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Abstract: In this paper, we are concerned with the existence of positive solutions for boundary value
problems of nonlinear fourth-order differential equations

u® + c(x)u = da(x)f(u), xe€(0,1),
u(0) = u(l) = u”’(0) = u”’(1) = 0,

where a(x) may change signs. The proof of main results is based on Leray-Schauder’s fixed point
theorem and the properties of Green’s function of the fourth-order differential operator L.u = u™ +
c(x)u.

Keywords: fourth-order differential operator; positive solution; boundary value problem;
Leray-Schauder’s fixed point theorem
Mathematics Subject Classification: 34A08, 34B15, 35J05

1. Introduction

Nonlinear mathematical models [1,2] were widely used in many fields. In particular, boundary value
problems of nonlinear differential equations have received extensive attention and have been intensively
studied in the past thirty years, see [3,4]. We point out that boundary value problems for second order
differential equations, see, for example [5-9] and the references therein. While studies about boundary
value problems of nonlinear fourth-order differential equations are much more less. One of the earliest
papers about boundary value problems of nonlinear fourth-order differential operator is [10] from R.
Ma and H. Wang, there they concerned the following problem

Y = h(x)f((x) =0, x€(©0,1)
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with boundary condition
y(0) =y(1) =y"(0) =y"(1) =0
or
¥(0) =y'(1) =y"(0) = y"'(1) = 0.

By the fixed point theorem in cone, they proved the existence of positive solutions under the conditions
that f is either superlinear or sublinear. In another paper [11], the author obtained the positive solution
of the following problem

u® + Bu” —au = f(t,u), x€(0,1)
u(0) = u(1) = u’(0) =u’(1) =0

by the fixed point theorem in cone. R.Vrabel [12] studied the upper solution and lower solution of the
problem

YD) + " (0) = h(x, y(x)), x € (0,1)
¥(0) = y(1) = y"(0) = y"(1) = 0.

There are many other papers we will not list but we find that they have a common point, that is, the
fourth-order differential operators they dealt with can be resolved into composition of two second-
order positive linear operators. And therefore, the corresponding Green’s function for fourth-order
linear operator is the form of the product of two Green’s functions for second-order linear operators.

In a recently paper [13], Drabet discussed the existence of positive solutions for the following
fourth-order linear problem

u® + c(x)u = h(x), xe(0,1),
u(0) = u(1) = u”’(0) = u”(1) = 0.

Obviously, the fourth-order differential operator can not be resolution into composition of two
second-order positive linear operators. For more results on nonlinear fourth-order differential operator
problems we can refer to [14, 15].

Based on the above literature inspiration. We now consider the fourth-order nonlinear equation with
Dirichlet boundary conditions

u® + c(x)u = da(x) f(u), (1.1)

u(0) = u(l) =u"0) =u"(1) =0, (1.2)

where c(x), a(x) satisfy some conditions that we will give bellow, especially, a(x) may change signs.
We make the following assumptions throughout the paper:

(A1) —7* < c(x) < ¢y,

(A2) f : R* — R s continuous, and f(0) > 0,

(A3) a:[0,1] — Ris continuous with a(x) # 0, and there exists a constant K > 0 such that

1 1
fo G(x,y)a*(y)dy > K fo G(x,y)a (y)dy
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for every x € (0, 1), where a*(resp. a”) is the positive (resp. negative) part of a, ¢, is the constant given
in [13], and G(x, y) is the Green’s function of L. with boundary conditions (1.2).
Our main result is as follows:

Theorem 1.1. Let (Al)—(A3) hold. Then there exists a positive number A1* such that (1.1) and (1.2)
have a positive solution for 0 < A < A*.

Remark 1.1. Since the fourth-order differential operator can not be resolution into composition of two
second-order positive linear operators, as a result, the Green’s function have no explicit expression.
So the method or technic used in [10—-12] does not work. To deal with the new case and the difficult
it brings, we are inspired by the method to second-order elliptic boundary value problems in [8], and
the result that the fourth-order operator u™® + c(x)u is strictly inverse positive in [13, 16]. Thanks to
the existence and its properties of the Green’s function given in [17-19], we obtain the existence of a
positive solution to the problems (1.1) and (1.2).

2. Preliminaries

In this section we present two important lemmas. The main method we use is the fixed point
theorem of Leray-Schauder type. We refer interested readers to the literature [20,21].
Set
W = {u e CH[0,1]) : u(0) = u(1) = u”(0) = u”(1) = 0},

and let the linear operator L. : W — C([0, 1]) defined by
Lo = u® + c(x)u.

Then the boundary value problems (1.1) and (1.2) are equivalent to the operator equation
L.u = da(x) f(u).

Lemma 2.1. Let (A1) hold. Then L. is strictly inverse positive, and therefore it has a positive Green’s
function.

Proof. L. is strictly inverse positive, we can refer to [13, 16] and the reference therein. From the
definition of L. is strictly inverse positive there and the well-known truth that

L.u = h(x)

is equivalent to
1
u(x) = f G(x,y)h(y))dy,
0

we can get the positiveness of the Green’s function G(x, y) immediately.

Lemma 2.2. Let (Al)—~(A3) hold, and let 0 < 6 < 1. Then there exists a positive number A such that,
for 0 < A < A, the problem
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u® + c(x)u = da(x)" f(u) 2.1)

u)=u(l)=u"0)=u"(1)=0 (2.2)
has a positive solution i1, with |ii;| - 0as A — 0, and

Ij‘/l(x) > ﬁ(sf(o)p(x)a X € (Oa 1)9

1
where p(x) = fo G(x,y)a* (y)dy.

Proof. It follows from Lemma 2.1 that L. is strictly inverse positive, and therefore it has a positive
Green'’s function G(x, y). For each u € C([0, 1]), let

1
Au(x) = A f Glxy)a* O fuODdy,  x € [0, 1].
0

Then the fixed points of A are solutions of problems (2.1) and (2.2). We now verify the condition of
Leray-Schauder fixed point theorem to show that A has a fixed point for A small.

Firstly, A : C([0, 1]) — C([0, 1]) is completely continuous by the assumptions and Arzela-Ascoli
theorem.

Secondly, we find a bounded open set Q with 0 € Q in C([0, 1]), such that for u € C(Q) and
6 € (0, 1), if u = 6Au, then u€oQ.

By (A2), the function g(s) = ;E—(S); is continuous and g(0) = 1, since 0 < ¢ < 1, we can choose € > 0
such that

f(s)>0f0) sel0,&]
Also we have
Auly < Aplof(lulo) < Alplofle),  u€l0,&],
where f(t) = MaxXo<<; f(5), and | - |y is the usual norm in C([0, 1]).

1 —_. ) :
Suppose 4 < e A, then there exists a A, € (0, &) such that
fay _ 1
Ay 24Iplo’

LetQ={ueC(0,1]) : |ulp <A,}and 8 € (0, 1) such that u = 6Au. Then we have
lulo < |Aulo < Alplof(lulo),

or

flulo) o 1
lulo  — Alplo’
So u # A,, which means u€of).
By the Leray-Schauder fixed point theorem, A has a fixed point @ in Q for 0 < A < A, that is,
problems (2.1) and (2.2) have a positive solution i1, with ii; < A, < &. Notice that A; - 0as 1 — 0,

ity > 0as A — 0and
ity(x) = Aiiy(x) 2 A60f0)p(x), xe€(0,1).

The proof is completed.
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3. Proof of Theorem 1.1

Proof of Theorem 1.1. Let ¢(x) = [ G(x,y)a~(y)dy, recall that p(x) = [ G(x,)a*(y)dy. By (A2),

4 < 2P,

From the proof of Lemma 2.2 that g(0) = 1, there is a @ € (0, 1) and we can choose 1 < o < K, such
that f(s) < o f(0), andy = £ € (0, 1), then we have

q(x)f(s) < yf(O)p(x) (3.1)
fors € [0,a], x€(0,1). Fix 6 € (0,1) and let A* > 0 be such that

litalo + A6 f(0)Iplo < a (3.2)
for 0 < A < A%, where i, is the solution of (2.1) and (2.2) given by Lemma 2.2, and

6—y

1) = fOl = —

- f(0) (3.3)

for s, t € [—a, a] with |s — t| < A*6 f(0)|plo.
Let 0 < A < A%, we look for a solution u; = i1, + v;. Since it, is the solution of (2.1) and (2.2), then
v, solves

Levy = Aa™[f(iy + vy) — f(@)] — Aa” f(ita +va), x€(0,1),
v,(0) = vy(1) =v{(0) =v7(1) = 0.

For each w € C([0, 1]), let v = Aw be the solution of

Lev = Aa™[f(@y +w) — f(@)] = Aa” f(ia, +w), x € (0, 1),
v(0) = v(1) =v"(0) = v"(1) = 0,

where the operator A is as in Lemma 2.2, we have
1
Aw(x) = A fo G(x,y)a* W)Lf @) + w(y) — f(@a(y)ldy

1
—{meww@ﬂmw+mm@,xﬂau
0

and A is completely continuous.
Let
Q' ={v e ([0, 1]; vlo < 26£(0)lplo},

ifve C(Q) and @ € (0, 1), such that v = §Av, that is
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1
v(x) = A6 fo G(x,y)a* W f @) + v(y) — f(@(y)ldy

1
—A60 fo G(x,y)a~ () f(@.(y) + v(y)dy, x¢€][0,1],

we are going to show that
vlo # A5 £(0)|plo.

Suppose the contrary that [v|y = 46 f(0)|plo. Then by (3.2) and (3.3), we get

litq + vip < litalo + Vo < a,

and 5—
£y +v) = )l < 77 . £(0),

together with (3.1) implies that

o—
)l < /1.77.f 0)p(x) + Ay f(0)p(x)

= 1 ‘”Ty - FO)p(x), xe (o, 1]. (3.4)

and 5
+
lp < A+ Ty - fO)lplo < A6 (0)|plo,

a contradiction.
By the Leray-Schauder fixed point theorem, A has a fixed point v, in &’ with |v,]y < A5£(0)|plo.
Hence v, satisfies (3.4), and using Lemma 2.2, we obtain

ua(x) = y(x) +va(x) = itg(x) — [vi(x)|

0 0 -
A81O)p() = - L fOp(0) = A- 2L - fOp() > 0.

\%

We have proved that u, is a positive solution of (1.1) and (1.2).
4. Conclusions

In this paper, we mainly study the existence of solutions to a class of nonlinear fourth-order
Dilrichlet boundary value problems through Leray-Schauder’s fixed point theorem, and show the
asymptotic behavior of the solution as A changes. In the future, we can try to construct such solutions,
give the properties of the solutions, or study numerical solutions for such problems.
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