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Abstract: The appreciation of inequalities in convexity is critical for fractional calculus and its
application in a variety of fields. In this paper, we provide a unique analysis based on
Hermite-Hadamard inequalities in the context of newly defined class of convexity which is known as
left and right harmonically h-convex IVF (left and right H-h-convex IVF), as well as associated
integral and fractional inequalities, are addressed by the suggested technique. Because of its
intriguing character in the numerical sciences, there is a strong link between fractional operators and
convexity. There have also been several exceptional circumstances studied, and numerous
well-known Hermite-Hadamard inequalities have been derived for left and right #-h-convex IVF.
Moreover, some applications are also presented in terms of special cases which are discussed in this
study. The plan's outcomes demonstrate that the approach may be implemented immediately and is
computationally simple and precise. We believe, our findings, generalize certain well-known new
and classical harmonically convexity discoveries from the literature.
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1. Introduction

The study of fractional order integral and derivative functions over real and complex domains,
as well as its applications, is now the focus of fractional calculus. In many issues, using arithmetic
from classical analysis in fractional analysis is crucial for generating more realistic results.
Differential equations of fractional order are capable of handling a wide range of mathematical
models. Because fractional mathematical models are special instances of fractional order
mathematical models, they have more broad and accurate conclusions than classical mathematical
models. Integer orders aren't an effective model for nature in classical analysis. On the other side,
fractional computing allows us to look at any number of orders and come up with far more
quantifiable goals.

Wang et al. [1] looked into fractional integral identities for a differentiable mapping involving
Riemann—Liouville fractional integrals and Hadamard fractional integrals, and came up with some
inequalities using standard convex, r-convex, m-convex, S-convex, (s, m)-convex, (S, m)-convex,
Iscan [10] also used fractional integrals for preinvex functions to get various Hermite—Hadamard
type inequalities. See [2—7] for other applications of the Hermite-Hadamard inequality.

Moore [8] used interval arithmetic, interval-valued functions, and integrals of interval-valued
functions to establish arbitrarily sharp upper and lower limits on accurate solutions to various
problems in practical mathematics. Moore [8] shown that if a real-valued function Y (@) meets an
ordinary Lipschitz condition in Y, |Y(@w)—-Y(y)| < L|lw —y|, for @w,y €Y, then the united
extension of is a Lipschitz interval extension in Y. Hilger [9] proposed a time scales theory that may
be used to combine the study of discrete and continuous dynamical systems. The widespread use of
dynamic equations and integral inequalities on time scales in domains as diverse as electrical
engineering, quantum physics, heat transfer, neural networks, combinatorics, and population
dynamics [9] has highlighted the need for this theory. Young's inequality, Holder's inequality,
Minkoswki's inequality, Jensen's inequality, Steffensen's inequality, Hermite—Hadamard inequality
and Opial type inequality were all explored by Agarwal et al. [9]. Srivastava et al. [10] discovered
some generic time scale weighted Opial type inequalities in 2010. Srivastava et al. [11] also proposed
several time-based expansions and generalizations of Maroni's inequality. Under some favorable
conditions, Wei et al. [12] created a local fractional integral counterpart of Anderson's inequality on
fractal space and also demonstrated that the fractal space local fractional integral inequality is a
novel extension of Anderson's inequality Tung et al. [13] also constructed an identity for local
fractional integrals and derived numerous modifications of the well-known Steffensen's inequality
for fractional integrals. [10,14] and the references therein might be consulted for further information.

Bhurjee and Panda [15] identified the parametric form of an interval-valued function and
devised a technique to investigate the existence of a generic interval optimization issue solution.
Using the notion of the generalized Hukuhara difference, Lupulescu [16] developed differentiability
and integrability for interval-valued functions on time scales. Cano et al. [17] developed a novel
form of Ostrowski inequality for gH-differentiable interval-valued functions in 2015, and achieved
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an extension of the class of real functions that are not always differentiable. For gH-differentiable
interval-valued functions, Cano et al. [17] found error limitations to quadrature rules. In addition,
Roy and Panda [18] developed the idea of the -monotonic property of interval-valued functions in
the higher dimension and used extended Hukuhara differentiability to obtain various conclusions.

The findings of Iscan [19] and Noor et al. [20] have largely influenced our research. The
concept of harmonically h-convexity for interval-valued functions is introduced first. Then, given the
introduced class of functions, we show certain new Hermite-Hadamard type inequalities. The
conclusions from [19,20] have interval-valued analogues in our inequalities. We refer to [21-37] and
the references therein for further information on real-valued and interval-valued functions.

Furthermore, Khan et al. introduced the different classes of convex functions like
(hq, hy)-preinvex fuzzy IVFs [38], log-s-convex fuzzy IVFs in the second sense [39], harmonically
convex fuzzy IVFs [40], (hy, hy)-convex fuzzy IVFs [41], generalized p-convex fuzzy IVFs [42] and
introduced Hermite-Hadamard type inequalities of these functions. For more information, see [43—63]
and the references are therein.

The following is a breakdown of the paper's structure. Following the preliminaries in Section 2,
Section 3 introduces the left and right harmonically h-convexity idea for interval-valued functions
and proves new Hermite-Hadamard fractional integral type inequalities. Section 4 concludes with
conclusions and further study.

2. Preliminaries

First, we offer some background information on interval-valued functions, the theory of
convexity, interval-valued integration, and interval-valued fractional integration, which will be
utilized throughout the article.

We offer some fundamental arithmetic regarding interval analysis in this paragraph, which will
be quite useful throughout the article.

Z=102,Z2"],0=1[0Q,Q] (Z,<x< Z'andQ, <3z < Q' %% €R)
Z+Q=[2.,2"]+[Q. Q] =[2.+ Q.. 27+Q], @
=[2.,2"]1-10..Q"]1 =[2. - Q. 2"-Q"], )
Z X Q=[2,2"] x[Q., Q"] = [minX, maxX] 3)

minX = min{Z,0Q,,270Q,,2.Q%,Z2*Q*}, maxX = max{Z.Q,,Z2"Q.,Z.Q*,Z2*Q*}

vZ,.,vZ*] ifv >0,
v.[2,27] =4 {0} ifv =0, (4)
[vZ*,vZ,] ifv <O.

Let K, K}, K be the set of all closed intervals of R, the set of all closed positive intervals of
R and the set of all closed negative intervals of R. Then, K., K/, and K are defined as

K. ={[2.,2*):2.,2" € Rand Z, < 2"},
={[2.,2"]:Z2.,2" € K, and Z, > 0},
®; ={[2.,2]:2.,2" € K. andZ* < O}.
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For [Z,,Z"], [Q., Q"] € K, the inclusion " € " is defined by [Z,,Z*] € [Q,, Q"], if and only if,
Q. <Z,, Z2°<Q".
Remark 2.1. [36] The relation " <, " defined on X by

[9.,97] <, [Z2.,27] ifand only if Q, < Z,, Q" < Z~, (5)

for all [Q,,Q"], [Z.,Z"] € K, itis an pseudo-order relation.

Theorem 2.2. [9] If YV:[u,v] € R = K is an IV-F on such that Y (w) = [V (w),Y*(w)], then Y
is Riemann integrable over [u,v] if and only if, ¥,(w) and Y*(w) are both Riemann integrable
over [u,v] such that

(UR) [} Y(@)do = |(R) [ Y.(w)dw, (R) [ Y (@)do) (©)

where, V,,Y": [, v] = R.

The following interval Riemann-Liouville fractional integral operators were introduced by Budak et
al. [26] and Lupulescu [37]:

Definition 2.3. [26,37] Let # >0 and L([u,v],X;) be the collection of all Lebesgue
measurable IVFs on[u, v]. Then the interval left and right Riemann-Liouville fractional integral of Y
withorder f > 0 aredefined by

gf+ Y(@) = ——[7(@ - )P~ (0)do, (@ > p), (7)

F(ﬁ)

and

75 v (w) = %f 0 — )P 1Y(0)do, (w<v), (8)
respectively, where I'(w) = [ Ooo 0@~1e=%d@ is the Euler gamma function. The interval left and right

Riemann-Liouville fractional integral @ based on left and right end point functions can be defined,
that 1s

Y (@) _Tﬁ) j (@ - 0)P~1Y(9) do
= v d @ = O)FTX.(0), Y (0)] df, (w > w), ©)
where
T V(@) = 75 [ @ = 0)P M. (0) db, (@ > p), (10)
and
1Y @) = 105 [, (@ = 0P (0) db, (@ > p), (1)

Similarly, the left and right end point functions can be used to define the right Riemann-Liouville
fractional integral ¥ of w.
Definition 2.4. [19] A set K = [u, v] € Rt = (0, %) is said to be harmonically convex set, if, for
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all w,z € K,0 € [0, 1], we have

w3
Ow+(1-0)z

€K. (12)

Definition 2.5. [19] The Y: [y, v] = R* is called harmonically convex function on [u, v] if

Y ( ﬁ) < (1-0)Y (@) + 0Y(2), (13)

forall w, z € [u,v],0 € [0,1]. If (13) is reversed then, Y is called harmonically concave IVF on [u, v].
Definition 2.6. [20] The positive real-valued function Y:[u,v] » R* is called H—h-convex
function on [y, v] if

Y ( ﬁ) < h(1-0)Y@) + h(O)Y(2), (14)

for all w,z € [u,v],0 € [0,1], and h:[0,1] S [u,v] = R* such that h # 0. If (14) is reversed
then, Y is called H—h-concave function on [u,v]. The set of all H—h-convex (H—h-concave)
functions is denoted by

HSX([u,v], RY, h) (HSV ([, v], R, h)).

Definition 2.7. [35] The IVF Y:[u,v] - K7 is called left and right h-convex IVF on [y, v] if
Y((1-0)w + 02) <, h(1 - 0)Y (@) + h(8)Y (2), (15)

for all w,z € [u,v],0 €[0,1], and h:[0,1] S [u,v] & R* such that h £ 0. If (15) is reversed
then, Y is called left and right h-concave IVF on [u,v]. The set of all left and right h-convex (left
and right h-concave) IVF is denoted by

LRSX([u,v],R*, h) (LRSV([u, v], R*, h)).

Definition 2.8. The IVF Y:[u,v] » K7 is called left and right harmonically convex IVF (left and
right 7-convex IVF) on [y, v] if

Wz
Y ( m) <, (1 - 0)Y (@) + 6Y(2), (16)
for all w,z € [u,v], 0 € [0,1]. If (16) is reversed then, Y is called left and right harmonically
concave IVF (left and right #-concave IVF) on [y, v].

Definition 2.9. The IVF Y:[u,v] » K is called left and right harmonically h-convex (left and
right 7{—h-convex IVF) on [y, v] if

Y (=) <, h(1 - O)Y (@) + h(B)Y (2), (17)

Ow+(1-0)z

for allw,z € [u,v],0 € [0,1], for all w € [u,v] and h:[0,1] S [u,v] » R* such that h £ 0. If
(17) is reversed then, Y is called left and right H—h-concave IVF on [u,v]. The set of all left and
right H—h-convex (left and right H{—h-concave) IVF is denoted by
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LRHSX ([u,v], K2, h) (LRHSV ([p,v], K&, h)).

Theorem 2.10. Let [y, v] be harmonically convex set, and let Y:[u,v] = KF be an IVF such that
Y(@) = [Y.(@),Y"(@)],V®@ € [u,v]. (18)

for all @ € [w,v] . Then, Y € LRHSX([u,v],%},h), if and only if, Y,(w), Y*(w) €
HSX([u,v],R*, h).
Proof. Assume that Y, (@), Y*(w) € HSX([u, v], R, h). Then, from (15), we have

Y. (L) < h(1 - 0)Y.(@) + h(9)Y.(z), Vw,z € [u,v],0 € [0,1],

0w+(1-0)z

And

. oz ) )
Y (Hw Fa- H)Z) <h(1-0)Y*(w)+h(0)Y*(3),Vwz € [uv],0 €[0,1].

Then by (18), (4) and (5), we obtain

w3z .
! (Gw - H)z) = [X.(0@ + (1 - 0)2),Y" (0w + (1 - 6)2)],

<p h(1 = OV, (@), Y"(@)] + h(0)[V.(2), " (2)],

that is

Y (5o2) <p h(1L = )Y (@) + h(O)Y (2), ¥ @, € [1,v],6 € [0,1].

Hence, ¥ € LRHSX ([, v], X2, h).
Conversely, let Y € LRHSX ([, v], 5F, h). Then for all @,z € [u,v], 8 € [0,1], we have

Y (55250) <p h(1 = 0)Y (@) + h(O)Y (),

Therefore, from (18), left side of above inequality, we have

w3 w3 i w3
4 (szr +(1- 0)z) B [Y* (szr + (- 9)z) 24 (ew +(1- 0)z>]'
Again, from (18), we obtain
h(1 = 0)Y (w) + h(8)Y(z) = h(1 - O)[Y.(@),Y"(@)] + h(0)[Y.(2), Y"(2)],

for all @,z € [u,v], 6 € [0,1]. Then by H—h-convexity of Y, we have for all @,z € [u,v], 6 €
[0, 1] such that

w3
(g S h0 - O%@) +hOX.),

and
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Y ((mf%m) < h(1 - )Y* (@) + h(O)Y*(2),
Hence, Y, (@), Y*(@w) € HSX([u, v], RY, h).

Remark 2.11. On fixing Y, (@) = Y* (@), then from Definition 2.9, we obtain Definition 2.6.
On fixing h(@) = 0, then from Definition 2.9, we obtain Definition 2.8.

Example 2.12. We consider the IVFs Y:[0,2] —» K/ defined by,

Y () = [1,2Vw. (19)

Since Y, (@), Y*(w) € HSX([u,v],R*,h) with h(8) = 6. Hence, Y € LRHSX([u,v], KJ, h).
We shall develop a relationship between h-convex IVF and H — h-convex IVF in the next finding.
Theorem 2.13. Let Y: [u,v] - K be a IVF such that Y(w) = [V, (@), Y*(w)], forall @ € [u,v].

Then ¥ € LRHSX([w,v], X7, h), if and only if, ¥ (g) € LRSX ([, v], KF, ).
Proof. Since Y € LRHSX ([, v], X2, h), then, for @,z € [u,v], 0 € [0, 1], we have
Y (522=) <, h(1 = 0)Y (@) + h(O)Y (2).

w+(1-0)z

Therefore, we have

Y. (soracgn) < (- OY.@) + h(O)Y.(2),

& (L) < h(1 - O)Y*(@) + h(O)Y* (2).

Ow+(1-0)z

(20)
Consider n(w) = Y(é) Taking m =$ and n =§ to replace @ and z, respectively. Then, by

applying (20) we have

= 77*((1 —0)w + Hz)
< h(O)Y., (g) +h(1 - 9)Y. (é)
= h(6)n.(z) + h(1 — O)n. (@),
r <95’Z’—19)> =7 (555)
=n"((1 - 8)w + 63)
< h(O)Y* (g) +h(1—0)Y* (é)
= h(@)n"(z) + h(1 — 6)n" ().

It follows that

(i) ()| - - o 09w -0 v00)

<p, h(®)[n.(z),1"(z)] + h(1 - 8)[n.(@),n" (@)].
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that is
n((1— 0w + 6z ) <, h(@In(z) + h(1 — O)n(w)

This concludes that n(w) € LRSX ([u, v], K&, h),.
Conversely, let n € LRSX([u,v], K2, h),. Then, for all @,z € [u,v], 6 € [0,1], we have

n6w + (1 —-6)z) <p h(O)n(@) + h(1 - 0)n(2),

By using same steps as above, we have

002+ =02 =1 ;i) = v ()
< h@m. () +h - om. ()
= h(O)Y.(@) + h(1 - O)Y. (2)
e e e e =
<h@)" (=) +ha-om ()
= h(O)Y.(@) + h(1 - OV, (2)
that is

¥ (-2 <, h(1 = )Y (@) + h(O)Y (2),

the proof the theorem has been completed.
Remark 2.14.If h(0) = 0, and Y, (w) = Y*(w), then from Theorem 2.14, we obtain Lemma 2.1 of [36].

3. Hermite-Hadamard inequalities for harmonically h-convex fuzzy interval-valued functions

In this section, we will prove two types of inequalities. First one is H-H and their variant forms,
and the second one is H-H Fejér inequalities for H—h-convex IVFs where the integrands are [VFs.
The family of Lebesgue measurable IVFs is denoted by L([u,v], X7) in the following.

Theorem 3.1. Let Y: [u,v] » K7 be a IVF such that Y (w) = [V, (@), Y*(w)], for all @ € [y, v].
If ¥ € LRHSX([u,v],%F,h) and Y € L([u,v], K7), then

u+v

ﬁ%@y () = r® (ﬁ)ﬁ lf’g (Yos) (3) + 7% (o) (%)l

<, [Y () +Y ()] [ 6-1[1(6) + h(1 — )] d6. Q1)

If Y(w) is concave IVF then

et () 2 1 (25 pcrom () 9 o )

>, [Y () + Y ()] [, 6#-1[h(8) + h(1 — 6)]d6. (22)

AIMS Mathematics Volume 7, Issue 8, 15497—-15519.
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where 6(w) = é

Proof. Let ¥ € LRHSX([u,v], X, h),. Then, by hypothesis, we have

h (1%) ’ (uz-lf}v) =¥ (eu + 51 - e)v) +r ((1 - ep;,l n 9u>'

Therefore, we have

TE)Y* (%) Y. (9u+€t1v—9)u) +Y ((1—9'[;1;+6u)'

h(%y* (%) =V (9u+?1v—9)v) +Y” ((1—9‘;1:&91))'

Consider n(w) = Y(é) By Theorem 2.13, we have n(w) € LRSX([u,v], %}, h), then above

inequality, we have

IA

(5 2. () . (22).
() = () e (),

Multiplying both sides by 68#~! and integrating the obtained result with respect to 6 over
(0,1), we have

L (tep-1y (B
g o () @
< fol Hﬁ_ln (9,u+(1 6)1)) d9+f gh-1 ((1—9;5+9‘U) o
T Y R e
@l 077 (5m) a0

< [loF1y (—9“+Sv‘9)”) de + f 651y’ (—““’35*9”) de.

(1-0)u+6v Ou+(1-6)v

uv

Let @ = and gz = . Then we have

() =65 ol f"( — )P n.() da + (22 f“(w——)ﬁ (@) dw

% 2uv
- () = () fl"(——@ﬁ (e da + (£2) f#(w——)ﬂ (@) des,

= rp ()’ lﬂ@)—n ;) +f/ﬁ o ;]

-r@) (&) oty (@) +aﬁ v ().

m
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It follows that
sl () ()]
<1+ (L) |9 () + 75 (). 9 () + 95 ()
W) @ WG G

That is,

p o (ﬁ)]. (23)

1 u+v uv B B 1\ ~
<, T 1 In-n=)+7T
ﬁh(l)n( ) p B+ )( ) l(i) TI(U)+ €
In a similar way as above, we have

r)( ﬁ )B Igé)_ n(3)+ ﬂé)+ n (i)l <, [n (i) +7(3)] S, 0571 h@®) +h(1-0)].  (24)

Combining (23) and (24), we have

() %16 () [ 1 @) 20 )] 5 1 @) +n Q] L0000 +

h(1—6)]de
that is
Bhl( ok () =0 v (2 ot cros () + o rom )

<p [Y(W) + Y] [] 651[h(8) + h(1 - 6)]d6

Hence, the required result.
Remark 3.2. Followings results can be obtained through inequality (21):
On fixing h(8) = 6, the following H-H inequality is obtained, which is also new one;

r (%) <, 15 Igﬁ (ro8) (3) + 7 (o8) ()| <

u+v

Y(u)+Y(v)
p 2 :

‘U

On fixing h(68) = 6 and B = 1, the following H-H inequality is obtained, which is also new one;

Y(zﬂ)< Hv_ vK(w)d Y(u);l’(v)_ (25)

u+v) “Pou—p Ju w2

On fixing h(8) = 0 and Y,(w) = Y (w), the following H-H inequality is obtained, see [36]:

r(20) < 2Bt ooy () + o8 0ro0) (B)| s 2. )

AIMS Mathematics Volume 7, Issue 8, 15497—-15519.
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On fixing h(8) =0 and Y,(w) =Y*(w) with B =1, the following H-H inequality is obtained,
see [19].

Y (Zﬂ) < v J-U Y (w) dw < Y(#);‘Y(U). (27)

utv/) — v-u U w?

For the product of H—h-convex IVFs, we now have some H-H inequalities. These inequalities are
modifications of previously published inequalities [38,34,43].

Theorem 3.3. LetY, ®: [u,v] » K} be a IVFs such that ¥(w) = [Y.(@),Y*(w)] and G(w) =
[0, (@), ®*(w)] for all @ € [u,v] , respectively. If Y € LRHSX([u,v], K}, h) , GE
LRHSX ([u,v], K, hy),and ¥ X & € L([u,v], K7), then

) (25)” 7 Y00 ()08 (2) 438 -v05 (2) o5 1)

<p M) [ [6°1 + (1 — )], (8)h,(6)d6
1
+M(u,v)f [0~ + (1 — 0)F~1]h (6)h, (1 — 6)d6.
0
Where M(u,v) =Y X6®w) +Y@w) X ®w), Nuv)=YWw) xX6w)+Yw)x6®u), and

M(u,v) = [M.(n,v), M*(,v)] and N(u,v) = [N.(u,v), N* (g, v)].
Proof. Since V,® are H — h; and H — h,-convex IVFs then, we have

Uv
Y (Grra=aye) =M@ — 000 + m(O)Y.0)

Y ( Ho ) < hy(1— O)Y*(u) + hy(8)Y* ().

Ou+(1—-06)

and

6. (5trg5m) < 2 (1= 0)6.() + h>(8)6.(v)

®* (Q,H?Te)) < hy(1 — )& () + h,(6)6* (V).

From the definition of H —h-convex IVFs it follows that 0 <), ¥'(w) and 0 <, G(w), so

Y. (i) % ©- (grresr)

< (h (1 -0)Y.(w) + h1(0)Y.(v))(h,(1 — 0)6.(w) + 66.(v))
=h1(1—0)h,(1 - 0)Y.(w) X 6.() + h1(0)h2(0)Y.(v) X 6.(v)
+hi (1= 0)h(0) .() X ©.(v) + h(6) h(1 = ) .(W) x ©. () g,
* Hv * Hv
Y (9u+(1—9)v) x6 (9u+(1—9)v)
< (1 =0)Y"(w) + h(0)Y"(v))(h(1 — 0)6" () + h,(0)6"(v))
= h; (1= 60)h,(1 — Y (1) x 6" (1) + h1(O)h,(6)Y"(v) x G (v)
+h (1 =6)h, () Y™ () X 6" (v) + hy(8) h,(1 —6) Y™ (v) X &"(w).

Analogously, we have
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Y. ((1—91;Z+9u) . ((1—9ﬁs2+9v)
< h1(@)h,(8)Y. (1) X 6,(u) + h1 (1 — 0)h,(1 — )Y, (v) X 6.(v)

+h1(0) h,(1 = 0) Y.(1) X 6.(v) + h1 (1 = 6) h2(0) Y. (v) X 6. () (29)

v ((1—;;1;)&61)) x & ((1—9?;”91))

< h1(0)h2 ()Y (W) X 6" (W) + h1 (1 = )h,(1 = 6)Y(v) X 6" (v)
+h1(0) h,(1=0)Y" (W) X 6" (v) + h; (1 = 0) h,(6) Y™ (v) x B~ ().

Adding (28) and (29), we have

Y. (9u+?1v—6)v) x 6. (9/.L+él:—9)v)

+Y. ((1—9%7&91}) X (6* ((1—9‘;1:&91))
< [h1(0)h2(8) + h1 (1 — 0)h, (1 — O][Y. (1) X 6.(1) + V. (v) X 6.(v)]
+[h1(8)h2(1 = 8) + h (1 = 0)h(O)][Y.(v) X 6. (1) + Y. () X 6. (v)]

r (9u+?1v—9)v) x & (9#4‘?+9)U)

+7° ((1—9l;l/i+9v) x & ((1—9lgl;i+6v)
< [h1(0)h5(8) + h (1 — 0)h, (1 — O]V (1) x 6™ (1) + Y (v) X 6" (v)]
+[h1(0)hy(1 - 6) + h (1 — 0)h,(O)][Y™(v) X 6™ (1) + Y™ () x 6" (v)].

(30)

Taking the result of multiplying (30) by 8#~1 and integrating it with respect to 8 over (0, 1), we get

fol Hﬂ_ly* (ﬁ) X6, (9u+?1v—9)v) do

+ fol 95—1Y; ((1—6:;1;}”91}) x 6, ((l—BI;fHBU) a6

< M.(1,v) f, 67711 (6)h,(8) + hy (1 = B)h, (1 — 6)]
+N, (1,v) [ 0871 [h;(8)h,(1 — 8) + hy (1 — 0)h,(6)] db

fol o=ty (9u+?1v—9)v) x & (9#+?+9)U) do

+ fol gﬁ—ly* ((1—9lgl/:+6v) x & ((1—9?;”61)) do
< M*(,v) [ 08 [hy (0)h,(6) + hy (1 — 0)h, (1 — 6)]do
N () f 67711 (8)hy (1 = ) + hy (1 — O)h,(6)]d6.

It follows that,
v B 1 1 1 1
P (25) [ 1 ()0 () + v () 0. ()
< M,(wv) [, [677" + (1 — 8)P~1]h,(8)h,(8)d6
+N, (1, v) [[6°1 + (1 — 6)~]h,(8)h,(1 — 6)d6

v\B L 1 L 1 < (1 L (1
P () [ v ()5 @)+ v ()6 ()
< M*(wv) [, [0 + (1 — )], (8)h,(6)d6
+N* (1) [, [6P71 + (1 — 8)~1]h,(8)h, (1 — 6)d.
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that is

() (0% 0.0 45y 7€) . €t v (x4 81 (0

6" (1)] <i [M.(wv), M* ()] [y [0°7" + (1 — 0)P=1] hy(8)h,(6)d6 +
[V. (v, N v)] fy [6°7 + (L = 0P| B (@)h(1 ~ 6)de.
Thus,

r ()’ [g@ ¥os (2) x 608 (2) + £, 103 (2) x 605 (3)]

v

<p M) [;[6°1 + (1 — )], (8)h,(6)d6

+N(u,v) [1[6571 + (1 — 8)P~1]hy (8)h, (1 — 6)d6.

As a result, the theorem has been proven.
Theorem 3.4. Let ¥V, ®: [u,v] » KF be a IVF such that Y(w) = [V, (@),Y*(w)] and G(w) =
[0, (@), ®*(w)] for all w € [u,v], respectively. If ¥ € LRHSX([u,v],X7,h;) and G €

LRHSX ([, v], X2, hy) with h; (%) h, (%) #0,and ¥ X © € L([u,v], K), then

1 2 2
B h, (%) h, (%) Y (,u fll-vv) X (,u f|1-vv)

£ Yos (i) x G0 (i) +7% _Yos (%) x $08 (%)l

G) ()

+M(uv) [ (6771 + (1 = 6)P1|hy (8)h, (1 — 6)d6

<, T'(B) (“Tu)ﬁ lj

+N(,v) [1[6571 + (1 — 8)P~1]hy (8)h,(8)d.

Where M(u,v) =Y () X 6(u) +Y(@) x 6@w), Nuv)=Y@w x6@w)+Y (@)X 6G(u), and
M(u,v) = [M.(g,v), M*(w,v)] and N(u,v) = [N.(u,v), N* (1, v)].

Proof. Consider Y,®:[u,v] » K} are H — h; and H — h,-convex IVFs. Then by hypothesis,
we have
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/1 _Y*(eu+(ulv—e)u>x®*<9u+él1v—9)u)
<h (=)h, (5
() ()__+K‘(9u+él1v—9)u)X®*((1—9H)1:1+9u>__

NEINE " (T m) < Gra—ow)

|+ ((1 — 9”)1:1 n 9v> x ®. ((1 — 9#)1;)1 n 0v>_

<h (l) h, (l) ks (911 + éllv— 9)U> & <9,u + éllv— 9)U>

 (Grra=aw) *® (Tonra)
i Ou+(1—-06) (1-6)u+6v
- Uv 1)

1) h, (1) r ((1 —0)u+ HU) x® (9;1 +(1- 9)U> ’

e ((1 Z 53,1 n Hv) x & ((1 _ epsl;: n 6v>_

L. (au n (#11)— e)u) x ®. (9;1 n (#11)— e)u)

n ()

v
+L. ((1 — Hlu)u + 9v> x ®. ((1 — 9#)/1 + 9v>_
[ (hOY.(w) + h (1 - OY.(v)) ]
1 1\ | x (h,(1 — 0)6., () + h,(6)6..(v))
+ (E) h, (E) +(h (1 — OY.() + h (OY.(v))
lx (h2(0)6. () + hy(1 - e)cs*(v))J

r (H,u + éll — 9)v) x 6 (9;1 + éllv— 9)1})

n ()

K S w
+ ((1 ) t9v> X6 ((1 ) Hv)
(h1(O)Y* () + hy(1 = )Y*(v)) ]
1 I\ % (ha(1 = )6 (W) + by (8)G* (1))
+ hy <§) ha (E) +(h (1= 0)Y*(W) + h (OY* (V) |
X (h,(8)6" (W) + hy(1 — 6)6*(v)).

Y. (9u+?1v—e)u) x 6, (9M+?1U—9)u) -

. ((1—61;1;1+9v) X (6* ((1—9P;1;)1+9v)_
[ {h1(8)hy(1—0) + hy (1 — 0)h,(6)IM. (1, v)
[+{h1(0)h,(68) + hy (1 — 0)h,(1 — 0)IN. (1, v)

)
y €2y
) v (9u+?1v—9)v) x & (9u+€1v—9)v)

_+Y* ((1—;;l;+eu) x 6 ((1—9%Z+6v)
N, ([ (@)A1 — ) + hy(1 — 8)hy(@)IM* (1)
+ 12312 G) [ by @8 + b (1 — )y (1 — OIN" G
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Inequality (31) is multiplied by 88~ and integrated over (0, 1),

11 - Y;(Z#U)X(ﬁ*<2'uv)flg,8—ld9
mgh(z) TV TV

2

<

1
M, () f 05-1(h, (8)h, (1 — 8) + hy(1 — 9)h,(8)} dO
+ 0

1
TN, () f (h1(9)ho(8) + hy(1 — O)hy(1 — 6)}d6

L () e (2 [t
m(gh(z) WV T

2

L ny . iy L iy . )
= fo 67y (eu+(1—9)u)xCﬁ (9u+(1—9)v)d9+f0 67y ((1—9)u+9v>x® ((1—6)u+9v
M (,v) j 0511, (0)hy (1 — 8) + hy(1 — O)h,(8)}d8
+ °
N (,v) f 65-1{hy(8)h,(8) + hy(1 — B)h,(1 — 8)}d6
0
Taking w = 9#+?1v—9)u and z = (1_9!;1;%”, then we get
1 2uv 2uv
prepeRdenkiden
w\P . 1 1 B 1 1
<IB) (E) 7 oy Y.06 (;) x 6,06 (;) + j(i)_ Y.08 (;) x 6,06 (;)
M. (1, v) [} 68 {hy(8)h,(1 — 6) + hy (1 — 6)h,(6)} d6
+N. (1) [, {11 (8)h,(8) + hy (1 — B)h,(1 — 6)}d6
1 (20 o r (210
Ol ()< ()
uv B B * 1 * 1 B * 1 * 1
<I) (E) 7 oy Y*o0s (;) x 606 (;) + 7(%)_ Y*o0s (;) x G068 (;)
M*(u,v) f, 608~ {h;(8)h,(1 = 8) + hy (1 — 8)h,(6)}d0
+N* (1, v) [} 081 {h;(8)h,(6) + hy (1 — )hy(1 — 6)}d6)’
that is

D (2 x 6 (22) <, (o) (£2)° [gflf v0s (2) x 6o (2) + Tfoy- Yoo 3

v 12

Bod (‘)l +M(u,v) [, [651 + (1 — 8)P~1]h,(8)h,(1 — )d6

+N(u,v) [,[657" + (1 — 6)P1]hy (8)h,(8)d.

1 1
7y uv uv 7y
p-1y (7 = g1y (27 =
J;g K<9u+(1—9)u)X®*(9u+(1—9)u>d9+fo9 Y*((l—e)u+9u)x®*((1—9)u+6u>d9]

) de]

X
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As a result, the desired outcome has been achieved.

We now give H-H Fejér inequalities for H—h-convex IVFs. Firstly, we obtain the second H-H Fejér
inequality for H—h-convex IVF.

Theorem 3.5. Let V:[u,v] » KF be a IVF such that ¥V (w) = [V, (@), Y (w)] for all w € [u,v],

respectively. If ¥ € LRHSX([u,v], K7 h), Y € L([p,v], X) and Q2:[pv] > R, 02 o 1) -

v @

N(@) = 0, then

B 1 1
0 G2 o a0 () o coom )
<, T [168-1{n(6) + h(1 — 0} (55 5) 6. (32)

If Y € LRHSV ([u,v], K2, h), then inequality (32) is reversed such that
uv \P
Y g
v— U 1

Y (u)+Y ) B-1 D (1—0y
> Tf 6F~{h(6) + h(1 - 6)}0 (eu+(1 e)v)

(206) (}1) + 95-(208) G)‘
m

do.

Proof. Let ¥ € LRHSX ([, v], X}, h) and 6F~10 (#:_e)u) > 0. Then, we have

e (9,;+?1U e)u)ﬂ(ewglv 9)v)

< 671 (h(1 - 0)Y.(w) + h(8)Y.(v))2 (m) (33)
g1y (m) Q(0u+ (1 - 0)v)
< 6571(h(1 — )" (1) + O )2 (572)

And

6r71y, ((1 el;;eu) 0 (9u+?1v—9)v)

< 0P (h(O. () + h(1 - OY. ()2 (775)

Ou+(1-0)v
oF -y ((1—9ﬁ2+9v) 0 (9”?1”‘9)”)

< 9P (MO (W) + h(1 = O )2 (5555

(34)

After adding (33) and (34), and integrating over [0, 1], we get
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f 0F7Y, (9;¢+?1v G)U)'Q(B;H(l G)U) do

+f 0F71Y, ((1 (;;l;wv)g (6#+€1U 9)v) do

671X, (u){h(6) + h(1 ~ )} (57

Ou+(1— 9)1})

< de,
| +08-1y.(w){h(1 - 6) +h(9)}(2(

)

fol Hﬁ_ly* (9u+?1v—9)v) (9/.L+(1 9)U) do

+f01 oF =ty ((1 elél;+9u) (9#+(1 v

08-1Y*(){h(0) + h(1 — 6)}02 (

)do

Ou+(1— 9)1})

0 0Pty (){h(1 — 6) + h(8)}0 (ﬁ)

do,

=Y.(u) f, 0771 (h(8) + h(1 - 62} ( do
+.() J; 0P~ 1{h(1 - 6) + h(8)}0 (m
=Y () [, 651 {h(6) + h(1 — )}

+Y* @) [ 0871 {h(1 - 8) + h(e)}a (

o)

) do,
Tt o) 46
m) do.

that is
v \B
r®G=)

Y(W+Y@) 1 58-1 _ S
<p Tfo 6P {h(6) + h(1 - 6)}02 <9u+(1—6)v) do. (35)

ﬂf+ (R06) (%) + 91-(0205) G)‘

m

As a result, the desired result has been achieved.
Following result obtain the first interval fractional H - H Fejér inequality.
Theorem 3.6. Let V:[u,v] - KF be a IVF such that ¥V(w) = [V, (@), V*(w)] for all w € [u,v],

respectively. If ¥ € LRHSX([u,v],XZ,h), Y € L([u,v],KF) and Q:[u,v] > R, .(2( ) =

v w

N(w) = 0, then

Zhl(%)y(i““) [7? e (!205)( )+ 7(’1) (208) (2 )l <, l oy (ro8) (2 )+JC) (raos) (: l (36)

If Y € LRHSV ([u,v], %}, h), then inequality (36) is reversed such that

7+ (rao8) (7) + 7@)_ (Y206) (%)l

Zhé)y(ufj) lﬂé e (208) () + 7é)—(005) BIE o

Proof. Since Y € LRHSX ([, v], X2, h), then we have

AIMS Mathematics Volume 7, Issue 8, 15497—-15519.
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(1-0)u+6v

r (2) < 0(3) (1 () + v (i)

(37
« (21 D[y w * Ko
r () <0 (r (Gt + 1 ()
Multiplying both sides by (37) by 610 ( RS ) and then integrating the resultant with respect
to 8 over [0,1], we obtain
2uv B- 1 uv
Y. (u+v)f o ((1 9)u+9v) do

_, (1)< [y 0F7y. (9y+€1v H)U)Q ((1_9;;1;+9U) do )
+f or-1Y, (m)g ((1—6‘;1;1+9v) do (38)
() e () @

o 087 (5b50) 2 (Gan) 46
<h ()< (1-6)/ " \(1-) ) _

B-1 uv uv
+ f 4 v ((1—9)u+9v) 0 ((1—9)u+9v
uv

ST (L) Then, we have

Let w =

1 uv B 2uv % 1\A1 1
o) rERE (D) 2@)d

w\B 1\A-1 1 1
<) £(e-) () G)aw
w\P 2 nA-1_ 1 1
+(2) Ji@-3) r(G)e(3)d

() F0) o)
N A A (39)
+(5) K(@-3) r@)e@)dw

=2r' () (ﬂ) [j(ﬁlf Y!)( ) +7(ﬁ) ra(; )l
() 7 () o - b, (D ao
< 2I'(B) (ﬁ) [7é)+ Y0 (i) + g(f”%)_ Yo G)l .

From (39), we have

r)

) [ (). v @] 7y 2 () + oy 2 )
<, (E) [ﬂé)+ Y.0 (ﬁ) + :7(%)— ra(}), 7é)+ Yo (i) + 7(3%)_ Y0 (%)l

AIMS Mathematics
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that is

7%+ (008) (i) + 7’1)-(006) (%)] < [:]’1

) G &)

+ 7/1)_ (Y206) (%)

(i

The theorem has been proved.
Remark 3.7. From Theorem 3.5 and Theorem 3.6, following result can be obtained:
On fixing h(6) = 0 and B = 1 then following H-H inequality is obtained, which is also new one:

5 hl(%) Y (uzivu) + (Y208) (%)

2Uv v 2 (w) VY (w) Y(uw)+Y @) v 2(w)
Y (m) |, i<, [, 0(@dw <, —— [ 5 do.
On fixing h(6) = 0 and 2(w) = 1, the inequality (21) is obtained.

On fixing h(8) =0, 2(w) =1 and B = 1, the following H-H inequality is obtained:

2uv w  vY(w) Y(u)+Y (v)
Y () <, & ) de <, TR

4. Conclusion and future plan

The concept of left and right H—h-convex IVFs has been discussed. We've also demonstrated
that this type of convexity includes a few other types of classical convexity. The left and right
H—h-convex IVF is a harmonically convex function with distinct approaches that has been suggested.
Furthermore, we have developed several novel classical and fractional integral inequalities of the
Hermite-Hadamard and related Hermite-Hadamard type inequalities using the concept of left and
right H-h-convex IVF. The findings in this article can be used to identify different types of inequality.
Furthermore, these results are universal and may be used to generate other, potentially useful, and
fascinating inequalities using various fractional operators. In near future, we will generalize the class
of left and right H—h-convex IVFs and with the help of this class, we will try to obtain some new
version of different type inequalities.
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