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Abstract: In this paper, we investigate the existence of standing wave solutions to the following
perturbed fractional p-Laplacian systems with critical nonlinearity

{sps(—A);u + VOOl 2u = KOl 2u + F(x, u, v), x € RY,

(=N + Vv = KWy + Fy(x,u,v), x € RY.

Under some proper conditions, we obtain the existence of standing wave solutions (u,, v.) which tend
to the trivial solutions as € — 0. Moreover, we get m pairs of solutions for the above system under
some extra assumptions. Our results improve and supplement some existing relevant results.
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1. Introduction

In this paper, we discuss the existence and multiplicity of standing wave solutions for the following
perturbed fractional p-Laplacian systems with critical nonlinearity

{s’”(—A);u + VOulP2u = KOul”2u + F(x,u,v), x € R", (1

" (=N + VWP ?y = KWy + Fo(x,u,v), x € RY,
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where ¢ is a positive parameter, N > ps, s € (0, 1), p; = NNT[,; and (_A); is the fractional p-Laplacian
operator, which is defined as

dy, xeRY,

(~A)u(x) = lim

e—0

f Ju(x) = u)P((x) — u(y))
RN\B,(x)

|x — y[¥+rs

where B.(x) = {y € R : |x —y| < &}. The functions V(x), K(x) and F(x,u,v) satisfy the following
conditions:

(Vo) V € C(RY,R), min V(x) = 0 and there is a constant » > 0 such that the set
xeRN

VP = {x e RY: V(x) < b} has finite Lebesgue measure;
(Ko) K € C(RY,R),0 < inf K < supK < oo
(F)) F € C'(RY x R%,R) and F(x, s,1), F,(x, s,1) = o(|s|”"" + |¢/’") uniformly in x € RY
as |s| + |t — O;
(F) there exist Cy > 0 and p < k < p; such that
Fo(x, 8,0, IFy(x, 5,0 < Co(1 + |sI" + |1");
(F3) there exist [y > 0, d > p and u € (p, p*) such that F(x, s,1) > Io(|s|* + |¢|) and
0 < uF(x,s,t) < Fyx,s,t)s + Fi(x, s, t)t for all (x,s,1) € RN x R?;
(Fy) Fy(x,—s5,1) = —=Fy(x, s,t) and Fy(x, s, —t) = —=F,(x, s,t) for all (x, s,1) € RN x R2.

Conditions (V)), (Kj), suggested by Ding and Lin [11] in studying perturbed Schrodinger equations
with critical nonlinearity, and then was used in [28, 32, 33].

In recent years, a great deal of attention has been focused on the study of standing wave solutions
for perturbed fractional Schrodinger equation

e85 (=A)’u+ V(x)u = f(u) in R", (1.2)

where s € (0,1), N > 2s and € > 0 is a small parameter. It is well known that the solution of (1.2) is
closely related to the existence of solitary wave solutions for the following eqation

iew, — & (-AYw - V(x)w + f(w) =0, (x,7) e RY xR,

where i is the imaginary unit. (—A)* is the fractional Laplacian operator which arises in many areas
such as physics, phase transitions, chemical reaction in liquids, finance and so on, see [1, 6, 18, 22, 27].
Additionally, Eq (1.2) is a fundamental equation of fractional quantum mechanics. For more details,
please see [17, 18].

Equation (1.2) was also investigated extensively under various hypotheses on the potential and
the nonlinearity. For example, Floer and Weinstein [12] first considered the existence of single-peak
solutions for N = 1 and f(f) = . They obtained a single-peak solution which concentrates around
any given nondegenerate critical point of V. Jin, Liu and Zhang [16] constructed a localized bound-
state solution concentrating around an isolated component of the positive minimum point of V, when
the nonlinear term f(u«) is a general critical nonlinearity. More related results can be seen in [5, 7,
10, 13, 14, 26, 43] and references therein. Recently, Zhang and Zhang [46] obtained the multiplicity
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and concentration of positive solutions for a class of fractional unbalanced double-phase problems
by topological and variational methods. Related to (1.2) with s = 1, see [31, 39] for quasilinear
Schrodinger equations.

On the other hand, fractional p-Laplacian operator can be regarded as an extension of fractional
Laplacian operator. Many researchers consider the following equation

" (=A)5u + VOlul’u = f(x, u). (1.3)

When f(x, u) = A(x)|ul”>~>u+h(x, u), Li and Yang [21] obtained the existence and multiplicity of weak
solutions by variational methods. When f(x, u) = Af(x)lu|?"u+ g(x)|u|"~u, under suitable assumptions
on nonlinearity and weight functions, Lou and Luo [19] established the existence and multiplicity of
positive solutions via variational methods. With regard to the p-fractional Schrodinger-Kirchhoff, Song
and Shi [29] considered the following equation with electromagnetic fields

(1.4)

" M([ul?, A) (=AY 4w+ VOl 2w = [ul”*u + h(x, ul)ul”>u, x € RY,
u(x) —» 0, as — co.

They obtained the existence and multiplicity solutions for (1.4) by using the fractional version of
concentration compactness principle and variational methods, see also [24, 25, 34, 35, 38, 41] and
references therein. Related to (1.3) with s = 1, see [15, 23].

Recently, from a mathematical point of view, (fractional) elliptic systems have been the focus for
many researchers, see [2, 8, 9, 20, 30, 37, 42, 44, 45]. As far as we know, there are few results
concerned with the (fractional) p-Laplacian systems with a small parameter. In this direction, we cite
the work of Zhang and Liu [40], who studied the following p-Laplacian elliptic systems

{ — &’ Apu+ VO)lul"2u = K(0)lul” u + H,(u, v), x € RY, (1.5)

— &’ A,y + VO 2v = K(x)VI” v + H,(u,v), x € RY.

By using variational methods, they proved the existence of nontrivial solutions for (1.5) provided that
¢ is small enough. In [36], Xiang, Zhang and Wei investigated the following fractional p-Laplacian
systems without a small parameter

{(—A);u +a()\ulP*u = H,(x,u,v), x e RY, (1.6)

(—=A)}v + b(x)WI" v = Hy(x,u,v), x € R".

Under some suitable conditions, they obtained the existence of nontrivial and nonnegative solutions
for (1.6) by using the mountain pass theorem.

Motivated by the aforementioned works, it is natural to ask whether system (1.5) has a nontrivial
solution when the p-Laplacian operator is replaced by the fractional p-Laplacian operator. As far as
we know, there is no related work in this direction so far. In this paper, we give an affirmative answer
to this question considering the existence and multiplicity of standing wave solutions for (1.1).

Now, we present our results of this paper.

Theorem 1.1. Assume that (V}), (Ky) and (F;)—(F3) hold. Then for any 7 > 0, there is I'; > 0 such
that if € < I, system (1.1) has at least one solution (u., v,) — (0,0) in W as € — 0, where W is stated
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later, satisfying:

I e o
RZN

|x — y[¥+ps |x — y¥eps
+ f VE@)(usl? + Vel )dx| < 72"
RN

and

H—p

= f KX ([l + [velPs)dx + f F(x,uz, vo)dx < 7.

N Jgn RN

Theorem 1.2. Let (V)), (Ky) and (F)—-(F4) hold. Then for any m € N and 7 > O there is [, > 0
such that if € < I',,,;, system (1.1) has at least m pairs of solutions (u,, v.), which also satisfy the above
estimates in Theorem 1.1. Moreover, (u,,v,) — (0,0)in W as e — 0.

Remark 1.1. On one hand, our results extend the results in [40], in which the authors considered
the existence of solutions for perturbed p-Laplacian system, i.e., system (1.1) with s = 1. On the
other hand, our results also extend the results in [21] to a class of perturbed fractional p-Laplacian
system (1.1).

Remark 1.2. Compared with the results obtained by [12—-16], when € — 0, the solutions of
Theorems 1.1 and 1.2 are close to trivial solutions.

In this paper, our goal is to prove the existence and multiplicity of standing wave solutions for (1.1)
by variational approach. The main difficulty lies on the lack of compactness of the energy functional
associated to system (1.1) because of unbounded domain R¥ and critical nonlinearity. To overcome
this difficulty, we adopt some ideas used in [11] to prove that (PS). condition holds.

The rest of this article is organized as follows. In Section 2, we introduce the working space and
restate the system in a equivalent form by replacing ™”* with A. In Section 3, we study the behavior of
(PS). sequence. In Section 4, we complete the proof of Theorems 2.1 and 2.2, respectively.

2. Preliminaries

To obtain the existence and multiplicity of standing wave solutions of system (1.1) for small &, we
rewrite (1.1) in a equivalent form. Let A = £77°, then system (1.1) can be expressed as

{(—A);‘,u + AVl u = AK@)ul” u + AF,(x, u,v), x € R", o

(A + AV 2y = AK@)VP v + AF(x,u,v), x € RY,

for 1 — +co.
We introduce the usual fractional Sobolev space

WSPRN) := {u € LP(RY) : [u],, < oo}

equipped with the norm
1
llully,p = (lul” + [l )7,

where | - |, is the norm in L”(R") and

|u(x) — uy)l” ,
[u]x,p = (fLZN dedy)
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is the Gagliardo seminorm of a measurable function u : R¥ — R. In this paper, we continue to work
in the following subspace of W*”(R") which is defined by

W, = {ue WPRY) : f AV()|ulPdx < o0, A > 0}
RN

with the norm

llly = (?, + f AVl ).
RN

Notice that the norm || - ||, 1s equivalent to || - ||, for each 4 > 0. It follows from (V})) that W,
continuously embeds in W*?(R¥). For the fractional system (2.1), we shall work in the product space
W = W, x W, with the norm [|(u, v)||” = |lull’} + |[V|["; for any (u,v) € W.

We recall that (1, v) € W is a weak solution of system (2.1) if

f f lu(x) — u)P~*(w(x) — u)(P(x) — ()
2N |x — y|N+ps

N f f v(x) = v ((x) = v (x) =

|x — y[Veps

dxdy + A f V(OlulP*ugpdx
RN

YO 1y + f VWP 2vdx
RN

=1 f K@) (ulP2uep + VP >w)dx + A f (Fou(x, u, V)@ + F,(x, u, vi)dx
RN RN

for all (¢, ¥) € W.
Note that the energy functional associated with (2.1) is defined by

@) = f [ vy [ aveouraxe [ [ B0 dw
o |x y| +ps P Jrv p v |x yl +ps

f ﬂV(x)lvl”dx——f KO)(ulPs + P )dx — /lf F(x,u,v)dx
P RN RN

= %Il(u IIP - l%f KQO)([ul?s + [v|P*)dx — /lf F(x,u,v)dx.

s JRN RN

Clearly, it is easy to check that ®; € C'(W,R) and its critical points are weak solution of system (2.1).
In order to prove Theorem 1.1 and 1.2, we only need to prove the following results.

Theorem 2.1. Assume that (V;), (Ky) and (F)—(F3) hold. Then for any 7 > 0, there is A; > 0 such

that if 1 > A., system (2.1) has at least one solution (u,,v,;) — (0,0) in W as 4 — oo, satisfying:

K—PpP lua(x) =, MIP va(x) = va(y)IP
[ fjl;w ( I — y[Vers + X =y )a’xa’y

1p
+ f AVE)(ual? + aldx| < 72755
RN

(2.2)

and

4

2 f KG)(lugl? + [val?)dx +
N RN

Theorem 2.2. Assume that (V;), (Ky) and (F;)—(F4) hold. Then for any m € N and 7 > 0 there is
Ay > O such that if A > A, system (2.1) has at least m pairs of solutions (u,, v,), which also satisfy
the estimates in Theorem 2.1. Moreover, (i, v;) — (0,0) in W as 1 — oo.

f F(x, uy, v)dx < 7477, 2.3)
RN
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3. Behaviors of (PS). sequences

In this section, we are focused on the compactness of the functional @,.

Recall that a sequence {(u,,v,)} C W is a (PS). sequence at level c, if ®,(u,,v,) — c and
@’ (1, v,) — 0. @, is said to satisfy the (PS). condition if any (PS). sequence contains a convergent
subsequence.

Proposition 3.1. Assume that the conditions (V})), (Ky) and (F)—(F3) hold. Then there exists a constant
a > 0 independent of A such that, for any (PS). sequence {(u,,v,)} C W for ®, with (u,,v,) — (u,v),
either (u,,v,) — (4,v) or c — @, (u,v) > ad s,

Corollary 3.1. Under the assumptions of Proposition 3.1, ®, satisfies the (PS). condition for all
c< 0//11_%.

The proof of Proposition 3.1 consists of a series of lemmas which will occupy the rest of this section.
Lemma 3.1. Assume that (V})), (Ky) and (F’;) are satisfied. Let {(u,,v,)} C W be a (PS). sequence for
®,. Then ¢ > 0 and {(u,, v,)} is bounded in W.

Proof. Let {(u,,v,)} be a (PS). sequence for ®,, we obtain that

(D/l(un» Vn) —C, q):l(un’ Vn) - O, n — oo.

By (Kj) and (F’53), we deduce that
|
c+ O(I)H(Mna Vn)” = (I)/l(un’ vn) - ;(q)ﬁ(un, Vn)’ (un’ vn)>

11 11 : ;
= (= = M v + A = =) f KOl + vl )dx
p M H Ps RV
| 3.1
+ A f [_(Fu(x’ Uy, Vn)un + Fv(x’ Uy, vﬂ)v”) - F(x’ Un, vn)]dx
RV M

I 1
2 (_ - _)”(unavn)”p’
P H
which implies that there exists M > 0 such that
1@, vII” < M.

Thus, {(u,,v,)} is bounded in W. Taking the limit in (3.1), we show that ¢ > 0. This completes the

proof. O
From the above lemma, there exists (u,v) € W such that (u,,v,) — (u,v) in W. Furthermore,

passing to a subsequence, we have u, — u and v, — vin LZYOC(RN ) for any y € [p, p;) and u,(x) — u(x)

and v,(x) — v(x) a.e. in RY. Clearly, (u,v) is a critical point of @,.

Lemma 3.2. Let {(u,,v,)} be stated as in Lemma 3.1 and y € [p, p}). Then there exists a subsequence

{(t4n;, vs;)} such that for any & > 0, there is r, > 0 with

lim sup f luy, ["dx < e, lim sup f v, dx < &,
' B/\B, B/\B,

j—oo J—oo

for all r > r,, where, B, ;= {x e RY : |x| < r}.
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Proof. The proof is similar to the one of Lemma 3.2 of [11]. We omit it here. |
Let o : [0,00) — [0, 1] be a smooth function satisfying o(f) = 1 if t < 1, o(¢) = 0 if t > 2. Define
1(x0) = o (Eu(x), v;(x) = o (E)v(x). Itis clear that

llu —ujll, = Oand|lv—vjlls —» 0as j — oo. (3.2)

Lemma 3.3. Let {(u,,, v,,)} be stated as in Lemma 3.2, then

1mffnm%ﬂm—n@%—%%—W—QQ%WWM:O

j—oo R
and

lim [ [ FoCr ths vi) = Pty = v, = V) = Fo(x, 15, 9) [ydx = 0
]—)oo RN

uniformly in (¢, ) € W with ||(¢, ¥)|| < 1.
Proof. By (3.2) and the local compactness of Sobolev embedding, we know that for any r > 0,

lim | [ty V) = Fulx, iy, = 8, v, = 9)) = Fo (105, V) [gdx = 0, (3.3)

j—>oo B,

uniformly for ||¢]| < 1. For any & > 0, there exists r, > 0 such that

lim supf lujl’dx < f lu”dx < e,
jo JB)\B, RM\B,

for all » > r, see [Lemma 3.2, 11]. From (F,) and (F,), we obtain
|F(x,u, )| < Co(lul?™" + P~ + [ + ). (3.4)

Thus, from (3.3), (3.4) and the Holder inequality, we have

mmwffmmwﬂm—n@%—%%—@—nm@@%ﬂ

jooo Jow

J—)OO

gmw{f | P,y v) = FuC,w, = g, v, = ) = Fo(x,1;,)) |pdx
j Bj\B,

. -1, = p-1 -1y 5 pt
gClhmsupf [(Iun,-|p + (" v [T+ I )]¢dx
i Bj\B,

J—)OO

+ < C,lim supf [(lbtn_,-lk_1 a7+ v I+ |‘_’J|K_])]¢dx
j Bj\B)

J—)OO

p-1

p-1 - p-1
LP(Bj\B,) +1v) |LP(B_,~\BV)]|¢|P

LP(Bj\B,)

p-1

< Cilimsup| i, 17,/ ) + I8 + [V,

]4)00

. k—1 — k-1 k—1 — K
+ Colim S“P[an'LK(B,-\Br) + Uil 8+ Vnlsm,) + |VJ'|LK(B]-\B,>]|¢|K
J—)OO

p-1

1 1
< Cie7? +Cqev,

where Cy, C,, C3 and C, are positive constants. Similarly, we can deduce that the other equality also
holds. -
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Lemma 3.4. Let {(u,;, v,,)} be stated as in Lemma 3.2, the following facts hold:

(1) @a(up; — Ujy vy, — vj) = ¢ — @)(u,v);

(ii) @ (un, = Uj, vy, = v;) = 0in W' (the dual space of W).
Proof. (i) We have

D@ (ttn; = U Vo; = V)

= ®A(unj, an) = @,(uj,v))
A : o : .
= f KOl |7 = I, =175 = [ + v 75 = v, = V175 = [0 )dx
Ps JrN
+1 f (F 6ty V) = F Oty = T, = ) = F (x5, 7)) )dx.
RN

Using (3.2) and the Brézis-Lieb Lemma [4], it is easy to get

im | KGO, = lt, = T = G175 + 0, | = [y, = T = [717 )dx = O

and

lim f (F 6ty V) = FC ) = v, = ) = F(x, 15, 7)) )dox = 0.

J= JRN

Using the fact that ®,(u,,, v,;) — ¢ and @a(u;, v;) = Oa(u, v) as j — oo, we have
Oy(Up; — Uj, v, = vj) = ¢ — Dpu, v).

(i) We observe that for any (¢, ) € W satistying ||(¢, ¥)|| < 1,

<®:1(un_,~ - ﬁp Vn; — Vj), (¢’ '7[’»
= (@ (ttn;» Vi), (6, 90)) = (@@, V), (6, 4))

‘o — 2 _ o
+2 f O (T T L T R T )
RN
P2y, _ — .2 —9) = w72 wld
+ (Ivn,-l Vi; = Vn, = Vi7" (v, = V) = Vil vj)w] x
+ /lf [(FM(X, unj’ an) - F”(.X, unj - ﬁ]» vnj - v]) - F”()C, ﬁ]’ vj))¢
RN
+ (Fv(x’ un_,'a Vn,-) - Fv(x’ un_/ - ﬁj’ vn_,- - v]) - Fv(x’ ﬁja vj))lyl’]d-x

It follows from a standard argument that

- - o
tim OO, =t = T, = ) = W )pdx = O

and

: -2 — pt=2 — — 1 pf—2—
lim f K(x)(lvnjl”é Vi, = [V, = V1P, =) — I v‘,)de =0
RN

]—)00
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uniformly in [|(¢, )l < 1. By Lemma 3.3, we obtain @’ (u,, — u;,v,;, —v;) — 0. We complete this
proof. O
Set u} = u,, — U, v}. = v, —V, thenu, —u = u} +(Uj—u), vy, — Vv = v} + (v; — v). From (3.2),
we have (u,;,v,;) — (u,v) if and only if (u}, v}.) — (0,0). By Lemma 3.4, one has along a subsequence
that (Dﬂ(uj., v}) — ¢ —®,(u,v) and (D;(u}, v}) — 0.
Note that (CDjl(u}, v}), (u}, v})} = 0, by computation, we get

i (x) = ui ()P Vix) = Vil
ff %dxdy+f /lV(x)Iul-Ipdx+ff L xdy
v | =y RN Ry x— Vs (3.5)

f /1V(x)|v |Pdx — /lf K(x)(lu Ps + |v 1P )dx — /lf F(x, u v; )dx =

RN
Hence, by (F3) and (3.5), we have
|y
q)/l(l/l}, V;) - ;(q)/l(u}a V;), (l/l}, V;))
1 1 . .
=(=- —)ﬂf K)(|u]P* + [P )dx
P D RN ! !
1
+A4 » [p(F (x,u J,v )u + F,(x, uj, ])v) F(x, uj, ])]
/lSKm,'n 11p* Lip*
2 fRN (lu}lP" + )17 )dx,

where K,,;, = inf zv K(x) > 0. So, it is easy to see that

- « N(c—Dy(u,v))
1(Ps 1P5
sl s+ vil < LK. +o(1). (3.6)

Denote V,(x) = max{V(x), b}, where b is the positive constant from assumption of (V;). Since the
set V? has finite measure and (u vl ) — (0,0)in L x L; , we obtain

f V)(ujl? + [viP)dx = f Vo(x)(luj|? + Vi1")dx + o(1). (3.7)

RV RN

By (Ky), (Fy) and (F), we can find a constant C;, > 0 such that

fR K@l + P+ L (Fu(xuj, viuj + Fy(x,uj, vj)vjdx

(3.8)
< b(lulll + W) + Colul 72 + VA7),
Let S is fractional Sobolev constant which is defined by
— p
Slul’. < f f 1) = U 1y for all u € W@, (3.9)
rov Jx =y

Proof of Proposition 3.1. Assume that (u,,v,,) - (u,v), then liminf;_, ||(u;.,v})|| > 0 and ¢ -
(D/l(lxl, V) > 0.
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From (3.5), (3.7), (3.8) and (3.9), we deduce

S A < L P S L
(WP, + W) ff PRI ”*fRN ()l x+ffR2N—|x_le+ps xdy

+ f /lV(x)|V~|1’dx— f /IV(x)(lul-Ip+|v1.|”)dx

RN RN

f K(x)(lu Ps + ! Ipé)dx+/lf (Fu(x, u], ])u + F,(x, u], ])v )dx
RN RN
-2 f Vol l? + V) x
RN
< AC ([l + W) + o(1).

Thus, by (3.6), we have

. 2P N(c — D, (u, v))\&
S < ACH(Jujly: + W) 7T+ o(1) < ACH(———F=—)" + o(D).
or equivalently
ad' " <c—-0,(u,v),
where a = MT’"""(C%)PES. The proof is complete. O

4. Proof of the main results

Lemma 4.1. Suppose that (V}), (Ky), (Fy), (F>) and (F3) are satisfied, then the functional @, satisfies
the following mountain pass geometry structure:

(i) there exist positive constants p and a such that ®,(u, v) > a for ||(u, v)|| = p;

(i) for any finite-dimensional subspace Y Cc W,

D, (u,v) = —oo, as (u,v) € W, ||(u, v)|| = +oo.

(iii) for any T > O there exists A, > 0 such that each 1 > A, there exists w, € Y with [|w,|| > p,
®,(w,) <0and

max ®,(tw,) < A
=0
Proof. (i) From (F), (F,), we have for any € > 0, there is C, > 0 such that

K(x)(JulPs + [v]P*)dx + f F(x,u,v)dx < el(u, v)Il) + Cel(u, v)llg. 4.1)

RN RN

Thus, combining with (4.1) and Sobolev inequality, we deduce that

A
D, (u,v) = —II(u vIIP - —f
Py

RN

KGOl + MPydx - A f Flx . v)dx
RN
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1 .
> ;Il(u, WIIP = A&Cs||(u, " — AC6Cell(u, I,

where ¢ is small enough and Cs, C > 0, thus (i) is proved because p; > p.
(ii) By (F3), we define the functional ¥, € C'(W,R) by

1
a(u,v) = =l " - /Uof (ul? + [v[)dx.
p RV
Then
D (u,v) < W, (u,v), for all (u,v) € W.
For any finite-dimensional subspace ¥ ¢ W, we only need to prove
lP/l(”ta V) — —00, as (I/t, V) € Y’ ||(M, V)” — +00.

In fact, we have
1
Wa(u,v) = ;Il(u, I = Ao, v

Since all norms in a finite dimensional space are equivalent and p < d < p7, thus (i7) holds.

(iii) From Corollary 3.1, for A large and ¢ small enough, @, satisfies (PS ). condition. Thus, we will
find a special finite dimensional-subspace by which we construct sufficiently small minimax levels for
@, when A large enough.

Recall that

_ P
inf{f dedy Lo e CORM), lpls = 1} =0, p<d<pj,
RZN

|)C _ y|N+ps

see [40] for this proof. For any 0 < & < 1, we can take ¢, € C(‘;"(RN ) with |¢.ls = 1, supp ¢ C B, (0)
and [¢,]) < &.
Let

@1(x) 1= (2(x), 02(x)) = (@e(A7 x), (A7 x)).

For t > 0, (F3) imply that

217 - P 217
O,(f@y) < — f f a0 = 0 OW ) 2 f AV wlPdx — A f F(x, twy, tw,)dx
R2V P JUrN RV

p |x — yIV*ps
2tP - p 2tP
< ATE= f f 0e) = 2O gy 4 25 [ v # olgulrdx - 21t f eoldx])
p pv x = y[VEP P Jrvy RV
e ()= MIP -+
< A% 2ly(d - P)(IIRZN lx—yN+ps dxdy + &N v X)l%lpdx)didp
- p lod ’

Indeed, for ¢ > 0, define

217 (%) — 0. (V)P 217 1
o(t) = — f f o0 = 0O e 2 f AV 5 0)|palPdx — 2l f lp.ldx.
P R2N P RN N

|x — y[N+ps R
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-()—0e()|P L
[ fiow 550 dxdys [ VP 0l
lod

2n(d - p) ( | o e axdy + V(/l_"lsx)l%lpdx)dgp
lod '

) 1, . )
It is easy to show that 7y = ( )@ 1s a maximum point of g and

max (1) = g(to) =
Since V(0) = 0 and supp ¢, C B,,(0), there exists A, > 0 such that

VA 7x) < ﬁ VIl < ro. 4> A,

Pelp
Hence, we have
21 d - 1 d
max @,(1@,) < 20D Lt oA vas AL
20 lod
Choose € > 0 such that
2ly(d — 1 y
2D Lyt ey <

P hd
and taking A, = A,, from (ii), we can take 7 large enough and define w, = fw,, then we have
(@) < 0 and max ©,(13y) < A,
<t<

O
Proof of Theorem 2.1. From Lemma 4.1, for any 0 < 7 < a, there exists A, > 0 such that for 4 > A,
we have
_ 1-£&
c= ;gr’i max O, (1) <77,
where I'y = {n € C([0, 1], W) : n(0) = 0,n(1) = w,}. Furthermore, in virtue of Corollary 3.1, we obtain
that (PS). condition hold for @, at c. Therefore, by the mountain pass theorem, there is (u,,v;) € W
such that (D:l(l/t,l, V/l) =0 and (I)/l(l/t,l, V,l) =cC.
Finally, we prove that (u,, v,) satisfies the estimates in Theorem 2.1.
Since (u,, v,) is a critical point of @,, there holds for 8 € [p, p;]

_N 1 ’/
A7 > D(ug, vy) - §<(DA(”A’ va), (g, va))
1 1 » 11 P ps H
2 (= = DM, vl + A = —) | KOl + al™)dx + A = 1) | Flx, g, va)dx.
p 0 6 pi Jry 0 e

Taking 6 = u, we get the estimate (2.2) and taking € = p yields the estimate (2.3). O
To obtain the multiplicity of critical points, we will adopt the index theory defined by the

Krasnoselski genus.

Proof of Theorem 2.2. Denote the set of all symmetric (in the sense that —A = A) and closed subsets

of Aby ). Forany A € }’ let gen (A) be the Krasnoselski genus and

i(A) = min gen(k(4) () 6B,),
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where T is the set of all odd homeomorphisms £ € C(W, W) and p is the number from Lemma 4.1.
Then i is a version of Benci’s pseudoindex [3]. (F,) implies that @, is even. Set

¢y, = inf sup Oy(u,v), 1 <j<m.
' {AZ] (uv)eA

If ¢,; is finite and @, satisfies (PS )H condition, then we know that all ¢, are critical values for @,.

Step 1. We show that @, satisfies (PS). 4 condition at all levels ¢,, < A"
To complete the claim, we need to estimate the level ¢ 2, 1n specnal ﬁnlte dlmensmnal subspaces.
Similar to proof in Lemma 4.1, forany m € N, & > O and j = 1,2, ---,m, one can choose m functions
ol e Cy(RY) with supp ¢ N supp @l =0ifi+# j,|¢lls =1and [gos]p <e&.
Let 7 > 0 be such that supp ¢, C B,»(0). Set

_' . . . L . L
@(x) 1= (W), W)(0)) = (A7 x), @L(A7 x))
and define
F;" = S pan {53’51 .. .’53"}‘
Then i(F7}) = dim F’} = m. Observe that for each w = >, tjaﬁ € F™,

O(@) = ) O (1))

=1
and for¢; > 0

27 wj X) — wj P 2t7 . . .
D (t; wl) < _J ff [w,() = O dxdy + —L f AV (x)|w!|Pdx - /lf F(x, 1w, tjw))dx
p R2N P Jr¥ RN

|x — y¥ep

2t J(x) — o (WIP 2t7 : A .
<AL f f e () fg(y)l dxdy + —L f V7 Rl dx — 21t f i dx).
P pv e =yt P RN

RN

Set
Ne := max{lgoig cj=1,2,---,m}.
Since V(0) = 0 and supp go;é C B,»(0), there exists A,,; > 0 such that

VU5 x) < =, VIxl < 7 4> A

&

Consequently, there holds

sup ©,(W) < mly(28)77 A5 VA > Ape.

o m
WeF]

Choose € > 0 small that mlo(28)d%1’ < 7. Thus for any m € N and 7 € (0, @), there exists A,,; = Ay
N
such that A > A,,;, we can choose a m-dimensional subspace F”} with max ®,(F7) < A% and

—_ _N

ey, ey << sup Oy(w) < A 7w
WEFIN
A
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From Corollary 3.1, we know that @, satisfies the (PS) condition at all levels c,;. Then all ¢,, are
critical values.
Step 2. We prove that (2.1) has at least m pairs of solutions by the mountain-pass theorem.

By Lemma 4.1, we know that @, satisfies the mountain pass geometry structure. From step 1, we
note that @, also satisfies (PS), 4 condition at all levels ¢, < A, By the usual critical point theory,
all ¢,; are critical levels and @, has at least m pairs of nontrivial critical points satisfying

N
a<®(u,v) <t 7.

Thus, (2.1) has at least m pairs of solutions. Finally, as in the proof of Theorem 2.1, we know that these
solutions satisfy the estimates (2.2) and (2.3). O

5. Conclusions

In this paper, we have obtained the existence and multiplicity of standing wave solutions for a class
of perturbed fractional p-Laplacian systems involving critical exponents by variational methods. In
the next work, we will extend the study to the case of perturbed fractional p-Laplacian systems with
electromagnetic fields.
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