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Abstract: Let A = (Ccl Z) € M, (Z) be a given matrix such that bc # 0 and let C(A) = {B € M»(Z) :

AB = BA}. In this paper, we give a necessary and sufficient condition for the solvability of the matrix
equation uX' + vY’/ = wZk i, j, k € N, X, Y, Z € C(A), where u, v, w are given nonzero integers such
that ged (u, v, w) = 1. From this, we get a necessary and sufficient condition for the solvability of
the Fermat’s matrix equation in C(A). Moreover, we show that the solvability of the Catalan’s matrix
equation in M, (Z) can be reduced to the solvability of the Catalan’s matrix equation in C(A), and
finally to the solvability of the Catalan’s equation in quadratic fields.
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1. Introduction

It is well-known that the Fermat’s equation
X'+y'=7", neN,n>3

has no solutions in positive integers x, y and z (see Wiles [16]). In contrast to the classical Fermat’s last
theorem in integers, many scholars have studied the Fermat’s equation in matrices ( [5,7,8,11,12, 14,
15]). For example, the Fermat’s equation has been investigated in rational matrices [8], some classes
of 2 x 2 matrices [5], general linear group GL,(Z) of integral 2 x 2 matrices with det = +1 [15] and
special linear group S L,(Z) of integral 2 X 2 matrices with det = 1 [11].

Another classical diophantine equation in number theory is the Catalan’s equation

X"=y'=1, mneN, mn>2.

In 1844, Catalan [4] conjectured that this equation has no solutions in positive integers x and y, other
than the trivial solution 3> — 2° = 1. In 2004, Mihiilescu [13] confirmed Catalan’s conjecture. In
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analogy with the Fermat’s matrix equation, it is natural to ask whether the Catalan’s equation is solvable
in the ring M, (Z) of all integral rxr matrices. In this paper, we will study the solvability of the Catalan’s
equation in M,(Z), i.e., r = 2.

a b

LetA = (c d) € M, (Z) be a given matrix such that bc # 0 and let

C(A) ={Be M)(Z): AB = BA}.
In this paper, we will study the solvability of the matrix equation
uX +vY =wzk, i, j keN (1.1)

in C(A), where u, v, w are given nonzero integers such that gcd(u, v, w) = 1. Letu = v =w =1 and
i=j=k=mn,n>3. Then Eq (1.1) becomes the Fermat’s matrix equation

X'+Y'=27", neN,n>3.

Letu=w=1,v=-1,i=m, j=n,m,n>2and Z = I. Then Eq (1.1) becomes the Catalan’s matrix
equation
X"-Y'=1, mneN mn>2.

The rest of this paper is organized as follows. In Section 2, we present some properties of C(A). In
Section 3, we obtain a necessary and sufficient condition for the solvability of the matrix Eq (1.1) in
C(A), and we also get a necessary and sufficient condition for the solvability of the Fermat’s matrix
equation in C(A). In Section 4, we study the solvability of the Catalan’s matrix equation in M, (Z). We
show that the solvability of the Catalan’s matrix equation in M, (Z) can be reduced to the solvability
of the Catalan’s matrix equation in C(A), and finally to the solvability of the Catalan’s equation in
quadratic fields.

2. The properties of C(A)

b
Lemma 2.1. Let A = (CCZ d) € M, (Z) be a given matrix such that bc # 0. Then there exists a matrix

B= (i‘ll lg) € M, (Z), where byc, # 0 and ged(a,, by, ¢1) = 1 such that C(A) = C(B).
1

(a—d)/g blg

— _ =1la - =
Proof. Let g = ged(a —d, b, ¢) and B g(A dIl). Then B ( c/g 0

such that

) is a matrix in M»(Z)

(b/g)-(c/g) # 0 and ged((a—d)/g, b/g, c/g) = 1.
Note that for a matrix C € M, (Z), AC = CA if and only if BC = CB. So C(A) = C(B). |

b

O) € M,(2) is

By Lemma 2.1, in order to study the matrix class C(A), we can assume that A = (CCZ

a given matrix such that bc # 0 and gcd(a, b, ¢) = 1.

AIMS Mathematics Volume 8, Issue 1, 977-996.



979

b

Lemma 2.2. Let A = (a
c 0

) € M, (Z) be a given matrix such that bc # 0 and gcd(a, b, ¢) = 1. Then

CA) ={xI+tA:x,teZ}.

Proof. Let B = (‘C” Zl) € C(A). Then B € M, (Z) and AB = BA. From AB = BA, we obtain
1 1
bcy = byc,
b(ay —dy) = aby,
clay —dy) = acy,

which imply that ¢;/c = by/b and a; = d; + %a. Let ¢y/c = by/b = p/q, where p € Z, g € N and

gcd(p, g) = 1. Then
a) = dl + §a,
by = %b=Lb, 2.1)

CI:C—'c:

C.

From B € M, (Z) and (2.1), it follows that g | gcd(a, b, c¢), which implies that g = 1. Therefore,

_(dy+pa pb\
B—( pe dl)—d1[+pA.

This means that B € {x] +tA : x, t € Z}.
Conversely, let B € {x] +tA : x, t € Z}. Then B = xI + tA for some x, ¢t € Z. Evidently, we have
B e M, (Z)and AB = BA, so B € C(A). ]

Proposition 2.1. Let A = (‘CZ g

1. Then C(A) forms a commutative ring with identity under the operations of matrix addition and

) € M, (Z) be a given matrix such that bc # 0 and gcd(a,b,c) =

multiplication.

Proof. 1t is evident that C(A) is a subring of M,(Z), and [ is the identity of C(A). So, it is sufficient to
show that multiplication is commutative. Let B, B, € C(A). Then By = x;I + t{A and B, = x;1 + 1, A
for some x;, x5, 11, 1, € Z. Since

B1B; = (x11 + HA) (o] + 1hA) = x1x000 + (11 + 11x0) A + llszz
=xox1] + (0ot + hx))A + tgllAz = (xo] + LA) (x11 + 11A) = B,By,

it follows that multiplication is commutative. O

b
0
Then C(A) has no zero divisors if and only if a*> + 4bc is not a square.

Proposition 2.2. Let A = (Ccl ) € M, (Z) be a given matrix such that bc # 0 and gcd(a, b, ¢) = 1.
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Proof. Let A} € C(A). Then A; = xI + tA for some x, ¢t € Z. Note that A} = O if and only if x = ¢ = 0.
We will now prove necessity. Suppose that a* + 4bc is a square, i.e.,

a* +4bc = k* (2.2)

for some integer k. Let x; = (—a + k) /2 and x, = (—a — k) /2. From (2.2), it follows that a and k have
the same parity, which implies that x; and x, are integers. Let By = x;I + A, B, = x,I + A. Then
By,B, € C(A) and By # O, B, # O. Since

BBy = (x;1 + A) (ol + A) = x1300 + (x1 + x2) A + A?
=(xx+bo)[+(x1+x+a)A =0,

it follows that C(A) has zero divisors B; and B,, a contradiction.
We will now prove sufficiency. Let B be a nonzero element of C(A). Then B = xI + tA for some
X, t € Z, and x, t are not all equal to zero. Let A; and A, be the eigenvalues of B. Then

2x + ta + t Va? + 4bc
12 = .
’ 2

Since a® + 4bc is not a square, we have 1; # 0 and 1, # 0. Sodet(B) = 4, - A, # 0. Let By, B, € C(A)
and B, # O, B, # O. Then det(B) # 0 and det(B,) # 0. Therefore, det (B, B,) = det(B,) - det(B,) # 0,
which implies that By B, # O. Hence, C(A) has no zero divisors. O

Corollary 2.1. Let A = ? g

C(A) forms an integral domain under the operations of matrix addition and multiplication if and only
if a* + 4bc is not a square.

) € M, (Z) be a given matrix such that bc # 0 and gcd(a, b, ¢c) = 1. Then

Proof. Directly from Propositions 2.1 and 2.2. O

b
0

Then the eigenvalues of any matrix in C(A) are algebraic integers in Q ( Va? + 4bc).

Proposition 2.3. Let A = (Z ) € M, (Z) be a given matrix such that bc # 0 and gcd(a, b, ¢) = 1.

Xo + tha tob

Proof. For any matrix B € C(A), by Lemma 2.2, we have B = ( . N
0 0

) for some xg, 1ty € Z.

Then the characteristic polynomial of B is
f(x) = = (2x0 + foa) x + x(z) + xotpa — tébc, 2.3)

which is a monic polynomial with integer coeflicients. From (2.3), it follows that the eigenvalues of B
are

2x0 + toa £ tg Va2 + 4b ———
Xo + 0a+20 a + CEQ( a2+4bc),

From (2.3) and (2.4), it follows that the eigenvalues of B are algebraic integers in Q ( Va? + 4bc). O

(2.4)
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3. Matrix equation uX’ + vY/ = wZk over C(A)

b
0
given nonzero integers such that gcd(u, v, w) = 1. In this section, we establish a connection between
the solvability of the matrix equation

LetA = (i ) € M, (Z) be a given matrix such that bc # 0 and gcd(a, b, ¢) = 1, and let u, v, w be

uX' +vY¥/ =wzk, i jkeN (3.1)
in C(A) and the solvability of the equation
ux' +vy/ =wzt, i, jkeN 3.2)

in quadratic fields.

In this paper, we mainly consider the non-trivial solutions of Eqgs (3.1) and (3.2), i.e., det (XYZ) # 0
and xyz # 0, respectively. Indeed, for t = 1, 2, 3, let X; € M, (Z) such that det (X;) = tr (X;) = 0. Then
X,2 = O fort =1, 2, 3. Evidently, (X;, X,, X3) is a solution of Eq (3.1) for i, j, kK > 2. However, these
solutions are trivial.

Lemma 3.1. ( [17]) For a positive integer n, let X = (Ccl Z) € M, (C) and X" = (‘CI" Z") Assume that

x1 and x, are the eigenvalues of X. Then the following statements hold.

a, = (1 +2=)

X1 1°

b, = bnx,
1) Ifx; =x, #0, then »
cp = cnxy,
d, = (1 + 220
_ a-x _a=xi .n
an = x1—x2 771 X|—x27°2°
b, = —2—(x" - x7)
_ 1 2/s
2) If x1 # x,, then chxz i
Cn = X1—X2 (xrll - ‘x2)’
_ d-x d-x| _n
d” - xl—xzxtll T

Lemma 3.2. Let A = (j S) € M, (Z) be a given matrix such that bc # 0 and gcd(a, b, ¢) = 1. Let

K=0Q ( Va? + 4bc) and let Ok be its ring of integers. If Eq (3.1) has a non-trivial solution in C(A),
then Eq (3.2) has a non-trivial solution in Ok.

Proof. Suppose that (X, Y, Z) is a non-trivial solution of Eq (3.1) in C(A). By Proposition 2.1, we
obtain that X, Y and Z are pairwise commuting. Then there exists an invertible matrix P € M,(C)
which simultaneously upper triangularizes the matrices X, Y and Z. The assumption uX' + vy’ = wzk

implies that u (PXP~!) +v(PYP™) = w (PZP‘I)k. We obtain

i j k
Xy % yroo*) _ 71 0k
(o o)l ) =[5 2)
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Then _
Xli k y{ %k _ lec %k
u ) 12 +v yé =w ) 2 ,

where x;, vy, Z5, § = 1, 2 are the eigenvalues of X, Y and Z, respectively. Comparing both sides, we
have

uxi + vyl =wzt, s=1,2.
Therefore, (x;, y;, zg), s = 1, 2 are non-trivial solutions of Eq (3.2) in O. O

Theorem 3.1. Let A = (Z g) € M, (Z) be a given matrix such that bc # 0 and gcd(a, b, ¢) = 1. Let

K= Q( Va? + 4bc) and let O be its ring of integers. Then the following statements hold.

1) Ifa®+4bc is a square, then Eq (3.1) has a non-trivial solution in C(A) if and only if Eq (3.2) has
a non-trivial solution in Z;

2) If a® + 4bc is not a square and D is the unique square-free integer such that a* + 4bc = m*D
for some m € N, then Eq (3.1) has a non-trivial solution in C(A) if and only if Eq (3.2) has a
non-trivial solution (x, y, z) in Ok such that x, y, z can be written in the form

s+tVD
— S, t€Z, m|t.

Proof. 1) In this case, we have K = Q(Vcﬂ + 4bc) = Q and Og = Z. Necessity follows from
Lemma 3.2. We will next prove sufficiency. Assume that (x, y, z) is a non-trivial solution of Eq (3.2)
inZ. LetX =xI,Y =yland Z = zI. Then (X, Y, Z) is a non-trivial solution of Eq (3.1) in C(A).

2) In this case, we have K = Q ( Va2 + 4bc) =Q ( \/5) Now, we will prove necessity. Assume that
(X, Y, Z) is a non-trivial solution of Eq (3.1) in C(A). Then

X=hl+8AY=fl+8A Z=[f]+gA
for some fi, f>, f5, &1, &2, &3 € Z. Let x, y and z be the eigenvalues of X, Y and Z, respectively. Then

tr(X)+xgimvVD tr(Y)+ gom VD tr(Z) = gsmND
X = , y = , 7= .
2 2 2

From Lemma 3.2, it follows that (x, y, z) is a non-trivial solution of Eq (3.2) in O.
Next, we will prove sufficiency. Assume that (x;, x,, x3) is a non-trivial solution of Eq (3.2) in Ok
such that x;, x,, x3 can be written in the form (s + t\/ﬁ) /2, s, t€Z, m|t. Let

s, +1.VD

> , Sn,tL€Z m|t,r=1,2,3.

X, =
Forr=1, 2, 3,leta, =t,/mand B, = (s, — @,a) /2. Since m | t,, we have a, € Z for r = 1, 2, 3. From
a® + 4bc = m*D, we obtain

(a,a)* +4a’bc = ’D, r=1,2,3. (3.3)

AIMS Mathematics Volume 8, Issue 1, 977-996.
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IfD=2,3 (mod 4),then 2 | 5, and 2 | ¢,. By (3.3), we have 2 | @,a. Then 2 | (s, — a,a), i.e., B, € Z.
If D=1 (mod 4), then 2 | (s, + ¢.,). From (3.3), it follows that @,a and ¢, have the same parity. Then
2| (s, —a,a),ie., B, € Z. Hence, in any case, we have 8, € Z forr = 1, 2, 3. Let

X, =B1+aA, r=1,2,3.

By Lemma 2.2, we have X, € C(A) for r = 1, 2, 3. We next show that (X;, X,, X3) is a non-trivial
solution of Eq (3.1). For r = 1, 2, 3, notice that the eigenvalues of X, are x, and X,, where X, denotes
the conjugate of x,. For a positive integer n, let

n __ ar,n br,n _
X' = (Cm dr,n), r=1, 2, 3.
By Lemma 3.1, we have
_ (a+mVD)x~(a-mVD)x"
ar,n - 2m\/5 )
b(xp-x%")
b —
rn m\/B ’
. (3.4
o )
rn mND °
d. = (a+mVD)x;"~(a-m VD)x}
rn — zm\/ﬁ
forr =1, 2, 3 and n € N. Since (x;, x,, x3) is a non-trivial solution of Eq (3.2), we have
uxﬁ + vxé = wxé‘. 3.5)
By (3.4) and (3.5), we get
uXi + vXé =u (al’i bl’i) + v(az’j bz’j)
cri di Caj d2,j
uay; +vay; uby;+vb,; wasy whsy X
= = = WX?)’
ucy; +vey I/tdl,,' + VdZ,j WC3 i Wd3’k
which implies that (X;, X;, X3) is a non-trivial solution of Eq (3.1). O
Leti = j =k =n. Then Egs (3.1) and (3.2) become
uX"+vY"=wZz", neN (3.6)
and
ux" +vy" =wz", neN, (3.7
respectively.
Theorem 3.2. Let A = (CCI g) € M, (Z) be a given matrix such that bc # 0 and gcd(a, b, ¢) = 1. Let

K=Q ( Va? + 4bc) and let O be its ring of integers. Then Eq (3.6) has a non-trivial solution in C(A)
if and only if Eq (3.7) has a non-trivial solution in Ok.

AIMS Mathematics Volume 8, Issue 1, 977-996.
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Proof. If a* + 4bc is a square, then the statement of theorem follows from Theorem 3.1 1). Let us
assume that a® + 4bc is not a square. Let D be the unique square-free integer such that

a’> + 4bc = m*D (3.8)

for some m € N. Necessity follows from Lemma 3.2. Next, we will prove sufficiency. Assume that
(x1, X2, x3) is a non-trivial solution of Eq (3.7) in Og. Then x;, x;, x3 can be written in the form
(s+1VD)/2, 5, t € Z. Let

S; + t; \/5
X = ———,
2
Fori=1,2,3,leta; =(ms;—at;) /2. 1f D=2,3 (mod 4),then2 | 5s; and 2 | #;,. So 2 | (ms; — at;), i.e.,
a; € Z. If D =1 (mod 4), then 2 | (s; + t;). From (3.8), it follows that @ and m have the same parity.
Then 2 | (ms; — at;), i.e., a; € Z. Hence, in any case, we have «; € Z fori = 1, 2, 3. Let

s,~,t,~€Z,izl,2,3.

X,' = CL’,'I+ t[A, I = 1, 2, 3.

By Lemma 2.2, we have X; € C(A) for i = 1, 2, 3. We next show that (X, X, X3) is a non-trivial
solution of Eq (3.6). Fori = 1, 2, 3, notice that the eigenvalues of X; are mx; and mXx;, where x; denotes
the conjugate of x;. For a positive integer n, let

a;, b;
xXr=("" """, i=1,2, 3.
! (ci,n di,n) :

By Lemma 3.1, we have

o (a+m \/E)Onx,-)”—(a—m @)(mxf-)"
al,l’l - zm\m >
b((mx;)"~(mx)")
b, =—F—=
Ln m \6 ’
3.9
ey —mx)") (39)
Cl,n - m\/E B
d = (a+m VD)(mx)"~(a=m VD) (mx)"
b = 2mVD
fori =1, 2, 3and n € N. Since (x;, Xx», x3) is a non-trivial solution of Eq (3.7), we have
uxy +vxy = wxj,
which implies that
u(mx)" +v(imxy)" = w(mx;3)". (3.10)
By (3.9) and (3.10), we get
n n _ ain bl,n asn b2,n
uXi +vX; =u (Cl,n dl,n) +v (CZ,n dz,n)
_(uay, +vay, uby,+vby,\ (was, wb3,\ WX
“Nucr, +vea, udy, +vdy,)  \wes,, wds,) Y
which implies that (X;, X;, X3) is a non-trivial solution of Eq (3.6). O
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Letu =v=w=1andn > 3. Then Egs (3.6) and (3.7) become the Fermat’s matrix equation
X'+Y'"=Z", neN,n>3 (3.11)

and the Fermat’s equation
X'+y'=7", neN,n>3, (3.12)

respectively.

a b
Corollary 3.1. Let A = (C 0

K=0Q ( Va? + 4bc) and let Ok be its ring of integers. Then Eq (3.11) has a non-trivial solution in C(A)
if and only if Eq (3.12) has a non-trivial solution in O.

) € M, (Z) be a given matrix such that bc # 0 and gcd(a, b, ¢) = 1. Let

Proof. Directly from Theorem 3.2. m|

From Corollary 3.1, we conclude that the solvability of the Fermat’s matrix equation (3.11) in C(A)
can be reduced to the solvability of the Fermat’s equation (3.12) in quadratic fields. However, the
solvability of the Fermat’s equation in quadratic fields is unsolved. The following lemmas list some
known results about the solvability of the Fermat’s equation in quadratic fields.

Lemma 3.3. ([9]) Equation (3.12) has no non-trivial solutions in Q ( \5) forn > 4.

Lemma 3.4. ([6]) Let 3 < D # 5, 17 < 23 be a square-free integer. Then Eq (3.12) has no non-trivial
solutions in Q ( \/B)for n>4.

Lemma 3.5. ([1]) Let D # 1 be a square-free integer. Then the equation x* + y* = z* has non-trivial
solutions in Q ( \/l_)) if and only if D = =77, and all non-trivial solutions in Q ( V—7) can be reduced to
the solution

(1+2\/—_7)4+(1—2\/—_7)4: {

Lemma 3.6. ( [2]) Equation (3.12) has no non-trivial solutions in quadratic fields for n = 6, 9.
Combining the above results, we have the following corollaries.

Corollary 3.2. Let2 < D # 5, 17 < 23 be a square-free integer. Let a, b, c, m be integers such that
a* + 4bc = m*D, bc # 0 and ged (a, b, ¢) = 1. Then Eq (3.11) has no non-trivial solutions in C(A) for

n >4, where A = (a b).
c 0

Proof. Let K = Q ( Va? + 4bc) and let Ok be its ring of integers. By Corollary 3.1, Eq (3.11) has a
non-trivial solution in C(A) if and only if Eq (3.12) has a non-trivial solution in Ok. If m = 0, then
K = Q and O = Z. By Fermat’s last theorem, Eq (3.12) has no non-trivial solutions in Og. Then
Eq (3.11) has no non-trivial solutions in C(A). If m # 0, then K = Q ( \/5) By Lemmas 3.3 and 3.4,
Eq (3.12) has no non-trivial solutions in Ok for 2 < D # 5, 17 < 23 when n > 4. Then Eq (3.11) has
no non-trivial solutions in C(A) for n > 4. O
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Example 3.1. Let 2 < D # 5,17 < 23 be a square-free integer. Let a, m be integers such that
a* + 4 = m*D. From Corollary 3.2, it follows that Eq (3.11) has no non-trivial solutions in C(A) for
n > 4, where A = (Cll (1)) For example, let (D, a, m) = (2, £2, 2), (13, £3, 1), (10, 6, 2). Then
Eq (3.11) has no non-trivial solutions in C(A) for n > 4, where A = (a |

)and a= =2, £3, +6.
b

0
the following statements hold.

Corollary 3.3. Let A = ((Cl ) € M,(Z) be a given matrix such that bc # 0 and gcd(a, b, c¢) = 1. Then

1) Ifa® + 4bc is a square, then Eq (3.11) has no non-trivial solutions in C(A);

2) The equation X* + Y* = Z* has a non-trivial solution in C(A) if and only ifQ(‘Va2 + 4bc) =
Q(V=7);

3) Equation (3.11) has no non-trivial solutions in C(A) forn =6, 9;

4) If Eq (3.11) has at least one non-trivial solution in C(A), then it has infinitely many non-trivial
solutions in C(A).

Proof. Let K = Q ( Va? + 4bc) and let Ok be its ring of integers. By Corollary 3.1, Eq (3.11) has a
non-trivial solution in C(A) if and only if Eq (3.12) has a non-trivial solution in O.

1) In this case, we have K = Q and Og = Z. By Fermat’s last theorem, Eq (3.12) has no non-trivial
solutions in Ok. Then Eq (3.11) has no non-trivial solutions in C(A).

2) By Lemma 3.5, the equation x* + y* = z* has a non-trivial solution in Oy if and only if K =
Q(\/—_7) Therefore, the equation X* + Y* = Z* has a non-trivial solution in C(A) if and only if
K =Q(V=7).

3) By Lemma 3.6, Eq (3.12) has no non-trivial solutions in Ok for n = 6, 9. Then Eq (3.11) has no
non-trivial solutions in C(A) forn = 6, 9.

4) Suppose that (X, Y, Z) is a non-trivial solution of Eq (3.11) in C(A). From 1), it follows that
a* + 4bc is not a square. By Corollary 2.1, we know that C(A) forms an integral domain under the
operations of matrix addition and multiplication. Let B € C(A) be an arbitrary matrix such that B # O.
Then by the proof of Proposition 2.2, we obtain det(B) # 0. Since (X, Y, Z) is a non-trivial solution of
Eq (3.11) in C(A), we have

(BX)"+ (BY)" =B"'X"+B"'Y'"=B"(X"+Y") = B'Z" = (BZ)".
This means that (BX, BY, BZ) are non-trivial solutions of Eq (3.11) in C(A). Since C(A) has no zero

divisors, these non-trivial solutions are pairwise different. O

Example 3.2. Let g be an integer and let A = (‘f (1)) Notice that Q ( Vg + 4) * Q(V —7). From

Corollary 3.3 2), it follows that Eq (3.11) has no non-trivial solutions in C(A) for n = 4. Moreover, by
Corollary 3.3 3), we know that Eq (3.11) has no non-trivial solutions in C(A) for n = 6, 9. Therefore,
Eq (3.11) has no non-trivial solutions in C(A) for n = 4, 6, 9.

Remark 3.1. Examples 3.1 and 3.2 are given in [5, Theorems 3 and 5].
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Let K be a quadratic field and Oy its ring of integers. Let D be the unique square-free integer such
that K = Q(\/ﬁ) From a given non-trivial solution of Eq (3.12) in Ok, we can construct infinitely
many classes of 2 X 2 matrices such that Eq (3.11) has non-trivial solutions in these classes. Assume

that
Sl+t1\/5n S2+l2\/5n_ S3+t3\/5n
[ () - ()
is a given non-trivial solution of Eq (3.12) in O, where s;, t; € Z, i = 1, 2, 3. Let a, b, ¢ be integers
and m a positive integer such that a’* + 4bc = m*D, bc # 0 and gcd (a, b, ¢) = 1. Indeed, there are
infinitely many such a, b, ¢, m. Let t be an arbitrary positive integer. If D = 1 (mod 4) and D = 1+4k
for some k € Z, then (a, b, ¢, m) = (l, 1, k%, t) satisfy the above conditions. If D = 2 (mod 4) and

D = 2 + 4k for some k € Z, then (a, b, ¢, m) = (2t, 1, £2(1 + 4k), 2:) satisfy the above conditions. If

D =3 (mod 4) and D = 3 + 4k for some k € Z, then (a, b, ¢, m) = (2t, 1, 2¢%(1 + 2k), 2t) satisfy the
above conditions. From the proof of Theorem 3.2, it follows that

msy+aty f b n msp+aty l’zb n ms3+aty t3b n
2 + 2 — 2
th mslz—atl tZC mszz—atz t3C ms3—ats

2

.. ) ) ) b
are non-trivial solutions of Eq (3.11), and the corresponding matrix classes are C(A), where A = (Ccl 0).

Next, we give some examples to illustrate how to construct non-trivial solutions of the Fermat’s matrix
equation in M, (Z) from a given equality in this manner. Moreover, we have not found other similar
methods for constructing non-trivial solutions in the literature.

Example 3.3. In [5, Theorem 2], M. T. Chien and J. Meng gave a non-trivial solution of the equation

X3 +Y=2Zin M, (2):
3 3 3
7 3 11 6 12 6
(3 4) +(6 5) —(6 6) . (3.13)

Note that their eigenvalues satisfy the equality

(ﬂ) +(8+3\/§)3:(9+3\/§)3.

From this equality, we can construct infinitely many classes of 2 X 2 matrices such that the equation
X3 + Y3 = Z3 has non-trivial solutions in these classes. Let a, b, ¢ be integers and m a positive integer
such that a® + 4bc = 5m?, bc # 0 and ged (a, b, ¢) = 1. Then

11m+3a 3 3 3
(—2 3b ) (Sm + 3a 6b ) _ (9m + 3a 6b ) (3.14)

3¢ “’”—2_3“ 6¢ 8m —3a 6¢ 9m — 3a

are non-trivial solutions of the equation X* + ¥ = Z3, and the corresponding matrix classes are C(A),

where A = ((CZ g) Leta = b = ¢ = m = 1. Then we get the non-trivial solution (3.13), and the

11
corresponding matrix class is C(B), where B = (1 O)'
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Example 3.3 shows that the non-trivial solution (3.13) can be obtained from (3.14) and there are
infinitely many such non-trivial solutions.

Example 3.4. In [3], W. Burnside gave the equality

(—3 + =301+ 4k3))3 ; (—3 _J-30+ 4k3))3 — (6k)°, (3.15)

where k # 0, —1 is an integer. We claim that —3 (1 + 4k3) is not a square. Otherwise, —3 (1 + 4k3) = g¢*
for some g € N. From (3.15), it follows that

(-3+q)’° +(=3-¢) = (©6k)’.

By Fermat’s last theorem, we have ¢ = 3. This implies that —3 (1 + 4k3) =9, so we obtain k = -1, a
contradiction to k # 0, —1. Hence, -3 (1 + 4k3) is not a square. Let D # 1 be the unique square-free
integer such that —3 (1 + 4k3) = 1D for some t € N. Then Eq (3.15) becomes

(<3+¢VD) +(-3-1VD) = (6k)*.

From this equality, we can construct infinitely many classes of 2 X 2 matrices such that the equation
X3 + Y3 = Z3 has non-trivial solutions in these classes. Let a, b, c be integers and m a positive integer
such that a*> + 4bc = m*D, bc # 0 and ged (a, b, ¢) = 1. Then

S3metar 2b \' (3m—at  -2b \'_(6mk 0\
2tc -3m — at —2tc 3m+at)] |\ 0 6mk

are non-trivial solutions of the equation X* + ¥ = Z3, and the corresponding matrix classes are C(A),

a b
where A = (c O)'

Example 3.5. In [1], A. Aigner gave the equality

EaNEM

(3.16)

From this equality, we can construct infinitely many classes of 2 X 2 matrices such that the equation
X* + Y* = Z* has non-trivial solutions in these classes. Let a, b, ¢ be integers and m a positive integer
such that a*> + 4bc = =Tm?, bc # 0 and ged (a, b, ¢) = 1. Then

4 4 4
— + -
¢z Tle 22) Tloom
are non-trivial solutions of the equation X* + Y* = Z*, and the corresponding matrix classes are C(A),

a b
where A = (C O)'

Examples 3.4 and 3.5 show that we can construct infinitely many non-trivial solutions of the
Fermat’s matrix equation with exponents 3 and 4 in M, (Z) from the equalities (3.15) and (3.16),
respectively.
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Example 3.6. Let r and s be arbitrary integers such that they are not all equal to zero. Let k be an
arbitrary positive integer. In [10, Theorem 3], I. Kaddoura and B. Mourad proved that

(s —r) +(r—s s) :( r s—r) (3.17)
ros—r -5 r r—s s

are non-trivial solutions of the equations X" + Y" = Z" in M, (Z), where n = 6k + 1, 6k + 5. Next, we
show that the non-trivial solutions (3.17) can be obtained from two equalities. For polynomials with
integer coeflicients, we have the following congruences [10, Lemma 2].

(x + y)oH = xOF1 _ okl — 0 o (xy + 2 +y2) (3.18)

2
(x4 )™ = x5 5 20 mod (xy+ 27 +7) (3.19)

Let f(x,y) = xy+ x> + )% Then f((2s—r+rV=3)/2,(2r— s = s¥=3)/2) = 0. From (3.18)
and (3.19), it follows that

(2s—r+r\/—_3)n+(2r—s—s\/—_3)n_(r+s+(r—s)\/—_3)n
2 2 - 2 ’

where n = 6k + 1, 6k + 5. From these two equalities, we can construct infinitely many classes of 2 x 2

matrices such that the equations X" + Y" = Z", n = 6k + 1, 6k + 5 have infinitely many non-trivial

solutions in these classes. Let a, b, ¢ be integers and m a positive integer such that a*> + 4bc = —3m?,

bc # 0 and ged (a, b, ¢) = 1. Then
m(2s—r)+ar n m(2r—s)—as n m(r+s)+a(r—s) n
(T+ b ) +(T b ) :(+ (r = )b )

re m(2s—2r)—ar —sc m(2r—2s)+as (I" _ S)C m(r+s)2—a(r—s)

(3.20)

.. ) ) ) b
are non-trivial solutions of the equations X" +Y" = Z" in C(A), where A = j andn = 6k+1, 6k+5.

0
Leta =c=m=1and b = —1. Then we get the non-trivial solutions (3.17), and the corresponding
matrix class is C(B), where B = (1 _01)

Example 3.6 shows that the non-trivial solutions (3.17) can be obtained from (3.20) and there are
infinitely many such non-trivial solutions.

4. Catalan’s equation over M,(Z)

In this section, we study the solvability of the Catalan’s matrix equation
X"-Y'=1, m,neN,mn>3 4.1)

in M, (Z). Here we require m, n > 3. Indeed, if m = 2 or n = 2, without loss of generality, we can
assume that m = 2. For any integer t # 0, —1, let A be a matrix in M; (Z) such that tr(A) = 0 and
det(A) = —t"— 1. Then A2 = (" + 1) 1, i.e.,

A2 — (D" = 1.

Therefore, we can get the non-trivial solutions (X, Y, m, n) = (A, tI, 2, n) of the Catalan’s matrix
equation. However, these solutions are trivial. Thus, we assume that m, n > 3.
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Definition 4.1. Let K be a quadratic field and Oy its ring of integers. Let x € Ok. If there is a positive
integer t such that x' € Z, then we say that x has finite exponent ty, where t, is the smallest positive
integer with such property. Otherwise, we say that x has infinite exponent co. We denote the exponent
of x by E(x).

About exponent, we have the following statements.

Proposition 4.1. Let K be a quadratic field and Oy its ring of integers. For x € Ok, we have
E(x) €{l, 2,3, 4, 6, oo}.

Proof. Suppose that x has finite exponent. If x is an integer, then x has exponent 1. If x is not an
integer, then X € Z and ¥’ ¢ Z for 1 < i < E(x), which imply that X/x is a primitive E(x)th root of
unity, where x denotes the conjugate of x. We know that the degree of x/x over Q is ¢ (E(x)), where ¢
is Euler’s totient function. Then ¢ (E(x)) < 2, which implies that E(x) € {2, 3, 4, 6}. |

Proposition 4.2. Let K be a quadratic field and Oy its ring of integers. If x € Ok has finite exponent,
then forn € N, x" € Z if and only if E(x) | n.

Proof. The sufficiency is clear. We next prove necessity. The case x € Z is evident, so we assume
that x ¢ Z. Letn = E(x)q + r, where ¢, r € Z and 0 < r < E(x). Then we have x" = x"£¥ and

—r

X = X" where ¥ denotes the conjugate of x. Since x", x*® € Z, we botain

i )—Cn—E(x)q I xE(x) -q |
| E@ -5

xr xE@g T xn

which implies that x” € Z. If r # 0, then we obtain a contradiction to the minimality of E(x). Sor = 0,
which means that E(x) | n. O

Proposition 4.3. Let K be a quadratic field and Oy its ring of integers. Let D be the unique square-
free integer such that K = Q(\/I_)) LetE; ={x€Og :E(x)=j}, j=1,2,3,4,6andleti = V-1,

w = (—1 + \/—3) /2. Then the following statements hold.

1) E|,=7Z

2) Ey={kVD:keZ k#0)

3) Es#0ifand onlyif D = -3, and E5 = {kw, kw : k € Z, k # 0};

4) Es#0ifandonly if D = -1, and E4 = k(1 + i), k(1 —i) : k € Z, k # 0},
5) E¢ #0ifandonlyif D = -3, and E¢ = {k(1 — w), k(1 —w) : k € Z, k # 0}

Proof. 1) Clearly.

2) If E(x) = 2, then X/x is a primitive 2th root of unity, i.e., Xx/x = —1. This implies that x = k D,
where k is a nonzero integer.

3) If E(x) = 3, then X/x is a primitive 3th root of unity, i.e., X/x = w or w. This implies that x = kw
or kw, where k is a nonzero integer.

4) If E(x) = 4, then x/x is a primitive 4th root of unity, i.e., X/x = %i. This implies that x = k(1 + i)
or k(1 — i), where k is a nonzero integer.

5) If E(x) = 6, then X/x is a primitive 6th root of unity, i.e., X/x = —w or —w. This implies that
x = k(1 —w) or k(1 — w), where k is a nonzero integer. O
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Lemma 4.1. If Eq (4.1) has a non-trivial solution in M, (Z), then the equation
X"—=y'=1, mneN,mn>3 4.2)
has a non-trivial solution in algebraic integers x and y of degree less than or equal to 2.

Proof. Suppose that (X, Y, m, n) is a non-trivial solution of Eq (4.1) in M, (Z). There exists an
invertible matrix P € M,(C) which upper triangularizes the matrix X. The assumption X" — Y" =
implies that (PXP‘I) - (PYP‘I) = 1. We obtain

(’8 ;)m ~(prP Y =1.
Then

(PYP‘l)n:(xrlno_l ng*—l) (4.3)

where x;, s = 1, 2 are the eigenvalues of X. Let y,, s = 1, 2 be the eigenvalues of Y. Then the
eigenvalues of (PYP‘I) are y7, s = 1, 2. By (4.3), we have

yvi=x—-1, s=12.

N

Therefore, (xy, y;, m, n), s = 1, 2 are non-trivial solutions of Eq (4.2). O

Lemma 4.1 tells us that we should consider the solvability of Eq (4.2) in algebraic integers x and y
of degree less than or equal to 2.

Lemma 4.2. If x or y is an integer, then all non-trivial solutions of Eq (4.2) are (i V+3, 2, 4, 3) .

Proof. We consider the following two cases.
Case 1. If x is an integer, then y* € Z. So y has finite exponent. By Proposition 4.2, we obtain E(y) | n.
By Proposition 4.3, Eq (4.2) becomes

X" =yt =1, if E(y) =1,
- (kD) = 1, if E) =2,
-k =1, if E(y) = 3,
o (=D (22 = 1, EG) = 4,
w4 (=1 (3127 = 1, i B = 6,

where D # 1 is a square-free integer and k is a nonzero integer. By Catalan’s conjecture, we know that
these equations have no non-trivial solutions.

Case 2. If y is an integer, then x” € Z. So x has finite exponent. By Proposition 4.2, we obtain E(x) | m.
By Proposition 4.3, Eq (4.2) becomes

X" =y =1, if E(x) =1,
m/2 .

(D)™ -y =1, if E(x) =2,

K" —y' =1, if E(x) = 3,

(—1y (22)" =y = 1, if B = 4,
(1 (36)" =y = 1. i Eo =6,
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where D # 1 is a square-free integer and k is a nonzero integer. By Catalan’s conjecture, we know
. .. . . . . m/2
that only one of these equations has non-trivial solutions, and this equation is (kzD) -y =1

Then all non-trivial solutions of this equation are k*D = +3,y = 2, m/2 = 2, n = 3. So we obtain
(x,y, m, n) = (£ V23,2, 4, 3). O

Theorem 4.1. If the eigenvalues of X or Y are integers, then all non-trivial solutions of Eq (4.1) in
M,(Z) are given by {(X, 21, 4, 3) : X € M(Z), tr(X) = 0, det(X) = +3}.

Proof. Assume that xg, y,;, s = 1, 2 are the eigenvalues of X and Y, respectively. By Lemma 4.1, we
know that (xy, ys, m, n), s = 1, 2 are non-trivial solutions of Eq (4.2). In this case, by Lemma 4.2, we
have

(X yom,om) € {(£V23,2,4,3)), s=1,2.

By Lemma 3.1 and a direct computation, we can get all non-trivial solutions of Eq (4.1) in M,(Z) in
this case, which are given in the theorem. O
Lemma 4.3. If x and y are quadratic algebraic integers such that X" is an integer, then all non-
trivial solutions of Eq (4.2) are (i V£3, + \/i, 4, 6) , (i V£3, 2w, 4, 3) , (J_r V=£3, 2w, 4, 3), where
w=(-1+ V=3)/2

Proof. Since x™ is an integer, it follows that y" is also an integer. So x and y have finite exponent. By

Proposition 4.2, we have E(x) | m and E(y) | n. We next consider the following four cases.
Case 1. E(x) = 2. By Proposition 4.3, Eq (4.2) becomes

n/2

(k%Dl)Z 2 - (D))" =1, it E(y) = 2,
(D))" -k =1, if E(y) =3,
(120" + =1y (202)7 = 1, i E) = 4,
(120" + (—1yre (327 = 1, i EQ) =6,

where D, # 1, D, # 1 are square-free integers and k;, k, are nonzero integers. By Catalan’s conjecture,
we know that only two of these equations have non-trivial solutions, and these two equations are

m2 /2 m/2
(kal) - (k§D2) =1and (kal) — k% = 1. Then all non-trivial solutions of these two equations
are kiDy = £3, k3D, =2, m/2 =2, n/2 =3 and ki D, = £3, k» = 2, m/2 = 2, n = 3, respectively. So
we obtain (x, y, m, n) = (£ V£3, £ V2, 4, 6), (£ V3, 20, 4, 3), (£ V=3, 20, 4, 3).

Case 2. E(x) = 3. By Proposition 4.3, Eq (4.2) becomes

kr—(k2D)" = 1, if Ey) =2,

kn—kn =1, if Ey) =3,

-+ 1 (28) 7 = 1 i E) = 4,
n/2 .

K+ (=17 (3K2) =1, if E(y) = 6,

where D # 1 is a square-free integer and ki, k, are nonzero integers. By Catalan’s conjecture, we know
that these equations have no non-trivial solutions.
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Case 3. E(x) = 4. By Proposition 4.3, Eq (4.2) becomes

(~1y (22)"" - (k2D)" = 1, if E(y) =2
(=1 (Zk%)m/z —k=1 if E(y) =
(=14 (2 2) + (— 1yl (2k2) =1, if E(y)=
(—1)m/4 (2kf) + (—1)ye! (3k§) =1, ifE(y)=6

where D # 1 is a square-free integer and k,, k, are nonzero integers. By Catalan’s conjecture, we know
that these equations have no non-trivial solutions.
Case 4. E(x) = 6. By Proposition 4.3, Eq (4.2) becomes

(~1ye (312" - (D) = 1, if Ey) =
(=1)ymle (3/@)"” k=1, if E(y) =3
(_l)m/é( 2) + (= 1y (Zkg)"/z =1, ifE@y) =
(1 (3)" + -1y (3) = 1, i BO) =

where D # 1 is a square-free integer and k;, k, are nonzero integers. By Catalan’s conjecture, we know
that these equations have no non-trivial solutions. O

Theorem 4.2. If the eigenvalues of X and Y are quadratic algebraic integers, then the following
statements hold.

1) If X™ is a scalar matrix, then all non-trivial solutions of Eq (4.1) in M,(Z) are given by
{(X,Y,4,6): X, Y € My(Z), tr(X) =tr(Y) = 0, det(X) = £3, det(Y) = -2}

and
(X, Y,4,3): X, Y e My(Z), tr(X) =0, tr(Y) = =2, det(X) = £3, det(Y) = 4};

2) If X™ is not a scalar matrix, then XY = YX.

Proof. Assume that xg, y,, s = 1, 2 are the eigenvalues of X and Y, respectively.
1) In this case, x{' = x7' is an integer. From Lemma 4.1, it follows that (x,, y,, m, n), s = 1, 2 are
non-trivial solutions of Eq (4.2). By Lemma 4.3, we have

(X, yoo m, n) € {(£VE3, £V2, 4, 6), (£ V23, 20, 4, 3), (£ V23, 2w, 4, 3)}, s = 1, 2,

where w = (—1 + \/—_3) /2. By Lemma 3.1 and a direct computation, we can get all non-trivial
solutions of Eq (4.1) in M,(Z) in this case, which are given in the theorem.

2) In this case, we have x{' # xJ'. Since (x;, y,, m, n), s = 1, 2 are non-trivial solutions of Eq (4.2),
it follows that x;, x;, y1, y, are quadratic algebraic integers in the same quadratic field. Let K denote

this quadratic field and let Ok be its ring of integers. Let X = (il Z ) and ¥ = (Ccl2 Zz) Since
1 a4 2 A
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X1, X2, Y1, Y2 € Og\Z, we have bic; # 0 and byc, # 0. By Lemma 3.1 and the assumption X" —Y" = [,
we get the following three identities.

K — yn _ yn
(a1 —dy) - ——= = (@ —dy) - = (4.42)
X1 — X2 Y=
ViV by Mm% (4.4b)
yi—=y2 by x1—x
bl I W | (4.40)
Yi—=Yy2 € X1—X2
By (4.4a) and (4.4b), we have
(ay —dy) by = (a, — dy) by. 4.5)
By (4.4a) and (4.4c), we get
(a1 —di) ey = (ap — dy) cy. (4.6)
By (4.4b) and (4.4c), we obtain
b1€2 = bzcl. (47)
From (4.5)—(4.7), we conclude that XY = YX. O

Theorem 4.2 tells us that it is sufficient to study the solvability of the Catalan’s matrix equation (4.1)
b
0
Theorem 3.1, we have the following corollary.

b
0

K=0Q ( Va? + 4bc) and let O be its ring of integers. Then the following statements hold.

in C(A), where A = (Lcl ) € M, (Z) is a given matrix such that b¢c # 0 and gcd(a, b, ¢) = 1. By

Corollary 4.1. Let A = (Z ) € M, (Z) be a given matrix such that bc # 0 and gcd(a, b, ¢) = 1. Let

1) If a* + 4bc is a square, then Eq (4.1) has no non-trivial solutions in C(A);

2) If a* + 4bc is not a square and D is the unique square-free integer such that a*> + 4bc = k*D
for some k € N, then Eq (4.1) has a non-trivial solution in C(A) if and only if Eq (4.2) has a
non-trivial solution (x, y, m, n) in O such that x, y can be written in the form

sHiVD ez
2

Hence, from Theorems 4.1, 4.2 and Corollary 4.1, we conclude that the solvability of the Catalan’s
matrix equation (4.1) in M, (Z) can be reduced to the solvability of the Catalan’s matrix equation (4.1)
in C(A), and finally to the solvability of the Catalan’s equation (4.2) in quadratic fields. However, the
solvability of the Catalan’s equation in quadratic fields is unsolved. We leave this as an open question.

Let K be a quadratic field and Oy its ring of integers. Let D be the unique square-free integer such
that K = Q ( \/5) From a given non-trivial solution of Eq (4.2) in Ok, we can construct some classes
of 2 X 2 matrices such that Eq(4.1) has non-trivial solutions in these classes. Assume that

S1+t1\/5m S2+t2\/5n_1
) (= -
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is a given non-trivial solution of Eq (4.2) in Ok, where s;, t; € Z, i = 1, 2. Let a, b, ¢ be integers and
k a positive integer such that a> + 4bc = k*D, k | t;, k | t,, bc # 0 and gcd (a, b, ¢) = 1. Indeed,
such a, b, ¢, kexist. f D=1 (mod 4) and D = 1 + 4¢ for some ¢t € Z, then (a, b, ¢, k) = (1, ¢, 1, 1)
satisfies the above conditions. If D = 2, 3 (mod 4), then (a, b, ¢, k) = (0, D, 1, 2) satisfies the above
conditions. From the proof of Theorem 3.1, it follows that

n m t2 n
s1+7a t—lb 32+7a t—zb
2 k _ 2 k =1
1 LD -
t—lc Sl—?a [_zc ‘32—761
k 2 k 2

are non-trivial solutions of Eq (4.1), and the corresponding matrix classes are C(A), where A = (i b).

0
Next, we give an example to illustrate how to construct non-trivial solutions of the Catalan’s matrix
equation in M, (Z) from a given equality in this manner.

Example 4.1. Let m, n > 3 be integers such that m = 1 (mod 6) and n = —1 (mod 6). Then we have

(=555

From this equality, we can construct some classes of 2 X 2 matrices such that Eq (4.1) has non-trivial
solutions in these classes. Let a, b, ¢ be integers such that a® + 4bc = =3, bc # 0 and ged (a, b, ¢) = 1.

Then 1 " 1 .
—a —l+a
—c I+a c —l-a
2 2

are non-trivial solutions of Eq (4.1), and the corresponding matrix classes are C(A), where A = (z 3)

5. Conclusions

Let A = (‘CZ Z) € M, (Z) be a given matrix such that b¢c # 0 and let C(A) = {B € M,(2) :

AB = BA}. In this work, we mainly consider the solvability of the Fermat’s matrix equation and the
Catalan’s matrix equation in C(A) and M, (Z), respectively. We show that the solvability of the Fermat’s
matrix equation in C(A) can be reduced to the solvability of the Fermat’s equation in quadratic fields.
Moreover, we show that the solvability of the Catalan’s matrix equation in M; (Z) can be reduced to
the solvability of the Catalan’s matrix equation in C(A), and finally to the solvability of the Catalan’s
equation in quadratic fields.
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