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Abstract: This study aims to establish a new fixed point theorem in the framework of S’5-metric
spaces, recently introduced by Beg et al. We propose different principles of contraction using various
techniques. The theorems obtained represent a new framework for other future work in the considered
space. Also, we provide two applications of our results to linear system of equations and the following
fractional differential equation
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These applications show the effectiveness of our approach as a powerful tool for solving several types
of differential equations.
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1. Introduction

Fixed point theory has grown in importance to solve different problems derived from the theory
of nonlinear differential equations, integral equations, engineering, and economics, by virtue of its
extensive variety of applications. Banach [1] introduced the most well-known result in this field,
which serves as a reference in this theory. Since then, several works have emerged by generalisation
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of Banach’s Contraction Principle under different contractions in a various metric spaces. Indeed, new
results were discovered by defining new metric spaces and presenting their topological properties. One
of the most important spaces is the S -metric introduced by Sedghi [2]. The concept of S -metric space
has caught the attention of researchers and has become a very attractive topic in fixed point theory.
As a result of this growing interest, many other metric spaces were developed as a generalization of
the latter [3-19] . Recently, Beg et al. [20,21] introduced a new approach of S5 -metric space. They
studied the properties of S /S -metric spaces and proved some fixed point theorems. Also, they presented
the S5 topological spaces induced by the S /S -metric and obtained a classical result in conjunction with
Cantor’s intersection theorem in this context.

Motivated by the novelty of the S’S-metric space, we decided to further study the fixed point
results. Through this work, we establish new versions of some fixed point theorem on S’5-metric
spaces including various contractive conditions illustrated with some examples. We proved the
existence and the uniqueness of fixed point using different techniques. Moreover, since the fixed point
theory is a very important tool used to obtain solutions to different mathematical models, we propose
in this work two applications of our results to the linear system of equations and to the fractional
differential equation.

We start by briefly recalling some basic definitions and results for S’S-metric spaces, due to Beg et
al. [20], that will be needed in the sequel.

Definition 1.1. [20] Consider a nonempty set Q and a function J : Q* — [0, ). Let us define the set
S/, Q,0) ={{6,} cQ: lim J(,0,6,) = 0}

for each 6 € Q.
Definition 1.2. [20] Let Q be a nonempty set and J : Q* — [0, 00) satisfy the following hypothesis:

(i) J(3,&,v) = 0 implies 6 = € = v for any 6,&,v € Q,
(ii) there exists some b > 0 such that for any (6,&,v) € Q3 and {v,} € S (J,Q, ),

J(6,€,v) < b lim sup(J(6,6,v,) + J(&, & vy)).

Then the pair (Q, J) is called an S’5 -metric space.
Moreover, if J also satisfies J(6,06,&) = J(&,&,0) for all 6,& € Q, then we call it a symmetric S”5 -metric
space.

Remark 1.3. Note that S(J,Q,0) in some cases can be empty. The following example presents a
nonempty set of S (J, Q, 9).

Example 1.4. Let Q = Rand, J : Q° — [0, ) be defined by J(6,&,v) = |0—&|+|E—V| for all §,&,v € R.

Let v € R and the sequence (v,) be such that v, = v + —.
n

. ) 1 : 1
It is easy to see that lim J(v,v,v+ —) = 0. Therefore, for every v € R there exists a sequence v, = v+ —

n—oo n n

such that S (J,Q,v) # 0.

Definition 1.5. Let (Q,J) be an S’5 -metric space. A sequence {5,} C Q is said to be convergent to an
element 6 € Qif{0,} € S(J,Q,9).
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Example 1.6. Let Q = R and J(6,&,v) = |0] + |&| + 2|v| for all 6,&,v € Q.

We have J(6,&,v) = 0 imply that 0] + |€] + 2|v] = 0 which gives us |6] = |£] = |v| = O then the
first condition of the Definition 1.2 is satisfied. Also, the symmetry of J is satisfied since we have
J(0,0,6) = 2|0| + 2|] = J(&,&,0). Let 6,&,v € Q and v, be a convergent sequence in € such that
lim, . J(v,v,v,,) = 0, it leads to lim sup v, = v. Then we have

n—oo

J(6,€,v) 161 + &1 + 2[v]
2(2lo] + 21¢1 + 8Iv1)

2(218] + 21 + 21| + 6 lim sup [v,])

IA

2(2]6] + 2 lim sup |v,,| + 2|€] + 2 lim sup |v,,| + 2|v| + 2 lim sup |v,|)
= 2 lim sup (2|6 + 2|v,| + 2|&| + 2|v,| + 2| + 2|v,)
= 2 lim sup (J(6,6,v,) + J(&, &, vn) + J(v, v, vp)).

Since lim J(v,v,v,) =0, then

n—oo

J(6,&,v) <2 1im sup (J (8, 6, v,) + J(&, &, vn)).

Then, all the assumptions of Definition 1.2 are satisfied. Hence, J is a symmetric S’S-metric space
with b = 2.

Proposition 1.7. [20] In an S’5 -metric space (Q, J), if {6,} converges to both & and &, then § = &.

Definition 1.8. [20] Let (Q,J) and (T, J) be two S’5 -metric spaces and o : Q — T be a mapping.
Then o is called continuous at aog € Q if, for any € > 0, there exists T > 0 such that, for any 6 € Q,
Ji(oay, oag, 06) < € whenever J(ay, ay, d) < T.

Definition 1.9. [20] Let (Q,J) be an S’S-metric space. A sequence 6, C Q is said to be Cauchy if
limn,m—»oo J(dn» 6}1’ 6m) =0.

Definition 1.10. [20] An S’S-metric space is said to be complete if every Cauchy sequence in Q is
convergent.

Theorem 1.11. [20] In an S”’S -metric space (Q, J) if o is continuous at ay € Q, then for any sequence
0, € S(J,Q,ap) implies {00,} € S (J, Q, oay).

Definition 1.12. Let Q be any set and o : Q — Q be a selfmap. For any given 6 € Q, we define 0"
inductively by 0°6 = 6 and 0"*'6 = o(0"5). For any 8, € Q, we define the sequence {0,}s0 C Q as
follows

0,=00,_1=0"6, n=1,2,... (1.1)

Lemma 1.13. /3] For every function ® : [0,+c0) — [0, +o00) the following holds: if @ is
nondecreasing, then for each t > 0, lim ®"(¢t) = 0 implies that O(t) < t.
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2. Fixed point theorems

Theorem 2.1. Let (Q, J) be an S’ -complete symmetric metric space and o : Q — Q be a continuous

mapping satisfying
J(0o,0E,0v) < d(J(6,€,v)) forall 6,&,v € Q,

where ¢ : [0, +00) — [0, +00) is an increasing function such that lim,_,., ¢"(t) = 0 for each fixed t > O.
Then o has a unique fixed point in Q.

Proof. Let 6 € Q,e > 0 and {0,},-0 C Q be the sequence defined in (1.1). Pick an arbitrary natural
number k and consider the sequence {0;}i>0 as defined in Definition 1.12. Now, consider the ball
B0, €) := {£ € Q : J(0r, 01, &) < €}. Note that B(6;,€) # 0 since o, € B(d, €). We claim that o
maps the ball B(d;, €) onto itself. Indeed, Let v € B(d, €), then J(dx, 0k, v) < € which means that
v € S(J,Q,6;). Using the continuity of o we get

ov € 8(J,Q,06) = S(J,Q, 6r1).

Therefore
l}im J(ov,ov,0141) = 0. 2.1

Now, assuming without loss of generality that n = k + p for some constant p € N we get
J(0k, O, 0V) <2b ’}1_>rr010 sup J(Ox, Oxs Ont1)
=2b ]}1_{{)10 sup J(6x, Ok, Ogspr1)
<2b lim sup 3" (J(80, 605 0 ps1))-

Using the property of ¢, we obtain that J(d;, 0;,0v) = 0 < € which affirms that ov € B(6;, €) and
confirm our claim. Since ¢, € B(d, €), we have 0, € B(d, €). By repeating this process, we get
"oy € B(0y, €) for all m. That is §; € B(6y, €) for all [ > k. Therefore

J(Oms Om, 07) < € forall m,l > k.

Hence {6;} 1s a Cauchy sequence and owing to the completeness of €, there exists u € € such that
O — uask — oo,
Moreover, u = 11m O = hm Ol = 11m 00y = ou. Thus, o has u as a fixed point.

—)DO

Let 6; and 6, be two ﬁxed pomts of o.

J(6la 51, 62) = J(0-6la 0-519 0-62)
< ¢(J(61,01,02)). (2.2)

Using the property of the function ¢ and Lemma 1.13, we obtain from (2.2), J(1, 61, 02) < J(1, 01, 02),
then J(d1,01,02) = 0 and 6; = 9,, and o has a unique fixed point in Q2 . O

Theorem 2.2. Let (Q,J) be an S’S-complete symmetric metric space and o be a continuous self
mapping on CQ satisfying

J(0o,0¢,0v) < alJ(6,0,00) + J(E,E 08 + J(v,v,0v)], (2.3)

1 1
Vo,&,v € Q, where a < é_lb and a € [0, 5)' Then o has a unique fixed point u € Q.
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Proof. Consider ¢) € Q arbitrary and 6, = 0"9yp. We denote by J, = J(0,, 0, 0,+1). We assume that
J, > 0, for all n € N, otherwise, ¢, is a fixed point of o for at least one n > 0. It follows from (2.3).
Jn = J(6ns 60, Op41) = J(06p—1, 061, 06,)
<a[2J(6p-1,0n-1,06p-1) + J(6ps On, 0761)]
=@[2J(0p-1,0n-1,6n) + J(Ons Ons Onr1)]
=a[2J,-1 + J,.].

2 1
Therefore, J, < ¢ Joo1. Lety = 7 Y <1 (since a < 5)' By repeating this process we obtain
J, <y"Jy. Hence

lim J, = 0. (2.4)

n—oo

Let us prove that {9, } is a Cauchy sequence. For all n,m € N, we have

J(On, 6y O) = J(00p-1,004-1,00-1)
<a[2J(6p-1,0n-1,00,-1) + J(Om-1,0m-1,00m_1)]
=[2J(6p-1,0n-1,01) + J(Om-1,0m-1,0m)]
=a[2J,_1 + Ju1]. (2.5)

From (2.2) for every € > 0, there exists ny € N such that J,,_; < £ and J,,_; < ¢ for all n,m > ny.

Then using (2.4), we get J(,,0,,0,,) < ae. Since a < 1, it follows that J(5,, d,,0,) < €, VYn,m > ny.
Therefore, {0,,} is a Cauchy sequence in Q and lim J(J,,9,,0,) = 0. By completeness of Q2 , there

n,m—oo

exists u € Q such that
lim J(8,,,0,,u) = lim J(8,,0,,,u) = J(u,u,u) = 0. (2.6)

Now, we claim that ou = u. From (2.6) we can conclude that {6,} € S(J,Q,u). Using the triangle
inequality, for any n € N we have

J(ou,ou,u) <2blim sup J(ou,ou,d,)

n—oo

= 2blim sup J(ou,ou,cd, )

n—oo

< 2blim supla(2J(u,u,ou) + J(0,-1,0,-1,00,-1))]

n—oo

= 2blim sup[a(2J(u, u,ou) + J,,-1)]. 2.7)

n—oo

From (2.4), (2.7) and the symmetry of the metric, we obtain:
J(ou, ou,u) <4baJ(u,u, ou)

=4baJ(ou, ou, u).

1
Then, (1 — 4ba)J(ou,ou,u) = 0. Since a < 3 then J(ou, ou,u) = 0, which gives cu = u, and u is a
fixed point of 0.
Let vy, v, € Q be two fixed point of o, v; # v, thatis ov; = v; and ov, = v,. From (2.3) we have

J(vi,vi,v2) =J(oVvi,0v1,0V72)
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<a[2J(vi,vi,ovi) + J(v2, V2, 0v2)]
=2aJ(vi,v1,v1) + aJ(V2, V2, V2)
=0.

Therefore, v; = v,. Hence, o has a unique fixed point. O

Theorem 2.3. Let (Q, J) be an S5 - complete symmetric metric space and o : Q — Q be a continuous
mapping satisfying

J(06,0¢,0v) < A6,€,v)J(6,€,v) ¥6,E,v e, (2.8)
where A : Q* — (0, 1) that satisfies the following condition; for every sequence {5,},so defined by
0, = 00,1 we have A(3,,0,,0,) < A(0,-1,0,-1,0m_1). Then o has a unique fixed point.

Proof. Consider the sequence {6, = 0"y} defined in Definition (1.12). For all natural numbers n, m,
we will prove that {6,} is a Cauchy sequence. Without loss of generality we suppose that n < m and
assume that these exists a constant p € N such that m = n + p. By using (2.8) we have:
J (0,00, 0m) =J(00p-1,00n-1,00m-1)
S/l(é‘n—l s 511—1’ 6m—l)~](6n—l ’ é‘n—l s 6m—1)
S/111(60’ 60’ é‘p)‘](é‘o’ 60a 5[7)

Taking the limit as n — oo and since 0 < A < 1, we deduce that lim J(J,,0,,9,) = 0, thatis {9,} is a

n,m— oo

Cauchy sequence. Then, by the completeness of €2, there exists u € € such that

u=limo¢, = lim 6,-;. (2.9)

n—oo n—o0

Let us prove that u is a fixed point of o. From (2.9), we deduce that u € S (J,Q,,) and

lim J(u,u,6,) =0 (2.10)
and
lim J(u, u,d,-1) = 0. 2.11)

Since, the sequence {0,} satisfying the condition (2.10) we can apply the triangle inequality as follows:

J(ou,ou,u) <2b lim sup J(ou,ou,?d,)

n—oo

=2b lim sup J(ou,ou,0d,_1)

<2blim sup A(u, u,d,-1)J(u,u,d,-1)

n—oo

<2bA(u, u, do) lim sup J(u, u, 5,-1). (2.12)

Taking into account (2.11) and (2.12) we deduce that u is a fixed point of o.
Let, v, v, € Q be two fixed points of o such that v, # v,, that is, ov; = v; and ov, = v,. Then,

J(vi,vi,v2) =J(0Vvi, 0vy, 0v2)
<A1, v, v2)J Vi, Vi, v2)

<J(vi,vi,2).

Then, J(vi, vy, v,) = 0 which implies that v; = v,. O
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Example 2.4. Let Q = [0, 1] and consider the S’° - metric defined as

J(0,&,v) =10 - &+ |0 —v|forall 6,&,v € Q. (2.13)

62
It is easy to verify that (Q, J) is a complete S’ -metric space. Take o(5) = 5 Choose A : Q* — [0, 1)

o+&+v+1

as A(6,&,v) = — 5 then, A € A.
Let 6,&,v,€ Q. Then
52 é':Z V2
J 5’ 5 :J =y = =
(06,0¢,0v) (5 5 5)
52 é:Z 62 V2
55

1
<50 = &llo+ &l +16 = vilo + V]

1
S§[|5—§II6+§+V+1|+|6—v||6+§+v+1|]

0+&+v+]
- 5
=A(0,&,v)J(6,&,v).

[16 =&l +16 -]

Then, all the hypothesis of Theorem (2.3) are satisfied and based on this theorem the mapping o has a
unique fixed point, which isu = 0.

Theorem 2.5. Let (Q, J) be a complete S”5 - symmetric metric space and o : Q — Q be a continuous
mapping such that :

J(0o,0é,0v) < aJ(9,€,v) + B0, 00,00) + yJ(E,TE,TE) + 0J(v,ov,0v). (2.14)
forall 6,&,v € Q where

O<a+p<l-y-06 (2.15)
and 0 < a < 1. (2.16)

Then, there exists a unique fixed point of o
Proof. Let 9y € Q be an arbitrary point of 2 and {5, = 0"y} be a sequence in Q2. From (2.14) we have
J(6ns On+15 0ps1) =J(06,-1, 004, 06,)

Sa](én_], 6,,, 5}1) +,8J(5n—1’ 6n7 5}1) + 7-](5;1, 6n+13 6n+1) + 6*](611’ 6n+17 6I1+1)
S(a/ +B)J(5n—la 611, 6n) + (7 + 5)J(6n’ 6n+1’ 6n+l)'
Then
+
TG b0 600) < L 16,1, 60,6,
l-y-9¢
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+
Taking A = 10[—ﬂ6, then from (2.15) we have 0 < A < 1. By induction we get J(5,, 0n+1, Ont1) <

A"J(6p,01,01) which gives that
lim J(6ns 015 0n41) = 0. (2.17)

We denote J,, = J(0,, 0,41, 0nr1). We will prove that {0,,} is a Cauchy sequence in Q.
For all n,m € N,n < m we assume w.l.o.g that there exists a fixed p € N such that m = n + p. we have

J(6n,60,0m) = J(On> O Opip) = J(O0p-1, 001, T6nsp-1)
< @J(6u-1,0n-1,0n+p-1) + BJ(6n-1,0n,6n) + YJ(6n-1, 0, 61)
+ 5J(5n+p—la 6n+p7 5n+p)
= aJ(6n-1,0n-1,0n4p-1) + B+ V)t + 6Jpsp-1
< a[aJ(6n-2,0n-2,0p4p-2) + B+ Y2+ 0Jpsp2l + (B+Y)ui
+ 5Jn+P—1
= @’ J(On-2, 6p-2, Opip2) + @B+ V) uz + @ pipz + (B + ¥
+ 6Jn+p—1
< "I (80, 80,8,) + (B+Y) D @ i +6 ) @F e (2.18)

k=1 k=1

By taking the limit in (2.18) as n — oo and using (2.16) and (2.17), we obtain

lim J(6y, 6, 6m) = 0.

n,m— oo

Then, {0,} is a Cauchy sequence in Q2. By completeness, there exists u € ) such that §,, = coasn — oo
and

lim J(6,,0,,u) = lim J(6,;,0,,u) = 0. (2.19)
From (2.19), we deduce that {0,,} € S (/, Q, u). By using the triangle inequality we have
J(u,u,ou) < 2b lim sup J(u, u, 6,). (2.20)

Therefore, from (2.19) and (2.20), we have J(u, u, ocu) = 0, then u = ou.
Let vy, v, € Q be two fixed points of o, v| # v, thatis, ov, = vy, ov, = v,.

Jvi,vi,v2) =J(oVvi, oV, 072)
<aJ(vi,vi,v2) + (B +y)J(vi,ovi,0v) + 0J(va, 0va, OV3)
=aJ(vi,vi,v2) + B+ VI, vi,vi) + 0J(va, va, v2).

Then, (1 — @)J(vy,vy,v2) < 0. Using (2.16) we conclude that J(vy, vy, v;) = 0. Then, v; = v,. O
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3. Applications

3.1. Linear system of equations

Consider the set Q = R” where R is the set of real numbers and »n a positive integer. Now, consider

the symmetric S5 -metric space (2, S ’*) defined by

J(6,&,v) = max |6; — & + |0; — vl
1<i<n

for all § = (81, s 0,), & = (€1 s &0), ¥ = (V1 o0y V) € Q.

Theorem 3.1. Consider the following system:

§1101 + 81202 + 851303 + 81,0, = I,

§2101 + 82202 + 52303 + 52,0, = 12,

Snldl + sn262 + Sn363 + Snn(sn = Iy

n
ifo = max( Z sl + 1 + s,-il) < 1, then the above linear system has a unique solution.

1<isn ¥ 4 |
J=Lj#i

Proof. Consider the map o : Q — Q defined by 06 = (B + I,)0 — r where

St S12 00 Sin

S21 S22 S
B=| . . . P

Su1 Sn2 v Snn

0=10(01,00,,00);& =(&1,6,--+ &) and v = (v, v, -+ ,v,) € R", [, is the identity matrix for n X n

matrices and r = (ry, 1, -+ ,r,) € C". Let us prove that J(06,0&,0v) < 0J(5,&,v), V6,&,v € R
We denote by
B=B+1,=(b, i,j=1,..,n,

with b;; = Sij» ) #1 Hence
g 1+ Sl'l',j =i ’
n n
max > byl =max (D" syl +[1+sil) = 0 < 1.
1<i<n & 1<isn ¥ 4 |
Jj=1 Jj=1,j#i

On the other hand, for alli = 1, ..., n, we have

(06); = (0&); =

M=

bij(6; = &),

1

~
s

(00)i—(ov)i = Y bij(6;—v)).

=1

~

3.1

(3.2)
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Therefore, using (3.1) and (3.2) we get

J(06,0¢, 0v) = max ((6); = (&)l + |(076); = (o))
< max ( Z bijllo; — &1 + Z 1Bill6; = vil)

< max Z |b,J| max (I(Sk — &l + 16k — vil)
= 9.](6, é‘,:’ V) = (D(J(é’ §9 V)),

where, O(¢) = 6t, Vt > 0. Note that, all the hypotheses of Theorem 2.1 are satisfied. Thus, o has a
unique fixed point. Therefore, the above linear system has a unique solution as desired. O

3.2. Fractional differential equation

In this section, we discuss the existence of a solution to the following problem:

D) - D'x(t) = f(t,x(t)) = Fx(t)ift € I = (0, T]
P« = w)=r

where T > O and f : I X R — R is a continuous function, / = [0, T] and D*x denotes a Riemann-
Liouville fractional derivative of x with A € (0, 1).
Let Ci_y(I,R) = {f € C((0,T],R) : t'*f € C(1,R)}. We define the following weighted norm

* 1-1
= max ¢ 1)|.
A1 = max /()

Theorem 3.2. Let 1 € (0,1), f € C(I X I,R) increasing and 0 < a < 1. In addition, we assume the
following hypothesis:

T(2a
£ 0,10 = Fad), o) < 75 28D vl

Then the problem (P) has a unique solution.

Proof. Problem (%) is equivalent to the problem Mux(#) = x(¢) where

Mux(t) = rtt ! + ﬁ (t — )T Fx(s)ds.

In fact, proving that the operator M has a fixed point is sufficient to say that problem ¥ has a unique
solution. To see this, assume that Mx(f) = x(f) now apply D* to both side we get D'x(f) = Fx(1).
Therefore, we need to check that the hypothesis in Theorem 2.5 are satisfied where § =y =6 = 0.
Indeed, let prove that (A = C,_,(I,R), J) is a complete S’5 metric space if we choose:

Iy, 2) = max 1 (1x(0) = y(O +1x(0) = 20)l), 2.3, 2 € Croa (1, R).
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Let x,y,z € A, If J(x,y,2) = 0, then |x(¥) — y(t)| + |x(t) — z(¢)| = for all ¢+ € [0, T] which give us that
x =y = z. On the other hand, let (z,) be a convergent the sequence such that lim J(z, z, z,) which imply
that lim |z,(¢) — z(¥)| = 0, we have

1-1

() = y(0)] + 1x(t) — 2(1)])

max t

J(x,y,2)

(
= maxt (

(1) = 2u(0) + 2a(1) = YOI + |x(2) = 2a(2) + 24(1) = z(t)l)

< max 7 (20x(0) = 2 (O] + [za(0) = YO + L2a(t) — 2(1)])
< 2 lim sup max 1! A(Ix(t) — (D] + |z,(8) — y(t)|)

n—oo

< 2 lim sup max - A(J(x x,2,) + J(3, Y, zn))

n—oo

Therefore, (A = C;_;(I,R), J) is an S’5 metric space.
The mapping M is increasing since f is increasing.
Now, we must prove that M is a contraction map. Let x,y,z € C;_j(J,R),0 < A < 1.

JMx, My, Ma) = maxt! (| Mx(0) = My®)] +IMx(0) = Mz(0))

1 1-1 t -1
= T eon' fo (1= 9" (10, x(5) = f6,¥(5))
+ £t x(s)) = f(t. 2(s)|)ds.

Subsequently, by the hypothesis of the theorem, we have:

rea
J(Mx, My, Mz) < mtrer[lggg] ' f (t—s)* IT(M_I) |alx(s) = y(s)]

+ alx(s) — z(s)l] s

1 a0 TR L
S - —
T zrer[l(?;"(]t fo(t 5) T2 [“”X yiI's

+allx = 2l"s" |ds

1 * A-1 /11
< Fog max ool = +||x—z||)T2M f (t = 5)""'s*ds.

From the Riemann-Liouville fractional integral we have

A1 11 I'(D) 241
f(t s) ds _F(2/1) .

Therefore, we have
JMx, My, Mz) < aJ(x,y,2).

Thus, by Theorem 2.5, we deduce that M has a unique fixed point which leads us to conclude that
equation (%) has a unique solution as desired. O
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4. Conclusions

Inspired by the novelty of the S’S-metric spaces, we have proved in this article some new versions
of fixed point results for different contraction mappings. In the proofs, in order to obtain the existence
and the uniqueness of the fixed point we used the completeness of the S /S -metric space and sometimes
the symmetry of the metric. We have also presented two applications of our result to linear system
of equations and fractional differential equations. These applications have shown the efficiency of our
approach.
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