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1. Introduction

As one of the generalizations of metric space, by introducing the conception of metric-like space
in 2000, Hitzler [1] gives a valuable contribution to fixed point theory, permitting self-distance to
be nonzero, as that can not be possible in metric space. During his studies at the time, he explored
the metric-like space under the name “dislocated metric space.” Amini-Harandi [2] was the one who
renamed the dislocated metric space as metric-like space. Several researchers developed the concept
of metric space in many types see [3—7].

In 2017, Gordji et al. [8] introduced the concept of an orthogonality and presented several
fixed-point theorems in an orthogonal metric space. Furthermore, Gordji and Habibi extended more
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results in generalized orthogonal metric space and e-connected orthogonal metric space; see [9, 10].
Hamid Baghain et al. [11] proved fixed-point theorem in orthogonal space via orthogonal
F-contraction. In 2018, Senapati [12] initiated the concept of w-distance and proved fixed point
results in orthogonal metric space. In 2018, Yamaod et al. [13] came up with the concept of
s-orthogonal contraction in b-metric space. In 2019, Gungor et al. [14] changed the distance functions
to show more results in orthogonal metric space. Sawangsup and Sintunavarat extended this to an
orthogonal concept in O-complete metric space, see [15, 16]. The notion of multivalued orthogonal
(1, Fr)-contraction in O-complete orthogonal metric space was introduced by Sumit Chandok
et al. [17]. Also, Ismat Beg et al. [18] extended the notion of a generalized orthogonal F-Suzuki
contraction mapping in O-complete b-metric space. The notion of F-contraction introduced by
Wardowski [19] who has proved a fixed point theorem in generalized Banach contraction principle.

This article, introduces some new concepts of an O-generalized §-contraction and proves fixed
point theorems such as new F-contractions in b-metric-like space. Our results primarily generalize
and improve the related results in the literature. Moreover, an example and application to the integral
equation are given to exhibit the utility of the obtained results.

Definition 1.1. [19] Let (H, ) be a metric space . A self mapping £ on H is said to be a F-contraction
if o > 0 exists such that

P(Ph,Py) >0 = o+ F(pPh,Py)) < F(p(h,y)), forall h,yeH, (1.1)
where & : [0, c0) — R is a map which holds the following axioms:
(&1) & is strictly increasing; that is, for all &, 7 € [0, o0) such that &€ < n, §(&) < F1);
(&) for every sequence {&,} of non-negative numbers,

lim &, =0 < lim ¥(,) = —oo;

n—oo

(%3) there exists s € [0, 1] such that Sflir(r)1+ EFE) =0.

Let us remember from [2], some facts and definitions about b-metric-like space.

Definition 1.2. [2] A nonempty set H and a function ¢ : H X H — [0, o) satisfies the following
conditions holds for all b, f,1 € H and a constant s > 1:

(1) If p(b,f) =0then)h =1;
(92) 9, 1) = p(t,h);
(93) 9B, D < s(p(D, D) + p(t. D).
The pair of (H, p) is called a b-metric-like space.
Example 1.3. [7] Let ‘H = R. Define a mapping ¢ : R X R — [0, o) by
(0, 1) = (b + )2

for all b, € R. Then (R, p) is a b-metric-like space with the coefficient s = 2.
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Definition 1.4. [2] Each b-metric-like ¢ on H generalizes a topology o, on H whose base is the
family of open p-balls B, (b, ) = {f € H : |p(h,T) — p(h,h)| < 5} forallh € H and 6 > 0.

Definition 1.5. [2] Suppose that (H, ) be a b-metric-like space. A map P : H — H is called
continuous at h € H, if for every e > 0 3 6 > 0 such that P(B,(h, 6)) € B,(Ph, €). We say that P is
continuous on H if % is continuous atall ) € H.

Definition 1.6. [7] Let (H, p) be a b-metric-like space, {£,} be a sequence in H and & € H. Then a
sequence {£,} C H is said to be converge to a point & € H if, for every € > 0 there exists ny € N such
that p(&,, &) < € for all n > ny. The convergence is also represented as

limé, =&oré&, — & asn— oo,
2. Orthogonal metric spaces

The concept of an orthogonality was introduced by Gordji, Ramezani, De La Sen and Cho [8] as
follows:

Definition 2.1. [8] Let H # ¢ and LC H X H be a binary relation. If L satisfies the following
condition:

e H: (YheH,hLh) or (YheH, b L),

then (H, L) is called an O-set.

Example 2.2. [8] Let us make a famous fractal called the Sierpinski Triangle.

Sierpinski’s triangle starts as a shaded triangle of equal lengths in page R X R with vertices (-1, 0),
(1, 0) and (0, V3). We split the triangle into four same triangles by connecting the centers of each side
together and remove this central triangle. We then repeat this process on the 3 newly created smaller
triangles. This process is repeated several times on each newly created smaller triangle to arrive at the
displayed picture. A Sierpinski’s triangle is created by infinitely repeating this construction process.

Let H be the set of all (infinite) removed triangles. Define the binary relation L on H by a L b, for
all a,b € H if there exists a € H, {t: (1) € a for some f) € R} give to {t : (b,f) € b for some §) € R}.
According to Figure 1 if {f, : (b, Ty) € ap for some ), € R}, then ay L b for all b € H. Proceeding this
way, we get

inf{t : (h,%) € a for some ) € R} < inf{t: (h,t) € b for somel) € R}.

Then (H, L) is an O-set.

Example 2.3. [8] Let (H, p) be a metric space and # : H — H be a Picard operator, that is, H has a
unique fixed point h* € H and lim P"(f) = h* for all t € H. We define the binary relation L on H by

hLtif
lim (b, P"(1)) = 0.
Then (H, L) is an O-set.
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Figure 1. Sierpinski triangle.

Definition 2.4. [8] Let (H, L) be an O-set. A sequence {h,},av is called an orthogonal sequence
(shortly, O-sequence) if

(V ne 7_{’ bn L bn+1) or (V ne 7_[’ I)n+1 L bn)
Example 2.5. Let H = R and suppose that ) L fif

h,te +1 +2
9 n S’n 57

forsome ne€Z or h=0.

It is easy to see that (H, L) is an O-set. Define P : H — H by P(bh) = [b]. Then P is L continuous
on H. Because if {h,} is an arbitrary O-sequence in H such that {h,} converges to h € H, then the
below cases hold:

Case 1: If b, = O for all &, then § = 0 and P(b,) = 0 = P(D).

Case 2: If by, # O for some k, then there exists m € Z such that b, € (m + é m+ %) for all k > k.
Thus b € [m + %,m + %] and P(bh,) = m = P(h).

This means that  is L-continuous on H while it is not continuous on H.

Definition 2.6. [8] Let (H, L, ) be an orthogonal set with the metric ¢. Then H is called an
orthogonal complete (shortly, O-complete) if every Cauchy O-sequence is convergent.

Example 2.7. Let H = [0, 1) and suppose that
<t<li
hlii bst<gy
or h=0.

Then (H, L) is an O-set. Clearly, H with the Euclidian metric is not complete metric space, but it
is O-complete. In fact, if {x;} is an arbitrary Cauchy O-sequence in H, then there exists a subsequence
{bx,} of {bi} for which {b, } = O for all n > 1 or there exists a monotone subsequence {by,} of {b;} for
which {by,} < 1 for all n > 1. It follows that {by,} converges to a point b € [0, 1] C H.
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Definition 2.8. [8] Let (H, L ¢) be an orthogonal metric space and 0 < A < 1. A mapping ¥ : H —
‘H is called an orthogonal contraction (shortly O-contraction) with Lipschitz constant A if, V b, € H
with b L,

P(#Dh, PH < Ap(OD, D).

It is verify that every contraction is O-contraction, but the converse is not true. See the following
example:

Example 2.9. [8] Let H = [0, 1) and let the metric H on H be the euclidian metric. Define ) L f if
b, te{bh, 1}, forallh,t € H. Let P : ‘H — H be a mapping defined by

1)
P(b):{i’ bEqu{,
0. bHel NH.

Then, it is easy to show that # is an O-contraction on #{, but it is not a contraction.
Definition 2.10. [8] Let (#, L) be an orthogonal metric space. A map £ : H — H is said to be
L-preserving if Ph L Pt whenever h L f.

3. Main results

In this section, we present an O-generalized F-contraction of type-(1) and type-(2) and prove fixed
point theorem for an O-generalized §-contraction of type-(1) and type-(2) maps in an O-b-metric-like
space.

Definition 3.1. Let (H, L, 9) be an O-b-metric-like space. A mapping P : H — H is called an
O-generalized F-contraction of type-(1) if 4 o > 0 and ¥ € A(be a family of function) such that

V bfe H with h LE o(Pb, P >0
1
Eso(b, Ph) < p(0,H) = o+ F(P(PH, PD) < tF((PDH, PD) + aF(p(h, PD))

(9D, PD) (p(t, D))
2s 2s ’

+ I

+ F(p(t, PI) + mF 3.1

where t,a,¢c,m, J € [0,1] suchthatt+a+c+m+JI=1landl —m—c>0.

Definition 3.2. Let (H, L, ¢) be an O-b-metric-like space. A self-mapping P : H — H is called an
O-generalized F-contraction of type-(2) if 4 o > 0 and ¥ € A such that

Y h,teH with h Lt p(Ph,PH >0 =
o + E(e(Ph, PD) < tF(p(, 1) + aF(p(h, PDH)) + F(pE, PD)

90, PD) P(t, D)
25 2s

m( )+ I§( )| (3.2)

where n € [0,1) and t,a,m,J € [0, 1], such thatt+a+c+m+JI=1,1-c—m>0.
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Theorem 3.3. Let (H, L, p) be an O-complete b-metric-like space with an orthogonal element b, and
amap P : H — H satisfying the following conditions:

(i) Pis L preserving,
(ii) P is an O-generalized &-contraction of type-(1).
Then, P has a unique fixed point .
Proof. Since (H, L) is an O-set,
Ahoe H: (YheH,h Lby) or (VheH,bhy LD).

It follows that ), L Phy or Phy L bo. Let
By := Pho, by 1= Phy = P?Boeceen, busr := PH, = P, (3.3)

for all n € N U {0}. If there exists ny € N such that p(b,,,b,+1) = 0, then h = b, is the desired
fixed point of H which completes the proof. Consequently, we suppose that 0 < @(b,, b, ) for all
n € N U{0}. Since H is L-preserving, we have

bn L bn+1 or bn+1 L bn (34)

This implies that {,} is an O-sequence. We have

1
gp(bn, an) < So(bm an)’ ¥ nelN. (35)
By (3.1), we get

0 + FPPh, P*ha)) < tF(9 (01, PD,)) + aF(9(By, Pby) + cF(@(PY,, PH,))

}17P2 n P n»p n
g OO P00 | 5 (000 Pir)

, YneNl. (3.6)

Now, we prove that

POne1, Phns1) < 9O, Phy), ¥V neN. (3.7

Suppose, on the contrary, that there exists ny € N such that (b1, Pbuy+1) = 90y, Phy,), due to
(3.6), we have

0 + F(OPDs P Duy)) < tF(@Drg> Phig)) + aF(©(Brs Phiag)) + cF@(PDigs P2biy )
2
.\ mg(g»(bno,P b)) 38(go(?bno,%o))
2s 2s
< AFOBng> Pig)) + aF(O D1, Py)) + ¢F(@(Prgs P D))
2
.\ mg(smbm,%ﬂo) +2(ssga(7>bn0,¢> bny) 5325(@(5"21);0, Do)
< AF(OBng> Puy)) + aF(© D1, PDy)) + ¢F(@ (P> P D))
+ MFP(PDrg> P2Diy) + IF(@(PDiys buy))s
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which yields
0+ (1 = ¢ = MFOPbyy. P2hy)) < (£ + 0+ HF(@PDy b))
= FOPYu P D)) < FOPby. b)) — —
(1-c—m)

which together with (F;) implies p(Ph,,, P?b,,) < 9(Pbiys by ) » that s,
S{)(bno+l’ an0+1) < So(pbn()a bn())' It ls a ContradICtion tO S{)(bn0+l’ pbn(ﬁl) 2 g‘)(bno’ ano)? SO (3'7) hOldS'
Therefore, {¢(D,, PD,)} is a decreasing sequence of real numbers which is boundary below. Suppose

that 3 A > 0 such that
Tim 9(0,,PD,) = A = inf(p(0,,PD,) : n € N).
Now, we prove A = 0. Suppose, conversely A > 0. For every € > 0, there exists ¢ € N such that
by, Phy) = A + €.
By (1), we get

S(pDy, Phy)) = F(A + ). (3.8)
From (3.5), we get

1
g@(bw, Pby) < 9By, Pby).
Since P is an O-generalized F-contraction of type-(1), we get

0 + Py, Phy) < tF(9(by, Phy) + aF 9Dy, Phy)) + F@(Phy, P*by))

2
N mg(@(bwf b)) | 5 g(@(f"b;;?bw))

< &Py, Phy)) + aF @by, Phy)) + <F(9(Phy, P°Dy))

N m%(ﬁso(bw,?bw)) +2(55§>(wa,sz¢)) N 8%25(9(7;2‘”’ by))

< tF @Dy, Phy)) + aF 9Dy, Phy)) + F(@(Pby, Phy))
+ mFp(by, Phy) + 5%(80(?%, by)),

which implies
(1 = OF PPy, Phy)) < (t+ a+m+ HF(bhy, Phy) — 0. (3.9)

Taking

cHtra+rm+T =1 = FPhy, Pb,) < Fp(hy, Pby)) — a’%().

Since
1
58Py, P7)) < Fp(by, Phy),
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from (3.1), we have

o+ 3(80(7)2%, 7)3%)) < tF(p(Phy, 7)2[);0)) + aF(p(Phy, 7)251//)) + 53(80(7)2%’ 7)3[)://))
3 2 2
mg(@(Pbgf by)) Ly C&(SO(P b;j’ by))
< tF(P(Phy, P7hy)) + aF(@(Phy, P7hy)) + <F(@(Phy, Pby))

N mg(SQ(wa,szw) ;5(550(7’2%,7’3%) N 3325(80(?)221‘”’?%))

< tF(O(PDy, Phy)) + aF(9(Phy, Ph,)) + F(9P Dy, Pby))
+ mFP(Phy, P°hy) + IF(9(Pby, Phy)).

This yields

FOP,. PDy)) < Fo(Phy, Ph,) (1%)

Continuing the above process and (3.8), we get

FOP Dy, P10y)) < TPy, P'Dy) - <1—€ )

n—2 n—1 _ 2Q
BP0, P10 ~

IA

ho

(I-0o

IA -

&9y, Phy) —

FOP"Dy. P '0y) < FA + € - % (3.10)

Letting n — +o0 in (3.10), we get lim 8(50(?’”%,?’””%)) = —oo, which together with (&;)
n—+oo
implies lim g)(?”bw,i)”“bw) = 0. So, 4 N; € N such that go(?"bl/,,?)"“bw) < A, Y n> N, that is,
n—+co
©Dysn> bysn) < A, ¥ n > Ny, which is a contradiction of A, therefore,

lim ¢(,, b, = 0. 3.11)
n—+oo

Now, we prove that
lim_9(0,.5,) = 0. (3.12)

Suppose, conversely, 4 € > 0 and {p(n)} and {g(n)} of natural numbers such that

p(n) > qm) >n,  ©Opm,bym) = € and 9B pm-1,bym) <€, Yn € N. (3.13)
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Applying the triangle inequality, we get

Oy Dgim) < 59D piny Dpi—1) + 59O peay—15 D))
< SBo(f)p(n)’ bp(n)—]) + s€
= Sp(Pbp(Vl)—la bp(n)—]) + %€,

which implies that
PDpm)> Dgmy) < 59PDpmy-15 bpiny—1) + 5€, ¥ n € N. (3.14)
Owing to (3.11), there exists N, € N such that
PPYpin)-15Dpiy-1) < € P(PYpnys bpiy) < € PPy, by(n)) < €, Yn > Ny, (3.15)

which together with (3.14) shows

So(bp(n)’ bq(n)) < 256» VYn > NZ’ (316)
hence
%@(bp(ﬂ), bq(n)) < 3(256)’ Yn > NZ- (317)
From (3.13) and (3.15), we get
1 €
g@(bp(n)’Pbp(n)) < % < 9POpm)> gn))s Y1 > No. (3.18)

Using the triangle inequality, we have

€ < 90pm)> Dpmy) < 990 peny» Dpeny+1) + 5280(bp(n)+1, Dyiny+1)
+ 5°O(Dgtmye15 Dygin))- (3.19)

Letting n — +o0 in (3.23), by (3.11), we obtain % < lim inf (Hyem+1, Dgmy+1), hence, there exists
S n—+oo

N3 € N, such that @(,(:)+1, Dgemy+1) > 0 for n > N3 that is, 9(D,), byny) > 0 for n > N3. By (1.1) and
(3.17), we have

o+ ?f(SO(Pbp(n)a qu(n))) < tg’(so(bp(n), bq(n)) + ag’s{)(bp(n)a Pbp(n)) + C;}(p(bq(n)a qu(n)))
+ m%(bp(n)’szq(n))) " 38(bq(n),zi)bp(n))

< t%(s{)(bp(n)a bq(n))) + ags{)(bp(n)’ pbp(n)) + C%(S{)(bq(n)’ qu(n)))
(@D pn» Dgin)) + (©Dg0nys Phyny))

+my 3
.55 (P> Dpn)) +2(80(bp(n)’ Pbp(m)), (3.20)

for n > max{N,, N3}.
Taking (3.15)—(3.17) into account, (3.20) yields
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© + 8(80(7)[)p(n), qu(n))) < t$(2se) + ag‘p(bp(n)a pbp(n)) + Cg’(p(bq(n)’ qu(n))
m$(256+6 25e+e

)+ I§(

), (3.21)

for n > max{/N,, N3}.
Letting n — +o0 in (3.21), we obtain

"l_i’rPOO 8(80(?)1)1’(")’ be](n))) = -

which yields lim F(@(Pbpm), Pbywny) = 0, which together with
n,—+0o0o

POpm)> Dgm) < 59 pny> Dpey+1) + 5280(bp(n)+1, Dymy+1) + 5280(bq(n)+1, by
shows lim ©(b,w), bym) = 0, which is contradiction to (3.13), so (3.5) holds, therefore {b,} is a Cauchy
©-seq1fé;?;: in H. Since (H, p) is an O-complete, there exists y € H such that
P(.7) = lim 9(b,,7) = lim_o(b,.b,) = 0. (3.22)
It is easy to prove the fact satisfies,

> Pn P ”’Pz n
£On: $h1) P 0n) < p(b,,y) or W < 9P, y). (3.23)

Suppose, conversely that there exists ¢ € N such that

©Dyqo> Phy,) P(PDyos P?by,)
% > 0(by,»y) and #

By (3.7) and (3.24), we get

©(Dy»> Pby,)
2s -

2 P(Fhygs ¥)- (3.24)

550(bl//()7 7) + 5@('}’7 pbwo)

p(blﬂo ’ Pbg{/o) " Q(wao ’ szl{/())
2 2

So(bl,b() ’ waO) n So(pblﬁo ’ szl{/o)
2 2

= p(blﬁoa Pbgl/o)

This is a contradiction. Hence (3.23) holds and there exists y € H such that

0 + &P, Py)) < tF(ODs, ¥)) + a9 (b, Pha)) + &9y, Py))

+mE( @(bg:’v)) 5% Py, an)) (3.25)

or

0 + FPPD, Py)) < tFOPY,Y)) + aF(9PY, P2h)) + F(0(y, Py)

2
N mg(@(f”bzr; 7’7)) 83(80(7’7) bn)) (3.26)

AIMS Mathematics Volume 8, Issue 1, 1022-1039.



1032

Now, we discuss the below cases.
Case 1: Suppose that (3.25) holds. From (3.25), we have

0 + &(@FYn, Py)) < 1900, ¥)) + aF(@(a, Pba)) + S0y, Py)

+m<&(@(bm7) +250(% 7)7)) N Sg(50(% bn) +2p(bn77)bn)).

Owing to (3.11) and (3.22), for some €, > 0, there exists N4 € N such that

p(v,b) <& and (b, Ph,) < &,

for N > Nj.
With the help of (3.27) and (3.28), we get

0 + &P, Py)) < tF(ODy, ¥)) + a9 (b, Pha)) + &9y, Py))

mﬁ(w) + IF(e0),

(3.27)

(3.28)

for N > Nj. Taking n — +co in the above equation, we have lim F(p(Ph,,Py)) = —co which yields
n—+oo

lim (P, Py) = 0.

On the other hand, we have

(v, Py) < s9(y, PD,) + 59(PD,, Py) = s9(¥, ur1) + 59(PD,, Py).

(3.29)

By letting n — +o00 in the above inequality, by (3.22) and (3.29), we get p(y, Py) = 0, it means

v = Py. Thus vy is a fixed point of P.
Case 2: Let (3.26) hold. From (3.26), we have
FOP0u. PY)) < 0 + F PPV, Py))
<AFOPDn, ¥)) + aF(@(PD, P°D,) + F(9(y, Py))

2
s EPLD), | 0P,
s 2s

< (9D, ¥) + aF(©D,, Phy)) + F(p(y, Py))

P, , P ,Ph, Pb,., P,
mg(ga( b 7);@(7 7))+33(50(7 b)+§( b b))

= t5(©O0nr1,Y) + aF(@Oni1, Pas1)) + 9y, Py)
+ mi§(

2 2

From (3.28) and (3.30) yield

TP, PY)) < tFOOns1,7)) + aF@Ons1, Pist)) + F9(y, Py))

; mz‘ﬂw) + IF(e0),

for N > N,.

PDns1,y) + 9y, P)’)) N 58’( O, bpsr) + S{)(bn+la7)bn+l)).

(3.30)
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Taking n — +oo in the above equation, we get lim F(p(P?D,, Py)) = —co which yields
n,—+00

lim (P(P*ha, Py)) = 0. (3.31)

On the other way, we have
07, PY) < 59(y, P°D,) + s9(P°D,, Py) = s9(¥, buia) + s9(P°D,, Py).

By letting n — +co in the above inequality, by (3.22) and (3.31), we get p(y,Py) = 0, it means

v = Py. Thus v is the fixed point of £ and the proof is over.
Let £ have two fixed points are b, € H and suppose that P'h = ) # f = P*f, Vn € N. By choice

of ), we obtain
(bp Lhand by L ) or (ft L hyand §h L by).

Since H is L- preserving, we have
(P"hy L P"h and Py L P'T) or (P L P"hy and P'h L P"hy), V neN.

Now
90, 1) = p(P"h, D) < ("D, P"ho) + 9(P"ho, P'D).
As n — oo, we obtain p(h, ) < 0. Thus b = . Hence # has a unique fixed point. O

Theorem 3.4. Let (H, ) be an O-complete b-metric-like space and a map P : H — H satisfying the

following conditions:
(i) Pis L preserving,
(ii) P is an O-generalized &-contraction of type-(2),

(iii) if p(PD, Ph) < p(D, h).
Then P has a unique fixed point.
Proof. As in the proof of Theorem 3.3, choosing §), € H, we construct sequence {b,} by b, = Pb, =

P"hy and we can suppose
0 < 9(n, Phy) = PPh-1,Pbn), Y € N. (3.32)

From (3.31) and (3.2), we have

© + %(Q(an—l,an)) < t%(so(bn—l’ bn)) + ag(p(bn—l’ an—l)) + C?S'(So(bm an))
+m3(80(bn—21,7)bn)) N Sg(@(bnapbn—l))‘ (3.33)
S 2s

We claim
S{)(bn’ ?bn) < Q(bn—l’pbn—l)’ Vne N+- (334)
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Suppose, conversely that 3 ny € N such that p(b,,, Pby,) = ©(bue-1, Pby,-1), Which together with
(3.32) yields

o + %(So(bno’ ano)) =0 + 8(80(an0—1’ ano))
< @ Ong-15 b)) + TP Dng-1, Pg-1)) + F(©Ong> Phig))
mg_( So(bno—zl’ ano) + 58’( So(bno, ano—l ))
s 2s
< tg(p(bno—l, bno)) + ag’(so(bno—la ano—l)) + c%(go(bnoa ano))
N mg’(sﬁo(bno—la D) 2+5 5O (Dng> Piny)

+ 3 8’( 580([)”0 ’ bng—] ) +25f(bn0—1 B ano—l ) )

= tg(@(bno—l ’ ano—l)) + ag’(ﬁo(bno—la ano—l)) + Ci?(SO(bn(,, ano))
(59(Bng-1, Phng-1) + 591y, Py )
+ mg e

+ g 8’( S@(ano—l » bl’lo—] ) 2—; Sp(bno—l 5 ano—l ) )

< t%(p(bno—l ’ ano—l)) + ag’(ﬁo(bno—la ano—l)) + Cﬁ(p(bno, ano))
+ MF(POng> Phiy)) + IF(OOng—1, Phg-1))- (3.35)

By (3.35) which implies that
0+ (1 = ¢ = MO By, PYi)) < (t+ @+ (O Orng-15 Phug-1))5

which shows
e
(1-c—m)

Applying (3.36) and &(1), we have p(B,,, Pb,,) < ©(Bng-1,Pbhy,-1), this is a contradiction. Hence,
(3.34) holds.
Applying(3.2) and (3.34), we obtain

0 + &P, Phn)) = 0 + F(FDn-1,Pbn))
< tF(@On-1, 1)) + aF(@Dn-1, Phu-1)) + F(@D5, Phn))

n— 9P n I’l’P n—
+m<;y(50(b 215 b))+38(@(b 25b 1))

< tF(@O-1,00)) + aF(@Dn-1, Pbu-1)) + S (@Da, PDHi))
+ M (OOn-1,H0)) + IF (B4, ba1))

= tE(©0n-1, Phu-1)) + aF(@On-1, PYu-1)) + F(@ (D, PHn))
+ MF(OOn-1, Pu-1)) + IF@PYn-1,Dn-1)),

(P DOng> Phng)) < F@Ono-1,Pbno-1)) — (3.36)

which yields
_e

&(@On, Phn)) < F(@(n-1,Pbn-1)) — :
(1-0
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Continuing this process, we get

no

(1-9
Letting n — +o0, (3.37) shows lim F(p(h,, Pbh,)) = —co, hence
n—+0oo

&P 0n, Phn)) < F((bo, Pho)) —

Tim (p(b,, Pb,)) = 0.
Now, we prove
lim (©(0,.5,) = 0.
Suppose, conversely, 4 € > 0 and sequences {p(n)} and {g(n)} of natural numbers such that
pm) > qm) >n,  9Opm, bem) = € and PO -1, bgm) <€, Yn eN.
Applying the triangle inequality, we get

@(bp(n)—la bq(n)—l) < sg{)(bp(n)_l, [)q(n)) + 580(bq(n), bq(n)—l)
< Sgo(bq(n)’ bq(n)—]) + %€
= 59(PYyin)-15 Dgmy-1) + %€,

which implies that

P pm-15 Dgim-1) < 39(PDymy-1, Dgmy-1) + 5€, ¥ n > N.

Owing to (3.38), there exists N; € N such that

PO pim-1,Ppm-1) < € 9Ogm)-1, Phgiy-1) <€, Vn> Ni,

which together with (3.41) shows

OO pin)-1> Dgn-1) < 2s€, ¥ n > N,

hence

g(p(bp(n)—labq(n)—l)) < 8(256)’ Y n> N1~
From (3.40), we get
€< S{)(bp(n)a bq(n)) = s{)(pbp(n)—la qu(n)—l)’ Vn > N19

which together with (3.2) yields

0 + F(@PDpmy-1> PYyin-1)) < tF@Dpm-1> Dgm-1)) + aF @O pimy-1, PYpin-1))

m-15 PDgen)-
+ B (@ Ogm-1>Pgm-1)) + g Qo1 Ph-1)

2s
(bq(n)—l ) ¢)bp(n)—l)
25

)

+ I( )

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)
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< AF@Dpmy-15 Dg-1)) + aF@Dpe0-1> PYpy-1))
+ ¢F@Ogn-1, Phginy-1))
N m%(so(bp(n)—la Dyiny-1) +280(bq(n)—1, qu(n)—l))
(©Ogt-1> Dpon-1) + @Dpeny-15 Pbp(n)—l)))
2 b

+ Sg( (3.45)

foralln > N,.
Taking (3.42)—(3.44) into account, (3.45) yields

0 + F@PDpmy-1, Phym-1)) < 1&2s€) + aF9Dpon)-1> PYpim-1)

+ cggo(bq(n)—l ’ ?bq(n)—l)
2%€ + € 2%€ + €
m(

)+ IF(

). (3.46)
Taking n — +o0 in (3.46) , we get
nEer S@OPD -1, Phym-1)) = —00,

which yields lim (@(Pbym)-1,Phym-1)) = 0, by &F(2), that is, lim @(b,m), b)) = 0, which is
n—+0o n—-+0

contradiction to (3.40), so (3.39) holds, therefore, {h,} is a Cauchy O-sequence in H. Since (H, ) is

an O-complete, there exists y € H such that

P0.7) = lim p(b,.7)= lim_o(b,.b,) =0, (347)
Since P is O-continuous, we have
PPy, Py) = lim o(Ph,,Py) = lm oOu1,Py). (3.48)
Due to p(Py, Py) < 9(y,v), from (3.47) and (3.48), we have
Tim (,,Py) = 0. (3.49)

Since p(y,Py) < oy, b, + b, Py), by (3.49), we get p(y,Py) = 0, which gives y = Py,
therefore, ¥ has a fixed point.

Let b, € H be two fixed point of £ and suppose that ') = h # = P"t, Vn € N. By choice of
by € H we obtain

(o Lbhand hy L t) or L hoand b L b).
Since H is L- preserving, we have
(P"ho L P"h and P"h L P"f) or (Pt L P"h and P'h L P"h), V neN.
Now
90, 1) = p(P"D, P'D) < ("D, P'D) + p(P"D, PD).

Asn — oo, we get p(b,T) < 0. Thus h = {. Hence, # has a unique fixed point. O
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4. Application to an integral equation

Let H = [0,D]. Let Q = C(H,R) be the real valued continuous functions with H. Consider the
following equation

£Q = fo A(Q.BUB.CB)B. Qe [0,D], @.1)

where
(a) Q: H xR — Ris continuous;
(b) K :H x H is continuous and measurable at 3 € H,V Q € H,
© AQB)=0,YQBeHand [ AQP)dB<1,¥QeH.

Theorem 4.1. Assume that the conditions (a) — (c) hold. Suppose that there exists t > 0 such that

Qv, £(Q) + Q(v,£(Q) < e (L(Q + £(Q),

foreveryQe H and V¥ {,& € C(H,R). Then (4.1) has a unique solution in C(H,R).
Proof. LetQ ={w e C(H,R) : w(h) > 0, V )) € H}. Define the orthogonal relation L on Q by

(L& &= (WED) =Lbh) or Lb)ED) = &D), VheH.

Define a function p : Q X Q — [0, c0) by

P(£, &) = £(Q +£(Q),

V £, & € Q. Thus, (Q, p) is a O-b-metric-like space and also a O-complete O-b-metric-like space. Define
D :C(H,R) - C(H,R) by

D
DE@) = f A(Q.BB, @), Q€ [0,D].
0

Now, we show that Q is L-preserving. For each £, € Qwith { L £ and §) € I, we have

D
DL(Q) = fo QBB LQ) > 1.

It follows that [(DQ)(H)][(DE)(H)] = (DE)(BH) and so (D)(h) L (DE)(D). Then, Q is L-preserving.
Now, to show that Q is O-generalized §-contraction of type-(1). Let £,& € Q with { L &. Suppose
that D({) # D(€). For every ¢ € [0,D], we have

(DL, DE) = DE(Q) + DEQ) = fo (@ ). 2B + QB £ B
D
< fo (@ ). B + QB £ ap
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D
< fo QB (L@ + EQ)dB

D
< (LQ + £Q) fo £(Q.B)dB

<e (L@ +¢Q)
= e 'p(L, ).

Therefore,

L+ In(p(D¢, DE)) < In(9(¢, §)).
Letting F(Q) = In(Q), we get

L+ (9D, DE)) < F(p(L, ),

for all £,& € Q. Therefore, by Theorem 3.3, Q has a unique fixed point. Hence, there is a unique
solution for (4.1). |

5. Conclusions

In this paper, we proved fixed point theorems for an O-generalized F-contraction of types in an
O-complete b-metric like space. We also given an example to manifest the authenticity of the obtained
results. As application of our main results, we looked into the solution to the integral equation.

Acknowledgements

The authors S. Haque and N. Mlaiki would like to thank Prince Sultan University for paying the
publication fees for this work through TAS LAB.

Contflict of interest

The authors declare no conflicts of interest.

References

1. P Hitzler, A. K. Seda, Dislocated topologies, J. Electr. Eng., 51 (2000), 3—7.

2. A. Amini-Harandi, Metric-like spaces, partial metric spaces and fixed points, Fixed Point Theory
Appl., 2012 (2012), 204. https://doi.org/10.1186/1687-1812-2012-204

3. J. Brzdek, E. Karapmar, A. Petrusel, A fixed point theorem and the Ulam stability
in generalized dqg-metric spaces, J. Math. Anal. Appl, 467 (2018), 501-520.
https://doi.org/10.1016/j.jmaa.2018.07.022

4. M. Nazam, N. Hussain, A. Hussain, M. Arshad, Fixed point theorems for weakly beta-
admissible pair of F-contractions with application, Nonlinear Anal. Model., 24 (2019), 898-918.
https://doi.org/10.15388/NA.2019.6.4

AIMS Mathematics Volume 8, Issue 1, 1022-1039.


http://dx.doi.org/https://doi.org/10.1186/1687-1812-2012-204
http://dx.doi.org/https://doi.org/10.1016/j.jmaa.2018.07.022
http://dx.doi.org/https://doi.org/10.15388/NA.2019.6.4

1039

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

M. Nazam, C. Park, M. Arshad, Fixed point problems for generalized contractions with
applications, Adv. Differ. Equ., 2021 (2021), 247. https://doi.org/10.1186/s13662-021-03405-w

H. H. Alsulami, E. Karapinar, H. Piri, Fixed points of modified-contractive mappings in complete
metric-like spaces, J. Funct. Space., 2015 (2015), 270971. https://doi.org/10.1155/2015/270971

M. A. Alghamdi, N. Hussain, P. Salimi, Fixed point and coupled fixed point theorems on b-metric-
like spaces, J. Inequal. Appl., 2013 (2013), 402. https://doi.org/10.1186/1029-242X-2013-402

M. E. Gordji, M. Ramezani, M. De La Sen, Y. J. Cho, On orthogonal sets and Banach fixed point
theorem, Fixed Point Theory Appl., 18 (2017), 569-578. https://doi.org/10.24193/fpt-r0.2017.2.45

M. E. Gordji, H. Habibi, Fixed point theory in generalized orthogonal metric spaces, J. Linear
Topol. Algebra, 6 (2017), 251-260.

M. E. Gordji, H. Habibi, Fixed point theory in e-connected orthogonal metric space, Sahand
Commun. Math. Anal., 16 (2019), 35-46.

H. Baghani, M. Eshaghi Gordji, M. Ramezani, Orthogonal sets: The axiom of choice
and proof of a fixed point theorem, J. Fixed Point Theory Appl., 18 (2016), 465-477.
https://doi.org/10.1007/s11784-016-0297-9

T. Senapati, L. K. Dey, B. Damjanovi¢, A. Chanda, New fixed results in orthogonal metric spaces
with an Application, Kragujev. J. Math., 42 (2018), 505-516.

O. Yamaod, W. Sintunavarat, On new orthogonal contractions in b-metric spaces, Int. J. Pure Math.,
5 (2018), 37-40.

N. B. Gungor, D. Turkoglu, Fixed point theorems on orthogonal metric spaces via altering distance
functions, AIP Conf. Proc., 2183 (2019), 040011. https://doi.org/10.1063/1.5136131

K. Sawangsup, W. Sintunavarat, Fixed point results for orthogonal Z-contraction
mappings in O-complete metric space, Int. J. Appl. Phys. Math., 10 (2020), 33-40.
https://doi.org/10.17706/ijapm.2020.10.1.33-40

K. Sawangsup, W. Sintunavarat, Y. J. Cho, Fixed point theorems for orthogonal F-contraction
mappings on O-complete metric spaces, J. Fixed Point Theory Appl., 22 (2020), 10.
https://doi.org/10.1007/s11784-019-0737-4

S. Chandok, R. K. Sharma, S. Radenovi¢, Multivalued problems via orthogonal contraction
mappings with application to fractional differential equation, J. Fixed Point Theory Appl., 23
(2021), 14. https://doi.org/10.1007/ s11784-021-00850-8

I. Beg, G. Mani, A. J. Gnanaprakasam, Fixed point of orthogonal F-suzuki contraction mapping
on O-complete b-metric spaces with applications, J. Funct. Space., 2021 (2021), 6692112.
https://doi.org/10.1155/2021/6692112

D. Wardowski, Fixed points of a new type of contractive mappings in complete metric spaces,
Fixed Point Theory Appl., 2012 (2012), 94. https://doi.org/10.1186/1687-1812-2012-94

©2023 the Author(s), licensee AIMS Press. This

@ AIMS Press

is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 8, Issue 1, 1022-1039.


http://dx.doi.org/https://doi.org/10.1186/s13662-021-03405-w
http://dx.doi.org/https://doi.org/10.1155/2015/270971
http://dx.doi.org/https://doi.org/10.1186/1029-242X-2013-402
http://dx.doi.org/https://doi.org/10.24193/fpt-ro.2017.2.45
http://dx.doi.org/https://doi.org/10.1007/s11784-016-0297-9
http://dx.doi.org/https://doi.org/10.1063/1.5136131
http://dx.doi.org/https://doi.org/10.17706/ijapm.2020.10.1.33-40
http://dx.doi.org/https://doi.org/10.1007/s11784-019-0737-4
http://dx.doi.org/https://doi.org/10.1007/ s11784-021-00850-8
http://dx.doi.org/https://doi.org/10.1155/2021/6692112
http://dx.doi.org/https://doi.org/10.1186/1687-1812-2012-94
http://creativecommons.org/licenses/by/4.0

	Introduction
	Orthogonal metric spaces
	Main results
	Application to an integral equation
	Conclusions

