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1. Introduction

The importance of partial differential equations in comprehending and explaining physical
interpretation of problems that arise in numerous fields and engineering motivates many researchers
to analyze and investigate the existence and stability of their solutions. Hyperbolic partial differential
equations are the most interesting kind of partial differential equations, since they are utilized to
simulate a wide and important collection of phenomena, such as aerodynamic flows, fluid and
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contaminant flows through porous media, atmospheric flows, and so on. Of the higher order
hyperbolic equations, the wave equation is the most obvious. Klein-Gordon, Telegraph, sine-Gordon,
Van der Pol, dissipative nonlinear wave and others are well-known hyperbolic equations that are
important in the fields of wave propagation [1], random walk theory [2], signal analysis [3],
relativistic quantum mechanics, dislocations in crystals and field theory [4], quantum field theory,
solid-state physics, nonlinear optics [5], mathematical physics [6], solitons and condensed matter
physics [7], interaction of solitons in collision-less plasma [8], fluxions propagation in Josephson
junctions between two superconductors [9], motion of a rigid pendulum coupled to a stretched
wire [10], material sciences [11] and non-uniform transmission lines [12] are some of the topics
covered. For more related results, we refer to [13—15]. There is a vast range of publications for
numerical solutions of hyperbolic partial differential equations, such as the one in [16-21]. In recent
years, great efforts have been devoted to study problems with nonlinear dampings and source terms,
and several existence, decay and blow up results have been established. Georgiev and Todorova [22]
considered the following nonlinear problem

u; — Au+ h(u,) = F(u), on Qx(0,T)
u=0, on 0Qx(0,T) (1.1)
u(x,0) = up(x), u,(x,0) = u1(x), on Q,

where the damping term h(u;) = |u,/" *u, and the source term F(u) = |u|?"?u are localized on the
domain and established global existence when ¢ < m and a blow up result when ¢ > m. This work
was improved by Levine and Serrin [23] to the case of negative energy and m > 1. For problems
with boundary damping and source terms, we mention the work of Vitillaro [24] who considered the
following problem

uy; — Au =0, on Qx(0,T)
%t h(uy) = F(w), on T;x(0,7T) (1.2)
u=20, on TyXx (0, T)

u(x,0) = ug(x), u,(x,0) = u1(x), on Q.

where the damping term h(u,) = |u,/" %u, and the source term F(u) = |u|?">u are localized on a part
of the boundary. The author established local existence and global existence of the solutions under
some suitable conditions on the initial data and the exponents. In the presence of the viscoelastic term,
Cavalcanti et al. [25] discussed the following problem

e~ Au+ [ g(t = $)Au(s)ds =0, on Qx(0,T)

u 4 u —
g—n - fo gt — s)g—nds + h(u,) = 0, on T'|x(0,7T) (13)
u=20, on Tyx(0,7T)

u(x’ O) = MO(X), ul‘(x’ 0) = l/l](x), on Qv
In this work, a global existence result for strong and weak solutions was established and some uniform
decay rates were proved under some assumptions on g and /4. Al-Gharabli et al. [26] established general

and optimal decay result for the same problem (1.3) considered in [25] where the relaxation g satisfies
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more general conditions than the one in [25]. For more results in this direction, we refer to [27-31]. In
particular, Liu and Yu [31] investigated the following problem

g — Au+ [ g(t = )Au(s)ds =0, on Qx(0,T)
g—z - fot g(t— s)g—st +h(u;)=Fw), on I'1x(0,T)
u=0, on Tyx(0,T)
M(-x? 0) = MO(X), ut(-x7 O) = M](X), on Q,

(1.4)

where the damping term h(u,) = |u,/" %u, and the source term F(u) = |u|?">u are localized on a part
of the boundary, and established several decay and blow up results under some suitable conditions
on the initial data, the relaxation function and the exponents. Notice here that both the damping and
source terms in [31] are localized on a part of the boundary, although, they are of constant nonlinearity.
Moreover, the relaxation function g satisfies the condition

g'(1) < =é(mg(h), t >0, (1.5)

where € is a positive differentiable function. In fact, Liu and Yu [31] used the Multiplier method for
stability and the potential well technique to prove the existence of the global solution. Moreover, the
authors established a general decay when m > 2 and an exponential decay m = 2.

Many new real-world problems, such as electro-rheological fluid flows, fluids with
temperature-dependent viscosity, filtration processes through porous media, image processing,
hemorheological fluids, and others, came as a result of advances in science and technology, such as
those problems which required modeling with non-standard mathematical functional spaces. The
Lebesgue and Sobolev spaces with variable exponents [32—-35] have shown to be very important and
user-friendly tools to tackle such models. PDEs with variable exponents have recently attracted a lot
of attention from researchers and academics. However, the majority of the findings for hyperbolic
issues with variable exponents dealt with blow-up and non-global existence. On the stability of
nonlinear damped wave equations with variable exponent nonlinearities, we only have a few results. It
is worth mentioning the work of Messaoudi et al. [36], who explored the stability of the following
equation

uy — div([Vul"O72Vu) + Ju|"O2u, = 0,

where m(-) > r(-) > 2. The authors in their work showed that the solution energy decays exponentially
if m = 2 and when m, = esssup _,m(x) > 2, they obtained a polynomial decay at the rate of t*/(™72)
Also, Ghegal et al. [37] established a stability result similar to that of [36] for the equation

e — Au+ ™00, = JulO %,

and proved under appropriate conditions on m(-), ¢(-), and the initial data, a global existence result.
Messaoudi et al. [38] recently looked at the following problem

!
Uy — Au + f g(t — $)Au(s)ds + alu,|"Ou, = [ul"2u,
0

and used the well-depth approach to verify global existence and provide explicit and general decay
results under a very general relaxation function assumption.
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In our present work, we are concerned with the following problem

Uy — Au + fot gt — s)Au(s)ds = 0, on Qx(0,T)

W Mg(t = ) 2ds + Ju " 2u, = [ul'™2u, on Ty x(0,T) (1.6)
u=0, on Tyx(0,T)

u(x,0) = up(x), u,(x,0) = uy(x), on Q,

on a bounded domain Q C R” with a smooth boundary 0Q2 = 'y U T'; where I'y and I'; are closed and
disjoint and meas.(I'y) > 0. The vector 7 is the unit outer normal to dQ. The function g is a relaxation
function and u, and u, are given data. The functions m(-) and ¢g(-) are the variable exponents. System
1.6 describes the spread of strain waves in a viscoelastic configuration. We first prove a global existence
result for the solutions of problem (1.6) by using the potential well theory. Then we establish explicit
and general decay results of problem (1.6) for a larger class of relaxation functions (see Assumption
Al below). To back up our theoretical decay results, we provide two numerical tests. Our decay
results extend and improve some earlier results such as the one of Cavalcanti et al. [25], Al-Gharabli
et al. [26], Liu and Yu [31] and the one of Messaoudi et al. [39]. In our work, we apply the energy
approach (Multiplier Method), combined with various differential and integral inequalities equipped
with the Lebesgue and Sobolev spaces with variable exponents. The multiplier method relies mostly
on the construction of an appropriate Lyapunov functional £ equivalent to the energy of the solution
E. By equivalence L ~ E, we mean

G E(f) < L(t) < auE(t), YteRT, (1.7)
for two positive constants @, and ;. To prove the exponential stability, we show that £ satisfies
L) < —c 1 L(t), VYteR", (1.8)

for some ¢; > 0. A simple integration of (1.8) over (0,7) together with (1.7) gives the desired
exponential stability result. In the case of a general decay result, we prove that L satisfies a
differential inequality that combines the relaxation function and the other terms coming from the
nonlinearites. Then we use some properties of the convex functions and other mathematical
arguments to obtain general decay estimates depending on the relaxation function and the nature of
the variable exponent nonlinearity. In fact, the Multiplier Method proved to be efficient in tackling
such problems with dissipative terms either on the domain or in a part of the boundary. In the present
paper, some properties of the convex functions are exploited. We also use the well-depth method to
establish the global existence of the solutions. We show that the methods and tools used in this paper
are sufficient to handle our problem and are less complicated than other methods which guide us to
our target.

Related results to our problem

e Cavalcanti et al. [25] and Al-Gharabli et al. [26] investigated the same problem. However, in [25]
and [26], the nonlinear damping term is h(u,) which satisfies some specific conditions. In our case
h(u;) = u/"~2u, where m(-) is a function of x where x is in a part of the boundary which makes
our problem more complicated especially in the numerical computations . Additionally, in [25]
the class of the relaxation function is a special case of the one in our paper. The decay results in
both [25] and [26] were without numerical tests and without nonlinear source term.
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e Liu and Yu [31] investigated the same problem where the exponents m and g are of constant
nonlinearity and the relaxation function g satisfies the condition g’(¢¥) < —&(¢)g(¢). In our paper,
we extend the work of Liu and Yu [31] in which the exponents m(-) and ¢(-) are functions of x
where x is in a part of the boundary. Moreover, we use a wider class of relaxation functions; that
is g'(r) < —&(1)H (g(r)) so that the class of the relaxation function in [31] is a special case. In
addition, we provide some numerical experiments to illustrate our decay theories.

e Messaoudi et al. [38] investigated a similar problem. However, the nonlinear damping terms
are in the domain. In our case the nonlinear damping and source terms are localized in the
boundary, which makes the computations are more difficult. Also, [38] did not provide numerical
computation.

The remainder of this work is arranged in the following manner: In Section 2, we write some of the
assumptions and materials that are needed for our work. In Section 3, we establish and prove the global
existence result. In Section 4, we present our main decay result as well as some examples. Section 5
presents and proves some technical lemmas. In Section 6, we prove the main decay results. Finally, in
Section 7, we show numerical simulations to support our theoretical findings.

2. Preliminaries

In this section, we present some background information on the Lebesgue and Sobolev spaces with
variable exponents (see [40,41]) as well as some assumptions for the main result proofs . We will use
the letter ¢ to denote a generic positive constant.

Definition 2.1.

1. The space H%O(Q) ={uec H(Q): ulr, = 0} is a Hilbert space endowed with the equivalent norm
IV ull3.

2. Let B : 'y — [1, 00] be a measurable function, where ) is a domain of R", then:

a. the Lebesgue space with a variable exponent S(-) is defined by

PO = {v : 't = R; measurable in Q : opy(av) < oo, for some a > 0},

where 0p,(v) = fQ ﬁlv(x)lﬂ(x)dx is a modular.
b. the variable-exponent Sobolev space W'PO(I')) is:

WO = {v € [POT)) such that Vv exists and |Vv| € Lﬁ(’)(l"l)}.

3. WP is the closure of CZ(Ty) in W'BO(T)).
Remark 2.2. [42]

1. [PO(T)) is a Banach space equipped with the following norm
. ) v(x) B
Wllse) 2= inf {4 >0 L‘T‘ dx < 1},
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2. WYO(T)) is a Banach space with respect to the norm

||V||W1-ﬂ<->(g) = ”V”,B(-) + ||VV||/3(-)-

We define
ﬁl = €SSl'l’lfx€Qﬁ(X), ﬁZ = €Sssupx€Q,8(.X).

Lemma 2.3. [42]IfB : 'y — [1,0) is a measurable function with 3, < oo, then C;(I'y) is dense in
Lﬂ(~)(rl).

Lemma 2.4. [42] If'1 < B < B(x) < B2 < o holds, then
min {[Iwlly,. Wit } < @sy(w) < max {Iwlfy,, Il ),

for any w € LPOT).

Lemma 2.5 (Holder’s Inequality). [42] Let a,(3,y > 1 be measurable functions defined on Q such

that
1 1

1
YO aG)  BOY
If f € L"Y(Q) and g € IPO(Q), then fg € L"(Q) and

fora.e. yeQ.

1fgllyey < 2 1 llacllgllac)-

Lemma 2.6. [42] [Poincaré’s Inequality [Let Q) be a bounded domain of R" and p(-) satisfies (2.4),
then, there exists c,, such that

Vllpey < clVVllpey,  forall ve Wy Q).

Lemma 2.7. [42] [Embedding Property] Let Q be a bounded domain in R" with a smooth boundary
0Q). Assume that p,k € C(Q) such that

I < p < plx) < py <400, 1 <k <k(x) <k, < +00, VYx€Q,

and k(x) < p*(x) in Q with

np(x) . .
b = | e HP2<n
+o0o, ifp,>n,

then we have continuous and compact embedding WPV (Q) — L*)(Q). So, there exists c, > 0 such
that

IVl < cellVllwiro, — Yv e WHO(Q). 2.1)

Assumptions

The following assumptions are essential in the proofs of the main results in this work.
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(A1) The relaxation function g : R* — R* is a C! nonincreasing function satisfying
g0)>0, 1- f g(s)ds =€ >0, (2.2)
0

and there exists a C' function ¥ : (0, c0) — (0, c0) which is linear or it is strictly increasing and
strictly convex C? function on (0,r] for some 0 < r < g(0), with
P(0) = P'(0) = 0, lim,_, o P’(5) = +00, 5 > s¥'(s) and s — s (¥) ! (s) are convex on (0, r] and
there exists a a C' nonincreasing function  such that

g < —-H)¥(g), Yt=0. (2.3)
(A2) m : I, — [1, 00) is a continuous function such that
my = essinfier,m(x),  my := esssup, ., m(x).

and 1 < m; < m(x) < m,, where

{m2<00, n=1,2;

2n
h < n-2"

\%
W

(A3) g : Q- 1, 00) is a continuous function such that 2 < g; < ¢g(x) < ¢», where

{ G <00, n=12;
2n
92 < 775, n>3.

(A4) The variable exponents m and g are given continuous functions on I'; satisfying the log-Holder
continuity condition:

C
Iﬁ(x) _ﬁ(y)l < —m

, forall x,y € Q, with [x —y| <9, (2.4)
where ¢ >0and 0 < 6 < 1.

Remark 2.8. [43] Using (A1), one can prove that, for any t € [0, ty],

, -4 4
g < -9)¥(g®) < —ad(t) = g(o)ﬁ(t)g(o) < g(o)ﬁ(t)g(t)

and, hence,

0
H)g(r) < —%g’(t), Vit el0,1]. (2.5)

Moreover, we can define ¥, for any t > r, by

P(r) = @zz +(P'(r) =¥’ (r)n)t + [ P(r) +

\Ij//(r) 2_ ,
> r—Y@r].

where ¥ : [0, +00) — [0, +00), is a strictly convex and strictly increasing C? function on (0, ), is an
extension of Y and V¥ is defined in (A1).
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We introduce the “modified energy” associated to our problem

1 ! 1
E(0) = 5 [lulls + (g o Vyn) + (1 - fo 2(s)ds)|IVull; - fr @W@dx],

where for v € L7 (R*; L*(Q)),

(gov)() := fo gt = $)|Iv(r) = v(s)l3ds.

A direct differentiation, using (2.6), leads to
’ 1 2 m(x) 1 ’
E'(1) = —Eg(t)IIVLtII2 - " dx + E(g o Vu)(t) <0.
I
Lemma 2.9. [43] Under the assumptions in (A1), we have, for any t > ty,
7o
ﬁ(t)f g|IVu(t) — Vu(t - s)||§ds < —cE'(1).
0

3. Existence

(2.6)

2.7)

The local existence theorem is stated in this section, and its proof can be demonstrated by combining
the arguments of [44—46]. We also state and show a global existence result on the initial data under

smallness conditions on (i, u7).

Theorem 3.1 (Local Existence). Given (u, u;) € Hf, (Q) X L*(Q) and assume that (A1) — (A4) hold .

Then, there exists T > 0, such that problem (1.6) has a weak solution
ue C(0,T), HE () N C'((0,T), L*(Q), u, € L"(T, x(0,T)).

We will now go over the following functionals:

J(t) = %((g o Vu)(t) + (1 - f g(s)ds) ||Vu||§) _ lf 199 dx
0 q1 Jr,

’<f>=1<u<f)>=<g°Vu><t>+(1— f g(s)ds)nwn%— f " dx.
0 I,

and

Clearly, we have

1
E@) > J(@) + §||Mt||%-
Lemma 3.2. Suppose that (A1) — (A4) hold and (uo, u,) € H{, (Q) X L*(Q), such that
CEES(0)+ cPEMT(0) < 6, I(up) > 0,

then
I(u(t)) >0, Vt>0.

3.1)

(3.2)

(3.3)

(3.4)
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Proof. Sine I is continuous and 1(u,) > 0, then there exists 7,, < T such that
I(u(®) =0, Yt € [0,T,,];

which gives

J<r>=il<r>+q1‘2[<gow><t>+(1— f g(s)ds)nwn%]
q1 2q, 0

q—2

>
2q,

(goVu)(t)+(1— fo g(S)dS)IIVuH%]

Now,

‘ 2 2 2
f||vu||§s(1— f g(s)ds)||vu||§s Do) < 2By < 21 E(0).
0 q1—2 q—2 g —2

Using Youngs and Poincaré inequalities and the trace theorem, we get V¢t € [0, T,,],

f |u|*dx = f u|™dx + f |u|*dx
I rt r;
Sf Iulqzdx+f | d x
7 Iy
Sflul‘”dx+f|u|‘“dx
I I

< || Vully + c2'[|Vullf]
) -2 2
< (cBIVullZ™ + O Tullf ) [Vul}

< || Vul)?

< (1 . f g(s)ds) IVul,
0

I ={xel:|ulxn <1} and TT ={x el : |u(x,0)| > 1}.

where

Therefore,

1<f>=<goVu><t>+(1— f g(s)ds)nwn%—l f ul”™ > 0.
0 q1 Jr,

Notice that (3.7) shows that u € LI} x (0, T)).

(3.5)

(3.6)

(3.7)

Proposition 3.3. Suppose that (A1) — (A4) hold. Let (u,u1) € Hy (Q) X L*(Q) be given, satisfying

(3.4). Then the solution of (1.6) is global and bounded.

Proof. Tt suffices to show that ||Vu||§ + ||u,||§ is bounded independently of 7. To achieve this, we use

(2.7), (3.2) and (3.5) to get

1
E©) > E(t) = J() + Enutui
qi — 2
2q
q1 —
2Ch

\%

1 1
(AIVuls + (g © Vu)(®)) + el + 2@
1

\%

2 1
AVl + Sl

(3.8)
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Since I(¢) and (g o Vu)(¢) are positive, Therefore
IVull3 + llusll3 < CE(0),

where C is a positive constant, which depends only on ¢; and ¢ and the proof is completed. O

Remark 3.4. Using (3.6), we have

2
Va2 < ﬁE(O). (3.9)

-2)
4. Decay results

In this section, we state our decay result and provide some examples to illustrate our theorems.

Theorem 4.1 (The case: m; > 2). Assume that (A1) — (A4) and (3.4) hold. Let (ug,u;) € H}O(Q) X
L*(Q). Then, there exist positive constants Ay, A, A3, A4 such that

E(@) < /116_A2 Jo s, Vit>t, if Y is linear, 4.1)

and [
E(1) < ¥, (/hf ﬂ(S)ds) , Yit>ty, if Y is nonlinear; 4.2)

to

where Py(s) = tr ﬁds and r = g(ty).

Theorem 4.2 (The case: 1 < m; < 2). Assume that (A1) — (A4) and (3.4) hold. Let (up,u;) €
HEO(Q) x L*(Q). Then, there exist positive constants 31, 5>, B3 and t; > ty such that

E(r) < - p— Vit > 1o, if Y is linear, (4.3)
([ 9(s)ds)
and, if ¥ is nonlinear, we have
2—-mig—1 1
E(t) < Baolt — 1o)™Y , Yit>t, 4.4)

Bs ((f - fo)% ftlt ﬁ(s)ds)

where ¥ (1) = T"’I%I\P’(T).

Example 1 (The case: m; > 2). e We consider g(t) = ae™', t > 0, where a,o > 0 and a is chosen
in such a way that (A1) is hold, then

g'(t) =-0¥(g()) with I =0 and Y(s) = s.

So, (4.1) gives, ford,,d, > 0
E(t) < dye ', Yi> 1.
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o Let g(t) = ae™ " fort >0, 0<v<1andais chosen so that condition (A1) is satisfied. Then
g'(t) = = )P(g(1) with ) = v(l + 1) and Y(s) = s.
Hence, (4.1) implies, for some C > 0,
E(t) < Ce """,

e forv>1, let

a
g(t):m, t>0

and a is chosen so that hypothesis (A1) remains valid. Then
g =—p¥g®») with J@O=p and  W¥(s)=+",

where p is a fixed constant, p = 1%’ which satisfies 1 < p < 2. Therefore, by estimate (4.2), we
have

C
E(t)  ——, Yit>t.
OG5y 0
Example 2 (The case: 1 < m; < 2). e Consider g(t) = ae @1 1>0, 0<v<l1, a,0>0,
and « is chosen so that (A1) holds, then g'(t) = —o™P(g(t)) with 9(t) = v(1 + £)’~" and ¥(s) = s.
We next infer that the solution of (1.6) satisfies the following energy estimate under the conditions

of Theorem 4.2
C
Et) s ———, Yit>t.
W= 1
o Let
a
1) = , > 1,
8() a+ 1y v

and « is chosen such that hypothesis (A1) remains valid. Then

g'(t) = -oY(g() with ) =0 and Y(s) = sP, p= L+y

v

where o is a fixed constant. Then, we conclude for t large enough and some constant C > 0 that
the solution of (1.6) satisfies the following energy estimate under the conditions of Theorem 4.2

E(r) <

(1 — 1)V’

(mp—=1)(m;+v=-2) >0

where A = ————

The proofs of Theorem 4.1 and Theorem 4.2 will be done through several Lemmas.
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5. Technical lemmas

We establish various lemmas for our proofs in this section.

Lemma 5.1 ( [47]). Assume that (A1) holds. Then for any 0 < &€ < 1, we have

2

L/
Cy(hg ov)(t) > f (f g(t—s)(v(r) — v(s))ds) dx, Vit>0.
0 0

where .
C, = fo i:(j))ds and  h(r) := sg(t) — (D).

Lemma 5.2. Assume that (A1) — (A4) and (3.4) hold, the functional

0] :=fuu,dx
Q

satisfies the estimates:
, ¢
Fi(n) < —ZIIVM(I)H% + llufll; + cColh, © Vu)(t)

+ f lu|"dx + ¢ f lu,|"Vdx,  form; > 2,
I I

¢
Fi() < =5 IVl + B + cC.lh, 0 Vo + [

I

m;—1
iy f |u,|'"<x)dx+( |ut|m<x)) for1<my <2.
I I

Proof. By differentiating F'; and using (1.6), we get

Fi(t) = fVu(t)f g(t—5)(Vu(s) — Vu(t)) dsdx — (1 - f g(s)ds) [|Vul|
Q 0 0

+ |l 5 + f lu|"@dx — f ulu, "™ u,dx.
Iy Iy

(5.1) and Young’s inequality, give, for any oy > O,

fVu. f gt — s)(Vu(s) — Vu(t))dsdx
Q 0

Ce
< 8 f IVuldx + —=(h, o Vu)(?).
Q 46

The use of Young’s inequality with A(x) = 2L and 2’'(x) = m(x), leads to

m(x)—1

—f ulutlm(x)u,dxsfc(;(x)lutlm(x)dx+6f [ul"Ddx,
I I I

5.1

(5.2)

(5.3)

(5.4)

(5.5

(5.6)
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where
(m(x) - 1y

C§(.X) = 5m(x)—1(m(x))m(x)(m(x))m(x) :
Combining (2.1), (2.6), (2.7) and (3.9), we get

lul"dx < Iulm(x)dx+ Iulm(x)dx

Iy
flulmzdx+f|u|’"1dx
Sflulmzdx+f|u|m‘dx
I I

(5.7)
< (c'zluwug"' + vl
< (o vl + 2 vl v
2q mp—2 2q m2—2 )
< c"“(—E(O)) Fo (—E(O)) )lqull
( (g1 —2) g —-2) 2
< collVull3,
where
(e (22sm0) " s e 2lsmo0) )
co = (M + P — .
0 ) g1 -2)
From (5.6) and (5.7), we have
-~ f ulu, " Pudx < Scol|Vull; + f cs(0)u, " dx. (5.8)
Fl Iﬂl

Combining all the above results, choosing dy = g and 6 = ﬁ and using Poincaré’s inequality and the
trace theorem completes the proof of (5.2).

To prove (5.3), we apply Young’s and Poincaré’s inequalities and the trace theorem to obtain
1
- f il wdx < | luPdx+ o f "2 dx
fn Tn 4n I'n

<n2IVulR +¢| [ o2y + |u,|2’"(x)_2dx]
- FTI I

<nellVull; + ¢ f |t "V x + f |u,|2’"1_2dx]
- FTI I

- m—1
<nevull +of [ s ( [ wpa |
-

mp—1
< nc|Vull; + ¢ f lu,|"Pdx + ( lu, I’”(x)dx) ]
r

(5.9)

mp— l
< e |IVull; + ¢ f e " Pdlx + f s I’"(")dx ,
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where
I'i={xeQ :mx)<2}, T'np={xeQ:mkx) =2}

[} ={xely:|ulx,0) <1} and T}, = {x €Ty : |ulx, 1) > 1}

By selecting n = -5, (5.9) becomes

29
8c;

11

Next, for any 6 we have, by the case m(x) > 2,

B f ulu " ugdx < ScollVul; + f cs(X0)|u,|"dlx.

' I

As a result of combining the estimates above, we arrive at

3¢
Fi(n < - (g - 005) Va5 + llull; + cColhs 0 Vu)(t) + f " dx
I

+c

mp—1
( qul’“m) + (1+c(5(x))|u,|m(x)dx].
I

I

By choosing 6 = %, then c;(x) is bounded and hence (5.3) is obtained.

Lemma 5.3. Assume that (A1) — (A4) and (3.4) hold. Then for any 6 > 0, the functional

F() := - f u,f g(t — $)(u(t) — u(s))dsdx
o Jo

satisfies the estimates:

!
F3(0) < 8(1 + ¢)IVul - ( f g(s)ds = 8B + f sl dx
0

I

+ [%(CS + 1) + CCS](hg o Vl/t)(t) + 015(1 — f)ml_l(g o Vl/t)(l), fOl’ m; > 2,

and for 1 < my < 2, we have

F(0) < 61+ ¢)IIVul — ( f g(8)ds = 8)lull3 + c8(g o Vu)(1)
0

; [g(cg ; 1) ; cCS](hs o Vi)(f) + (—CS[ " dx + (

I r

where the constant c,, > 0 depends on my,my and €, and h is defined earlier in Lemma (5.1).

mp—1 f
- f ulutlm(x)zutdec[+( |u,|’"(x)dx) n f |u,|m<x>dx]+§||vu||§.
r Iy I

mi—1
|u,|'"<x>dx) ]

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)
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Proof. Direct differentiation of F, and using (1.6) leads to
Fi(1) = fVuf g(t — $)(Vu(t) — Vu(s))dsdx
Q 0
f ( f g(t = 5)Vu(s)ds)( f g(t = )(Vu(r) = Vu(s))ds)dx

futfg(t—S)(u(t)—u(S))dsdx (f g(S)dS)Ilqu%

- |t "D u, fo g(t — )(u(t) — u(s))dsdx

+ fr |02y fo tg(t—s)(u(t)—u(s))dsdx

:(1— f t g(s)ds) f Vu f t g(t — )(Vu(t) — Vu(s))dsdx
e ([ ste= 0Tt - Tutsyas)

f Uy f g'(t = s)(u(t) — u(s))dsdx — ( f g(S)dS)Ilutllz

— | "0, f 8t = s)(u(®) — u(s))dsdx
Iy 0

+f Iulq(x)_zuf g(t — s)(u(t) — u(s))dsdx.
I 0

(5.15)

Using Young’s inequality and Lemma 5.1, we get

(l—fg(s)ds)fVu.fg(t—s)(Vu(t)—Vu(s))dsdx
0 Q 0 (5.16)

< §||Vul2 + (—Cscg(hs o Viu)(t) + cCu(hy 0 Vu)(r).

From Lemma (5.1) and Young’s inequality, we get

—fu,fg’(t—s)(u(t)—u(s))a’sdx
o Jo

:—sfu,f g(t—s)(u(t)—u(s))dsdx+futf he(t — s)(u(t) — u(s))dsdx
o Jo
) g’ ! 0
< Slll + = fg ( fo 80t = $)(u() — u(s))ds) dx + 2l

(f he(t — s)(u(t) — u(s))ds)zdx
0

(5.17)
+ —
26 Jo
c 1 ! f
< Slludll; + <Colhe 0 w)(1) + 5= f hg(S)de he(t = $)llu(t) — u(s)l3ds
5 26 Jo 0

C
< Ol |3 + g(cg + 1)(h. o Vu)(?).
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Now, for almost every x € ), we get

m(x)—1

ft 8t = )lu(r) — u(s)lds < (ft g(s)ds) " (f[ gt — s)|u(r) — u(s)lm(x)ds)mw
0 0 .

1 (5.18)
m(x)— ! mx)
<(1—0)"% ( f ot — $)|u(t) — u(s)lm(x)ds) :
0
Next, for almost every x € Q, we obtain
t m(x) t
f gt — ) —u(s)lds| <1 —-¢™m! f g(t = )|u(t) — u(s)"Vds. (5.19)
0 0
Using Young’s, Holder’s, Poincaré’s inequalities and Lemma 5.1, we have
!
— | ", f g(t — s)(u(®) — u(s))dsdx
r 0
t m(x)
< 5f f gt — s)(u@) —u(s))ds| dx+ f cs(O|u, "™ dx (5.20)
r 0 r
1 - t 1
<o(1-1¢) f f g(t — )|(u(t) — u()"dsdx + f o0l "V dx,
F1 0 l—‘1
where
cs(x) = 617" (m(x) ™" m(x) = 1"
Further, we have
!
f f g(t = )|u(®) — u(s)["dsdx
r; Jo
! !
< f f g(t — 9)|(u(t) — u(s)|"™dsdx + f f g(t — 9)|(u(t) — u(s)|™ dsdx
r+ Jo r; Jo
: e (5.21)
< f g(t = I(u(®) — uls)ll,2ds + f g(t = (u(®) — u(s)l ds
’ my-2 ’ m21
2q: ) : ( 2q, ) : f 2
< || ———=E(0) + [ ————=E(0) (t = )|(u(t) — u(s)|>ds.
[ (€<q1 -2) lar -2) 0 ® ’
Therefore,
t —_
- f "2y, f g(t = $)(u(t) - u(s))dsdx < c16(1 - ) (g0 V))
I 0 (5.22)

+ f cs(0)|u "V dx,
I

my—2 my=2
where ¢ = |:C’e"2 ([(;qlz)E(O)) 2 + C:)nl ({(jlqlz)E(O)) 2 ] .
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To estimate the last term in (5.15), we use Young’s inequality and Lemma 5.1, to obtain
!
f 707! f 8(r = $)(u(t) — u(s))dsdx
Iy 0

<6 . 192 dx + % fr | ( fo gt — )(u(r) - u(S))ds)zdx

C:
<é f |9 2dx + == (h, o Vu)().
I 46

The first term in (5.23) can be estimated as follows:

f 42 dx = f 70" 2dx + f |42 dx
I ry ry
< f lul*22dx + f [ul2dx
ry ry
< f lu*2~2dx + f | ~2dx
F1 1—‘I

2422 22-2 | 2q1-2 2g1-2
< GPIVUlET + |Vl

_ 2q1 2q,-4 B 2(]1 2q1-4
(20 o)
e Ptz 0) IR P 20) R T

2
< ¢qlIVully,

where

cg = (cﬁqz—Z( % E(O))2q2_4 + cﬁqn—z(% E(O))2ql_4).

Collecting all the above estimates with (5.15), we see that (5.13) is archived.
To prove (5.14), we start by re-estimating the fifth term in (5.15) as follows:

— f |,/ 2w, f g(t — $)(u(r) — u(s))dsdx
Iy 0

2
c
<6 f dx + ~ f "2 x
I 6 I

<o(1 =O)(gou)t)+ % f |ut, "2 x
r

‘fo g(t — $)(u() — u(s))ds

< c6(g o Vu)(r) + ¢ f |, "0 2 dx + ¢ f g, "2
6 I'n 6 ISP

mp—1
|ut|’"(x)dx) )

< ¢8(g 0 Vi)(t) + g( " dx + (

I I

Hence, (5.14) is established.
Lemma 5.4. [43] Assume that (A1) and (A3) hold, then the functional

F5(1) 2=f0f(t—S)lqu(S)II§ds

(5.23)

(5.24)

(5.25)
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satisfies the estimate:

Fi(1) < 3(1 = O)lIVul = L(g o Vu)(0), (5.26)

where f(t) = ftoo g(s)ds.

Lemma 5.5. Given ty > 0. Assume that (A1) — (A4) and (3.4) hold and my > 2. Then, the functional L
defined by

.E(t) = NE(Z) + 8]F1 (l) + 82F2(l)

satisfies, for fixed N, €, &, > 0,
L~F (5.27)

and for any t > t,
1
L) < —cllull; — 41 = O)|Vull; + Z(g o Vu)(®) + Cf |u|*dx. (5.28)
I

Proof. The equivalence £ ~ E can be proved straightforward. For the proof of (5.28), we start
combining (2.6), (2.7), (5.2) and (5.13) and recalling g’(¢) := £g(t) — h.(¢), to get:

£ < fo 4(ds - )ea - |l - (381 = 0201 + ¢ )IVul

N
_ [5 _ % - CCS(é‘] + % + 82)](% o Vu)(1)

(5.29)

- f (N = cg| — src5(x)lu/"Vdx + &, f lul'“dx
Iy I

; (% + 59e18(1 — {’)m'_l)(g o Vir)(t).

10

Now, set go = fo g(s)ds and select 6 small enough so that

o< min{1 g £0 Lo }
25 16(1 + ¢,)’ 1024¢,(1 = oym )

Once 9 is fixed, then c5(x) is bounded and the choice of g; = % go&y yields

1

Zg082 <¢g < 58082~

._ 1 1
1= (80 — 0)&2 — &1 > 58082 — &1 = 380&2 > 0,

5.30
o= ﬁel —0&(1 +¢,) > 3%8082 > 0. 30

By taking &, = we get

1
8cro(1-¢ym-12

. 1 t {go
S(1 =" ey = —and ¢ > 2> go8r =
C1 ( ) & 8 and ¢; > 32g082 256C1(5(1 - f)ml_l

> 4(1 - ¢).
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Then (5.29) becomes

N 1
L) < =cillull; — 4(1 = OlIVaull3 + (78 + g)(g o Vu)(1) + & f |u|?dx
I

N e e (5.31)
—[— - = CCE(SI + 24 sz)](h‘9 o Vu)(t) — [N —c(e + &) f |, "D x
2 9 0 I
£g’(s) . .
From T’() < g(s) and using the Lebesgue Dominated Convergence Theorem, we conclude
eg(s)—g'(s
that

2
lim eC, = lim | —8 4=
£—0" >0+ Jo  eg(s) — g’(s)

So, there exists 0 < gy < 1 such that if & < &g, then

1

eC, <

l6(cs1 + 2+ csz)

Now, choosing N large enough so that £ ~ E and

N > max ﬁ82, i’ w .
0 de a
_ 1
For ¢ = e We have N
c
1—582>0 and € < &p.
This gives
N
3 % - Cg(csl + CT? + csz) > 0. (5.32)
A Combination of (5.31)-(5.32), leads to (5.28). O

Lemma 5.6. Given ty > 0. Assume that (A1) — (A4) and (3.4) hold and 1 < m; < 2. Then, the
functional L defined by
L(f) = NE(Z) + 81F1(Z) + 82F2(Z)

satisfies, for fixed N, &, €, > 0,
L ~F (5.33)

and for any t > t,,
1 ml—l
L'(t) < —cllugll; — 4(1 = O)||Vull3 + Z(g o Vu)(t) + &, f [ulfdx + c( - E’(t)) . (5.34)
I

Proof. Estimate (5.34) can be established by using the same above arguments with some changes only

on
£ [g()

16¢(1 + ¢,) 5% 1024(1 — 6)

}, and &, = —.

0 < min {1
80, 35

2
m]
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Lemma 5.7. Assume that (A1) — (A4) and (3.4) hold, then for my > 2, then

f"o E(s)ds < oo. (5.35)
0

Proof. Combining Lemmas 5.4 and 5.5 and choosing &; small enough, we see that the functional L,
defined by

Li(r) := L) + F5(1)

is nonnegative and satisfies, for some ¢, > 0 and for any ¢ > 1,

1
L) < = el = (1 = O IVull - 3 (g0 Vi () + &1 [
I
C
< = coE() - (— - sl)f |u|*dx
2(]2 ]
< —-coE(@).

An integration over (¢, 1), leads

! Li(t) + L(t
fE(s)dss—M, Vi > 1.
Io CO

Using the continuity of E, we obtain

foo E(s)ds < +o0o0.
O O
Lemma 5.8. Assume that (A1) — (A4) and (3.4) hold, then for 1 < m; < 2, we have
fo " B (s)ds < oo. (5.36)
Furthermore,
f i E(s)ds < c(t —15)>™, ¥t > 1. (5.37)
o

Proof. Combing Lemmas 5.4 and 5.6 and selecting &; small enough, we conclude that the functional
L, defined by

Lo(t) := L(1t) + F5(t)
satisfies, for some ¢y, ¢ > 0 and for any ¢ > ¢,
’ 2 2 1 q(x) m mp—1
L) < = el = (1= OIVully = 2 (g o Vi) () + 1 | ul@dx+C[ | |u"dx]
Iy I

< —coE(t) - (i - 81) u*Odx + c( - E'(t))" "
2 I

<—cE@+c(—E®)"", V>

(5.38)
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2—my

Now, multiplying (5.38) by E“(¢), a = 1> and using Young’s inequality, we arrive at

E*(DLy(1) < —coE* (1) + ¢, E*(0( - E/(0)™™"
< —co(1 = s)E“”(t) + g( — E'(1)).

Choosing & small enough and using the fact £’ < 0, then (5.39) becomes:
E*N (1) < —cLi(t),  Yt=t,
where L;(t) = E“(t)Lx(t) + cE(?).

Integrating over (%, 1), we get

!
f E“(s)ds < Ls(1p), Vit > 1.

To

Therefore, we get
f EmT(s)ds < +oo.
0

Using Holder’s inequality, we get

! ! 1
f E(s)ds < (1 — zo)ﬁ[ f E"”(s)ds]““ <ot —1p)™T = ¢t — 1)>™, Vi > 1.

To fo

This completes the proof.
6. Proofs of the decay theorems
In this section, we prove Theorem 4.1 and Theorem 4.2.

6.1. Proof of Theorem 4.1
Case 1: Y is linear. Using (2.3), (2.6), and (5.28), then for any ¢ > 1,, we have

HOL (1) < —cH)E(t) + cI(g o Vu)(t) < —cH)E() + c(g’ o Vu)(t)
< —c¥()E(t) — cE'(1).

Letting #.L + cE ~ E and integrating over (%, t), we get for some C, A > 0,

E() < Cexp (—/lf ﬁ(s)ds), t > 1.

Case 2: ¥ is nonlinear. We start defining the following functional

!
() = yf IVu(t) = Vu(t — s)I5, V>t
Io

where y > 0 should be carefully selected. Using (3.9) and (5.35), we get

mn:nywmo—wm—ﬂﬁ

(5.39)

(5.40)

(5.41)

6.1)
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<2y f (V@R + [Vu(z - IE) ds

0]

< g - 2)f (E(t)+ E(t— s))ds

< — E(s)ds < oo, Yt 1.
e —2>ffo ’

Therefore, we can select y small enough so that
n(r) < 1, Vit

We also define the following

0(1) := —f & $IVu(t) = Vu(t = )5 < —cE'(r).

To

Since W is strictly convex and ¥(0) = 0, we have
P(s1) < sP(1), for 0<s<1 and 7e€][0,0).

Combining the above with (2.3), Jensen’s inequality and (6.2), we obtain, for any ¢ > ¢,

t

1
or) = - 70 n(t)g () IVu(r) = Vu(t = 9)lI3

t

1
() () (g(5)) IVu(r) = Vult = 5)ll5
) f Pn(n)g(s) IVu(r) = Vu(t = )3
>$‘I’(f g(s) [[Vu(r) - Vu(t—S)Ilz)

to
Then, for any ¢ > #y, we have

jt; g() [IVu@® — u(t - )5 < S (7:;())) Vi

Combining (2.6), (5.28), (6.4) and using Lemma 2.9, we get, for any ¢ > ¢,

L) < -PEW) - cE'(D) + Cf () IV () = u(t = )l

y6(?) )

< -BE(t) —cE'(t) + ‘I’ (ﬁ(t)

Yt

F'0) < BED + ¥ (79“))

1)

(6.2)

(6.3)

(6.4)

(6.5)

(6.6)
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where ¥ := L + cE. For gy < r, we define

File) = P (8°E(t)

E0) )?(t) Vi>t.

Then, using the facts that £ < 0, ¥’ > 0 and ¥ > 0, estimate (6.6) becomes

Fi) = 80E'(f)q,,(8oE(t))7_~(t)+ (0 ())?—,()

E(0) E(0) E(0)
=, [€0E() C=,(E0E®)) <_ [Y0)
< -BLEMY (TO))-’- ;‘P ( E0) )‘P (ﬁ(t) ), Yt (6.7)

Recall that ¥ is convex on (0, o) and let ¥* be the convex conjugate of ¥ in the sense of Young [48]
such that

(s) = s(P) () - | (¥) ' (5). | Vs € (0, 00). (6.8)

and satisfies the following generalized Young inequality
AB < ¥*(A) + ¥(B),VA, B € (0, o). (6.9)

Then a combination of (2.7), (6.7)) and (6.9) with applying the generalized Young inequality over

oy witn 4 =¥ (352 and 5 = ¥ (52),

, B , (£0E®) _ (£ ED] . c8(0)
Ti < HEOY ( E0) ) ¥ [T ( E0) )] 0
E(1) =, (€0E(1) (1)
< —(ﬁlE(O)—cso)E(O)‘P ( E0) )+Cﬂ(t)’ Yt>t
Take &, small enough, if needed, to obtain, for some positive constant 5,
, L E® o, (2E®  60)
(@) < ’BIE(O)\P ( E0) )+Cﬂ(t)’ Vit
Multiplying both sides of the last inequality by ¥(¢) and using so% < r and inequality 6.3, we get
, L E@) o, (20E@)
HOF() < B 5 (O)‘P ( E0) )ﬂ(t) + cO(1)
E®) o (20EO\
-2 E(O)\P ( 30) )ﬂ(t) cE' (1), Vit
Hence by setting ¥, = 9% + cE, we obtain, for two constants ay, a; > 0,
a1Fr(t) S E(H) < anFHr, Vt>1 (6.10)
and
, L E@) , (20E®)
F () < ﬁzE(O)\P ( E0) )ﬂ(t), Yt > 1. (6.11)
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Now, let
t
AQ) = O‘g(%g ) and Wy(7) = 7W(207),
then we deduce from (A2) that ¥, ¥/, > 0 on (0, 1], and from (6.10) and (6.11) that A ~ E and
RNUE
> L), Yt >, (6.12)
W (A0) ’

Integration over (7, 1), we get

e0A(10) 1
ds f Hs)ds, Vt>1.
LA(t) s () °

t
E(t) < LY, (/11 f ﬁ(s)ds), vVt > 1,
To

Hence,

where ¥, = ft 5 (s)ds and 1, > 0.

6.2. Proof of Theorem 4.2
Case 1: Y is linear. Combining (2.3), (2.6) and (5.34), then for some y; > 0, we have

mp—1

9L (1) <~y 9OE®) + c9(1)(g o Vu)(1) + cﬂ(t)[ - E’(r)]
- (6.13)
< —y1HE(t) — cE'(t) + cﬁ(t)[ - E’(t)] , Yt> 1.

Letting £, := 9L + cE ~ E, multiplying both sides of the above estimate by EX, with k = = = and
applying Young’s inequality, we obtain

EXO L) < —(y1 — ©IDE (1) — cE' (1), Vit > 1.
Set £, := EXL, + cE ~ E, take € small enough and use the fact E’ < 0 we get, for some y,,y3 > 0,
L5(1) < =y 9OE (1) < —y390(0) L 1), Vi1,

Now, we integrate over (f,, t) and use £ ~ E, to get,

¢ 1-m
E(t) < C(f ﬁ(s)ds) ,  Vt>t.
fo
Case 2: YV is nonlinear. We define the following functional

m@) = f [[Vu(t) = Vu(t - s)||2 ds, VYt=>t.

(t—1 )2 ™
Thanks to (5.37), we can pick vy, small enough so that n;(¢) < 1. Then, for any ¢ > f,, we have
1 t
60 =25 | mOFIVu) - Vutt - 9l ds
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1 !
2 f OIS () IVu(t) = Vu(t — )l ds
m (t) 0]
) .
> 20 P (0g(s)) IVu(r) = Vult — 5)Il> ds
m (t) 0]

S (- to)z""lﬁ(t)q,( Y
(t -

” myﬂmv[éK@HVMUf—VMU—SNﬁdQ,

which gives

! 1 N Y001 (2)
() IVu(®) = Vu(t — s)|3ds < —( — to)* "™ 1(— . (6.14)
xﬁg 2 Sy )t — 1)2~
Using (2.6), (5.34), (6.14) and Lemma 2.9, then for any ¢ > #,, we get
7 ot -
L0 < ~ViE@W) = B0 + 5= 10 ™ (7229 ) o o - B0 (6.15)
Thus, (6.15) becomes
, c(t — o)™ _ Y001 (1) [ , ]m‘_l
1) < —y.E(t ¥ —E'(t s Yit>t, 6.16
F'(t) < —y4E(t) + " ((t—to)z‘mlﬁ(t) +c ) 0 (6.16)

where ¥ .= L +cE ~ E.
For 0 < &, < r, we shall define

&1 E®)
(t — 19)>™ E(0)

Fi(t) := ‘P'( )T(r), Vit

Using (2.7), (6.16), the assumption (A1), and the generalized Young inequality, then for any ¢ > 7y, we
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have

Fi=|

£ E'()  2-me E(t)]q,,,( £ E(1)
(t—10)>™ EQ0) (- 19)*>™ E(0) (t = 10)>™ E(0)
=, &1 E@))\ __,
+¥ ((t—zo)z—ml'E(O))¢(t)
€1 E(t) ’

(1 —19)*™ 'E(O)) L

-, & E() -, & E(1) N
< -y E@0Y ( PEPRC=T .E(O)) +c? ((t — P E 0)) [ -E (t)]

N (t—tp)*>™ N ( V001 (1) )‘i" ( £ ' E(I))
Y0 (t — 1) I(t) (t —t9)*™ E(0)

& E@ ) L) [\y( & E® )]
(t —to)*™ E(0) Y0 (t — t)>™ E(0)
0:(1) c‘P’( £ E(l))

) F(0

s‘i”(

< —’)/4E(t)\p/ (

- mp—1
s | (r)] . (6.17)

€ E(t)) oo ED g £l E(t))

S_y“E(”\P/(u—ro>2-ml'E<0> “IE0) T \T =P EO)

0(1) <, £ EO\[ ., "
+C%+CT ((t—to)z_ml.E(O))_E(t):I
E(7) ( &1 E(7) ) L0

= EO eV g (e Eo)) T 00

- £ E(1) [ , ]’"1—1
Y . - E'(t
e ((r ) E<0>) ()

E(t) - E(t 0
L E0g (& E0), a0
E©0)  \(—1)*™ E(0) (1)

Tl €] E(t) [ ’
W . - E'(t
e ((r ) E<0>) ()
where s > 0. Multiplying the last inequality by 9¥(¢) and using (6.3), then for any ¢ > #,, we obtain

mp—1

’ Tl ! E(t) ’
NOF| (@) < —ysE)I()Y ((t PR E(O)) - cE'(?)
&1 E(t)

+ ¥ ( )( —E@0)" "

(t — 19)>™ E(0)

By setting 7, := 9F + cE, we get, for any 1 > 1,

E(r)s—ysEmﬁ(r)\P'( al E(”)

(t = to)>™ E(0)

&1 E(t) ’ my—1
(t = tp)*>™™ 'E(O))( mEOT

+c‘P’(

_ 2-my

Multiplying the above inequality by E”, (n = ml_l) , and using Young’s inequality, then for some 7,
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we have E@)
- Y5 n+1 Y’ €1 !
E"O)F, (1) < — (E(O) )E O ((t )2 E(O))
_ E
+c(e)¥’ (( _ fl)z—ml E(((t))))( ~E0)

s e &1 E®\ .,
< - (% - cs) HOE™ ()Y ((t o 'E(O)) cE'(2).

Let 3 = E"F, + cE and choose & small enough, then for a constant y, > 0, we get

n+1
FI(t) < %ﬁ(t)( ()) ‘P(( il E(t)) (6.18)

E(0) t =ty E0))

We deduce from lim,_,., = 0, that, there exists #; > #, such that

which implies

< 1 forany t > ¢,

1
(l‘_l‘O)z_m1 )2—11]

E()\n+1_, £ E(1)
oG )(E(O)) ¥ ((t—to)2 — E(O)) —cF(0), V>t (6.19)
Integrating (6.19) over (¢, t) yields
(EON" o & E@) ‘o ,
‘ft: (m) ¥ ((S — to)z_ml E(O))ﬁ(s)ds < _\ft: 7:3(5)61.5' < Cﬂ(tl)- (620)

Since ¥ > 0 and E’ < 0, it follows that the map

( E®) )"“ ) ( €l E(t) )
— | —= Y .
E(0) (t = t)*™ E(0)

is non-increasing. Therefore, we get

( E®) )”“ ) ( €l E(t)
—_— ¥ .
E(0) (t —to)*™ E(0)

)f Hs)ds < cF5 () V> 1. (6.21)

n+l
Multiplying (6.21) by (W) and setting W,(r) := v""'¥ (1), which is strictly increasing, we
obtain, for A;, 1, > 0,

=) ! -1
E(t) < A5(t — to)* ™! l( (= to)ml ! f ﬁ(s)ds) l, Vi>t, (6.22)
141
This completes the proof.
7. Numerical tests
We give numerical simulations in this section to support our theoretical results in Theorems 4.1 and
4.2. We use the conservative Lax-Wendroff strategy presented in [49] to demonstrate the decay of two
tests. To discretize the system (1.1), we use a second-order finite difference method (FDM) in time and

space for the space-time domain Q X (0,7") = [0, 1] x (0, 25). The mixed boundary conditions in the
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system (1.1) could be viewed as a Dirichlet boundary condition on one hand and a Neuman boundary
condition on the other. Let for instance, u#y(x) = x and u;(x) = 1 — x. Then, the condition

du

! ou
e f g(t—s)—nds+|ut|m(x)_2u,:|u|q(x)_2u, in T x(0,7T)
0

0
will apply to the following two tests:

e TEST 1: In the first test, we set m(x) = g(x) = 2. We use the boundary condition at x = 1 (the
term u; will be vanish at x = 1, while the right-hand side condition will have a nonzero starting
value).

e TEST 2: In the second numerical test, we examine the case m(x) # 2 and g(x) # 2 for all
x € [0, 1]. We use the boundary at x = O (the term u; term will not vanish at x = 0 and the right

for

hand side condition will be canceled). For this, we use the functions m(x) = g(x) = 2 + 7
all x € [0, 1].

+ X

To check that the implemented method and the run code are numerically stable, we use Ar < 0.5Ax,
satisfying the stability condition according to the Courant-Friedrichs-Lewy (CFL) inequality, where
At = 0.0025 represents the time step and Ax = 0.01 the spatial step. The spatial interval [0, 1] is
subdivided into 100 subintervals, whereas the temporal interval [0, T'] = [0, 25] is deduced from the
stability condition above. We run our code for 10, 000 time steps using the following initial conditions:

u(x,0) = x(1 — x) and u;(x,0) =0, in[O,1].

In Tests 1 and 2, we demonstrated the decay under the initial and boundary conditions. The plots
in Figure 1 show the temporal wave evolution in cross sections. The three cross sections are taken at
x = 0.75,1.5,2.25 (see Figure 1. The corresponding energies given by the “modified” equation (3.1)
are presented in Figure 2. The damping behavior is well seen in both tests. The result shown in Figure
2 is equally important. As a result, the similarity decrease for the energy decay rates obtained in Test
1 and Test 2 can be clearly observed. We normalized the output by dividing the maximums value in
order to compare the asymptotic convergence of the energy.

Finally, it should be stressed that our intention focuses is to show the energy decay represented in
Figure 2. However, we remarked that there are some similarities in the energy decay behavior. Both
functions have at least a polynomial decay. This is due to the initial conditions used for the problem.
We believe that, for other choices of the initial solution, we could obtain a clear difference between the
outputs of the energy function.
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0.2

u(t, 0.25)
o

u(t, 0.25)
[=]

L L L L .02k L L L L

0.2

ult, 0.5)
u(t, 0.5)
o

0.2

0.2

u(t, 0.75)
u(t, 0.75)
[=]

0.2

TIME TIME

Figure 1. The behavioral decay of the solution wave (left: TEST 1, right: TEST 2).

TEST 1.: Energy TEST 2.: Energy
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Figure 2. The energy functions (left: TEST 1, right: TEST 2).

8. Conclusions

In this work, we considered a viscoelastic wave equation with boundary damping and variable
exponents. We first proved the existence of global solutions and then we established optimal and
general decay estimates depending on the behavior of the relaxation function and the nature of the
variable exponent nonlinearity. We finally end our paper with some numerical illustrations. Working
with variable exponents in the boundary is totally different from the earlier results and of much
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challenging. We compared our results with other related results and showed that our results improved
and extended some earlier results in the literature.
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