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1. Introduction

The famous Kirchhoff equation [1]

Uy — (a +b f u'zdx) u' =h(t x)
Q

(a,b > 0) 1s an extension of the classical D’ Alembert’s wave equation for vibrations of elastic strings,
which takes into account the changes in mass density and/or tension force of the string produced by
transverse vibrations. In higher dimensions, the equation reads as follows

U, — (a + bf |Vu|2dx) Au=h(t,x).
Q
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One can also consider the parabolic type equation

ut—(a+bf|Vu|2dx)Au =h(t,x)
Q

which models diffusion processes with a diffusion coeflicient globally dependent on gradient.

Several authors (see, e.g., [2-8]) have considered a more general Kirchhoff type equation, by
replacing the integral factor a + b |Vu|i2 with an expression of the form n(|Vu|;2), where n is an
increasing and nonnegative function.

Kirchhoff type problems are referred to be nonlocal due to the presence of the integral over the
entire €2, and due to this specificity, some difficulties arise in their investigation.

The study of such equations and systems have been made using variational and topological methods,
as well as upper and lower solution techniques (see, e.g., [9-20] and the references therein).

In this paper, we first study the Dirichlet problem for a stationary integro-differential equation of
Kirchhoff type with a reaction external force term, on a bounded domain Q C R”",

{ —(a+b [, IVul* dx) Au = f + g (x,u,Vu) inQ
ulao = 0,

and next we focus on the Dirichlet problem for a coupled system of Kirchhoff equations

—(a+b|uli,1)Au =N+ & (xu,v)

0

~(a+ by )av= £+ g2 () (1.0
0

s = Vlgg = 0

for which the solution is a Nash type equilibrium.

To our knowledge, Nash equilibria of system (1.1) have not been considered so far, and our objective
is to provide sufficient conditions for such solutions to exist. To this aim we use the approach initiated
in [21] (see also [22-27]). The idea is to put system (1.1) in an operator form, as a fixed point system,

{ Ni(u,v) =u (1.2)

No(u,v) =v,

where the operators Ny and N, admit a variational structure, i.e., there exist (energy) functionals
E\ (4,v) and E, (u, v) such that system (1.2) is equivalent with

{ En(u,v) =0 (13)

Ezz(u, V) =0.

where E; is the partial Fréchet derivative of E; with respect to the first variable and E,; is the partial
Fréchet derivative of E, with respect to the second variable. A solution (u*,v*) of (1.1) is a Nash
equilibrium if

Ey(u*,v*) = inf E1(-, V")
Ez(lxt*, V*) = inf Ez(u*, ) .
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The notion of a Nash equilibrium originated in game theory and economics, where a number of players
or traders with their own costing criteria are in competition and each aims to optimize its cost in relation
to the others. When no one can further improve his criterion, it means that the system has reached a
Nash equilibrium state. Such kind of situations also hold for systems modeling real processes from
physics, biology etc., when stationary states are Nash equilibria for the associated energy functionals.

Non-cooperative games in which the players move alternately suggest an iterative method based
on Ekeland’s variational principle for finding and approximating Nash equilibria. The convergence of
the iterative process is established by using unilateral Lipschitz conditions on the reaction terms and
working techniques with inverse-positive matrices.

The outline of this paper is as follows: Section 3 provides a comprehensive picture of the theoretical
aspects of the Kirchhoff solution operator for the Dirichlet problem. Section 4 is dedicated to the
Dirichlet problem for the stationary Kirchhoff equation with a reaction force term; the existence of
solutions is established via Banach contraction principle and Schaefer’s fixed point theorem. Finally
in Section 5 there are provided sufficient conditions for a system of two Kirchhoff equations to admit a
Nash equilibrium.

2. Preliminaries
In this section we collect a number of notions and results that will be used in the following.

First we recall the weak form of Ekeland’s variational principle (see, e.g., [28, Corollary 8.1]).

Theorem 1 (Ekeland). Let (X, d) be a complete metric space and E : X — R a lower semicontinuous
functional bounded from below. For each & > 0, there is an element x € X such that the following two
properties hold:

IA

E (%) in£ E(y) + ¢,
ye
E(x) < E(y)+é&d(x,y) forallyeX.

Next we recall Perov’s fixed point theorem (see, e.g., [28, pp 151-154]) for mappings defined on
the Cartesian product of two metric spaces.

Theorem 2 (Perov). Let (X;,d;), i = 1,2 be complete metric spaces and N; : X X X, — X; be two
mappings for which there exists a square matrix M of size two with nonnegative entries and the spectral
radius p (M) < 1 such that the following vector inequality

( dy (N1 (x,y), N (u,v)) )< M( di (x,y) )
dr (N2 (x,y), N> (u,v)) |~ d> (u,v)

holds for all (x,y),(u,v) € X; X X,. Then there exists a unique point (x*,y*) € X; X X, with x* =
Ny (x*,y") and y* = N, (x*,y") . Moreover, the point (x*,y"*) can be obtained by the method of successive
approximations starting from any initial point (xy, yo) , and

( di (N} (x0,y0) . ")

d> (yo, N2 (x0, yo))

for every k € N.
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Here [ stands for the unit matrix of size two. Note that the property of a square matrix M with
nonnegative entries of having the spectral radius p (M) less than 1 is equivalent to each one of the
properties: (a) M* tends to the zero matrix as k — +oo; (b) The matrix / — M is nonsingular and the
entries of its inverse (I — M)~! are nonnegative.

For our Kirchhoff system (1.1) both fixed point and critical point formulations ((1.2) and (1.3))
being available, both Perov approach and Ekeland variational approach can be used. The first approach
offers the approximation procedure for the solution given by the method of successive approximations,
while by the second approach, an approximation procedure more appropriate to the concept of Nash
equilibrium can be established.

We conclude this preliminary section by some notations and results related to Laplacian. For details
we refer the reader to the book [29]. We consider the well-known Sobolev space Hé (Q) whose scalar
product and norm are

1/2
(u,v)Hé = fVu - Vvdx, |M|H(; = |Vul;» = (f |Vul? dx) .
Q Q

The notation H~' (Q) stands for the dual of Hj (Q) and for any f € H™' (Q), u € H} (Q), by (f,u)
we mean the value at u of the continuous linear functional f. One has the continuous embeddings
H; (©Q) c L*(©) c H' (Q) and the Poincaré inequalities

1
e < =y (€ Hy ().
1
1
e < =l (we L (@),
1

where A; is the first eigenvalue of the Dirichlet problem for the operator —A. We use the notation
(=A)"! for the inverse of the Laplacian with respect to the homogeneous Dirichlet boundary condition.
More exactly, (-A)"! f = u, where u is the unique function in Hé (Q) satisfying (u, v) H = (f,v) for all
S Hé (Q), i.e., u is the weak solution of the Dirichlet problem —Au = f in Q; u = 0 on 9Q. Recall
that (—A)™" is an isometry between H~' (Q) and H} (Q) .

3. Stationary Kirchhoff equations

3.1. The Kirchhoff solution operator

First we focus on the stationary equation

—(a+bf|Vu|2dx)Au:h
Q

under the Dirichlet condition u = 0 on 9.

Theorem 3. (The solution operator) For each h € H™' (Q), the Dirichlet problem has a unique weak
solution u € H) (Q), i.e.,

(a + bf |Vul? dx) (M,V)H(l) =(h,v), ve Hé (), (3.1
Q
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and the solution operator S : H' (Q) — Hé (Q), h +—> u, is continuous and
1
IS (Mg < = 1Aly-1 . (3.2)
a

Proof. (a) Existence: Let h € H™! (Q) be fixed and consider the operator S, : Hé Q) — Hé () defined
by
1
Sp(v)= ———(-A)""h.

a+bv,

Clearly, S, is completely continuous. In addition,
1 1
1S) W)l < - |hly-1, veH, Q). (3.3)

Hence, if we denote B = {v € HO1 Q) : |v|H3 < é |h|H71} , then §;, (B) C B and according to Schauder’s
fixed point theorem, there exists at least one u such that S, () = u. Clearly u is a solution of the
Dirichlet problem.

(b) Uniqueness: Assume that u;, u, are two solutions of (3.1). Then

(h,u),

2 2
A
0 0
2
(a4 bl )@y = G,
It follows that
2 2 2
(a+ bl )iy = (a+blo,) Gy,

2

< (a+ blusky )l ol

Hence
2 2
(a-+ Bl sty < (a + bk ol

The function (a + bxz) x being strictly increasing on R.., we have that i[5 < |uz|y; . By symmetry the
converse inequality also holds. Thus |u;| H = 25| H) - Now the uniqueness of solution for the Dirichlet
problem related to —A yields u; = u,.

(c) Continuity: Let by — hin H™' (Q) and let u; := S (k) . Using (3.3) we have that the sequence
(uy) is bounded. Hence, passing if necessary to a subsequence, we may assume that the sequence of
real numbers (Juy|) is convergent. We now prove that the sequence (1) is Cauchy. From

1

— Iy
2 2
a+blu

| leg

—Auk =

we have

1 1
h

—-A (uk—up) = hk—
2 2 P
a+blu
| le(l) a+b|up|H(1)
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in the weak sense. Consequently

U = Up|, = > i — 7 ps Uk — Up
N PR T
0
_ (i —
= ) k — Np, Up — up)
a+b |uk|H(3
1 1

- h,uk—u).
a+blul) 2 (p b
| leé a+b|up|H(1)

Furthermore

2 1 b ) 2
|uk B MP|H5 < a |hk B hP|H*1 |uk B uP|Hé + P ‘lule(‘) B |uP|Hé‘ |hP|H*1 |uk - ”l’lH(l) ’

whence . 5
) 2
|uk—u| §—|hk—h|7+—‘|uk|1—|u| “h|7.
PlH] a V: ) H) PlHL | ITPIHA

Since |hp| ol is bounded, (#;) and (|Mk|i,1) are convergent, one immediately obtain that (1) is Cauchy.
0

Hence there is u with u; — u and passing to the limit we see that u = S (h) . Finally the uniqueness of
the solution implies that the whole sequence (u;) converges to S (h), thatis S (b)) — S (h). |

Theorem 4. (Monotonicity) If 0 < hy < h,, then |S (h1)|Hé <lS (h2)|H(§ .
Proof. Denote u := S (hy) and v = S (hy) . Since hy, h, > 0, one has u,v > 0. Then

(14 i ey = oo < oy = (1 W ) < (14 0y g ol

which gives
2 2
(14 iy Yty = (1 5 )l
whence |u|H(1) < Ile(l) ) O

Theorem 5. (The energy functional) A function u € Hé (Q) is the weak solution of the Dirichlet
problem if and only if it is a critical point of the C' functional E : Hé (Q) - R,

1
E) = Z( a+b |v|§{(l)) V2, = (). (3.4)

Proof. One has

2 2 2112
v + /lle(l) - IVIH6 24 (v, W)Hé + A7 |w|

1
H’

4 4 2 2 2 2
v+ iy = bl (Iv + iy |v|Hé) (lv + iy + |v|H(l))

(22w + 21w ) (1v-+ Aty + b
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Consequently
EGv+Aw)—E®W)

. 2
fim =2 = (a+ b, ) v wiy = o).

Hence
(E' @), w) = (a+ b, ) 0wy = (o) (3.5)

O

Theorem 6. Function u € Hy (Q) solves the Dirichlet problem if and only if it minimizes the energy
functional (3.4).

Proof. If u is a minimum point of E, then E’ (1) = 0 and according to (3.5) it solves the problem.
Assume now that u is a solution. Then for every v, by direct computation, we have

E(u+v)

E )+ (a-+ bluy ) (e, v)gy = hv)

b
+‘§‘ P+ 5 (V1 + 20 P+ 4 ) + 4P @, v)?)

b
E(u)+ g W+ 3 (W + 2[ul® P + 4 e, v)” + 4 P (. v)?)

b
E+ S+ (WP +2n) + 24P ) > 0

v

for every v # 0. Hence u is the unique minimum point of E. O
4. Kirchhoff equations with reaction terms

Consider the Dirichlet problem

{ —(a+b [, IVul dx) Au = f + g (x,u,Vu) inQ @

u=0 onoQ.

Here Q C R" is open bounded, f € H™! (Q), g : Qx RxR" — R satisfies the Carathéodory conditions
and g (-,0,0) = 0.
We look for weak solutions to (4.1), namely u € H, (Q) with g (-, u, Vu) € H' (Q) and

(a + bf |Vu|2dx) u,V)gy = (f +g(ou,Vu), v) forallve H)(Q).
Q
A function u € Hé () is a weak solution of (4.1) if

(A" (f + g (L u, Vu)),

u=
a+b [ [Vul’ dx

that is u is a fixed point of the operator
A =S (f+g(Cu,Vu).

AIMS Mathematics Volume 7, Issue 8, 15258—-15281.
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4.1. Existence and uniqueness of solution
We apply Banach contraction principle. Assume the Lipschitz condition
(HL)
lg (x,u,v) —g(,u, V)| < Ly lu—ul+ Ly |v -]
forall u,u €e R, v,v € R" and a.e. x € Q, where

1({L, L
0 := —(—1+—2)< 1. (4.2)
al\dy VA4

Step 1: Invariance of a ball.
We prove that if L;, L, are small, then for any large enough number R, one has |A (u)| u <R for all

ue Hé () with |u| H < R. According with (3.2), using (HL) and Poincaré’s inequality, one has

AWy = 1S (426w Tulgy < 2 1f + 86 Vil
< L (flys + 18 Vi) < é(mm + % 8o, Vu>|Lz)
< é(mm + v%_l (Ly s + Ly |Vu|Lz>)
< 2 Ufly+ é(% + VL—;_I) -

Hence in virtue of (4.2), the invariance condition holds for any number R > |f|,-1 / (a (1 — 6)).

Step 2: Contraction condition.

Fix any number R as guaranteed at the previous step. Let u,v € Hj (€) with |u| H > [v] n <R be
arbitrary and letw =S (f + g(,u, Vu)) and z = S (f + g (-, v, Vv)) . Assume without loss of generality
that |W|H(§ > Ile& . Then

(a+ bIvEy )i, = (F 480V,

(a-+ bl ) v, 20

(f+gCv,Vv),w),

whence
(0 biwiy )iz, = (a+ b1eky ) o0, 2y = (ot Vi = g (1, F), w).
0 0 0 0

For the left side, one has
a+bwlk, WPk, =la+blz ) w,2)m > a+ bWk, | WP, = a+ bz ) Wl lzlm
Hy ) " H, Hy )N Hy = Hy ) " H, Hy ) ™ 1Hg 1<1H,

and for the right side

IA

(gCou,Vu)y—g(,v,Vv), w) lg (., u, Vi) — g (., v, V)| 12 W2
(L1 L,

+
A VA

AIMS Mathematics Volume 7, Issue 8, 15258—-15281.
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Hence

Ly L,
(a+ Dl ) wiy = (a+ b1 )i el < (7 . ﬁ) = iy Wl
1 1

and since |W|H5 > IZIH(I) ,

L, L,
0 < awly ~Iely) < (a + bty ) wlay = (a-+ 1eE, )l < (Z v ﬁ) = vl -

Consequently
0 < Wy = Izl < Olu—=vig .

On the other hand, from
(a+b|w|12qé)(w,w—z)Hé = (f+g(u,Vu),w-12),
(a4 by ) @w=2 = (F+gnTn, w-2),

we deduce that

| L {f+g(.,u,Vu) f+g(v,Vy) ]
W_ZlHé = - w—2z

2 2
a+blw a+blz

eCu,Vu)—g(,v,Vv), w—12)

2
a+b|w|Hé
1 1
+ - — |+ v, V), w—2).
a+b|w|H(1) a+b|z|H(1)
We have
(g (o1t Vit) — g (v, V) )<(L‘+L2)| o I — 2
LU, VU) — SV, VV), W —Z —_— — | |U — V|l (W — Z|yl
8 8 1, \//1_1 H) H)
and
( + (.,V,VV), W_Z)
[a+b|w| a+b|z|§,1Jf §
0
Wlay + 12l
< b(wlyy — i) - VAT {SA LRSS
(a+b|w|H(l))(a+b|z|Hé)
Since
Wla + 12l <3\/§ 1
(a+b|w|21)(a+blzli11) 8 avab
0 0
and

|g (-’ v, Vv)lH—l < ClQR,

AIMS Mathematics Volume 7, Issue 8, 15258—-15281.
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we obtain

lw — Z|H1<9[1+9—\/7(|f|H1+a9R)]u—v|H1.

Hence if

(HC)
9(1 +9% \/E(Ilel +a9R)) <1,
8a a

then the operator A is a contraction on the ball of H(l) (Q) centered at the origin and of radius R. Notice
that condition (HC) is fulfilled for example if 8 < 1 (invariance condition for the ball of radius R) and
b is small enough.

Thus Banach’s contraction principle applied to operator A in the ball of radius R yields the following
existence and uniqueness result.

Theorem 7. Assume that conditions (HL) and (HC) hold. Then problem (4.1) has a unique solution u
such that

lulyy < flgs / (@ (1= 6)).

Example 8. Consider the Dirichlet problem,

{_(4+\I‘B|Vu|2dx)Au:é+/llu+ \//l_ISin|vu| OnB (43)

ulpg =0,

where Q = B and B is the open ball centered at the origin of R"” and of radius p whose measure
equals 1. Here

2
a=4,b=1, f(x) = ﬂandg(xuv) A u+ A, sin|y],

for u € R and ve R". Note that f € H™'(B) with |f|y-1 = 1. Indeed, the function uy(x) = |x| — 1 is the
weak solution of Dirichlet problem —Au = f in 8B, ulsg = 0 and consequently

|fle=1 = luolyy = [Vuol2 = |~
Clearly, g is a Carathéodory function, g(-,0,0) = 0 and satisfies condition (HL) with L; = 4; and

L, =+, and 6 =2/a = 1/2.
For R = |f|y- /(a(1 —6)) = 1/2, the condition (HC) is fulfilled, since

( ALY aeR)) 1( N) ’

Therefore, the problem (4.3) has a unique solution u € Hé (B) with |u| H < 1/2.

AIMS Mathematics Volume 7, Issue 8, 15258—-15281.
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4.2. Existence via Schaefer’s fixed point theorem

Step 1: Complete continuity of the operator A : H) (Q) — H, (Q).

Recall that (-A)™! : H'(Q) — H; (Q) is an isometry between H™' (Q) and H; (Q). This implies
that the operator A is completely continuous if the operator

ur— B(u):=g(,u,Vu)

is well-defined and completely continuous from H(l) QtoH'(Q).

Assume that n > 3. Then the embedding Hé (Q) c L7 (Q) is continuous for 1 < p < 2* =
2n/ (n —2), and compact for 1 < p < 2*, and consequently the embedding L7 (Q) ¢ H™! (Q) holds and
is compact for ¢ > (2*) = 2n/ (n +2).

We would like to represent B as a composition of three operators: B = JNP, where

P : HY Q) — L* (QxL*(QR"Y), Pu)=(uVu),
N @ LX (@ xL(QR") = L1(Q), Nwi,wy)=g(,wi,w),
J o Q- H'(Q), J)=v.

Clearly, since the embedding Hé (Q) c L* (Q) is continuous, P is a bounded linear operator. Also, if

q > (2*)', then J is completely continuous. It remains to clarify the case of Nemytskii’s operator N.
It suffices that N is well-defined, continuous and bounded (maps bounded sets into bounded sets). To
this aim, recall the main result about Nemytskii’s operator (see, e.g., [29, Section 9.1]). According to
this result, we need a growth condition on g, namely

2% 2
lg C, wi,wo)l < cpwil e +cafwal? + h(x) (w) €R, wy €RY, aa. x€ Q)

where ¢y, ¢; € R, are constants and 4 € L7 () . Notice that instead of the exponents 2*/¢, 2/g one may
have smaller exponents, let they be @ and 3, hence a growth condition like

g (e wi, W)l < 1 wil + ca [wal’ + i (x) (4.4)
with 1 <a < 25, 1<B< %I. These give some conditions on ¢ :
< z < 2
q= 7’ q= B
Thus we can take
(20 2
=mingy —, — .
q o B
Finally, the condition ¢ > (2*)" holds if
- 2* < 2
(04 P -
(2%) (2%)

Note that
2% n+?2 2 n+2

Y  n=2" (2% n

AIMS Mathematics Volume 7, Issue 8, 15258—-15281.



15269

Therefore, the operator N is as desired provided that g satisfies the growth condition (4.4) for

n+2

n+?2
I<ac< > I1<p<

and h € L? (Q)

Step 2: A priori boundedness of solutions.

Letu € Hé (Q) be any solution of the equation AA (1) = u for some A € (0,1). Then u is a weak
solution of the problem

—(a+ %fQNuFdx)Au =Af +Ag(x,u,Vu) in Q
u=>0 on 0€).

Hence b
(a + = f |Vul? dx) (M,V)H(l) =Af+AgG,u,Vu), v), ve H(l) Q).
Q

Letting v = u gives

b
(a + bE |M|12v_1(§) |M|12Y_Ié =A(f,u) + A(g(,u,Vu), u).

Since g (-,u, Vu) € L1(Q), one has (g (-,u, Vu), u) = fQ ug (x,u, Vu) . Assume that g satisfies the sign
condition
ug (x,u,v) <0 forallueR, veR", aa. xeQ. 4.5)

Then (g (-, u, Vu), u) < 0 and so

b
(a t Iulzé)luli,& < A(fu) < ISl lulyy -

Thus

b
a|“|H(1) < (a + FE |M|H(1) |M|H(1) <|flgrs

that is the solutions are bounded independently of A, namely |u| H < |fly /a.
Therefore, based on Schaefer’s fixed point theorem, we have the following existence result.

Theorem 9. Assume that g satisfies the growth condition (4.4) for some numbers 1 < a <
n+2)/(n-2),1 < B < (n+2)/n and function h € L*>(Q). Also assume that g has the sign
property (4.5). Then problem (4.1) has at least one weak solution u € Hé (Q) with |u|H(l) < |flg- /a.

Example 10. Consider the Dirichlet problem,

x| u2+1

{—(1+f8|vu|2dx)Au:l—i—#wm on B 46)

ulpg =0,

where 8 is as in Example 8. We apply Theorem 9. Here

Lt3 u

w+1 u?+1

2
f(x) =T g(',l/l, V) = -
|x|

v

AIMS Mathematics Volume 7, Issue 8, 15258—-15281.
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for u € R and v € R”. Similarly to Example 8, one has f € H'(Q) and |f|5- = 1. Moreover, g satisfies
the growth condition (4.4) with @ = 8 = 1 and the sign condition (4.5) since

1
180, VI < ful + = v

and
4 2

ug(x,u,v) =— vl <0,

N R
for all u € R and v € R". Consequently, problem (4.6) has at least one weak solution in H}(8) with

5. Nash equilibrium for Kirchhoff systems

In this section our focus is on system (1.1), where we look for a solution which is a Nash
equilibrium.

5.1. Global Nash equilibrium

We start by an existence and uniqueness result in the whole space Hé () x Hé Q).
Each equation of system (1.1) has a variational structure given respectively by the energy functionals
Ei,E>: Hy(Q) x Hy(Q) — R,

1
Ei(u,v) = - (Za +bul? 1) ul?, — (fisw) — | Gi(x,u(x),v(x)dx,
4 Ho) ™ Ho Q
1
E,(wv) = - (261 +b I)IVIZI — (o) = | Ga(x,u(x),v(x)dx,
4 Hy) " Ho Q
where G| (x,u,v) = fou g1 (x,s,v)ds and G, (x,u,v) = fov g> (x,u, s)ds. Using (3.5), we easily see that

Ey (u,v)

(a+ bty )u— =80 (i + g1 G,

Exv) = (a+bhiy)v= 07" s+ g G,

for every u,v € Hy(Q).
Before stating the main result of this section we introduce the following notion: A function H :
Q xR — R s said to be of coercive-type if the functional ¢ : H) () — R,

1
¢(v):Z(2a+b|v|§{é)|vlzé—(fz,v)—LH(x,v)dx 5.1)

is coercive, 1.e., ¢ (v) — +oo as |v|H(1) — 400,
We have the following result on the existence of a Nash equilibrium under unilateral Lipschitz
(monotonicity type) conditions.

Theorem 11. Assume that fori= 1,2, f € H' (Q), gi: QxR? — R is a Carathéodory function and
gi (-,0,0) = 0. In addition assume that the following conditions are satisfied:
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(h1) There exist constants a;; € R, (i, j = 1,2) such that

a; < Aa, i=1,2,

apax < (Ara—ap)(da—axn) (5.2)
and
(g1 (6 u,v) — g1 (V) w—1u) < aylu—ul® +ap|u—1ullv-"y, (5.3)
(g (6 u,v) = (L) (V=) < aylu—ullv="+anlv-7

forallu,v,u,v € R and a.e. x € Q.

(h2) There exist two functions Hy, H, : Q X R — R of coercive-type such that
Hy (x,v) < Ga (x,u,v) < Hy (x,v)
forallu,v e R, a.e. x € Q.

Then system (1.1) has a unique solution which is a Nash equilibrium for the pair of functionals
(Ey, En).

Proof. The proof follows the idea from [22]. For a clear comprehending, we structure our proof in six
steps.

Step 1: The functionals E;(-,v) and E,(u,-) are bounded from below. First let us remark that
from (5.3), for every u,v € R, there exist 6 € (0, 1) such that

Gy (x,u,v) f g1 (x,s,v)ds = ug, (x,6u,v)
0

1 1
= 581 (000 0u < - (an 10ul’ + ary16ul V)

2 2
= anbu” +aplul vl < anu” +aplulv.

Similarly

2
Gy (x,u,v) < ap lul V| + axnv-.

Now let v € H}) (Q) be fixed. For any u € H, (Q), one has

1
By ) =5 (204 bl )iy — (o - f Gy (o (). v () dx
0 0 Q

4

>1 2 b 2 2 2

1 a+ |”|Hg |M|H(1J = filg |M|H(g = \an lulyy + ana ulpz Vg2

-1 (20 + bl ), - 1 4y = il Vgt = il Ty
4 HO HO /ll HO Al 0 0 0

4 a an ) ain
> - - — _ -
ulyy + (2 T )|u|Hé (|f1|H R |v|H(g) el

which is bounded from below since the coefficient of the term of forth degree of the quartic expression
in |u| H) is positive. Similarly the functional E, (u, -) is bounded from below for each u.
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Step 2: Construction of an approximation sequence (1, V).
Now, similarly to [21], starting with an arbitrary vy and using Ekeland’s variational principle, we
recursively construct a sequence (u, vi) € Hy(Q) x Hy(Q) such that

E(ug, vi-1) < inf Ey(-,veo) + E>(ug, vi) < inf Es(uy,-) +
H(©) Hy(Q)

k’ K

1 1
|E1 (i, Vi)l gy < = |E22 (e, Vil < T (5.4)

Step 3: Boundedness of the sequence (vy) .

Let ¢, ¢, be the functionals of type (5.1) with ¢ replaced by ¢, and ¢,, respectively. As coercive
functionals they are bounded from below.

Obviously, for every u, v, one has

¢1 (V) 2 Es (u,v) 2 ¢ (v).

The coerciveness of ¢, implies that there is R > 0 with

¢2 (V) > inf o1 + 1, |V|H| > R.
Hy(Q) 0

Since inf Hi@ P12 inf i@ E2 (u, -) for all u, we obtain

E>(u,v) > inf Ey(u,)+1 forallu,v e Hy(Q), Wy > R. (5.5)
HA\(Q)

Since for k > 2,
1
Ez(l/tk, Vk) < inf Ez(uk, ) + — < inf Ez(uk, ) + 1,
HY(©@) k  H©
in view of (5.5) we must have |v| H S R, that is the boundedness of the sequence (vy) .
Step 4: Convergence of the sequences (u;) and (vy) .
For every u,u,v,v € H}(Q), we have

(Eni(u,v) = En(@v),u -y = ﬁa+mﬁou—w+mm%mm—ﬁ)
0 Ho H0 H(l)
_(gl('9u9v)_g1(',ﬁ,§), M—E)Lz

_ - 2 2 = =
= alu ”|H5+b(|”|H5” IulH(.)u,u u)Hé

- (g1 G u,v) =g (u, V), u—u)p.

Since

2 —2 = — 4 —4 2 —2 —
(10— iRy w=T) =t + = (1, + ) e T
0

v

4 —4 2 —n _
llyy + Wl — (1 + 1y )y

2
2, =2 - -
(1 + 172y + g il ) (g = W) > 0
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we obtain
(Ell(u9 V) - Ell(ﬁ,;), u-—- ﬁ)H(l) = alu - ﬁl?_](l) - (gl ('5 u, V) - gl (,ﬁ9v) , U — ﬁ)Lz
2 alu = uly, — anlu =Tl = aplu =y -V,
apy — an — _
> (a - ﬂ_l) |u — u|§101 —~ /1—1|u — Ul lv = V.- (5.6)
Similarly
(Ean(tt, v) — Exy@,9),v = ) = [a— 22\ =92, = LY = dlpplv — Vi (5.7)
22\U, 2\, V), Hy = /11 H(% /ll H) H) .
On the other hand, from (5.4) we obtain
(Ell(uk+p’ Vk+p—l) — Eyi (uk, vi1)s Uprp — Mk) < L + - |Mk+p = Uklgt,
Hy " \k+p k 0
(Ezz(uk+p, Viep) — E11(tie, Vi), Viesp — Vk)H1 < 1 + | Vieep = Vil -
0 k+p k

dii

Consequently, if we denote m; = a— <% (i =1,2), mp = “f and m,; = ‘%, then

A
2 2
M|y = Uil = Mi2lVirp-1 = Vil < A Moty = Uil + Mo2|Viwp = Vil < A (5.8)
Under the notations xi, = |y, — Ul H) and yip, = [Viep — Wil e relations (5.8) can be put under the
matrix form
X 211 Xp
MI k,p S - _ (M— Ml) k l,p ,
Yip| k|1 Vi-1,p
where .
m -m m 0
M= 11 12 LM = 11 _
—my; My | —hniy; My
Since M’ is invertible and its inverse
[ _1 0
r—1 _
M= L]
L m11M22 mpp
is nonnegative, we obtain
211 0 2.1 mpg
Xk,p < M2 _ ! —mp || Xk-1p| _ k mi my Yk=1.p
= k1 0 0 2 _ma + L | mympy
Yk.p Yi-Lp k\mimy ~ mxp mllmzzy"_l’p
and therefore 5
miys
Xkp S 77—+ —Vi-1,p> (5.9
kmy  my

2 mi» 1 N2y
Vep STl — |t ———Vk-1p
k\mymy  myp ni1ny;
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From (5.2) one has « := mLm; < 1 and hence

mipyim
2 nip 1
Yi,p < @ Yi-1,p + = + —.
k\mpymy my

Now we use the following lemma provided in [21].

Lemma 12. Let (yy ), (2xp) be two sequences of real numbers depending on a parameter p, such that
(yk’ p) is bounded uniformly with respect to p

and
0<yip < a@yi1p+zp forsomeac(0,1).

If 2z, = 0 as k — +oco uniformly with respect to p, then y, — 0 as k — +oco uniformly with respect
to p.

According to this result, since (v;) is bounded and then (yk, p) is bounded uniformly with respect to
p, we conclude that y; , — 0 as k — +oo uniformly with respect to p. It follows that (v) is a Cauchy
sequence. Next, the inequality (5.9) implies that () is also a Cauchy sequence. Denote by u*, v* their
limits.

Step 5: Transition to the limit.

If we pass to the limit in (5.4) we obtain

E\(u,v) = inf E\(-,v"), Ey(u',v') = inf E)(u',-), E;j(u*,v") = Ex(u’,v*) =0,
H(©Q) H(Q)

i.e., (u*,v") is a solution of (1.1) and also is a Nash equilibrium for the pair of functional (E, E>).
Step 6: Uniqueness.
Assume there are two different solutions of the system (1.1), denoted with (u, v) and (u, v). Then

Ey(u,v) =0, Ex(u,v) =0,
Ey(u,v) =0, Ex(u,v) = 0.
On the other hand, from (5.6) and (5.7), we have

_2 ju— —
0 2 mylu—uly, — mulu —ulg v = Vg,
0 (5.10)

_2 u— j—
0> mply - VIHé — My = Ul [v = Vg

If u = uorv=vythenin each case |u —u| = 0 or |[v —v| = 0, concluding that ¥ = ¥ and v = v. In what
follows we will work under assumption that # # u and v # v. From (5.10) we obtain

_ mio _
lu —uly < —v =V,
0 | 0

whence
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Since from (5.2) one has % < 1, we conclude that
v = Fliy < v =Tl

which is impossible. Hence u = u and v = v.

Remark 13 (Classical Lipschitz conditions). Obviously the unilateral Lipschitz conditions (5.3) are
satisfied if g1, g- fulfill the classical Lipschitz conditions

IA

lg1 (x, 1, v) = g1 (x, u, V)| a |u—ul +aplly - vl,

|g2 (x’ u, V)_g2 (.x,ﬁ,V)l S Ay |M—ﬁ| +dx |V_v|’

A

for all u,v,u,v € R and a.e. x € Q. In this particular case considered in [21] (see also [27]), the
required conditions on the coefficients a;; make possible to derive the existence and uniqueness of the
solution of system (1.2) directly from Perov’s fixed point theorem. We note that unilateral Lipschitz
conditions for Nash equilibria of systems have been used for the first time in paper [22].

Example 14. Consider the Dirichlet problem for the system of Kirchhoff type

—(1 + fol |u’|2)u” =u—sinv
~(1+ f WE)y = vesing on©.D) (5.11)
u(0) = v(0) = u(l) = v(1) =0.

We apply Theorem 11, where
Q=0,1),a=b=1, gi(x,u,v) =u—sinv, g(x,u,v) =sinu + .
Note that condition (5.3) holds with a;; = 1 (i, j = 1,2) . The first eigenvalue of the Dirichlet problem

—u" = Auon (0,1), u(0) = u(1) = 01s equal to 7’ (see, e.g., [28, p. 72]), whence relation (5.2) is valid
2
since 1 < 7?and 1 < (n2 — 1) . In order to check (h2) we compute

v 1
Gr(x,u,v) = f (s +sinu)ds = Evz + v sinu.
0

Consider the coercive-type functions H;(x,v) = 212 — |v| and H(x,v) = 1v* + [v]. Clearly
Hy(x,v) < Ga(x,u,v) < Ha(x,v).

Therefore, the Dirichlet problem (5.11) has a unique solution (u*,v*) € Hy(0,1) x H,(0, 1) which is a
Nash equilibrium for the corresponding energy functionals.
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5.2. Local Nash equilibrium

Let R;,R, > 0 and denote by Bg,, Bg, two closed balls of H(l)(Q), of center the origin and radius
R, and R,, respectively. Now, our interest is focused on an existence and uniqueness result of the
system (1.1) on Bg, X Bg,.

Here an additional ingredient is given by the Leray-Schauder boundary conditions

Ey(u,v)+pu # 0 forall (u,v)€ Bg, X Bg, with |u|Hé =Ry and all u > 0, (5.12)
Exn(u,v)+vyv # Oforall (u,v)€ Bg, X Bg, with |V|H(g =R, and all y > 0.

Theorem 15. Assume that fori = 1,2, f; € H'(Q), gi: Q xR?* — R is a Carathéodory function,
gi (-,0,0) = 0, and that condition (hl) holds. In addition assume that

(h2’)
@Rl + %Rz +|filg1 < aRy +bR],
A A1
azy 25%) 3
—R;+ =R, + IfZlH‘l < aR, + sz
A1 A1

Then system (1.1) has in Bg, X Bg, a unique solution which is a Nash equilibrium in Bg, X Bg, for
the pair of functionals (E1, E,).

Proof. Step 1: As at Step 1 from the proof of Theorem 11, the functionals E; and E; are bounded from
below on Bg, X Bg,.

Step 2: E, and E, satisfy the Leray-Schauder boundary conditions (5.12).
Assume that there exist (u, v) € Bg, X Bg, with |u| HI = R, and u > 0 such that

Eiy(u,v)+puu=0.

Then
2 2 2 -1 —
(- bl )y + sy = (A i+ gaCwm) ) = 0.

which gives

(a+bRY) R} + u R}

((NCEFAADNIM
(fl + gl(" M,V) > u)L2

2
Ry |filg-1 + anluly, + aplul2|vl

ay ., an
R 1+ —R{+ —R|R,,
11 fila 1 1 1 112

ANl

IA

whence
ap

(a+ bR Ry + Ry < |filr + LRy + “2R,,
A A
which contradicts the first relation in (h2’). An analog reasoning applies for E,.

Step 3: Construction of an approximation sequence.
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As in the proof of Lemma 2.1 in [24], starting from an arbitrarily initial point vy € Bg, and applying
recursively Ekeland’s variational principle, we obtain a sequence (u, vx) € Bg, X Bg, such that

1
E (u, vi-1) < inf E1(-, viemy) + z Er(ug, vi) < ian E>(uy, -) +
Ry

Bg, %’
1 1
|E 1 (ks Vie1) + et gn < =, B2 (g, Vi) + Vv g < =,
ok (N ¢

where

—Rl%(Ell(uk,Vk—l) s udgts 1 |l = Ry and (En (g, vier) > wdpy < 0

Mk =

0, otherwise

and

— 2 (Exue, vi) s vy, if il = Ro and (Ex (g, vi) s vidyy < 0

’yk = 2
0, otherwise.

Step 4: Convergence to zero of the sequences (1) and (yy) .

Assume the contrary. Then, passing eventually to subsequences, we may assume that g, — p > 0
or v, — vy > 0. Using the expressions of E;; and E»; and denoting

ai = Evi(ug, vier) + i, Bre := Eop(ug, vie) + Vv (5.13)
we have
Hk

we = S(fi+8 Cugve-1) + ————, (5.14)

a+bluly,

0

Yk
e = S(h+&Cunv))+ ———.
a+ bIVkIHé

The sequences (u;) , (v;) being bounded and the operators S (f; + g1 (-,u,Vv)), S (f> + g2 (-, u,v)) being
compact, we have that the two sequences from the right-hand sides in (5.14) are compact; thus (u;)
and (v;) have convergent subsequences (ukj) , (vkj) . The same reasoning applied to the second formula
in (5.14) with k; — 1 instead of k allows us, passing again to subsequence, to assume that the sequences

(ukj) , (vk_,.) and (Vk_,-_1) are convergent. Let u, v, v be their limits. If we take the limit in (5.13)
Ey(u,v)+pu =0, Exnu,v)+yv =0,

where |u| =R if u > 0 and |v| H = R if ¥ > 0. In each case, one of the two Leray-Schauder
conditions (5.12) is contradicted. Therefore yy — 0 and y;, — 0 as k — +oo.

Step 5: Estimations for (u;) and (vy).

We can proceed similarly to Theorem 11, Step 4, to obtain inequalities (5.6) and (5.7). Under
the notations from Step 4 in the proof of the previous theorem, and the additional notations ¢, =
|/1k+p - ,uk|, dip = |yk+p — vx| , we arrive to the matrix inequality

| Xk,p 2 1 ] / [xk—l,p] [Ck,pRl
M < - - (M- M +
k[yk,p] k|1 (M v Vieip|  |dipR2

B
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where now
myy + Uy 0

—nyy mypo + Uk

myy + Ui —mi;
—nyy mypo + Ug

4

M, = .

b

Since for any k € N, M is invertible and

_1 0
=1 _ myy -+
Mk - l myj 1 ]

(mir+)(mao+yr)  mo+yk

we obtain
Xk.p <%M'_1 1 _ M) 0 —mu||Xe-1p L M) CrpRy
[yk,p] T kR 10 0 [ |yk-1p depRa|
Thus
< 2 + nmiy + R 1
Xkp = Yi-1, Crply——
P k(my + ) myg e P mn +
< 2 +m12 + R
= — V-1, Cr,p1—,
km“ nmip b r my
)
YVep S 7| ———
=k \my + i
1 2
+ —myy + MM Ye-1,p + Mo Cr pRy | + ———di , R
(myy + ) (mon + yi) | k ’ i’ moy + Y i’
2( m 1 miom
< —( 12 + —)+ 12 21yk—l,p Ck R] + —dk,pRz
k\mpymy my mpymia mypmy; 2
Hence

2 nmio 1 noq 1
Yk,p < AYi-1,p + - + — |+ Ck,pRl + —dk,pRz s
k\mpymy my myimy; myy

where @ := =22 < 1 and ¢, dy,, converge to zero uniformly with respect to p. Now the conclusion
follows as in the proof of Theorem 11 with the limits #* and v* of the sequences (u;) and (v;) satisfying

Enw,v)=0, Exu,v)=0

and
Ei(u*,v") =inf E(-,v"), Exn’,v’) =inf Ey(u",-).
Bg, B,

Step 6: Uniqueness.
Similar to the proof in Theorem 11. O

Example 16. Consider the Dirichlet problem for the system of Kirchhoff type

— (2 + fol |u’|2)u” = —u’ + u — sinv + 7 sin(nx)
- (2 + fol |v’|2) V' = =v3 +v +sinu on (0, 1) (5.15)
u(0) =v(0) =u(l) =v(1) = 0.
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For Ry = R, = 1, we apply Theorem 15, where

Q=(0,1), a=2, b=1, fi(x) =x*sin(rx), f», =0,

gi1(x,u,v) = -1’ +u—sinv, o(x,u,v) = - +v+sinu.
Since
(- + @) (=) = — (u— ) (u + it + @) <0,
one has
g1 (u,v)—gr(x,u,v))(u—u) < (u—sinv—u+sinv)(u—u)
< lwu—-uf+u-uly-9.
Similarly

(82 (%, u,v) = 82 (X, 1, V) (v =) < Ju—ul [y =V + v = VI,

Hence, condition (5.3) holds with a;; = 1 for i, j = 1,2. In addition, since 4; = 72, condition (5.2)
also holds. Thus assumption (hl) is satisfied. Next we check condition (h2’). We have |f|,1 = 0
and that the function u (x) = sin(mrx) is the solution of the Dirichlet problem —u” = f; in (0, 1),
u(0) =u(1) =0. Then

1

1 2
2.2 T
filr = oy = [u] . = ( f 7 cos <nx>) =—.
0 V2

Now, condition (h2’) is verified since both 2 / 7> + 7 / V2 and 2 / n* are less than 3.
Therefore, the Dirichlet problem (5.15) has a unique solution

(' v") € {ue Hy0. 1) : lulyy < 1} x {v € H)(0,1) : Py < 1,
which is a Nash equilibrium for the corresponding energy functionals.
6. Conclusions

In this paper, we have studied the existence, uniqueness, localization and variational properties of
solutions for some equations and systems of Kirchhoff type. First we have defined the solution operator
associated to nonhomogeneous equations subjected to the Dirichlet boundary condition and we have
made the connexion with the corresponding energy functional. Next, we have considered equations
with a reaction term and using Banach contraction principle and Schaefer’s fixed point theorem we
have established sufficient conditions so that a solution exist and be localized in some bounded sets.
For a system of two Kirchhoff equations, under appropriate conditions, we have proved the existence
of a unique solution which appears as a Nash equilibrium for the associated energy functionals. Both
global Nash equilibrium, in the whole space, and local Nash equilibrium, in balls, have been obtained
by using an iterative procedure simulating a noncooperative game and based on Ekeland’s variational
principle.
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