 −

m2−1
m2

h12)
]T
,
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Υ5(θ) =
[ ∫ θ
θ− 1

m1
h1

xT (s)ds
∫ θ− 1

m1
h1

θ− 2
m1

h1
xT (s)ds · · ·

∫ θ−m1−2
m1

h1

θ−
m1−1

m1
h1

xT (s)ds
]T
,

Υ6(θ) =
[ ∫ θ−h1

θ−h1−
1

m2
h12

xT (s)ds
∫ θ−h1−

1
m2

h12

θ−h1−
2

m2
h12

xT (s)ds · · ·
∫ θ−h1−

m2−2
m2

h12

θ−h1−
m2−1

m2
h12

xT (s)ds
]T
.

Taking the derivative of V(x(t))|k yields

V̇1(x(t)) = 2ηT (t)Pη̇(t)

= ζT (t)(S ym
{
ΠT

11PΠ12

}
)ζ(t),

(3.7)

where

ζT (t) =
[
ΥT

3 (t) ΥT
4 (t) xT (t − h2) h1

m1
ΥT

1 (t) h12
m2
ΥT

2 (t) xT (t − h(t)) vT
1k(t) vT

2k(t)
]T

,

v1k(t) = 1
h(t)−h1−

k−1
m2

h12

∫ t−h1−
k−1
m2

h12

t−h(t) x(s)ds,

v2k(t) = 1
h1+

k
m2

h12−h(t)

∫ t−h(t)

t−h1−
k

m2
h12

x(s)ds,

V̇2(x(t)) =ΥT
3 (t)Q1Υ

T
3 (t) − ΥT

3 (t −
h1

m1
)Q1Υ3(t −

h1

m1
)

+ ΥT
4 (t)Q2Υ

T
4 (t) − ΥT

4 (t −
h12

m2
)Q2Υ4(t −

h12

m2
)

+ ΥT
5 (t)Q3Υ

T
5 (t) − ΥT

5 (t −
h1

m1
)Q3Υ5(t −

h1

m1
)

+ ΥT
6 (t)Q4Υ

T
6 (t) − ΥT

6 (t −
h12

m2
)Q4Υ6(t −

h12

m2
)

+ xT (t − h1 −
k − 1
m2

h12)Q5x(t − h1 −
k − 1
m2

h12)

− (1 − ḣ(t))xT (t − h(t))Q5x(t − h(t))
≤ζT (t)ϖ̂1ζ(t),

(3.8)

V̇3(x(t)) =
m1∑
i=1

(
h1

m1
)2 ẋT (t)Ri ẋ(t) +

m2∑
k=1

(
h12

m2
)2 ẋT (t)Zk ẋ(t) − ϖ̂2 − ϖ̂3, (3.9)

ϖ̂2 =

m1∑
i=1

h1

m1

∫ t− i−1
m1

h1

t− i
m1

h1

ẋT (s)Ri ẋ(s)dsd,

ϖ̂3 =

m2∑
k=1

h12

m2

∫ t−h1−
k−1
m2

h12

t−h1−
k

m2
h12

ẋT (s)Zk ẋ(s)ds.
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Based on Lemma 2.3, we obtain:

ϖ̂2 ≥ ζ
T (t)(

m1∑
i=1

ΣT
i R̄iΣi)ζ(t), (3.10)

ϖ̂3 ≥ ζ
T (t)(

m2∑
k=1

Σ̂T
k Z̄kΣ̂k − Σ̂

T
k Z̄kΣ̂k)ζ(t) +

h12

m2

∫ t−h1−
k−1
m2

h12

t−h1−
k

m2
h12

ẋT (s)Zk ẋ(s)ds. (3.11)

Then, based on Lemma 2.7, we have:

h12

m2

∫ t−h1−
k−1
m2

h12

t−h1−
k

m2
h12

ẋT (s)Zk ẋ(s)ds ≥ ζT (t)(
M∑
j=0

α jΠT
41kZ̄kΠ41k +

M∑
j=0

β jΠ̂T
42kZ̄kΠ̂42k)ζ(t). (3.12)

According to (3.7)–(3.12), we can obtain:

V̇(x(t))|k ≤ ζT (t)ϖkζ(t), (3.13)

whereϖk, k = 1, 2, · · · ,m2 are defined in Theorem 3.1. For h(t) ∈ [h1, h2], if (3.1) holds, then we have
ζT (t)ϖkζ(t) < 0, i.e., V̇(x(t))|k < 0. Thus, System (2.1) is asymptotically stable. This completes the
proof.

Remark 3.2. Compared with the method in [15], not only the delay interval [0, h1] but also the delay
interval [h1, h2] is decomposed into several subintervals equally. The purpose of such a method is to
make the constructed LKF includes more information of some state vectors. For example, the LKF
includes the term

∫ t

t− h1
m1

ΥT
3 (s)Q1Υ3(s)ds, so the relationship among some state vectors

xT (t), xT (t − 1
mh1), · · · , xT (t − m−1

m h1) and xT (t − h1) are considered sufficiently, which may yield less
conservative results.

Remark 3.3. Theorem 3.1 presents an M-dependent stability criterion for System (1) based
on Lemma 2.7 and a new LKF. Clearly, the left-hand side of the inequality (3.1) is M−degree
polynomial matrices on h(t). When M = 1, the inequality (3.1) is linear. Thus, under this condition,
Theorem 3.1 can be solved by using the LMI toolbox. When M ≥ 2, it is nonlinear on h(t), which is
not solvable directly. Thus, we employ Lemma 2.4 and Lemma 2.5 to transform it into LMIs for
M = 2 and M = 3, respectively.

For M = 1, Theorem 3.1 is transformed into the following corollary easily.

Corollary 3.4. For given scalars h1 > 0, h2 > 0, u and α ∈ [0, 1] and nonnegative integers m1 and
m2, System (1) is asymptotically stable if there exist matrices P ∈ S (m1+m2+1)n

+ , Q1 ∈ S m1n
+ , Q2 ∈ S m2n

+ ,
Q3 ∈ S (m1−1)n

+ , Q4 ∈ S (m2−1)n
+ , Q5 ∈ S n

+, Ri ∈ S n
+, i = 1, 2, · · · ,m1 and Zk ∈ S n

+, k = 1, 2, · · · ,m2 such that
the following LMIs hold for k = 1, 2, · · · ,m2:

ϖ1k =S ym
{
ΠT

11PΠ12

}
+ ΠT

21Q1Π21 − Π
T
22Q1Π22 + Π

T
23Q2Π23 − Π

T
24Q2Π24 + Π

T
31Q3Π31 − Π

T
32Q3Π32

+ ΠT
33Q4Π33 − Π

T
34Q4Π34 + eT

m1+iQ5em1+i − (1 − u)eT
2(m1+m2)+2Q5e2(m1+m2)+2

+

m1∑
i=1

(
h1

m1
)2e0Rie0 +

m2∑
k=1

(
h12

m2
)2e0Zke0 −

m1∑
i=1

ΣT
i R̄iΣi −

m2∑
k=1

Σ̂T
k Z̄kΣ̂k + Σ̂

T
k Z̄kΣ̂k

− (1 + α)ΠT
41kZ̄kΠ41k − (2 − α)Π̂T

42kZ̄kΠ̂42k < 0.

(3.14)
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From Corollary 3.4, if u is unknown, a corollary is obtained by eliminating Q5.

Corollary 3.5. For given scalars h1 > 0, h2 > 0 and α ∈ [0, 1] and nonnegative integers m1 and m2,
System (2.1) is asymptotically stable if there exist matrices P ∈ S (m1+m2+1)n

+ , Q1 ∈ S m1n
+ , Q2 ∈ S m2n

+ ,
Q3 ∈ S (m1−1)n

+ , Q4 ∈ S (m2−1)n
+ , Ri ∈ S n

+, i = 1, 2, · · · ,m1 and Zk ∈ S n
+, k = 1, 2, · · · ,m2 such that the

following LMIs hold for k = 1, 2, · · · ,m2:

S ym
{
ΠT

11PΠ12

}
+ ΠT

21Q1Π21 − Π
T
22Q1Π22 + Π

T
23Q2Π23 − Π

T
24Q2Π24

+ ΠT
31Q3Π31 − Π

T
32Q3Π32 + Π

T
33Q4Π33 − Π

T
34Q4Π34

+

m1∑
i=1

(
h1

m1
)2e0Rie0 +

m2∑
k=1

(
h12

m2
)2e0Zke0 −

m1∑
i=1

ΣT
i R̄iΣi −

m2∑
k=1

Σ̂T
k Z̄kΣ̂k + Σ̂

T
k Z̄kΣ̂k

− (1 + α)ΠT
41kZ̄kΠ41k − (2 − α)Π̂T

42kZ̄kΠ̂42k < 0.

(3.15)

For M = 2, by Lemma 2.4, Theorem 3.1 is transformed into the following corollary easily.

Corollary 3.6. For given scalars h1 > 0, h2 > 0 and u and nonnegative integers m1 and m2, System (2.1)
is asymptotically stable if there exist matrices P ∈ S (m1+m2+1)n

+ , Q1 ∈ S m1n
+ , Q2 ∈ S m2n

+ , Q3 ∈ S (m1−1)n
+ ,

Q4 ∈ S (m2−1)n
+ , Q5 ∈ S n

+, Ri ∈ S n
+, i = 1, 2, · · · ,m1 and Zk ∈ S n

+, k = 1, 2, · · · ,m2 such that the following
LMIs hold for k = 1, 2, · · · ,m2:

Φ0k ≤ 0, (3.16)

Φ2k + Φ1k + Φ0k ≤ 0, (3.17)

(
1

2N ρ̄ j + ρ̄
2
j)Φ2k + (

1
2N+1 ρ̄ j + ρ̄

2
j)Φ1k + Φ0k ≤ 0, (3.18)

where

Φ0k = φk − Π
T
41kZ̄kΠ41k − 3ΠT

42kZ̄kΠ̂42k,
Φ1k = −Π

T
41kZ̄kΠ41k + 3ΠT

42kZ̄kΠ̂42k,
Φ2k = −Π

T
41kZ̄kΠ41k − 3ΠT

42kZ̄kΠ̂42k,

φk =S ym
{
ΠT

11PΠ12

}
+ ΠT

21Q1Π21 − Π
T
22Q1Π22 + Π

T
23Q2Π23 − Π

T
24Q2Π24 + Π

T
31Q3Π31 − Π

T
32Q3Π32

+ ΠT
33Q4Π33 − Π

T
34Q4Π34 + eT

m1+iQ5em1+i − (1 − u)eT
2(m1+m2)+2Q5e2(m1+m2)+2

+

m1∑
i=1

(
h1

m1
)2e0Rie0 +

m2∑
k=1

(
h12

m2
)2e0Zke0 −

m1∑
i=1

ΣT
i R̄iΣi −

m2∑
k=1

Σ̂T
k Z̄kΣ̂k + Σ̂

T
k Z̄kΣ̂k,

(3.19)

ρ̄ j =
j−1
2N , j = 1, 2, · · · , 2N .

Proof. For M = 2, based on (3.13), we can obtain:

V̇(x(t))|k ≤ ζT (t)ϖ2kζ(t), (3.20)
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where

ϖ2k =S ym
{
ΠT

11PΠ12

}
+ ΠT

21Q1Π21 − Π
T
22Q1Π22 + Π

T
23Q2Π23 − Π

T
24Q2Π24 + Π

T
31Q3Π31 − Π

T
32Q3Π32

+ ΠT
33Q4Π33 − Π

T
34Q4Π34 + eT

m1+iQ5em1+i − (1 − u)eT
2(m1+m2)+2Q5e2(m1+m2)+2

+

m1∑
i=1

(
h1

m1
)2e0Rie0 +

m2∑
k=1

(
h12

m2
)2e0Zke0 −

m1∑
i=1

ΣT
i R̄iΣi −

m2∑
k=1

Σ̂T
k Z̄kΣ̂k + Σ̂

T
k Z̄kΣ̂k

− (1 + α + α2)ΠT
41kZ̄kΠ41k − (1 + β + β2)Π̂T

42kZ̄kΠ̂42k < 0.

(3.21)

Then, (3.20) can be rewritten as

V̇(x(t))|k ≤ ζT (t)(α2Φ2k + αΦ1k + Φ0k)ζ(t). (3.22)

From Lemma 2.4, if (3.16)–(3.18) hold, then we obtain α2Φ2k + αΦ1k + Φ0k < 0, i.e., V̇(x(t))|k < 0.
This completes the proof.

From Corollary 3.6, if u is unknown, the following corollary can be obtained by eliminating Q5.

Corollary 3.7. For given scalars h1 > 0 and h2 > 0 and nonnegative integers m1 and m2, System (2.1)
is asymptotically stable if there exist matrices P ∈ S (m1+m2+1)n

+ , Q1 ∈ S m1n
+ , Q2 ∈ S m2n

+ , Q3 ∈ S (m1−1)n
+ ,

Q4 ∈ S (m2−1)n
+ , Ri ∈ S n

+, i = 1, 2, · · · ,m1 and Zk ∈ S n
+, k = 1, 2, · · · ,m2 such that the following LMIs

hold for k = 1, 2, · · · ,m2:

Φ̄0k ≤ 0, (3.23)

Φ2k + Φ1k + Φ̄0k ≤ 0, (3.24)

(
1

2N ρ̄ j + ρ̄
2
j)Φ2k + (

1
2N+1 ρ̄ j + ρ̄

2
j)Φ1k + Φ̄0k ≤ 0, (3.25)

where Φ1k, Φ2k and ρ̄ j =
j−1
2N , j = 1, 2, · · · , 2N are defined in Corollary 3.6.

Φ̄0k = φ̄k − Π
T
41kZ̄kΠ41k − 3ΠT

42kZ̄kΠ̂42k,

φ̄k =S ym
{
ΠT

11PΠ12

}
+ ΠT

21Q1Π21 − Π
T
22Q1Π22 + Π

T
23Q2Π23 − Π

T
24Q2Π24

+ ΠT
31Q3Π31 − Π

T
32Q3Π32 + Π

T
33Q4Π33 − Π

T
34Q4Π34

+

m1∑
i=1

(
h1

m1
)2e0Rie0 +

m2∑
k=1

(
h12

m2
)2e0Zke0 −

m1∑
i=1

ΣT
i R̄iΣi −

m2∑
k=1

Σ̂T
k Z̄kΣ̂k + Σ̂

T
k Z̄kΣ̂k.

(3.26)

For M = 3, by Lemma 2.5, Theorem 3.1 is transformed into the following corollary easily.

Corollary 3.8. For given scalars h1 > 0, h2 > 0 and u and nonnegative integers m1 and m2, System
(2.1) is asymptotically stable if there exist matrices P ∈ S (m1+m2+1)n

+ , Q1 ∈ S m1n
+ , Q2 ∈ S m2n

+ , Q3 ∈

S (m1−1)n
+ , Q4 ∈ S (m2−1)n

+ , Q5 ∈ S n
+, Ri ∈ S n

+, i = 1, 2, · · · ,m1, Zk ∈ S n
+, k = 1, 2, · · · ,m2 and F1, F2 ∈

R(2(m1+m2)+4)×(2(m1+m2)+4) such that the following LMIs hold for k = 1, 2, · · · ,m2:[
Φ̂0k −F1

∗ −F2 − FT
2

]
< 0, (3.27)
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Φ̂1k + F1 + FT

1 + Φ̂0k
1
2Φ̂2k − F1 + FT

2
∗ Φ̂3k − F2 − FT

2

]
< 0, (3.28)

where φk is defined in Corollary 3.4.

Φ̂0k = φk − Π
T
41kZ̄kΠ41k − 4ΠT

42kZ̄kΠ̂42k,

Φ̂1k = −Π
T
41kZ̄kΠ41k + 6ΠT

42kZ̄kΠ̂42k,

Φ̂2k = −Π
T
41kZ̄kΠ41k − 4ΠT

42kZ̄kΠ̂42k,

Φ̂3k = −Π
T
41kZ̄kΠ41k + Π

T
42kZ̄kΠ̂42k.

Proof. For M = 3, based on (3.13), we can obtain:

V̇(x(t)) ≤ ζT (t)ϖ3kζ(t), (3.29)

where

ϖ3k = φk − (1 + α + α2 + α3)ΠT
41kZ̄kΠ41k − (1 + β + β2 + β3)Π̂T

42kZ̄kΠ̂42k. (3.30)

Then, (3.29) can be rewritten as

V̇(x(t)) ≤ ζT (t)(α3Φ̂3k + α
2Φ̂2k + αΦ̂1k + Φ̂0k)ζ(t). (3.31)

From Lemma 2.4, if (3.27) and (3.28) hold, then we obtain α3Φ̂3k + α
2Φ̂2k + αΦ̂1k + Φ̂0k < 0, i.e.,

V̇(x(t))|k < 0. This completes the proof.
From Corollary 3.8, if u is unknown, a corollary is obtained by eliminating Q5.

Corollary 3.9. For given scalars h1 > 0 and h2 > 0 and nonnegative integers m1 and m2, System (2.1)
is asymptotically stable if there exist matrices P ∈ S (m1+m2+1)n

+ , Q1 ∈ S m1n
+ , Q2 ∈ S m2n

+ , Q3 ∈ S (m1−1)n
+ ,

Q4 ∈ S (m2−1)n
+ , Ri ∈ S n

+, i = 1, 2, · · · ,m1, Zk ∈ S n
+, k = 1, 2, · · · ,m2 and F1, F2 ∈ R(2(m1+m2)+4)×(2(m1+m2)+4)

such that the following LMIs hold for k = 1, 2, · · · ,m2:[ ˆ̂Φ0k −F1

∗ −F2 − FT
2

]
< 0, (3.32)

[
Φ̂1k + F1 + FT

1 +
ˆ̂Φ0k

1
2Φ̂2k − F1 + FT

2
∗ Φ̂3k − F2 − FT

2

]
< 0, (3.33)

where φ̄k is defined in Corollary 3.7 and Φ̂ik, i = 1, 2, 3 are defined in Corollary 3.8.

ˆ̂Φ0k = φ̄k − Π
T
41kZ̄kΠ41k − 4ΠT

42kZ̄kΠ̂42k.

4. Numerical examples

In this section, two examples are given to demonstrate the advantages of the proposed criteria.

Example 4.1. Consider System (2.1) with
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A =
[
−2 0
0 −0.9

]
, B =

[
−1 0
−1 −1

]
.

Our purpose was to find the upper bounds of h2 for given h1, m1, m2 and u. The upper bounds of h2

calculated by Corollary 3.6, Corollary 3.8 and methods in [2–5] are listed in Table 1. From Table 1, it
can be seen that the stability criteria presented in this paper are less conservative than those in [2– 5].
For h1 = 2 and u = 0.3, the upper bounds of h2 calculated by Corollary 3.6 in this paper are 3.28
(m1 = 2,m2 = 2) and 3.33 (m1 = 3,m2 = 3). Therefore, the conservativeness of the obtained results
will be reduced with the increase of m1 and m2.

Table 1. Upper bound of h2 for different values of h1 and u.

h1 Method u = 0.3 u = 0.5 u = 0.9 Number of variables
2 [2] 2.69 2.50 2.50 18

[3] 3.01 2.56 2.56 85
[4] 3.02 2.69 2.69 101
[5] 3.21 2.76 2.76 399

Corollary 3.6 (m1 = 2,m2 = 2) 3.28 2.83 2.83 96
Corollary 3.6 (m1 = 3,m2 = 3) 3.33 2.92 2.92 188
Corollary 3.8 (m1 = 2,m2 = 2) 3.31 2.90 2.90 252
Corollary 3.8 (m1 = 3,m2 = 3) 3.36 2.94 2.94 460

3 [2] 3.25 3.25 3.25 18
[3] 3.34 3.34 3.34 85
[4] 3.41 3.41 3.41 101
[5] 3.49 3.49 3.49 399

Corollary 3.6 (m1 = 2,m2 = 2) 3.62 3.62 3.62 96
Corollary 3.6 (m1 = 3,m2 = 3) 3.65 3.65 3.65 188
Corollary 3.8 (m1 = 2,m2 = 2) 3.64 3.64 3.64 252
Corollary 3.8 (m1 = 3,m2 = 3) 3.67 3.67 3.67 460

Example 4.2. Consider System (2.1) with

A =
[

0 1
−10 −1

]
, B =

[
0 0.1

0.1 0.2

]
.

Our purpose was to find the upper bounds of h2 for given h1, m1 and m2 and an unknown u. The
upper bounds of h2 calculated by Corollary 3.7, Corollary 3.9 and methods in [20–22, 25, 28] are
listed in Table 2. From Table 2, it can be seen that the stability criteria presented in this paper were
less conservative than those in [20–22,25,28]. For h1 = 1, the upper bounds of h2 calculated by
Corollary 3.7 in this paper are 3.46 (m1 = 2,m2 = 2) and 3.49 (m1 = 3,m2 = 3). Therefore, the
conservativeness of the obtained results will be reduced with the increase of m1 and m2.
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Table 2. Upper bound of h2 for different values of h1.

h1 0.0 0.4 0.7 1.0 Number of variables
[20] 1.59 2.01 2.41 2.62 49
[21] 1.64 2.13 2.70 2.96 96
[25] 1.86 2.28 2.69 2.89 93
[22] 2.39 2.76 3.15 3.41 627
[28] 2.54 2.90 3.23 3.44 424

Corollary 3.7 (m1 = 2,m2 = 2) 2.58 2.93 3.26 3.46 93
Corollary 3.7 (m1 = 3,m2 = 3) 2.65 2.98 3.29 3.49 185
Corollary 3.9 (m1 = 2,m2 = 2) 2.60 2.95 3.27 3.47 249
Corollary 3.9 (m1 = 3,m2 = 3) 2.68 2.30 3.31 3.50 457

5. Conclusions

In this paper, some new integral inequalities were introduced without using any reciprocally convex
method. Some less conservative stability criteria were obtained based on these new integral inequalities
and a new delay-partitioning approach. Finally, two numerical examples were provided to show the
effectiveness of the presented method. Furthermore, how to decompose the delay interval needs to be
further studied.
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