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1. Introduction

Fractional differential equations (FDEs) appeared as an excellent mathematical tool for, modeling
of many physical phenomena appearing in various branches of science and engineering, such as
viscoelasticity, statistical mechanics, dynamics of particles, etc. Fractional calculus is a recently
developing work in mathematics which studies derivatives and integrals of functions of fractional
order [26].

The most used fractional derivatives are the Riemann-Liouville (RL) and Caputo derivatives. These
derivatives contain a non-singular derivatives but still conserves the most important peculiarity of the
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fractional operators [1,2,10,11,23,24]. Atangana and Baleanu described a derivative with a generalized
Mittag-leffler (ML) function. This derivative is often called the Atangana-Baleanu (AB) fractional
derivative. The AB-derivative in the senses of Riemman-Liouville and Caputo are denoted by ABR-
derivative and ABC-derivative, respectively.

The AB fractional derivative is a nonlocal fractional derivative with nonsingular kernel which is
connected with various applications [3, 5, 6, 8,9, 13—16]. Using the advantage of the non-singular
ML kernal present in the AB fractional derivatives, operators, many authors from various branches
of applied mathematics have developed and studied mathematical models involving AB fractional
derivatives [18,22,29-32,35-37].

Mohamed et al. [25] considered a system of multi-derivatives for Caputo FDEs with an initial
value problem, examined the existence and uniqueness results and obtained numerical results. Sutar
et al. [32,33] considered multi-derivative FDEs involving the ABR derivative and examined existence,
uniqueness and dependence results. Kucche et al. [12,19-21,34] enlarged the work of multi-derivative
fractional differential equations involving the Caputo fractional derivative and studied the existence,
uniqueness and continuous dependence of the solution.

Inspired by the preceding work, we perceive the multi-derivative nonlinear neutral fractional
integro-differential equation with AB fractional derivative of the Riemann-Liouville sense of the
problem:

dv
" +5 DSL[V()) = x(J, y()]

] T
=90(J,(V(J), fo K(1,0,V(0))do, fo X(J,G,(V(G))dG),JGJ/ (1.1)

VO)=Vye X, (1.2)
where } D(j denotes the ABR fractional derivative of order ¢ € (0, 1), and ¢ € € (I X Z XX XK, X) is
a non-linear function. Let P;V()) = foj K(j,0,V(0)do and P, V()) = fOT x(7,0,V(0))d6. Now, (1.1)
becomes,

a +o DILVQ) = x(, YD1 = 0 (1, V (), P1V(D, P2V()) . € A, (1.3)
VO0)=VyeZ%. (1.4)

In this work, we derive a few supplemental results using the characteristics of the fractional integral
operator &5 . ... The existence results are obtained by Krasnoselskii’s fixed point theorem and the
uniqueness and data dependence results are obtained by the Gronwall-Bellman inequality.

2. Preliminaries

Definition 2.1. [14] The Sobolev space H'(X) is defined as
H'(X) = {p € L(X) : DPp € LX(X), Y |B < af . Let a € [1,00) and X be open, X C R.

Definition 2.2. [11, 17] The generalized ML function Eggz(u) for complex 6,8, a with Re(6) > 0 is
defined by

(o)

o _ (a')t u_t
Eop () = ; @t +p) 1

AIMS Mathematics Volume 8, Issue 1, 1055-1071.



1057

and the Pochhammer symbol is (a),, where (@) = 1, (@), = a(a + 1)..(a +1—- 1),
t=1,2.. ana’E1 (u) = Esg (), E;, (u) = Es(u).

Definition 2.3. [4] The ABR fractlonal derivative of ‘V of order § is

B0 (b gy
F o fEa[—l_é.(] 0| viorde,

where V € H'(0,1), 6 € (0,1), B(6) > 0. Here, Es is a one parameter ML function, which shows
B(0) =B() = 1.

Definition 2.4. [4] The ABC fractional derivative of V of order ¢ is

s DLV — x(J, y())] =

( )
s DIV = x(J, y())] = f ——(J 0) ](V (0)do,
where V € H'(0, 1), 6 € (0, 1), and B(6) > 0. Here, E; is a one parameter ML function, which shows
B(0)=B(1)=1.

Lemma 2.5. [4] IfL{g()); b} = G(b), thenL{*D(Sg(]) b} = ?%Z;fg.

Lemma 2.6. [26] L[/ 'EJ (xaf):b| = (b?if)‘i] EM()) = $RE().

Definition 2.7. [17,27] The operator &% on class L(m,n) is

onVic+

(80 ) [V() = X(1. YD) = fo -0 Eg, |V - 0°|0@)ds, ;€ [c.dl,

where 6,n,V,a € C(Re(6),Re(n) > 0), and n > m.

Lemma 2.8. [17,27] The operator &% is bounded on C|m, n], such that

o, Vic+

(227 ) IV = 30y | < PO, where
— (1 — m)Re (@), [Vn = myre@|
P = =my ; la(6t + n)| [Re(O)t + Re(n)] t! :

Here, 6,n,V,a € C(Re(5), Re(n) > 0), and n > m.
Lemma 2.9. [17,27] The operator gg’n’(v;c N
inversion is given by

([sf;n,vﬁ] ) (V) = 20 Y] = (DL €52 e ) (V) = X(3, YD1, g € (m, ],
where 6,1, V,a € C(Re(d), Re(n) > 0), and n > m.

Lemma 2.10. [17,27] Let 6,n,V,a € C(Re(d),Re(n) > 0),n > m and suppose that the integral
equation is

is invertible in the space L(m,n) and ¢ € L(m,n) its left

]
f (=0 E3, |VG - 0| 0o = o()), € (m,n],
0
is solvable in the space L(m, n).Then, its unique solution ©()) is given by

O()) = (DIL &5 0yt ) (V) = X(1, YGDI. J € (m,m].
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Lemma 2.11. [7] (Krasnoselskii’s fixed point theorem) Let A be a Banach space and X be bounded,
closed, convex subset of A. Let .F\,.%, be maps of S into A such that 1V + F»p € XY V,p € U.
The equation F#V + %>,V = V has a solution on S, and %, %, is a contraction and completely
continuous.

Lemma 2.12. [28] (Gronwall-Bellman inequality) Let V and ¢ be continuous and non-negative
functions defined on .#. Let V(j) < A+ fa ! e(OV(0)dO, j € 7, here, A is a non-negative constant.

V(j) < Aexp (fj(p(@)de),] € 7.

In this part, we need some fixed-point-techniques-based hypotheses for the results:

(H1) Let V € C[0,T], function ¢ € (C[0,T] X Z X X% X XZ,X) is a continuous function, and there
exist +" constants {7, {; and £.
(g, V1, Va2, Vi) = 0(g, @1, 92, 03)Il < S IV = @il + [[V2 = @al| + [[V3 — s3]]) for all

Vi, Va2, V3,01, 02,03 10 Y, { = maxyez 1f(7,0,0,0)||, and £ = max{y, {»}.
(H2) %, is a continuous function, and there exist +" constants %, %> and & .
1P1(7, 0, V1) = P11, 0, 0Dl < G (V1 —@1lD)Y Vi, 91 in Y,
¢, = max,gep [1P1(J,0,0)|l, and € = max {6, 6}.
(H3) %, is a continuous function and there are +" constants 9y, 9, and D.
1P2(7,0, V1) = P27, 6, DIl < D1 (I[V1 — ¢ull) for all Vi, in'Y,
D, = max,gep l1P2(7,0,0)|l and D = max {D,, D,}.
(H4) Let x € [0, I, function u € (c[0,I] X %, %) is a continuous function, and there is a +"* constant
k > 0, such that [|u(j, x) — u(J, y)|| < k||x — y||. Let Y = C[Z, X] be the set of continuous functions
on Z# with values in the Banach space X.

Lemma 2.13. If (H,) and (H3) are satisfied the following estimates,
IP1VDI < J( @GNV + ), 1PV — PreWDI < €111V = ¢ll, and
IP2VDIl < J( D1 VI + Do), IP2V()) = PapDIl < DIV = ¢ll.

3. Equivalent neutral fractional integral equation

Theorem 3.1. The function p € € (I X Z XX X X, X) andV € € (%) is a solution for the problem
of Egs (1.3) and (1.4), iff 'V is a solution of the fractional equation

B(6 Y 0
V() = Vo - T B0 -0 |1V - sswnde
¢ [[ev©.Pve.Pverd e s G.1)
0

Proof. (1) By using Definition 2.3 and Eq (1.3), we get

d B (7 5
T ((V(J) + 30 Es [——(J - 0° V() - x(J, y(J))]dH) =0, V,PiVQY,PV(QY)).
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Integrating both sides of the above equation with limits O to j, we get

BG) (7 5
YO+1=5 ), =6

s - 9)5] [V()) - x(J, ()6 — V(0)

= fjgo(ﬁ,(V(H),PI(V(H),P{V(H)) do,je 7.
0

Conversely, with differentiation on both sides of Eq (3.1) with respect to j, we get
dV B©) d (Y 0
VB0 L[ 0 g

dy 1-46dj ), 1-6
Using Definition 2.3, we get Eq (1.3) and substitute ;j = 0 in Eq (3.1), we get Eq (1.4). O

(V) = x(,y(ODIdO = ¢ (7, V (), P1V(D, PV(), )€ F.

Proof. (2) In Equation (1.3), taking the Laplace Transform on both sides, we get
L{V'(2):b] + L[5 D5 | [V() = 2. YD) = L@ (. V (). PrV()). P2V()) 1 b]

Now, using the Laplace Transform formula for the AB fractional derivative of the RL sense, as given
in Lemma 2.5, we get

B(©6) b’ X(b)

= G(b),
1-6b0+ & ®)

bX(b) = [V()) = x(J, Y())] = V(0) +

X(b) = [V():b] and G(b) = L@ (1. V (), PyV()), PyV())) ; b] . Using Eq (1.4), we get
1 B@©) b 'X(b)

X(b) = Vo— —

1.
b mm[q’(ﬁ = x( Y+ 7 Gb). 3.2)

In Eq (3.2) applying the inverse Laplace Transform on both sides using Lemma 2.6 and the convolution
theorem, we get

L7'[X(b); )]

L] BO (L[ b s
= VoL 1[5;1] - m(L 1[196 " &l [V() = x(7, YOI + L 1[X(b);J])

+L7'[G(b); g1+ L7 [%; ]]

B(6 o
_ - 20 (Bs [+ [1V0) = x4 6 4.V 0 PV PV )

1-6 1-6
B(6 J )
_ V- % Es |- 150 -0 (V) - 20 1ae

+ fj @0,V O),P1V@O),PV)) do.
0

B(6 J 0
Vo) = Vo= 15 [ Es|-1250 00|10 - xtsae
¢ [[eev©.Pve.PvE) (3.3)
0

O
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Theorem 3.2. Let 6§ € (0, 1). Define the operator % on € (.%):

o)
(FVIO) = Vo= % (6, ) V) = XLV € ). (3.4)

(A) Z is a bounded linear operator on € (.%).
(B) . satisfying the hypotheses.
(C) Z#(X) is equicontinuous, and X is a bounded subset of € (.¥).

(D) # is invertible, function ¢ € € (%), and the operator equation #V = ¢ has a unique solution
in6(%).

Proof. (A) From Definition 2.7 and Lemma 2.8, the fractional integral operator &' is a bounded

=5 .
5.1,75:0*

linear operator on %' (.#), such that

IV = x(, yON < PIVIL, g € ', where

H‘gm 250+

n
(o9

(1) = = (%) 1° 5
P -T n 1-6 =T TE ( T&),
HZ:(; aGn+ D(n+1) n! Z ((5n+2) “2\1-s

n=

and we have

B(6)

.7 VI = V) = Xy = P VI VY € C(S). (3.5

51 720+

‘ (5)'”

Thus, .#V = ¢ is a bounded linear operator on €(.¥).
(B) We consider V, ¢ € €(.#). By using linear operator .# and bounded operator &'

51,2200 for any
j€e Az,

I(FW)D) = (F oD = F(V = V() = x(, YD)

B(5) H 61_0 V- ¢)[(V(])—x(j y(;))]”

P(—) V-l

Where, P = TE;, (1f sT ) then the operator .% is satisfied the hypotheses with constant PB(‘S)

O)LetU ={V € €(F) : ||'V|l < R} be a bounded and closed subset of € (.%), V € U, and Ji,Jp €I
with j; < p,.

I(FV)() = (FV)(p)

_ '% (1 s 0 ) V0D =t x01 = 2 (s, V) s, 0
< | [ ] r550 - 0] - -0 - 0 [ v - st
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. B0
155

0
f} B[22 = 09| 1Y) = 251t

<20 wo () |z f 101 07 = Ga = 0| 1VG) = XUyl 6
=0 mo () |z f G2 = 671V = 3.yl

s IIB_((? :0 ; . ) a(nd + 1)[ (2 =6 = (1~ 6"
IIB_((? :0 (1 . 5)n a(msl 0 J, RORURL

< IiB_(? :0 (1 f(s)n a(m; p (02 = T = T A

= IiB—((? :0 (1 f 5)n a(n51+ 2) (et =)

RB(6)°°(§)” 1 sl el
or (o < no+l __ _no+ ]
(VI = FVI < 725 0 (755) a4
Hence, if |71 — jo| = 0 then [(FV)(71) = (FV)(j2)] = 0.

- (V) is equicontinuous on .7 .

(D) By Lemmas 2.9 and 2.10, ¢ € €(.¥), and we get

-1
(1 ) VO = 5G] = (D42} o )1V = x5 € G,

By Eqgs (3.4) and (3.5), we have

1
(Z7) V) = x(. YOI —((—25 €2 0+) [V() = x(7. ()]

_1-0 8 _
= 56 (Dh755h 0. 1V =23 € ),

where 8 € C with Re(B) > 0. This shows .# is invertible on %' (.#) and
(FWVVQ) = 2.y = [V() = x(.yOD]. J € 7,
has the unique solution,
V() = (F1VQ) - x(.y0)])

1=6( 1us
= 56y (L5755 .0, IV = 503D € (),

(3.6)

(3.7)

(3.8)

O
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4. Existence and uniqueness results

Theorem 4.1. Let ¢ € € (I X B XK XK, X). Then, the ABR derivative
5D‘JS[(V(]) —x(1, YN =0 (1, V() ,P1V(Q)),PV())), € A, is solvable in € (.7 ), and the solution in
C(F)is

1=6( 1ug _
VO = 55 (D727, )1V = XU € . @.1)

where 8 € C,Re(B) > 0, and ¢()) = fojcp 0,V (0),P1VO),P,V()do, j € Z.

Proof. The corresponding fractional equation of the ABR derivative

s DSV () = x(. YO = ¢ (1, V (), PrV(). P2V()) . j € I,
is given by

B©) (7 ) s J
T—s | & [_ﬁ(] -0 ] [V() = x(J, y(7))]d6 = f @0,V (0),P1V(O),PV(O)do, j € I
—0 Jo - 0
Using operator .# of Eq (3.4), we get
J
FV© = [ 0@VO.PVOPVOd= 4001 5. @2)
0

Equations (3.7) and (4.2) are solvable, and we get

1-6( 115 _
VO = 35 (Dgfa&; 0) [V() = (1, yOD1. 1 € I8 € C,Re(B) > 0. 4.3)

O
Theorem 4.2. Let ¢ € € (5 X RX R X R, %) satisfy (H1)~(Hz) with L = sup . , w(]), where w(j) =
{1+ +DT), if L =min{1, ). Then problem of (1.3) and (1.4) has a solution in € (.7) provided

2B(6)TEs» (%) To
1-6

<1. (4.4)

Proof. Define

[Voll + N, T

BOTEs»(:5)1°°
- 1-§

where Ny = sup ., llp(7,0,0,0)||. Let U = {V €€ (S) : V|| <R}. Consider F X - Aand
F5 . X — A given as

R =

1-LT

J
(F1V)() =Vo+ f @6,V (0),P1V(O),PV()db, ] € I,
0

(F2V)() = =(PNV() = x(,y()), J € 7.

AIMS Mathematics Volume 8, Issue 1, 1055-1071.
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LetV = ZV + %V, V € €(F) is the fractional Eq (3.1) to the problems (1.3) and (1.4).
Hence, the operators .7 and .%#, satisfy the Krasnoselskii’s fixed point theorem.

Step (i) .%, is a contraction.

By (Hy))-(H3) on g, ¥ V,p € € (H)and j€ .7,

Z1V () = Fop(DI < w(DIV() = (DI <RIV = ¢ll. (4.5)

This gives, || #1V — Z¢l| < RT ||V - ¢l|,V,p € €(F).

Step (ii) .%, is completely continuous. By using Theorem 3.3 and Ascoli-Arzela theorem, .%, = —.%
is completely continuous .

Step (iii) %V + ¢ € U, for any V, ¢ € U, using Theorem 3.3, we obtain

IF1V + Zo)DI < IF VYD + I(F20) D]

J
< Voll + f I @,V ). 1 VO, P VO o+ 6}, . ¢
)

J B(6
< Vol + f o (6,V (6), PV(O), PrV(O))]| d6 + LTEa,z(
0

0
1-6

T‘5)
T 6 llell

J J
< [[Voll + f ll (6,V (6), P1V(6), P>V(0)) — ¢(6,0,0,0)]| 46 + f llp(6,0,0,0) 46
0 0

+ 5O g ( d
21 -6

1-06
i 10 5
<IVoll+ [ CQIVI+ €511V + DT VIV d6 + N, d9+—TE5,2( T)L
0 0

1-6 1-6
J / B(5) 0
SVoll +4(1 + €5+ DT) | IVIIdo + N, d9+—1 5TE6’2(1 5T )L
0 0 - N

T5) L

) ) B 5
SII"V0||+w(])Rfd6'+N¢,f d9+LTE5,2( T‘S)L
0 0

1-6 1-6
B(9) ( 10)

< LRT + N,T + —=TE
< |[Voll + + Ny +1_5 52 1—5

T‘5) L 4.6)

By definition of R, we get

4.7)

B(6)TE;s» (%T‘S)
Voll + N,T = L|1—RT + 1% :

Using the Eq (4.5) in (4.7), we get condition of Eq (4.4).

2B(6)TEs» (%) To
1-6

IF1V + F2p)DIl < L[ ],] €. (4.8)

S AV + )N < L, g € &, This gives, F1V + Frpe U,YV,peX.
From Steps (i)—(iii), all the conditions of Lemma 2.11 follow. O

Theorem 4.3. By Theorem 4.2, the Eqgs (1.3) and (1.4) have a unique solution in € (.%).

AIMS Mathematics Volume 8, Issue 1, 1055-1071.
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Proof. (1) The problems (1.3) and (1.4) have an operator equation form as:

(gé,l,g;o+) [V = x(,yODI = (). y € I, (4.9)

where,

1- J
@()) = BG) ((Vo -V + f @6,V (0),P1V(0),P.V(O)) d9),J €.

By Theorem 4.2, Eq (4.7) is solvable in €' (.#), by Lemma 2.10 we get a unique solution of Eqgs (1.3)
and (1.4),

Vo) = (D)5} 0. )IVO) = 30 5DLV € 6.
O

Proof. (2) Let V, ¢ be solutions of Eqs (1.3) and (1.4). By fractional integral operators and (H;)—(H3),
we find, for any j € .7,

V() — ()l

< [ (61 0nV =0 V) = 20

+ f o (6,V (6) ,P1V(O), PV(0) — ¢ (0,0 (0),P19(0), Pr0(0))| db

'B@ f E, [_%( 70| ((V(@)—sow))de'

1-06 1
+ f L4V6) — 9(O) + € 1V(6) — 9(0)] + DIV(O) - p(6)))d6
B(5) ( __T‘5 )|(V(9) —p(6)| d6 + fj L1+ F +D)IVEO) — p0)do
B(d) 5
< [ B (1 T )|(v<9> o(0)|d6 + f (V) = 20 YO [V6) — 9(6)] d6

B(6
f [ ()Ea(l )+ (V) - 20, ym)]] V) - p(0)] d

B(9)
1-6

0
1-¢6

V() — eI < f

Es
0

T‘S) + V() = x(, )’(J))]] [V(0) — ¢(0)| d6. (4.10)

5. Estimate solution

Theorem 5.1. By Theorem 4.2, if V() is a solution of Egs (1.3) and (1.4), then

B(6 0
O
-6 I-¢6

VI < {[Vol + NoT) exp ( fo [ )+ (V) - 0, yo))]] d@),J €s. G
where, N, = SUp ¢ le(7,0,0,0)|.
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Proof. If V() is a solution of Eqs (1.3) and (1.4), for all j € .#,

YOI < Vol - -2 0 Ea( - 0y|)vonan + fo o6,V ), PyV(6), PV(6)| db
< [Vl - % i vi@las
+ fov lp 0,V (6),P1VO),P,V®O)) — ¢,0,0,0)|do + fo‘j (6, 0,0,0)|do
< Vol - f(—_(szs , E, (1 d )W(@)me 4 f]g“(l(V(en L VO +DIVO)) O + N,
_|(Vo|—B(—6) ( 5 )l(V(9)|d9+f{(1+(5+Z))|(V(])|d9+NT
< Vol - @ 5(1 1) [V(@)]do + f [V() = XD [V(O)| 6 + N, T
< {1Vl + N,T) f ] [f O ks (+27) + 1) - x(J,ym)]] V@)l ds.

By Lemma 2.12, we get

B(9) 0
V(| <3|V, N,T E
VO < {1Vol + N, }exp(fo[l s (=

6. Data dependence results

We discuss data dependence results for the problem

d
L 12 DIVQ) - XUy = 8 (0 (), 1o, Pag()) € 7,

dj
0(0) =g € Z%.

Theorem 6.1. Equation (4.2) holds, and &, > 0, where k = 1,2 are real numbers such that,

Vo — ol < &1,
(1, V(D PiVD. PV =@ (1.0 (), P1e(D), Prp()I £ &, 7 € S

T‘S) + [V() — x(J, )’(J))]] d9) ,J€S.

(5.2)

(6.1)

(6.2)

(6.3)

©(y) is a solution of ABR fractional derivative Eqs (6.1) and (6.2), and V() is a solution of Egs (1.3)

and (1.4).

Proof. Let V, ¢ are the solution of Eqs (1.3) and (1.4), (6.1) and (6.2) respectively. We find for any

AIMS Mathematics Volume 8, Issue 1, 1055-1071.
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V() — ()l

B(6 J
< Vo — ol + 20 Ea(
0

1-6
]
+ f lo (0, V(O),P1V(®B),PV(®B) — & (s,0(0),P1¢(0), Prp(6)) db
0
B(6 J
< |(Vo—‘,00|+L | Ea(

1-6
]
" f 160,V (0), PV, PrV(E) — ¢ (6, 0 (6), Pro(0), Prg(6))] dO
0

0
—— (1—-0)
s~ 9

) V() - p(6)] 6

)
_— (1—-0)
5V~ 9

) V(6) - o(s)| db

J
+ f lo (6,V (6),P1V(O), PV(0) — ¢(0,¢0(0),P1¢(0), P20(0))| db
0

B©) [ P
<o B[
1-6J, "\1-6

T‘S) V(6) — p(6)] 6

] ]
- f (V) = ¢(O)] + € V() - pO)] + DIV(O) - p(O))) db + £ fo do
0

[V(0) — @(O)| db + &,T

B(6 J 1) J
<&+ 20 [y (1) Vi)~ g0 do + f L(+C + D) VO - p0)d6 + &)
- 0 - 0
B(6 J 1) J
st pos [ (T v -g@ldos [ (V0 -0
T B(S o
V) = o) < & +ET + f [%Eé (+57°)+ V) - 20 y(p)]] V() - o(6)] de.
s i
By Lemma 2.12, we get
T B(S o
V() - ¢l < & +ETexp ( | [1 O gy (2

7. Dependence results on parameters

Let any A, 1) € #Z and
dv

d
V(©0) = Vo € Z.

dj
V©0) =V, € Z.

AIMS Mathematics

+5 DS[V() = x(. YO = © (1, V (), PV, PV (), D), j € 7,

%
+5 DO[V() = x(1, y(D] = O (1, V(). P1V(Q). P2V () do) g € I,

T‘s) +[V() = x(J, Y(]))]} d9) ] €I.(6.4)

(7.1)
(7.2)
(7.3)

(7.4)

Theorem 7.1. Let the function O satisfy Theorem 4.2. Suppose there exists w,u € € (5, Z") such that,
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©(, V, PV, PV, 1) =0 (1, 0,P10, P, V| < w(P |V — ¢,
O, V, PV, PV, ) -0, V, PV, PV, Ap)| <u(y)|d— .

If Vy,V, are the solutions of Eqs (7.1) and (7.3), then

I B(6 o
V() = Vo)l < PT 1A= ol exp ( fo [1 ¢ )6155 (-r70)+ V) - 0, y(m]] de) JES, (15)

where P = sup . , u(]).

Proof. Let, for any j € .7,

V() = V20

0 ff E, [_L( 1_9)6] (Va(6) = V1(6)d6)
0

T 1-9 1-96

J
+f 1©(6, V1 (0),P1V1(0), P2V 1(0), ) = O (6, V2 (6), P1V2(60), P>V2(6), A0)| db
0

B(6 Y 1)
< ©) Ea(—l—_é(]—e)é

“1-6J,

) V1(6) — Va(6)] d6
]
; f 1© 6,V (6),P1V1(6), PxVi(6), 1) — © (6, V5 (6), P1V(6), PoV(6), D] dB
0

J
+ f 1© (6, V2 (0), PiVa0), P2V2(6), ) — O, V,(0),P1V26), P2V2(0), Ap)| dO
0
< B(9) J E, ( 0

(- 9)5) V1(6) — Va(6)] d6

“1-6Jy \1-¢
] ]
¥ f L(V1(0) = Va(O)] + C |V1(0) - Va(O)] + DIVi(60) — V@) do + f u(6) 1A - Ao| d6
0 0
< f(—ézi ]E(; (1 0 5T6) [V1(0) — V,(6)| db + fJ (1 +F +D)|Vi(O) —V(0)do
- 0 - 0
+ P] |/l — /lo|
B(6 J o ]
< % E; (1—5T5) V1(6) — Va(6)] d6 + f (V) = 2 yON V() — Va(6)] d6
- 0 - 0
+ PT A= 4|

'l B(6 )
< f [1 ( ;Ea (ﬁTa) +[V() = x(J, y(J))]] [V1(0) — Va(0)|dO + PT |2 — A|.
o 11— —

By Lemma 2.12,

[ B 5
[V1()) = Vo)l S PT 1A= Aglexp (fo [1 (_;Ea(l — 5T6) +[V() - X(],y(J))]] dH),J €. (76

O
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8. Example

Consider a nonlinear ABR fractional derivative with neutral integro-differential equations of the
form:

dv 1
T +5 DI [V() = x(, YO =0 (1, V(D , PyV(), PxXV()), 1€ F =[0,2], (8.1)
V@O =1¢€Z. (8.2)

O (I XREXREXR)— X is a continuous nonlinear function such that,

VDI + 1

QD(J’(V(J)’PI(V(]), PQ(V(J)) = 3

+MPD+N(,je s,

and
M) = B(3) B4 (1) + By (-1) -1},
NG = B(5) Bra(-1) + 8, (-11) - 1).
We observe that for all V,p € #Z and j € .Z,

lo (7, V, P1V,PyV) — o (1,0, P, Prp)|

vV 1
= ‘(% + M)+ N(p) - (

(I + 1

3 +M()) + N(]))‘

1
< 3 [V —¢l. (8.3)

The function ¢ satisfies (H,)—(H,) with constant % From Theorem 4.2, we have ¢ = % and T=2 which
is substitute in Eq (4.2), and we get
1 1
B(—) <— (8.4)

2 1y
8Ey, (24)
If the function B(9) satisfies Eq (8.4), then Eqgs (8.1) and (8.2) have a unique solution.

(V(])=§+1,]€ [0,2]. (8.5)
9. Conclusions

In this research article, we explored multi-derivative nonlinear neutral fractional integro-differential
equations involving the ABR fractional derivative. The elementary results of the existence, uniqueness
and dependence solution on various data are based on the Prabhakar fractional integral operator s(‘{m(v;c .
involving a generalized ML function. The existence results are obtained by Krasnoselskii’s fixed
point theorem, and the uniqueness and data dependence results are obtained by the Gronwall-Bellman

inequality with continuous functions.
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