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1. Introduction

We study the following system of Newton heat-conducting compressible fluid in three-dimensional
space

o+ V- (ou) =0,
pu, +pu-Vu + VP(p,0) — uAu — (u + )Vdivu = 0,
(1.1)

co[pf, + pu - VO] + Pdiv u — kA = g Vi + (V)| + A(div ),
(pa u, 9)'120 = (p()’ Uy, 90)

Here, p, u, 6 stand for the flow density, velocity and the absolute temperature, respectively. The scalar
function P represents the pressure, the state equation of which is determined by

P=Rpf, R>0, (1.2)

and « is a positive constant and two constants ¢ and A are the coefficients of viscosity satisfying the
physical restrictions ¢ > 0, 2u + 34 > 0. The initial conditions satisfy

p(x,t) = 0, u(x,t) = 0, 6(x,t) = 0, as |x| = oo, forz > 0. (1.3)
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Lety > 0. For all (¢, x) € R x R?, we consider the following scaled functions:
1= pPt,A%),  uy = At Ax), 6y = 1Ot Ax). (1.4)

There are huge literatures on the study of the existence of solutions to compressible Navier-Stokes
equations, we only give a brief survey for blow-up criteria rather than the existence of solutions. When
the initial data contain vacuums, after Xin’s blow-up works [21, 22], the various result for blow up
critria for strong solutions to the system (1.1) is investigated. In present paper, in particular, we focus
on the Serrin type criteria (e.g. [6-9]) as

. . 2 3
lim sup (||d1V ullprorr=@y) + ||u”Ll’(0,T;L‘1(R3))) = 00, I_? + ; =1,¢9>3,

T )T+
or
. 2 3
lim sup (||p||L°°(O,T;L°°(R3)) + ||M||Lp(o,T;u1(R3))) =00, —+—-=1,¢g>3
T /T P g

and it is aimed to expand them into Vishik space motivated by the results of two recent papers Kana-
maru [10] and Wu [20] (see also [2-5, 11-16, 18, 19] for other criteria containing Beale-Kato-Majda
blow-up mechanism).

We remind the local well-posedness of strong solutions to the equations (1.1) (see [1]).

Theorem 1.1. Let A < 3u. Suppose uy, 8y € (D' N D*)(R?) and py € (W' N H' N L")R?) for some
q € (3,6]. If py is nonnegative and the initial data satisfy the compatibility condition

— uAuy — (u + )Vdiv ug + VP(po, 8y) = \pogi
ABy + gquo + (Vo)™ + A(div ug)® = vpogs

for vector fields g, g» € L*(R?). Then there exist a time T € (0, co] and unique solution tp the equations
(1.1)—(1.3), satisfying
(p,u,0) € C([0, T); (L' n H' n W) (R?) x C([0, T); (D' n D*)(RY) x L*([0, T); D*!(R?)),
(o> i 6,) € C([0, T); (L2 N LNY(R?)) x L2([0, T); D'(RY)) x L*([0, T); D' (R?)),
(0", p'26) € L¥([0, T); LA(RY)) x L*([0, T); L*(RY)).

If the maximal existence time 7* is finite, then there holds

. 3
tim sup (lpllz-orize@y + 101 2 =00, g> 3, (15)
T T LESOTV,  RY) 2

where o € [1,],0 € [1, o].

Remark 1.1. In the light of the arguments in [7, 8], we observe that (1.5) be replaced by

lim sup (||diV ullpr oL@y + ||9||LP(0,T;L«1(R3))) = o0.
T)T*

We note that the condition (1.5) is in scaling invariant norm in the sense of (1.4) for the temperature.
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Remark 1.2. Without the restriction 4 < 3y, in the case away from vacuum, through the argument
in [9] and our proof, we obtain the similar results [9, Theorem 1.3] of what the authors in [9] says in
Vishik space.

Next, we consider the full compressible Navier-Stokes equations without temperature.
0,p + div(pu) = 0,
0(pu) + div(pu @ u) — uAu — (u + )V(divu) + VP(p) = 0, (1.6)
(0, w)(x, 0) = (po, uo)(x),

where p, u, and P are the density, velocity and pressure respectively. The equation of state is given by
Plp)=ap’, (a>0,y>1). (1.7)

The constants u and A are the shear viscosity and the bulk viscosity coefficients respectively. They
satisfy the following physical restrictions: g >0, 34+ 2u > 0.

Through a similar scheme in Theorem 1.1, we also obtain the following result for the equations
(1.6).

Theorem 1.2. Let (p, u) be a strong solution to the Cauchy problem (1.6)—(1.7) with the initial data

(0o, Up) satisty
0<poeL'NnH NnW'"R?Y, uye (D' nD*)R?),

for some r € (3, c0) and the compatibility condition:
—unug — (A + p)Vdivug + VP(oo) = py/°g  for some g € LA(R).
If T* < oo 1s the maximal time of existence, then both

lim(divul ao@dy +lull 2 ):OO
dim ([ldivadlz o rio@e) + |l HLTQ(O,T;V;{,,,](R%) ’

and

hm( 0.7 Loo®3) T Ul 2 ):OO, 3<p<oo.
o, lloll =072 ®3y) + | ”LP%(o,T;ng(R%) p

where o € [1,],0 € [1, o].
2. Notations and some auxiliary lemmas

We follow the notation of [6] and [9]. For 1 < p < oo, LP(R?) represents the usual Lebesgue
k
space. The classical Sobolev space W*?(R?) is equipped with the norm || f lwtr@s = 2 1D fllr@s)-
a=0
A function f belongs to the homogeneous Sobolev spaces D' if u € L} (R?) : [|V*ully < 0. C > 0
is an absolute constant which may be different from line to line unless otherwise stated in this paper.

We also now introduce a Banach space V;’U’H(Rﬂ which is larger than the homogeneous Besov space;
see [10,17].
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Definition 2.1. Let s € R, p,0 € [1,0],60 € [1, 0], the Vishik space V;,o,e is defined by
Vi ro®) = (f € D'®) ¢ I fllys, < oo},

with the norm

=

( Zlji<N zjjellAjf”ip)

||f||Vl»;vmg(R3) =14 SUPy=12,.- V-

s 9;6007

1

Hf”Bg,M(RN)’ 0 = oo.

Here 9 (R?) is the dual space of D(R?) = {f € S(R?); D*£(0) = 0,V a € N3}. As mentioned in [20],
we remind that the following continuous embeddings hold:

S 3\ — 7S
BP’G(R )=V

p,(w(R% Vo R>) c v R> c V;’ml(R3)

,0,02
for s e R, p,o € [1,00] and 6y, 6, € [1,0] with 6, > 6,.

In what follows, for simplicity, we write

L’ = LP(RY), H = W ®RY), D' = DR, V= V3 ((RY).

P00

3. Proof of Theorem 1.1

We will prove Theorem 1.1 by a contradiction argument. Therefore, we assume that

2 3 3
w7 1) + |10 <C, —+-=2,9> =. 3.1
llollL (0,T;L) | ”L%(O,T;V;ml(w)) g q ) (3.1)

Lemma 3.1. Suppose that (3.1) is valid and A < 3y, then there holds

C+1
2u

C
P> —2Pdivu + Epez + p|u|4]

sup f ['gIVLtI2 + (u + D) (div u)? +
R3

0<t<T

2u+ A

T
+ f |« f |V9|2+1p|u|2+|u|2|vu|2]dt <C.
0o - Jw 2

Proof. From Lemma 2.3 and Lemma 3.1 in [9], we know that

d o 2 )2 2 : C o
erb'w + (u + A)(div u) +2#+AP —2Pdlvu+5p0]

1
+ K f |V9|2+5 f pluf* < C f ploP +C f plul’16> + C f ul*|Vul?, (3.2)

d 2
- | o'+ f ul|Vu|" < C f plul’16P. (3.3)
t R30{lul>0)

Multiplying the inequality (3.3) by (C + 1) and adding the result to the inequality (3.2), we have

and

d

C C+1
v P = 2Pdivu + —p6” + ——plul*|

2u+ A 2 2u

[%‘wuﬁ + (u+ D(diva) +
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+K f VO + f plil® + f uP|Vul* < C f plér +C f plul*l6P.

For the second term in the right hand side of (3.4), we note that

j=N
1 1 1 1
f plul’loP = f ROl Pl D" A6+ f p 1l Pl D" A6l

j<-N j=—-N

+fpé|9|pé|u|2| > A=+ +IIL.

Jj>=N

(3.4)

(3.5)

Now, let’s control each term sequentially by Holder’s inequality, interpolation inequality(for the term

11 below), Sobolev embedding theorem, Berstein’s inequality and Young’s inequalities:
(The term (I)):

1 1 3. 1 1
10> Ablslio?6llelo?lulll: < € Y 23 6llallo Ol 2llo?
J<-N Jj<-N
< C2VN0IE, (Il 018 + o2 a1
(The term (II)):

=N

1 L9
1< 11ABlllo? 6l 2 llo*lulll 2
La-1 La-1
j=-N
j=N

I Pt I e it P e P

j=—N

N
Zj':_N”AjuHL L 1-2 3

_1
< CN'™7 sup 36l b P VAL, + 91l

1
N=1,2,-- N'-z

1 1 1 1
< C||9||2" 31||,029||L2||;02|bt|2||L2 + —||V6’||22 + _”VlulQ”iz
1
< C||9||2q ’ (II,O ol + lo? e 17.) 16 |V6’|| + EIIVIMIZIIEQ
(The term (I1I)):

1 1 1 1 1
I < Z 1A 613110 1P lsllo26ll 2 < Clio=lufll.s Z 227116 2llo> 6l 2

>N >N

_N 1 Y 1 1
< C2 216l IV 1Pl 2llo2 6l < 27N 161171026112, + 3—2|||u|V|u|||i2

Summing up the estimates above, we have
- 1 1
fplul o1 < 27V ||9||Lz(||p 0112, + llo*|ud ”Lz) + C||9||2" 3 (IIPZHIIEZ + o2 |ull17.)

1 1 _ 1
+E||V9lliz + EIIVIMFIIZ +2 N2||9||iz||/029||iz

(3.6)

3.7
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By similar above arguments, we get

1 1 a2 1 S 1
f plop = f pH1alp 016l < C2 ORI oI, + CIOIS,” o2l + IV,
] ol (3.8)
~_N2 1
+ 2 lIVIPIE: + 27 61 ool

Substituting (3.7) and (3.8) into (3.4), we obtain

d C C+1
— P? = 2Pdivu + —pt* + ——plul*
di 2u+ 1 WiT P T plul'|

K 1 1 2
+= | IVOP + = f pliuf + = f u|*|Vu
2 f 2 2 R3N{|u|>0} | |

_aA2 1 1 .. 1 1
< C2 YOI (0201, + lloH 1) + CleNs” (o2 + o i)
q,0,

[gwuﬁ + (u + D)(div i) +

{ { 3.9
2 2112 “N2 10112 1A% a2
+ EIIVHIILZ + 1—6IIV|ul I, + 277 (16l llo2 6l

P> —2Pdivu

_an249-N2 g2 24 .
< C(CZ 3N2+2 ||0||Lz||¢9||i2 + ||9||‘?/E)‘(:)( f [’%Wml + (u+ D)(divu)® +

c , C+1 1 2 1 212
+ 3P0+ =l ]) + TV + TV

2u+ A

where we used the fact that

C
. 2 2 : 2 2
f[(y + A)(divu)® + o P~ 2Pdivu+ b | = fp@ :
for a sufficiently large constant C > 0. Now, choosing N > 0 sufficiently large such that C 2‘]"2||9||i2 <

ﬁ, the estimate (3.9) becomes

d

1 C C+1
- [g|Vu|2 + (i + )(div u)* + 2#—192 = 2Pdivu + —pb* + ——plul*| (3.10)

+ 41 2 2u

1 . 2 22
+K f Ver + 5 f pli* + f ul’|Vu|” < € f pléF +C f PllIOF < CNullyy [IVull,.

Then, Gronwall’s inequality and (3.10) enables us to obtain that the desired results.

C+1
2u

C
sup f 3 [gwmz + (u+ D)(divu)® + P2 - 2Pdivu + 5,092 + pluf*]
R

0<t<T

2u+ A

T
+ fo |« fR VP + %p|l§t|2 + 1P| val | dr < C.

O

Proof of Theorem 1.1. In the proof in Theorem 1.1 in [9], as long as Lemma 3.2 in [9] is only replaced
by Lemma 3.1 in present paper, the proof is completed. O
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4. Proof of Theorem 1.2

Let (o, u) be a strong solution to the problem (1.6)-(1.7) as described in Theorem 1.2. Then the
standard energy estimate yields

T
sup (Ilo"2u()I, + lloll + lloll},) + f IVul?df <C, 0<T <T". (4.1)
0<1<T 0

We first prove Theorem 1.2 by a contradiction argument. Otherwise, there exists some constant
M, > 0 such that

lim w10 F el 2 < M. 4.2

tim (llpllo.rizs + | ||LFI3(O,T;V2HV](R3») 0 42)

The first key estimate on Vu will be given in the following lemma.

Lemma 4.1. Under the condition (4.2), it holds that

T
sup |[Vull?, + f f purdxdt <C, 0<T<T" (4.3)
0<t<T 0

Proof. 1t follows from the momentum equations in (1.6) that
AG = div(pir), wpsrw =V X (pir),

where Vv := v, +u-Vv, G :=2u+ A)divu — P(p), w :=V X u are the material derivative of f, the
effective viscous flux G and the vorticity w, respectively. In particular, for the effective viscous flux, it
is well-known that

IVGllzr < llot|r, Yp € (1, +00),

and
IVGll2 + IVollz2 < Clloull2 + llou - Vul|z2). 4.4)

Multiplying the momentum equation (1.6), by u, and integrating the resulting equation over R? gives

1d

g ) WVHl + @+ pdiviy’)d + f puidx = f Pdividx - f pu-Vu-udy.  (4.5)

From (1.6),, we note that
P, + div(Pu) + (y — 1)Pdivu = 0.

For the first term in the right hand side of (4.5), one has
. d . 1 2 2
Pdivu,dx < 7 Pdivudx + §||VG||L2 + C||Vull7, + C. 4.6)

Substituting (4.6) into (4.5), we have

4
di

A+ 1
(gwuf + 2R divuy - Pdivu) dx+ 3 f pildx < CI[Vull, + f plu-Vu

> dx + C.
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For the second term in the right hand side of (4.5), we have

[0 g Pugdx < [0 Y Ao dx

Jj<—=N

j=N
+ f "2 Y AullVullp' ] dx + f "2 " AulVullo' 2wl dx := I+ 11 + I11.

=N >N
In a similar way to (3.5), we let control each term sequentially.
(The term (I)):
- 1
1< 2N Nl 1Vl + 51l
(The term (II)):
2 1

1< CNJullyy’ IVulz; + 55 (0 Pl + 192l

(The term (III)):

N2 1
11 < C27V Nl IVPull, + 3—2||P1/2uz||iz-

Summing up the estimates /-/11, it is bounded by

20
C2 M oVl + CNIll 1Vl + C27 ll GlI Vil “.7)
P.o,

1
(o Pulle + V2l
On the other hand, due to (4.4), we note that

2p
2 —3N? 2 2 —-N? 2 212 3 2
< Clivpulls sy + C27 Ml IVl + C275 lull L1V ully, + CNIull” 11Vl

p.ol

Collecting (4.7) and (4.8), we have
d

p 1
4 (‘—‘|Vu|2+ﬂ(divu)2—1>divu) dx + ~ f oul dx + f VGP dx 4.9)
dr Jy\2 2 3

2p

_3N2 A2 =£
0| \/ﬁut”iZ(RS) + C27V Nl IVl + C27V Nl 1V ully, + CNIlullfy’ IIIVulliz-
P,
Now, choosing N > 0 sufficiently large such that C2‘N2||u||i2 < ﬁ, (indeed, the constant C > 0 is also
depending on ||p(1)/ 2uolliz) the estimate (4.9) becomes
d

A+
— f (EIVulz + 2K divi)? - Pdivu + plul +p + py) dx (4.10)
dt Jps \2 2

1
+ f (|VG|2 + |Vul + —plu,|2) dx < CN(lull?,” + 1)(IIVull?, + 1),
R3 4 p,C,

2p
/0
V10'1

which, together with (4.2) and Gronwall’s inequality, gives (4.3). The proof of Lemma 4.1 is com-
pleted.

Proof of Theorem 1.2. In the proof in Theorem 1.1 in [6], as long as Lemma 3.1 in [6] is only replaced
by Lemma 4.1 in our paper, the proof is completed. O
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5. Appendix

For the convenience of the reader, we give the proof for (4.6), given in [6].

f Pdivu,dx

= ditdeivudx—fP,divudx

d
= o7 f Pdivudx + f div(Pu)divudx + (y — 1) f P(divu)*dx
= ditdeivudx - f(Pu) -Vdivudx + (y — 1) fP(divu)de (5.1

d 1 1
= — f Pdivudx - f Pu-VGdx — = f P*divudx
dt 2p+ 2 22u + )

+(y=-1) f P(divu)*dx

d 1
< f Pdivudx + §||VG||i2 + C||Vull2, + C,

6. Discussion

Our result is focused on the full compressible Navier-Stokes equationss. However, it is believed
that our results can be expanded in various ways for the coupled equations or system. In this regard,
we think of it as a future study and intend to produce more meaningful results.

7. Conclusions

The current paper results are Blow-up criteria for solutions in Vishik Space which is a weaker space
to Besov space and Lebesgue space. It seems to be a meaningful result in this regard, and it is new.
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