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Abstract: The notions of convex mappings and inequalities, which form a strong link and are key
parts of classical analysis, have gotten a lot of attention recently. As a familiar extension of the
classical one, interval-valued analysis is frequently used in the research of control theory,
mathematical economy and so on. Motivated by the importance of convexity and inequality, our aim
is to consider a new class of convex interval-valued mappings (/-7 -Ms) known as left and right (L-R)
J-convex interval-valued mappings through pseudo-order relation (<,) or partial order relation,
because in interval space, both concepts coincide, so this order relation is defined in interval space.
By using this concept, first we obtain Hermite-Hadamard (HH-) and Hermite-Hadamard-Fejér (HH-
Fejér) type inequalities through pseudo-order relations via the Riemann-Liouville fractional integral
operator. Moreover, we have shown that our results include a wide class of new and known
inequalities for L-R J-convex- I-V -Ms and their variant forms as special cases. Under some mild
restrictions, we have proved that the inclusion relation “S” is coincident to pseudo-order relation
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“<,” when the I-V "M is L-R J-convex or L-R J-concave. Results obtained in this paper can be
viewed as an improvement and refinement of classical known results.

Keywords: L-R J-convex interval-valued mapping; interval Riemann-Liouville fractional integral
operator; Hermite-Hadamard inequality; Hermite-Hadamard Fejér inequality
Mathematics Subject Classification: 26A33, 26A51, 26D10

1. Introduction

Convex analysis has played an important and fundamental part in the development of various
fields of applied and pure science. In last few decades, much attention has been given in studying
and distinguishing diverse directions of the classical idea of convexity. In the classical approach, a
real-valued mapping ¥: K — R is called a convex mapping on K if

Y+ (1 —4)w) <i¥ () + (1 —49)Y (@), (1)

for all »x,@w € K,4 € [0,1]. If Y is convex, then —Y is concave. Recently, many extensions and
generalizations of convex sets and convex mappings have been established, such as harmonic
convexity [1], J-convexity [2], quasi convexity [3], Schur convexity [4,5], strong convexity [6,7], p-
convexity [8], (p,J)-convexity [9] and generalized convexity [10]. The main generalization of
convex mappings is the discrete Jensen inequality [11], because it plays critical roles in probability
theory, in optimization theory and in other fields of science. For more useful details, see [12—15] and
the references therein.

The concept of convexity establishes a strong relationship with integral problems. Therefore,
this field of research has attracted many authors to contribute their roles. Therefore, many
inequalities have been introduced as applications of convex mappings. The representative results
include the Gagliardo-Nirenberg-type inequality [16], Hardy-type inequality [17], Ostrowski-type
inequality [18], Olsen-type inequality [19] and the most well-known inequality, namely, the Hermite-
Hadamard inequality (HH-inequality, in short) [20]. The HH-inequality is an interesting outcome in
convex analysis which is formulated for convex mappings. In [21], Fejér considered a major
generalization of the HH-inequality, which is known as HH-Fejér inequality. This inequality
basically depends upon the convex and symmetric mapping. With the assistance of the Fejér-
inequality, many inequalities can be obtained through special symmetric mappings for convex
mappings.

It is also a familiar fact that interval analysis [22] and fuzzy analysis [23] are considered to be
two different fields of mathematics that provide tools to deal with data uncertainty. In general,
interval analysis is typically used to deal with models whose data are composed of inaccuracies that
may occur from certain kinds of measurements. On the other hand, without complete knowledge of
the problem, fuzzy analysis can be used to deal with the models that were obtained. In addition, it is
useful in the study of a wide range of issues in pure mathematics and applied sciences, such as
operational analysis, computer science, management sciences, artificial intelligence, control
engineering and decision making. Convex analysis has contributed significantly to the advancement
of several sectors of practical and pure research. Convexity and non-convexity are also important
concepts in optimization in the interval and fuzzy domains. Costa [24], Costa and Roman-Flores [25],
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Roman-Flores et al. [26] and Chalco-Cano et al. [27,28] have generalized several classical discrete
and integral inequalities not only to the environment of the IVF and fuzzy-IVFs but also to more
general set valued maps by Nikodem et al. [29] and Matkowski and Nikodem [30]. Zhang et al. [31]
used a pseudo-order relation to establish a novel version of Jensen's inequalities for set-valued and
fuzzy set-valued mappings, proving that these Jensen's inequalities are an extended form of Costa
Jensen's inequalities [24]. With the use of fractional integral inequalities, a number of major
fractional derivative and integral operators are systematically and successfully evaluated in the
current environment [32—39]. Variants are well recognized to have several essential applications in
all areas of mathematics as well as in other fields of natural science. Numerous types of variations,
such as those bearing the names Jensen, Hermite—Hadamard, Hardy, Ostrowski, Minkowski and
Opial et al., are noteworthy; they also have a substantial impact in important fields of research.

Moreover, recently, Khan et al. [40] introduced new versions of fuzzy interval-valued mappings
(EI-V -Ms), known as (5;,J,)-convex FI-V -Ms. As one step forward, Khan et al. introduced new
classes of convex and generalized convex F/-V-Ms and derived new HH type inequalities for J3-
convex FI-V-Ms [41], (31, 32)-preinvex FI-V-Ms [42] and log-s-convex F.I-V -Ms in the second
sense [43]. We refer readers to further analysis of the literature on the applications and properties of
generalized convex mappings; see [44-59] and the references therein.

Inspired by the ongoing research work, the main aim of this paper is to introduce the class of L-
R J-convex I-V -Ms and to establish inequalities of Jensen, Schur, H- and HH-Fejé& type for L-R J-
convex I-V -Ms by means of pseudo-order relations via Riemann-Liouville fractional integral
operators. The main results of this paper also obtain some applications.

2. Preliminaries

Let 9t be the set of all closed and bounded intervals of R. Let R¢ and 7 denote the set of all
positive closed intervals and the set of all negative closed intervals of R, correspondingly.
Remember the approaching notion, which Zhang et al. offered in [31].
Remark 2.1. [31] (i) The relation " <,, " on 9t which is expressed as

[£., 2] <, [6,,6"] ifand only if £, < 6,, & < 67,

for all [8,,8"], [®,, ®*] € N, is a pseudo-order relation.

(i1) Since "<," seems to be "left and right" on the real line, we refer to it as "left and right" (or "L-R"
order, in short).

Theorem 2.2. [38] Assume that I-V-M Y: [y, w] € R - N, along with V(@) = [V, (@), Y (@)],
where @ € [y, w]. We call Y (@) Lebesgue integrable if the mappings ¥, (@) and Y*(w) both are
integrable along with Lebesgue integrable over [i, w]. Furthermore, f:’ Y (w)dw is defined as

f:’ Y (w)dw = [f:) Y, (w)dw, f:) Y*(w)dw]. )
Definition 2.3. [37,39] Assume that I-V-M Y: [u, w] € R — N along with Y (@) = [V, (@), Y (w)],
where @ € [, w], in which the mappings Y, (@) and Y*(w) both are Riemannian integrable over

[u, w]. Furthermore, the interval-valued left-sided and right-sided fractional integral operators are
defined as
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1% Y (@) = ["(@ - DY@ di, @ > p), 3)

r'a)“u

and

Io-Y(@) = ﬁf (i—@)*'Y({) di, (@ < w), “4)

respectively, where I'(@) = [ Ooo i®~te~* di is the Euler gamma mapping.
Definition 2.3. [44] A real-valued mapping Y: [u, w] = R* is called a convex mapping if
YU+ (1 —4)w) <i¥Y(x) + (1 — )Y (@) (5)

holds true for every », @ € [u, w] together with 4 € [0,1]. If (5) is reversed, then Y is called
concave.
Definition 2.4. [31]. The I-V-M Y: [y, w] - ¢ is called L-R convex I-V-M on [, w] if

Y(ix + (1 — Dw) <, i¥ () + (1 — )Y (@) (6)

holds true for every », @ € [y, w] together with 4 € [0, 1]. If (6) is reversed, then Y is called an L-R
concave I-V-M on [y, w]. Y is affine if and only if it is both an L-R convex and L-R concave I-V-M.
Remark 2.5. If ¥, (@) = Y* (@), then we obtain the inequality (5).

Definition 2.6. [47] Let I, J2:[0,1] € [u, w] = R* such that J;,J, £ 0. Then, I-V-MY: [u, 0] =
N is said to be an L-R (54, J,)-convex I-V-M on [y, w] if

Y(in+ (1 - D) < J1 (D) J2(1 =) Y00 + 311 —4) J (D) V(@) (7

holds true for every », @ € [u, w] together with < € [0,1]. If Y is L-R (5, J,)-concave on [u, w],
then inequality (7) is reversed.

Remark 2.7. [47] If 3,(4) = 1, then an L-R (5, J2)-preinvex I-V-M becomes an L-R J-convex [-
V-M, that is,

Y(in+ (1 - Do) < J1(D Y00 +3:.(1 - D) Y (@), ®)

for every x#,w € [u, w],4 € [0, 1].
If 3,(1) = 4,3,(4) = 1, then from (7), we acquire (6).
If3,(1) =1 = J,(4), then from (7), we obtain the coming inequality:

Y(r+ (A -4Dw) <, Y00 +Y(@),Vr,o € [u,w],1€[0,1]. 9)

Theorem 2.8. [47] Let J:[0,1] € [p, w] » RT be a non-negative real-valued mapping such that
I % 0and let Y: [, w] = N be an I-V-M such that

V(@) = [V.(@), V" (w)], (10)

for all @ € [y, w]. Then, Y is an L-R J-convex I-V-M on [y, w] if and only if ¥, (@) and Y™ (@) both
are J-convex.

Example 2.9. We consider J(4) = 4, for 4 € [0, 1] and the I-V-M Y: [0,4] - RN¢ defined by ¥V (w) =
[, 27’ |. Since end point mappings Y. (@), Y *(w) are §-convex mappings. Hence, ¥ (@) is an L-R
J-convex I-V-M.

Remark 2.10. [46] If Y is a J-convex I-V-M, then Y is an L-R J-concave I-V-M if and only if ¥, (@)
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is a J-affine mapping and Y™ (@) is a J-convex mapping such that
Ylir+(1—4)w) 23A@) Y () + 31 — 1) Y (w). (11)

Similarly, if Y is a J-concave I-V-M, then Y is an L-R J-convex I-V-M if and only if ¥, (@) and
Y* (@) are J-concave and J-affine mappings, respectively, such that

Ylir+(1—4)w) €SI Y () + (1 — 1) Y (w). (12)
3. Main results

In this section, we will propose some new Riemann-Liouville fractional integral HH type
inequalities for L-R -convex [-V-Ms.
Theorem 3.1. Let YV:[u,w] > Nf be an L-R J-convex I-V-M on [u,w] such that ¥ (w) =
[Y,(@),Y*(w)] for all @ € [y, w]. Then, one has the successive coming relations:

1) <, O[5 (@) + 95 Y (o)

<, (F(w) + Y (@) f; 4% [3() = 31 - D)]d. (13)

If Y (w) is a concave I-V-M, then

1 +w F(a) « (x
as(g)y(uz ) Zp (oo [7 Y(w) +33-Y(w]

1 . 011~y ~ . .
>, (Y() + Y () [ 47 [I() = J(A = 4)]di . (14)
Proof. Let Y: [u, w] = N{ be an L-R J-convex I-V-M. Then, by hypothesis, we have
1

=Y (” ; w) <, Y(iu+ (1 —Dw)+ V(1 —u +iw).
3(2)

Therefore, we have

1 (“ * w) <Y.(ip+ (A —-Dw) +Y.((1 - Dp + iw),
3(3)
11 Y* (” ; ) <Y (ip+(Q—-9Dw)+ Y (1 -9y +iw).
3(2)
Multiplying both sides by +*~! and integrating the obtained result with respect to 4 over
(0,1), we have

Tl e ()0

1
2

< [Ji% WG+ (L= Dw)di+ [, i Y((1 - Dp +iw)dd,
1 1 % 1]/'* utw
sl v (59

< [ A% lip+ (L= Dw)di + [ 4977 (1 = Dp + iw)di.
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Letx =4iu+ (1 —4)wand w = (1 — 1)u + iw. Then, we have

1 +w
y(“

> ) S(a) e f(w 1), () dn

(w H)af(w WY, (o) dw

1 + w
y*(”

5 )_(w = J(a) 2% 1Y (o) dn

1 7 L
+ml[(w—ﬂ) Y (w) dw,
I'l(a)

(w— e

I'(a) a o a_
< (a)_—aa [7ﬂ+ Y (w) + Jo-Y (:u)]'

|7+ Yo(w) + 35- V(0]

that is,

1;) . (52). 7 (52)] =5 oz [[985 Yo (@) + 98- VoG], [75 Y (@) + 98- v )] |

Thus,

+w (@) a a
#@ y(“T) <, (r =[98 Y (@) + 98- Y (). (15)

In a similar way as above, we have

I'(a)
(w-p)«

[75 Y (@) + 75- Y ()]

<p [Y(W) + Y ()] f, 497 [3(0) — (1 — )]di. (16)

Combining (15) and (16), we have

1 u+tw r'(a)
a3(3) Y( 2 ) < Gamgon [Tur V(@) +95-Y ()

<p [Y () + Y (@)] f; 471 [3(4) — 31 — D)]ds

that is, the required result.

Remark 3.2 From Theorem 3.1 we clearly see the following.

Let ¥, (x) be a J-affine mapping and Y*(x) be a J-concave mapping. If ¥, (x) # Y*(x), then from
Remark 2.10 and inequality (13), we acquire the coming inequality, which was achieved by Zhao et
al. (see [48]):
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= (52) 2 5 75 V(@) + 98- Y ()]
2 [Y(w + Y ()] f, <7 [I(0) — I(1 — 4)]di. (17)

Let Y, (x) be a J-affine mapping and Y *(x) be a J-concave mapping with a = 1. If Y, (x) # Y (x),
then from Remark 2.10 and inequality (13), we acquire the coming inequality, which was achieved
by Zhao et al. (see [36]):
1 u+w 1 w 1/, .

0 Y (52)2 25 UR) [ Y @)do 2 [Y (@) + Y ()] f, 3@ di.

(18)

If @ = 1, then (13) reduces to the inequality for an L-R J-convex I-V-M (see [50]):

1 u+w 1 w 1o/, .
Ol (£2) <5 o= (R [ Y@)dw <, Y (W) + Y(@)] [, 3@ di. (19)
If 3(4) = 4, then (13) reduces to the inequality for an L-R convex I-V-M (see [35]):

(20)

u+w r'(a+1) Y(p.)+y(w)
r(£22) <, SO ) + 95 YG)] 5, T2

Let @ = 1 and J(4) = 4. Then, (13) reduces to the inequality for an L-R convex I-V-M given in [46]:

Y (52) <p o= UR) [ Y (@)dw <, T2 1)
If Y, (@w) = Y (w), then from (13) we get the following classical inequality:
1 +w I'(la
. (%) Y (ﬂ . ) <% E 3)()[ [75 Y (@) + 35- Y ()]
< [Y() + Y ()] [ 4% [J() — J(L — )] d. (22)
Leta = 1and Y, (@) = Y*(w). Then, from (13) we obtain following classical inequality:
(23)

(5 = 5 B Y@ < G + Y@)] [ 3@ i

Example 3.3. Let i = %, S(v) = v, for allv € [0,1]and the I-V-M Y: [u, w] = [2,3] = N}, defined

by
( v 3
) VvV E [O, 2 — w2]
2 — w2
1
Y (@)() = | z(z—wz>—v ) .
A ve(Z—aﬁ,Z(Z—w§>]
2— w2
\ 0, otherwise.
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1 1
Then, we have Y (w) = [1,2] (2 — zzﬁ). Since end point mappings Y, (@) = (2 — zzﬁ), Y*(w) =

1
2 (2 - wi) are J-convex mappings, ¥V (@) is an L-R J-convex I-V-M. We clearly see that ¥V €
L([u, ], NE), and

LnE5)n )5

1

— V10
3o (-5T
MJ [30) =3I =dv = (4-V2-3)

Yr'(w+v (‘“)f UI(W) — 31 —W]dv = 2(4 — V2 —V3).

Note that
r(a)
e [T Vew) + 35 V()]
[' -1 1
= g) 1 f (3 - w)z (2 w2)dw+%if (w —2)7.(2—w§)dw
_ l[ 7393 9501 ]
~ 2110000 ' 10,000
8447
= 20,000
r(a) a * *
m [:]H+ Y ((1)) + jg— Y (‘U)]
F -1 -1 1
;) ! f B-w)z. (2 zm)dw+%if (w —2)7.2<2—w5)dw
_ [ 7393 9501 ]
~ l10,000 ' 10,000
8447
" 10,000°
Therefore,

55 =5 [ o) <0 [(4 = V2= ¥3).2(4 =2 - 3)]
and Theorem 3.1 is illustrated.

We now derive some Riemann-Liouville fractional integral inequalities related to HH
inequality for a product of two L-R §-convex I-V-Ms.

Theorem 3.4. Let ¥V, ¢ : [y, w] » NE be L-R J;-convex and L-R J,-convex I-V-Ms on [u, w],
respectively, such that ¥Y(@w) = [V, (@),Y"(@)] and ¢(w) = [¢.(@), ¢*(@)] for all w € [y, w].
Then, one has the successive coming relations:
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I'(a)
(w—p)«

[75 Y (@) x @(0) +I5-Y (1) X p(W)]
<p S @) [ i S (DT () + J1 (1 = DI, (1 - D]dd
(1, @) f, 4971 (DF2 (1 = 4) + Fy (1 — DT, (D)]di.

where ((u,w) =Y () X () + p(0) X (@), N w) =Y () X p(w) +Y(w) X p(u), and
() = [¢.(1, @), {" (1, w)] and n(w, w) = [n.(1, @), 7" (1, W)].
Proof. Since Y, ¢ both are L-R J;-convex and L-R J,-convex I-V-Ms, we have

Y.Gip+ (1 - dw) <FJ@)Y.(w) + 3:(1 - )Y, (w)
Vp+ (1 -49w) <3 @7 W +3:(1 -7 (w)’
and
0.+ (1= D) < (D). (W) + (1= ). (@)
@ (i + (1= Do) < F@e" W + 3,1 =)' (@)
From the definition of an L-R J-convex I-V-M, we have
V.(ip+ (1 —Dw) X o, (ip + (1 — w)
< 31(DJ (DY () X @ (1) + 3:(1 —9)3J.(1 — )Y, (w) X ¢.(w)
+3:1(4) J2(1 = ) Vo (p) X ¢.(w) + I (1 = 1) F2(4) Yo(w) X . ()
Y'(lu+ (A —2Dw) X @*(du+ (1 —4)w)
< 31 (DI DY () X o™ (1) + I1(1 = 9)J2(1 — )V (w) X 9™ (w)
+31(D)I2(1 = DY (W) X ™ (w) + IJ1(1 = )J2 (DY (w) X @™ ().

Analogously, we have

24)

Y*((l —4)u+ fia))q)*((l —4)u + fia))
<311 =9DJ(1 = DY) X ¢.(1) + J1(D)IJ2 (DY (@) X ¢.(w)
311~ DT DL X 0.(0) + 5 (DT (1= DY. (@) X 9.0 25
Y*((l —4u + fia)) X <p*((1 —u + /Lw)
<311 -D3JA =DV (W) x ¢* (1) + J1(DIJ2(DY " (w) X ¢ (w)
+31(1 = D)F2 (DY () X ¢ (w) + J1()J2(1 = DY (w) X @ ().
Adding (24) and (25), we have
Ylp+ (1 -Dw) X elip+ (1 -1)w)
+Y.((1 =Dy +iw) X g.((1 — Du + iw)
< [3:1(D32(D) + 31 (1 = DJ (1 = DI (W) X 0.(1) + V() X ¢.(w)]
H3I1 (DI (1 =D + 31 (1 = DI (D]Ve(w) X @.() + (W) X 9.(@0)] 56
Y'(ipu+ (A —-—9Dw) X e (iu+ (1 —4)w)
+Y*((1 —iu+ /iw) X q)*((l —4u+ /iw)
< [31(DJ2(D) + 31 (1 = DJo (1 = DY (W) x ¢* (W) + ¥V (w) X " (w)]
31 (DJ2(1 = 4) + J1(1 = DI D[V (w) x 9™ () + Y (W) X 9" (w)].
Taking the multiplication of (26) with 4*~! and integrating the obtained result with respect to 4 over
(0,1), we have

AIMS Mathematics Volume 7, Issue 8, 15659-15679.



15668

Jy 497G+ (1= Dw) X @, (i + (1 — Dw)
+iY,((1 - Du+iw) X 0. (1 — Dy + iw)di
< L1 w) [, 49731 (DT (0) + 31 (1 — DT (1 — )] di
1. (1, @) [ A9 S (DI (1 — 4) + Fy (1 — )T ()] dd
J, A9 (i + (1 = D) X @7 (i + (1 = Dw)
+i%Y (1 — Du+iw) X 9" (1 — Du + iw)di
<o) [ i S DF (@) + Fu (1 — DI, (1 - D)]di
7 (1, @) [} 497 31 (DTo (1 = 4) + 1 (1 — DI (4)]di.

It follows that
S [75 Ve(@) X 0.(0) + 78 V() X 0. ()]
< 41 @) i A S (DT (D) + 31 (1 — )T, (1 = 0)]di
1. (1 @) [ 4% 3 (DT (1 = ) + 31 (1 = DI (9)]dd
(75 7 (@) X (@) +T8- Y (W) X 9" ()]
< () [ i U3 @DIo (@) + Fu (1 = DI, (1 = D]dd
7" (1, @) [ 91 (DT, (1 = D) + 3y (1 — )T (0)]di.
It follows that
S 95 (@) X 9 (@) + T8 V() X 9. (), T ¥ (@) X 9 (@) +T8- Y () X 0" ()]
<p [8.( @), (1 )] [ 4% [Fy (DT (D) + Iy (1 = DI, (1 — D]di
+[- (@), (1, )] f 49731 (DI (1 — 4) + 1 (1 — )T ()] d,
that is,
T[T Y (@) X 9(@) + I5-Y () X 9 ()]

<p (@) [ %731 (DF(4) + 31 (1 — )T, (1 — D)]dd

(1, @) f; 4% S DT (1 = 4) + F1 (1 — D)F,(0)]di.

Thus, the theorem has been established.

Theorem 3.5. Let YV, ¢ : [, w] > Nf be two L-R J; -convex and L-R J, -convex [-V-Ms,
respectively, such that ¥Y(@w) = [V, (@),Y"(@)] and ¢(w) = [¢.(@), ¢*(@)] for all w € [y, w].
Then, one has the successive coming relations:

utw u+w r'(a)

e Y (552) x 0 (B52) <p osa 195 Y (@) X 9(@) + 98- Y (1) X 9 ()]

() [+ (1= D)3 (DI (1 — D di

() [T+ (1= DS (1 - DI, (1 — i)
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where {(u, w) =Y () X o(u) + Y(w) x p(@), n(w) =Y X ¢(w) +Y(w) X (), and

(@) = [¢.(1, w), {"(n w)] and n(w, @) = [1n. (1, w), " (1, w)].
Proof. Consider that ¥, ¢ : [y, w] - NE are L-R J;-convex and L-R J,-convex I-V-Ms. Then, by

hypothesis, we have
v (52)xe (57)

r(52) 0 (45)
n | Rlp+ A -9Dw) X @.(iu+ (1 -1D)w)

( (5) [+Y.(iu+ (1 — D) X <p*((1 —4Au+ /i,w)

o (D). ([ LA =Du+iw) X p.(ip+ (1 = Do)

T (2) V2 (2) _+Y*((1 —4u + /ia)) X (p*((l —u+ /ia))
e (D (1 [ V" (iu+ (1 - Do) X " (ip+ (1 - D) |
<3:(3)32(3) Y G+ (1 — D) X @* (1 — D + iw))|
(1) N (1) V(1 —Dp+io) X @ (ip+ (1 —)w) |
2)>2 2 [+ (1 —Dp +iw) x o (1 — Dp +iw)|’

N ] LG+ A - D) X e,ip+ (1 - D) ]
_) z (5) [+Y*((1 —i)u+ /iw) X (p*((l —i)u+ /iw)_
G AOERACEENAC) )N
l) o (l) X (321 — D). () + J2(D . (w))
A R GRACEEN AN ERAG)AC)))
[x (329, (1) + J2(1 — ). ()]
Ne | Y Gu+ A —Dw) X e tip+ (1 —19Dw)
1 (5) 2 (E) [+Y*((1 —Du+iw) X o (1 — Du +iw)
RAGIADERNCEENND))
)% () X (32(1 = D" (W) + J(Do"(w))
2 +(3: A=)V (W) + 3 DY (0) |
X (32" (W) + (1 — De*(w))

1) o (1) Y.(iu+ (1 -4Dw) X @ (iu+ (1 -1)w)
22/ [+7.((1 = Dp + iw) x 0. ((1 — Dy + iw)
) {31(D)J(1 = 4) + J1(1 = DI (D). (1, )
RAORACOERACEEINACEENS(CAD)) 27
n| Yu+AQ—-9Dw) X (iu+ (1 -1)w)
z ( ) I+Y*((1 —iu+ /La)) X go*((l —4u+ /iw)
(1) o (1) {31321 —4) + 3:(1 = DI (D" (1, w)
2/ V2 \2) [+{F1 (DT (1) + J1 (1 = )F(1 — DI ()]’

2

Taking the multiplication of (27) with 4*~1 and integrating over (0, 1), we get
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TeldCORACY
< S (75 V@) X 0u(@) + 5 () X 9. ()]
+1. (1, @) [T+ (1= )93 (DT (1 — )i
+0 (@) [ T4+ (1= )93, (1 - )3 (1 — 4)dd

sam? (5 xe (99)
< I Y (@) X 0" (@) + 35 YW X 0" ()]
71, @) 1% + (1 = )4 F (DI (1 — D) di
+3* (@) [ 1%+ (1= DI, (1 — )T (1 — )di,

It follows that
1 +w +w
5050 () xe (50
<p 2 [95 Y (0) X 9(@) + 35 Y (1) X 9 ()]
() [ 197+ (1= ) NF (DT, (1 — )i +(u, w) 1% +

(1 -3 (1 - DI (1 —)di

that is, the required result.

Next, we give some further refinements for interval fractional HH type inequalities in terms of the
HH-Fejér inequality.

Theorem 3.6. Let Y:[u,w] - Nf be an L-R J-convex I-V-M with u < w, such that Y (w) =
[V, (@), Y*(@)] for all @ € [y, w]. If B: [u, w] » R, B(w) = 0, symmetric with respect to ’HT(D, then
one has the successive coming relations:

I'(a)
(w—pu

[7“ YB(w) + I&- YB(W)] <, (YW +
1 . gtreur o o ) ) . .
Y(w)) Jy A9THIE) + 31— DIB((1 — D + iw)di. (28)
If' Y is a concave I-V-M, then inequality (28) is reversed.
Proof. Let Y be an L-R §-convex I-V-M and i* 1B (iu + (1 — i)w) = 0. Then, we have

A, (ip+ (1 —9)w)Blip + (1 —1)w)
< i (DY) + S — DY (@) Blip + (1 — Dw) (29)
A9 (i + (1= )w)Bip + (1 — D)
<A IWY (W + 31 - DY (@)Blip + (1 - Dw),

and
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Y (1= Dp+i0)B((1 — Du + iw)
< A3 = DY) + IV (@)B((A = Dp + iw)
Y (1 — Du+4i0)B((1 — Du + iw)
<YM - DY (W) + JEY()B((1 — Dy + iw).

(30)

After adding (29) and (30) and integrating over [0, 1], we get

[ 4 (g + (1= Dw)Blin + (1 — Dw) di
+ [ 497 ((1 = Dp + iw)B((L — Dy + iw) di
<[ T WSWOBlp + (1 - Dw) + I —DB((1 - Du + iw)}
0 [+, (w){F(1 — )Blip + (1 —)w) + J@OB((1 — )y + iw)}
=Y.(w) f; 173 + 31 - DIBCp + (1 - Do) di
+. (@) [ 4930 + FA = DIB((1 - Dy + iw) di,
[ 4 (1 = Dp +4w)B((L — Dp + iw) di
+ A% i+ (1 — Dw)Blip + (1 — Dw) di
A (W{I@)BGip + (1 —Dw) + (1 —)B((1 — )y + iw)}
+iY (){I(1 — DBCGip + (1 — Dw) + I@)B((1 — Du + iw)}
=7 () fy 19[S () + (1 — DIBCip + (1 — Dw) di
+Y* (@) [} 497300 + J(1 — DIB((1 — D + iw) di.

€2))

1
</,

Taking the right hand side of inequality (31), we have
[ A G+ (1= Dw)B((L — Dp + iw) di
+ f%“y (1 =D +i0)B((1 - Du + i) di
= o u)“ f (@—wW* Y. (4 + 0w - @)B(w)dw
w = [ @~ (@) B (@) dw
— f (w—@)* Y, (@)B(u+w—w)dw
(w Il) (32)
o ﬂ)a f (@ — W Y. (@)B(@)dw
_ o)
T (w-p)e
fol Y (p+ (1 — )w)B((1 — Du + iw) di

+ 54 (1 = Dp+iw)B((1 = D+ iw) di
= L@ _[3% ¥*B(w) + - Y'BW)].

T (w-we

75 ¥.8B(w) + 35- ¥.BW)],

From (32), we have

AIMS Mathematics Volume 7, Issue 8, 15659-15679.



15672

r'(a)
(w—p)«

[7“ Y.B(w) + I%- Y. B ()]
< (L@ + %) [y 497130 + (1 - DIB(A - Dp + i)
[ﬂ;ﬂ Y*B(w) + 9% Y*B(p)]

< (Y + 7)) f, 17130 + I(1 - DIB((A — D + iw),

r(a)
(w—p)«

that is,

e (75 XB(w) + 98- B, I Y B(w) + 95 ¥ B(W)] <, [V.(0) +
Y.(0),Y* () + Y*(@)] f, 4% 3(@) + J(1 — DIB((L — Dyt + iw)di.

Hence,

r (a)

[7“ YB(w) + I YB(W)] <, (Y +
Y () [ 447 I + J(A — DIB((L — D + dw)di.

Theorem 3.7. Let YV: [y, w] > Nf be an L-R F-convex I-V-M with u < w such that ¥ (w) =
Y. (@), Y*(w)] for all w € [p,w]. Let Y € L([u, w], N¢) and B: [1, w] > R, B(w) = 0, symmetric
with respect to MTw Then, one has the successive coming relations:

_

23(;)
If Y is a concave I-V-M, then inequality (33) is reversed.
Proof. Since Y is an L-R J-convex [-V-M, we have

Y (22 [75 B(w) + 98- BD] <, [9% YB(w) + I3~ YB@W). (33)

Y (52) <3() (ntut+ - 90) + 5. (A - Du +1w))

2

(34)
r(22) <3(3) (ru+ 1 - Do) + 17 ((1 - Dp +iw)).

Since B(ip + (1 — Dw) = B((1 — 4)u + iw), by multiplying (34) by i *B((1 — i)u + iw) and
integrating it with respect to 4 over [0, 1], we obtain

Y, (’”T“’) [ 497B((1 - Dp + iw)di
< (1) ( [ 49 G+ (1= Dw)B((L — D + iw)di )
+ [ 4% (1 = Du + iw)B((L — Dp +iw)di)
Y (“*“’) [, 4971B((1 - Dp + dw)di
L fo A (g + (1 — )w)B((1 — Du + iw)di
(_) <+ [, 4 (1 = Dp + iw)B((L — Dp + /Lw)d4;>'

(35)

<3

Letw = (1 —4i)u + 4w. Then, from the right hand side of inequality (35), we have
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[ A G+ (1= D)B((L — D + iw) di
+ f1¢“-11f (1= Dp +i0)B((A — Dy + iw) di
[@ — ) Y. + 0 ~ 9)B(@)dw
o u)“ f (@ — W Y. (@) B(w)dw
[ @~ )* Y. @B~ 0 — w)dw

- (w—p)« . (36)
o i @ = WY @)B(@)dw

— F(a)
(w—u
Jy (w + (1 - D)B((1 — D + i) di
+ 542 (L = Dp + i) B((1 = Du + iw) di

— F(“) a * *
= e [75 Y*B(w) + 35- Y*B(W)).

(w u)“

1

2 175 V.B(w) + 73- v.B(w)],

Then, from (36), we have
@lf* (“2) [7% B(w) +73- B < [1% .B(w) +75- .B(W)]

26()y* (£2) 1% B(w) + 98- BW] < [1% Y*B(w) + 75 Y'BW)]

from which we have

(“*‘*’) v (222)] 75 B(w) + 78 BW)]
_p[7§+ Y.8(w) +I5- .8, I Y*'B(w) + I5- Y*B(w)),

and it follows that

11)1/(“*‘") [7% B(w) + 78 BUW)]<,[1% YB(w) + I2- YB(W))].

23(3
This completes the proof.

Remark 3.8. If B(w) = 1, then by combining (28) and (33), we get Theorem 3.1.
If 3(4) = 4, then by combining (25) and (30), we get the following inequality (see [35]):

v (22) [7% B(w) + 98- BE] < [75 YBw) + 98- YB@)]

<, "D (3¢, B(w) + 8- BW)]. 37)

Let 3(4) = 4 and @ = 1. Then, from (25) and (30), we obtain the following inequality for an L-R
convex I-V-M (see [35]).

Y(M;w) Spf %( Ydw

(UR) [ Y (@)B(@)dw < p ), (38)

Let 3(4) =41 and a = 1 = B(w). Then, from (25) and (30), we obtain the following (see [35,50]):
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Y0+ (@)
v (£2) <, UR) [ Y (@)dw <, "2, (39)

Let Y, (x) bea J-affine mapping and Y*(x) be a J-concave mapping. If ¥, (x) #= Y*(x), then from
Remark 2.10 and inequality (13), we acquire the fractional HH-Fejér inequality, which was achieved
by Kalsoom et al. (see [49]).

Let Y,(x) be a J-affine mapping and Y*(x) be a J-concave mapping with J(i) =i and a = 1. If
Y,(x) # Y*(x), then from Remark 2.10, inequality (25) and (30), we acquire the coming inequality,
which was achieved by Kalsoom et al. (see [49]):

v (%) [7% B(w) + 98- B] 2 [1% YB(w) + 98- YB(W)]
o M) 5%, B(w) + I2- BU)]. (40)

IfY,(w) = Y*(w) and J(4) = 4, then from (25) and (30), the following classical inequality can be
obtained:

v (£2) [7% B(w) + 98- B@W] < [1% YB(w) + 95 YBW)]

< T @) g4, 3(w) + 98- BGD)]. (41)

2

IfY,(w) =Y"(@w), a =1, and J(4) = 4, then from (25) and (30), we obtain the classical HH -Fejér
inequality.

ItY,(w) =Y (@), B(w) = a =1, and J(4) = 4, then from (25) and (30), we get the classical HH-
inequality.

Example 3.9. We consider the I-V-M Y:[0,2] - N defined by ¥ (w) = [1,2](2 — \/5) Since end
point mappings Y, (@), Y*(w) are L-R J-convex mappings, Y (@) is an L-R J-convex I-V-M. If

Vw, o€[01],

B@) = {\/2 —w, o€ (1,2],

then B(2 — @) = B(w) = 0, for all @ € [0,2]. Since .(w) = (2 — V@) and V* (@) = 2(2 — V&).
If3(i) =4iand a = %, then we compute the following:

RO [ 4@ 1[3(4) + (1 — DIB((1 — D+ iw) = \/H’(4 zf)’

w[ 3@ + I - DIB(A ~ D +iw) = (4 -V2),

(42)

VGOHE@) (1 g v
e [TACTHI() + I(1 = DIB((L — D+ iw) = \7_( - )

T (L[S () + 3(1 - DIB((1 - Dp +iw) = (4= V2),
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O[5 B(@) + 98- B8] = 2 (2m + vy
[(@) 4-82 (43)
o [T+ Y B(@) + 35- VB = (2 + )
From (42) and (43), we have
LA 8\/— 4-8V2 7 [4—+2
Wl( )'2<2”+—3 ) szﬁ[ > ,4_ﬁ].
Hence, Theorem 3.6 is verified.
For Theorem 3.7, we have
T Y.B(w) + I5- Y.B(w)
- L 22— )7 B@) (2~ Va)dw + - [X(@)7 B@) (2~ V@)dw
! 8-8v2 1 4 482
= (r+=57) + 5 (r=5) = 2+ 55) (44)
I+ Y'B(w) + I5- VB
=L 22~ )% B@)(2~Vo)do + % Py B2 V)i
2 8-8v2) | 2 4 4- 8\/_
it () 5 B + 72 3] = v
(45)

R
1(1)}’* ("*“’) [7% B(w) + 98- B(w)] = 2.

23

From (44) and (45), we have

Va[1,2] < [2 +i 8“_ 2(2 +i 8“_)].

<|I

4. Conclusions and future plan

We introduced the class of left and right J-convex interval-valued mappings by means of pseudo-
order relation and investigated some properties. Some novel inequalities for left and right J-convex
interval-valued mappings were proved. The results of this study can be applied in optimization,
uncertainty analysis and also different areas of applied and pure sciences. We intend to use various
types of left and right convex interval-valued mappings to construct interval inequalities of interval-
valued mappings by means of pseudo-order relations and the Riemann-Liouville fractional integral
operator.
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