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1. Introduction

The main purpose of this work is to investigate the following coupled system of generalized
Camassa-Holm equations

m+ulvm, + b+ Du’ " 'm+Am=0, t>0,xeR,
n,+ vV un, + (b + Dyl 'n+ An = 0, t>0, xeR, (1.1)
u(0,x) = up(x), v(0,x) = vy(x), x €R,

where m(t, x) = (1 — 0*)u(t, x), n(t,x) = (1 — )v(t, x), b € R. Au — u,,) and A(v — v,,) stand for the
dissipative terms. A € R* is the dissipative coefficient. (7, x) € R*XR and (up, vo) € B, (R)XB;, (R)(s >
max(2,2 + 1—17)).

With the rapid development of science and technology, the problem of shallow water wave
propagation has become one of the hot issues in the theory of water wave motion. The study of
shallow water wave equation originates from the phenomenon of solitary wave on free surface of
shallow water. Solitary wave is an important physical phenomenon of shallow water wave. The
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Camassa-Holm equation is a typical shallow water wave equation. Solitary wave has the advantages of
not changing waveform and high fidelity in the process of propagation. Therefore, the soliton theory
is extensively applied to the engineering technology fields such as nonlinear optics, hydrodynamics,
optical fiber communication and so on. In practical application, the soliton successfully explains the
problems of density pit and infrared outward movement in laser target shooting. In modern optical
fiber soliton communication technology, optical solitons with constant amplitude, pulse and shape
are used to transmit signals in order to increase the transmission rate. Nowadays, shallow water wave
equation has become an important model and mainstay of solitary wave theory. This paper is devoted to
investigating the well-posedness and properties of solutions to the Cauchy problem for coupled system
of generalized shallow water wave equations. A more comprehensive understanding of the dynamic
properties of shallow water wave equations is illustrated, which lays a foundation for the further study
of properties of solitons.

Recently, local well-posedness for the Cauchy problem of generalized Camassa-Holm equation
attracts more attention (see [9,11,16,18,22,26,28,29,32,36,37,44,49]). Let us state a brief overview
of several related works. Ferraioli and Freire [9] introduce a two-component system depending on the
parameter b (problem (1.1) with A = 0). The authors show that the system admits one-peakon solutions
with non-constant amplitude in the case b = 2. Problem (1.1) is invariant under the transformation
(u,v) — (v,u). Taking v = u and A = 0 in problem (1.1), we obtain the generalized Camassa-Holm
equation which is derived in [36,37], namely

m, + uPm, + (b + Duu’'m =0, (1.2)

where u(z, x) represents the fluid velocity at time 7 in x direction, m(t,x) = (1 — 8)u(t,x). It is
shown in [1] that Eq (1.2) asserts peakon and multi-peakon solutions. Yan [44] studies wave breaking
and global existence for a family of peakon equations with high order nonlinearity. Himonas and
Holliman [16] investigate properties of solutions to Eq (1.2) by embedding the equation into a two-
parameter family system. Freire et al. [11] illustrate blow-up phenomenon of a Camassa-Holm type
equation with quadratic and cubic nonlinearities. Himonas and Thompson [18] prove persistence
properties and unique continuation of solutions to the problem, which contains the Camassa-Holm
equation, Degasperis-Procesi equation and Novikov equation as special case. Zhang and Liu [49]
derive local well-posedness for the Cauchy problem in the Besov space Bj, (R)(s > max(l + i, %)).
The blow-up criteria of solutions is presented. Li et al. [22] demonstrate non-uniform dependence for
higher dimensional Camassa-Holm equations in the Besov spaces. Ming et al. [29] establish local well-
posedness for the Cauchy problem of a dissipative shallow water equation in Bj, ,(R)(s > max(1 + %, %))
and blow-up mechanisms of solutions in the Sobolev space H*(R)(s > %). Guo [14] considers long
time behaviors of solutions to a generalized Camassa-Holm equation with k + 1 order nonlinearities
in the case that the compactly supported initial potential keeps the same sign. Linares and Ponce [26]
prove unique continuation properties for solutions to the Camassa-Holm equation and related models.
Mutlubas and Freire [32] study the Cauchy problem and continuation of periodic solutions for a
generalized Camassa-Holm equation.
When b = 1 in Eq (1.2), we have the classical Camassa-Holm equation [3]

m, + um, + 2u.m = 0, (1.3)

where m(t, x) = (1 — 8*)u(t, x). Equation (1.3) describes unidirectional propagation of waves at free
surface of shallow water under the influence of gravity. Equation (1.3) admits peakon solution u(¢, x) =
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ce " =¢l(¢c # 0), which is a feature observed for traveling waves of the largest amplitude (see [6, 7]).
Equation (1.3) also has breaking waves (see [48]). The solutions remain bounded while their slopes
become unbounded in finite time. Equation (1.3) is completely integrable. In other words, the equation
can be transformed into a linear flow by means of an associated isospectrum problem in the sense of
infinite dimensional Hamiltonian system (see [8]). Local well-posedness for the Cauchy problem of
Eq (1.3) in H*(R)(s > %) and blow-up criteria of solutions are presented in [23]. Persistence properties
of solutions to the Cauchy problem in H*(R)(s > %) are investigated (see [17]). In other words, the
strong solution with compact support initial values is not compactly supported at any later time unless
it is the zero solution. Yan et al. [47] consider the Cauchy problem of the generalized Camassa-Holm

equation in Bj, ,(R)(s > max(1 +§, %)). Wu and Yin [43] discuss the dissipative Camassa-Holm equation

Uy — Upyy + Ut + AU — Uyy) = 2U Uy, + Uy,

where A(u—u,,) (1 > 0) is the dissipative term. The authors derive global existence and blow-up criteria
of solutions in H*(R)(s > %). Novruzova and Hagverdiyevb [34] investigate behaviors of solutions to
the dissipative Camassa-Holm equation with arbitrary dispersion coefficient. Wang et al. [41] study
the Cauchy problem of the higher order u-Camassa-Holm equation. Making use of the Green function
of operator (u —#%)72, the authors verify local well-posedness for the Cauchy problem in H*(S)(s > %).
Global existence of strong solutions and weak solutions are illustrated. Ji and Zhou [21] obtain wave
breaking and global solutions to the dissipative Camassa-Holm type equation in the periodic case.
Chen and Guan [4] obtain global solutions to the generalized Camassa-Holm equation. The readers
may refer to references [5,10,12,24,25,30,31,35,38,40,42,50] for local well-posedness of the Cauchy
problem and global existence of solutions to the generalized Camassa-Holm models.
Taking b = 2 in Eq (1.2), we arrive at the classical Novikov equation

m, + u*m, + 3uu,m = 0, (1.4)

which has been discussed by many scholars (see detailed illustrations in [13, 15, 19, 20, 33, 45, 46]).
It is worth to notice that the nonlinear terms in the Camassa-Holm equation are quadratic. So it is of
great interests to investigate the integrable equations with cubic or higher order nonlinear terms. A
remarkable difference between the Novikov equation and Camassa-Holm equation is that the Nivikov
equation has cubic nonlinearity. Equation (1.4) is derived in a symmetry classification of nonlocal
partial differential equations. It is shown that Eq (1.4) possesses a bi-Hamiltonian structure and
peakon solutions u(t, x) = iA\ce™* =l (¢ > 0), where x, is a constant (see [19,20]). Moreover,
well-posedness for the Cauchy problem of Eq (1.4) in the Sobolev space and Besov space has
been investigated. More precisely, local well-posedness for the Cauchy problem of the Novikov
equation in H*(R)(s > %) is demonstrated in [15]. Local well-posedness for the Cauchy problem
of dissipative Novikov equation is proved by making use of the semigroup theory (see [45]). Yan
et al. [46] investigate local well-posedness for the Cauchy problem of the Novikov equation in
B, (R)(s > max(l + %, %)). Guo [13] studies persistence properties of solution to the Cauchy problem
of Eq (1.4).

In general, the system (1.1) may be considered as a two-component generalization of both Camassa-
Holm equation and Novikov equation when A = 0. Zhou et al. [51] investigate the Cauchy problem of
a generalized coupled Camassa-Holm system by applying transport equation theory and the Friedrichs
regularization method. Local well-posedness for the Cauchy problem in the critical Besov spaces and
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blow-up criterion of solutions are established. For the case b = 2, 4 = 0 in problem (1.1), Tang
and Liu [39] obtain local well-posedness for the Cauchy problem of two-component Novikov system

H H

in the critical Besov spaces B; | (R) X B; |(R) by employing priori estimates of solutions to transport
3

equation in B;"OO(R) and the Osgood lemma. The solution map (x4, vo) — (u,v) is Holder continuous

in BZ%J(R) X B§ (R) equipped with the weak topology.

Inspired by ‘the works in [9,29,39,47,49,51], we investigate local well-posedness for the Cauchy
problem (1.1) and blow-up dynamic of solutions in the Besov spaces B;J(R) X B;,r(R)(s > max(3,2 +
3)). This is different from the regularity index s > max(3, 1 + 7) of solutions to the Camassa-Holm
equation (see [47]) and Novikov equation (see [29]). It is worth to mention that problem (1.1) contains
the problem studied in [39] as special case. We extend parts of results in [29,49] for single shallow
water equation to the dissipative shallow water system. To the best of authors’ knowledge, the results
in Theorems 1.1 and 1.2 are new.

Setting m(t, x) = (1= )u(t, x), mo(x) = (1= 2ug(x), n(t, x) = (1 = Py(t, x), no(x) = (1 = Pvo(x),
we rewrite problem (1.1) in the form

0, + "o m=—-b+ Dup*'m—Am, >0, xeR,
O, + V' 'udn = —(b + Vv’ 'n — An, t>0, xeR, (1.5)
m(0, x) = mo(x), n(0,x) = np(x), x€eR.

We present the space

C(0,T]; B, (R)) N C'([0,T]; B;frl(R)), 1 <r<oo,

Er) = { L=(10,T1; B, (R) O Lip([0, T1: BLL(R), r = o,

where 7 > 0, s € R, p e [1,00] and r € [1, o0].

The main results of this paper are presented as follows.
Theorem 1.1. Assume 1 < p, r < oo and (ug, vo) € B; (R) X B} (R)(s > max(3,2 + %)). Then, there
exists a positive constant 7' such that problem (1.1) admits a unique solution (u,v) € E; (T) X E;, (T).
It holds that the map (ug, vo) — (u, v) is continuous from a neighborhood of (1, v¢) in B, ,(R)x B, ,(R)
into

C([0,T]; B (R)) N C'([0,T1; B ;' (R) x C([0, T1; B}, (R)) N C'([0, T]; By, ' (R))

forall s <s,r=occand s’ = s, r < 0.
Theorem 1.2. Assume 1 < p, r < oo and (up,v0) € B ,(R) X B} (R)(max(3,2 + i) < s < 3).
The positive constant 7" stands for the maximal existence time of solution (u,v) to problem (1.1)
corresponding to initial values (ug, vo). Let m = u — u,,, n = v — v,,. Then, the corresponding solution
(u,v) blows up in finite time if and only if

!
f(l + A+ || m | + | 1 ll=)’dT = +oo.
0

Remark 1.1. Due to the application of Lemma 2.3, we need to restrict the regularity index s which
satisfies max(2,2 + [lj) < § < 3 in Theorem 1.2.

Remark 1.2. The Besov space B, ,(R) coincides with the Sobolev space H*(R) in the case p = r = 2.
Theorem 1.1 implies that under the assumption (1, vy) € H*(R) X H*(R)(s > %), we establish the
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local well-posedness for problem (1.1) and the corresponding solution (u,v) € C([0,T]; H*(R)) N
C'([0,T]; H'(R)) x C([0, T]; H*(R)) N C'([0, T]; H* ' (R))(s > 3) .

Throughout this paper, || - ||,z represents the norm in the Besov space Bj, (R)(s € R). Since the
functions in all spaces are over R, for simplicity, we drop R in our notations if there is no ambiguity.
a < b means that there exists a uniform constant C, which may be different on different lines such that
a < Cbh. [A; B] = AB — BA is the commutator between the operators A and B.

2. Preliminary

We are in a position to review some basic estimates in the Besov space.
Definition 2.1. [2] Let s € R, 1 < p, r < oco. The non-homogeneous Besov space is defined by
B, ={f € S’V Il f llp;, < o}, where

(X 27 1A fI)F, 1 <oo,

W fllgs, =9 ="
" sup 2° || A f |lze, r= oo,
jz-1

-1
Moreover, S ;f = > A,f.
q=-1

Lemma2.1.[2]LetseR, 1 <p, r, pj, rj< o0, j=1,2.

1) Algebraic properties: for all s > 0, B, N L™ is an algebra. By, is an algebra & B, — L* &
s> or s>, and r=1

2) Fatou’s Lemma: If (u,,),cy 1s bounded in B, and u, — u in S’(R), then it holds that u € B, and

Il wllgy, < liminf || w, |15
n—oo

pr °

3) Complex interpolation:

I f lgsea-oa S F N0 N £ NS forall feB),NBS, 6¢€l0,1].
psr Bp,r Bp,r

p.r’

4) Let m € R and f is an S""-multiplier. Then, the operator f(D) is continuous from B,, to B "
Lemma 2.2. [2] Let 1 < p, r < oo. It holds that
(i) for s > 0, then

Il f& llgy, < CUlf llgy, 1 & e + 11 S Nzl & Nls5,),

(ii)forslﬁi, sz>%’(sz2éifrzl)ands1+sz>0,then

18 gy < C UL gl € g

where C is a positive constant independent of f and g.
We have the commutators estimates.
1

Lemma 2.3. [2] Assume s > 0,1 < p < p; < 00,1 <r < o0, Ty plf Let v be a vector on R. Then

1
P

1A v VIf gy, < CAL VY eIl f llg, + VY llpgr Il VA ).
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Moreover, if 0 < s < 1, then

1A, v-VIf gy, < C I VY =l £ ll5g,

p.r p.r

where C is a positive constant independent of f and v.
We illustrate three lemmas which are related to the transport equation

{f,+d'Vf:F,
f|z:0:fo,

where d : RXR — R denotes a time dependent vector field, fy : R - Rand F : RXR — R are known
functions.
Lemma 2.4. [2] Let 1 < p < p; < 0o, 1 <7 < oo, p' = Ly Assume s > —min(;-, ;) or 5 >
-1 - min(pll, #) if V- d = 0. Then, there exists a positive constant C; depending only on p, py, r, s
such that

(2.1

Il f ||L;>°([0,t];B;,,,)

!
< TR 2O £l + f e™Cr b 2O || F(z) g, dr), (2.2)
0
where
Ivdo 1l ., s<l+L,
Z(t) = Byl "
| Vd(£) ||go1 s>l+Lors=1+1,r=1.
Pl p1 p1

Iff=d,s>0NV-d=0, s>-1),Z() =| Vd(?) ||, then (2.2) holds.
Lemma 2.5. [2] Let p, p;, r, s be defined in Lemma 2.3 and f; € B;’r, F e L'(]0, T];B;’r). d e
LA([0, T];B;o’,"’ ) is a time dependent vector field for p > 1, M > 0, such thatif s < 1 + pil then

(o)

1
Vd e L'([0,T];B)) o NL®). If s > 1 + i ors=1+ i, r =1, then Vd € L'([0, T]; B~!). Therefore,

P1,© p1.r
problem (2.1) has a unique solution f € L*(][O0, T1;B,,) N (Ny<C([O, T];B;,,l)) and (2.2) holds. If
r < oo, it holds that f € C([0,T]; B;’r).
Lemma 2.6. [27] Let 1 < p < 00,1 <r <00, 5 > max(%,%), fo € By, F e L'([0,1]; B}!) and the

p.r?

velocity function d € L'([0,7]; B}}"). Then, the solution f € L([0, T]; B},') to problem (2.1) satisfies

I f ||L;°([o,z];3;j,1)

!
< CrhZodrp) £ gy + f e~C1 ks 2&4¢ || B(7) Il dTl, (2.3)
, 0 :
where Z(t) = fot || d(T) || B! dt, C, is a positive constant depending only on s, p, r.

3. The proof of Theorem 1.1

3.1. Existence of solutions

Taking advantage of iterative method, we construct the approximate solutions to problem (1.5) with
initial values (mo, no) € B, X B}, (s > max(é, .
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Step 1. Set (m°,n°) = (0,0). We define by induction a sequence of smooth functions (', n)jay €

CR"; B,,) x C(R*; B)),) satisfying

O, + W) Wom*! = Fi(t,x), t>0, x€eR,
O, + VY o )n*! = Fz(t, X), t>0, xeR,
m™*1(0, x) = m‘“(x) S i+1Mo, x €R,
n*10, x) = n’“(x) S i+110, x€R,

where

Fi(t,x) = —(b + Dl )" m' = amd',
Fy(t,x) = —(b + IV (u))>~'n' - an'.

(3.1)

(3.2)

It holds that all the values (S ;. 1m, S i+110) € B°° X B°° Employing Lemma 2.5, we deduce that for

all i € N, the problem (3.1) admits a global solutlon Wthh belongs to C(R*; B}, X C(R*;

Making use of Lemmas 2.1 and 2.4 yields

. d iNb—1,i
I m (@) Iy, < e BV 1oy dr
!
—C1 [y V@) v1(E)llps dé
mmw%ﬁfeﬁ 5% Fi(e, ) Iy, dr)
0

and

. t ib—1 i )
127 (2 gy, < e IV 1@l e

t

=Cy [FIVIONY 1 @)llps de

nww%+fe‘ﬁ 5% Fa(t, ) llsy, dtl.
0

Direct calculation shows

b-1 b-1
VIV sy, sIE @D gy <l IIBMII V' [l
<l m’ 11 A s,
b-1 b— 1
VIO ] sy, <1 OD ™ gy SITY IIBMII ' Iy

<l n' IIBYIII m' ||,
Applying Lemma 2.2 leads to

I () sy,
Sl w0 m Iy, +A |1 m' s

p.r p.r

b-1
Sl Mg OO gy Ml g, +A 1 1y,

p.r pir

Sl g ll v 1l 1 llgy, +2 1 m Iy,
R
Slm' I, 11 1l) +2 11 m' |lg,,

B).
. . p’r
Step 2. We intend to demonstrate that (m', n');cy is uniformly bounded in E;,’,(T) X E ;J(T).

(3.3)

(3.4)

(3.5)
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and
| Fa(2,-) I3,
ol .
SV n' gy, +A 11 7' lsg,

4 T | |
<V gy @ Mg ' Ny, +2 01 g,

p.r

) ot .
SV gl Mg, 1l 2" Mgy, +A 1A g,
i 112 i (|b—1 ]
<l 1B, [l !+ g, -
Combining (3.3)—(3.6), we derive

L bl i
|| mi+l(t) ||BS S ecl J(i)”ml”B;J”"IHB‘;wdT
D

t T i i
-C lhjl s d
x [l mo Il +fe I il e
0

p.r
X (I m' |5 12" 15" +A 0l m' g5, )d7]
By, N By, By
and

et i
” ni+1(t) ”B;rﬁ eCl f0||nz||3‘,§,"||mt||3;,rd7

! T, i i
=Cy [ (il de
X [l no llas, + f e U P
0
1112 i 11b-1 /1 i d
X (Fn" W, I Ml - +A 1 7" ], 7]
It follows that

i+1 i+1
I m™ @) sy, + 1 27 (@) llsy,

4 i i \b
<C,- & S+ limilips +lnllgy ) 1

! —Ca [ (1+A+millgs +n'llgs Yode
+ e 2 Jo Bp,,. Bp’,.
0

| mo llg;, + Il no |ls;,)

| . |
X (1+ A+ [ m' llgy, + 11 n Il )0 m' gy, + 11 ' Ilsy, )],

We choose a positive constant 7" such that
b b
2bC5 (1 + A+ |l mo Iy, + Il mo lls, )T < 1
and

j i b
(I + A+ [ m" g, + 1l 2" |lg;,)
Co(L + A+ |l mo lls;, + Il mo lIs;, )"

pir

<
T 1=20C5 (L + A+ [ mg g

s, + llmo llsy, )Pt

p.r p.r

Inserting (3.10) into (3.9) yields

(1+ A+ | m™' (@) gy, + 11 2@ llgy,)”

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)
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- Co(L + A+ |l mo llsy, + Il mo lIsy, )"
T 1 =2bC5 (1 + A+ | mg sy, + M no s

Bt
Hence, (m', n')iey is uniformly bounded in C([0,T]; B;,) x C([0,T]; B} ). Utilizing Lemma 2.2
gives rise to

iNb—1_ i i+1
I @)” V' om™ |lpy

iNb—1_ i i+1
SV gy, I xm'™ [l

i+1 ”BV

SO
I 1 g ™ g,

and

OO W dn™ ||y

SRS s s, Il dn'™t! Il

S[R% ||l§;|| u' s, Il n'*! lls,, -

As a concequence, we obtain that ((u')’~'vid,m*'),ey and F;(z,x) are uniformly bounded in

C([0,T1; B;)). From (3.1), we conclude that (dm™* ")y € C([0,T];By,') is uniformly bounded.

Hence, (m');ay is uniformly bounded in E7 (T). Analogously, (n")iexy is uniformly bounded in E; (T).

Therefore, (m', n');c is uniformly bounded in E s (T)X E5 (T).

Step 3. We shall prove that (m’, n');e is a Cauchy sequence in C([0, T']; Bj,,‘rl) x C([0,T]; B;,‘rl).
Applying (3.1), for all i, j € N, we arrive at

(at + (ui+j)b—lvi+jax)(mi+j+l _ mi+1

= —[@™*) "V — @M + Fa(t, x) — Am'™ — m'), (3.11)
(8t + (Vi+j)h—lui+jax)(ni+j+l _ ni+l
= [N U™ — Y + Fyt, x) — A - n'), (3.12)

where

F3(t, x) = —(b + D[uH ) (mi* - m')
+[l/i;+j(vi+j)b_l _ u;(vi)b—l]mi]’
Fu(t, x) = —(b + D) (0™ — )

+[vi+j(ui+j)b—1 _ v;(ui)b_l]ni].
We present estimates of the terms in the right-hand side of (3.11) and (3.12). Using the relation

(ui+j)b—lvi+j _ (ui)b—lvi

= [ = @ @O =) (3.13)
and Lemma 2.2 gives rise to the estimates
L@ = @ ™ miE ey
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i+j\b-1 iNb-1 i+ i+
SIE@™)7 = @) Ny, [V Ny, I mi gy

p.r

b-2
i+ i+ b=2—k)| i |k i+ j i+j
<l = gy, O T 12780 Wy ) 1™ g, Il g,
k=0

Sl m™ = m' ||,

pr

and

iND—1 i+ iY,,it1
@) @ =V mi
L . b1 L
SV =Vl @™ Ml 1T gy
L . i b—1 L
SV = v g N g 11 m™ i,
Sl n'™ = n' |ls,

pr*
Thus, we conclude
” _[(ui+j)b—1vi+j _ (ui)b—lvi]m;+l ||B;,’rl
Sl ™ = Yger + 0™ =1l
In an analogous way, we deduce

| F3(t, ) 5

:” _(b + 1)[u;+j(vi+j)b—1(mi+j _ mi) + [M;+j(Vi+j)b_1 _ u;(vi)b—l]mi] ”B;;1

o PR
S| [ [ A (PP
i+ i\ (1,i+i\0-1 i ((1,i+iyb-1 iNb—1 j
+ |G = )O)7 +u (V)7 = ()T )Im (|
o A
Sl Mg, 1V Mgy 1 m™ = m g

o o
I = W V™ 1 gy,

b-2
' ivj i)\ (b=2—kp ik '
1 Ny 0V =V g, O IV 12KV I, ) 1 1
k=0
<l m™ = m gy + | 0™ = g
It follows from some calculations that
Il =A™ = m) Nl <l m™ = i s,

R T e e
G Mgl ™ Al IV Mg sl m™ g 1 n™ i,

ot e A T
IO ™ Mg STV Gl w™ Mg <l ™ Mg 1 m™ gy, -

By
Applying Lemma 2.6, we have

57 e) = 0 [ €00 e
pr

f T i L
o . —Cy [y lm Pt In* s dé
i+j+1 i+1 lfo BS Bprs
X[l m, —my ”32}1 +‘f0 e por pr

(3.14)

(3.15)

(3.16)

(3.17)
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X( m™ = m g + 1 0™ = 0l
+ || m™ = m' ||, )d7] (3.18)
and

(1) — 1 (0) [l oC 0 g 1 e
ByS *
s T L
i+ ; =C1 [} In™5T Im™|lps dé
xmﬁw—ﬁwm+felkl%m%f
’ 0

L . S
X(Im™ —m' gt + | 0™ =1 ||

+A || 0t = n ||B;;;_1 )dr]. (3.19)

We note that (m', n');ey is uniformly bounded in E s (T) and

i+ i+j
i+j+l i+l i+l i+l
m, my = E Agmgy, n, ny = Agng.
q:i+1 q:i+l

There exists a constant C7 which is independent of i for all ¢ € [0, T'] such that

i+j+1 i+1 i+ j+1 i+1
17— gy 4+ [ =

!
<Cotz T [Qm g+ = e,
o y y
Employing induction argument gives rise to

” mi+j+l _ mi+1 ”B;‘r] + ” ni+j+1 _ ni+l ||B~“1

p.r
(CTT)i+1 ) )
< —(i ) (I m’ ||L°°([0,T];B;j,1) + || n’ ||L°°([0,T];B;j,1))

S . (CrT)
+CT Z 2_(1_1) —( ; ) .
=0 :

Utilizing the fact that (m’/,n’);ey is uniformly bounded in L*([O, T;B,,) x L*([0,T];B,,)
independent of j, we deduce that there exists a new constant Cr, such that

| AR ||L°°([o,TJ;B;‘,j,1) + I n'trl it ||L°°([o,TJ;B;,j,1)5 CT12_i~
Therefore, (m', n/)ia is a Cauchy sequence in C([0, T; B},!) x C([0, T1; B ,)).
Step 4. We present the proof of existence of solutions.

Utilizing the Fatou property in Lemma 2.1 yields (m,n) € L¥([0,T]; B,,) x L*([0,T]; B, ,). We
see that (m', n');ay is a Cauchy sequence in C([0, T1; B}') x C([0, T1; B};,!), which converges to a limit
function (m,n) € C([0,T]; B[s,jrl) x C([0,T1; Bj,frl). Based on interpolation argument, we infer that the
convergence holds in C([0, T']; B;'J) x C([0,TT; B;'J) for all s < 5. Sending i — oo in (3.1) gives rise
to the fact that (m, n) is a solution to (3.1). Making use of (m,n) € L*([0,T]; B, ,) X L*([0,T]; By, ),

we derive that the right side of the first equation in (3.1) belongs to L*([0, T]; B, ,). In the case r <
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oo, applying Lemma 2.4 yields m € C([O0, T];B‘;:r) for all s < s. Similarly, the right side of the
second equation in (3.1) belongs to L*([0, T']; B‘f,’r). In the case r < oo, from Lemma 2.4, we acquire
ne C(0,T1; BIS,'J) for all ' < s. Thus, we arrive at (m,n) € L>([0,T]; BIS,J) x L*([0,T]; B;,r) and
(m,n) € C([0,T]; B,) x C([0,T1; By,) forall r < co, 5" < s.

Applying problem (1.5) yields that (m,n,) € C([0,T]; Bf,j,l) if r < oo and (m,n,) €
L>([0,T1; B,!) x L=([0,T]; B}!) otherwise. Hence, (m,n) € E} (T) x Ej (T). Utilizing a
sequence of viscosity approximate solutions (m,, n.).~o to problem (1.5) which converges uniformly
in C([0,T]; B;,) N C([0, TT; B;jrl) x C([0,T]; B;,) N C'([0,T]; B;frl) gives rise to the continuity of

solution (m,n) € E}, (T) X E;, (T). [ ]

3.2. Uniqueness and continuity with initial values

Lemma 3.2.1. Assume 1 < p,r < oo, 5 > max(%,%). Let (m',n'), (m?, n*) be two solutions to
the Cauchy problem (1.5) with initial values (m,ng), (mg,ng) € By, x B .. (m',n'), (m*,n?) €
L>([0,T1; B}, )NC([0, T1; B;,",l)xL‘x’([O, T1; B, )NC([0, T1; B;,‘,l). Assume my* = my—mg, ny* = nj—n.
Then, for all ¢ € [0, T], it holds that

| m' () — m*(1) gy + |l n'(1) — (1) Il
< (I m? gy + I e gy €' L’(llmlngwun‘||B;v,,,)de.
Proof. We set m'?> = m! — m?, n'> = n' — n?. Thus, it holds that

m'* € L~([0,T: B,,) N C([0,T]: B, ), n'* € L((0,T1; B,,) N C((0,T1; B, "),
which implies that (m'*,n'?) € C([0,T1; B},!) x C([0, T1; B},'). We deduce

@+ @' a,)m"

= —[@")’"W! = @)V Im? + Fs(t, x) — Am'?, (3.20)
@+ )Y u'on'?
=~ ' = N WP In? + Fy(t, x) — an'?, (3.21)

where

Fs(t,x) = =(b + D0y, "'m"? + i, 0™ = 20 Hm?),

Fs(t,x) = —(b + D @)’ 'n' + oL@’ = 2w Hn?].
Using Lemma 2.6 gives rise to

C1 Jyllm 1251 iy d
200 1y < € 0

! T
=Ci1 [y Ilm" 1250 IIntlps dé
% [” m(l)Q ”BS;I +f e 1f0 B) Bp.r
" 0
12 12 12
XU s + 1002l +2 1™ [l )] (3.22)
and

Ci [N B i llgs d
| 112(0) lly < R0
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o Tl 1= 1t s
[l ng’ llgs + f ¢ b Il 46
' 0
X (I m' gy + 12" g +2 1 n'? llg0)dr]. (3.23)
From (3.22) and (3.23), we derive

12 12
1m2(0) N + 1 220) Nl

Ci fym'lgy +in'llpy ) 12 12
A R (P P P Py

!
N f o1l -+l P
0
X(Im' |lggs + 110 ge0)dr] (3.24)
B;,_rl B;J,_rl . .

Applying the Gronwall inequality yields

12 12
1 m2(0) lgr + 1 22(0) Nl

12 12 C1 [ m'llgs +ln'llgs Yodr
< (U mi? Hlggs + 11 mg? llggo0)eS b0 g Al e

This completes the proof of Lemma 3.2.1. [
Remark 3.1. Employing the relation || f || B;;;Z(R)SH (1 - aﬁ) f ”B;J(R) with s > max(%, %) yields f €
By, (R)(s > max(2 + 1, 3)).

4. The proof of Theorem 1.2

We are in a position to establish blow-up criterion of solutions to problem (1.1).
Applying the operator A, to the first and the second equations in problem (1.5) respectively, we
have
0, + ub_lvax)Aqm = [y, Agl0m + AyF4(t, x), “4.1)
0, + V' ud A = V7w, AJ10n + A Fs(t, X), (4.2)

where
Fit,x) = =(b+ Du"'m+ Am,  Fy(t,x) = —=(b + Vv’ 'n + An.
Utilizing Lemma 2.2, we deduce

Il F7(2, %) llss,
Sl ™ sl m g, + 1 ey™™" g, | mllze +2 0 m |l
Sl ™ sl m sy, +2 11 m s,

[ e sl V™" Mg, + 1 L, V2 Ll Nl [l
Slu el v 1M m Ny, +A 0 m s,

b2 b-1
+ [ eIl v 1271V sy, + I sy [T v (T2 Tl
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b-1
Sl m =l g1l m llsy, +A |1 m i,

2 b2 b-1
+lm sl n iz llsy, + 1l m g Lz m |z .
If max(llp, 1) < s < 1, using Lemma 2.3 gives rise to
b-1 b-1
| (" v, AglOxm lIgy, SII Oxlu”™ V] Il m |lgg,

b-1 b-1
S (e [l 1V Nl + T u iz Eve ) [ m lss,

b-1
Sl m [z m llzll m |ls;

pr *

Multiplying (4.1) by (A,m)”~" and integrating with respect to x by parts yield

1d i
i | Agm 117, <N 05" v) NIl Agm |7

Lr

b-1 -1 -1
+ 1 [ v, Ao ool Agm |17, + 11 F7(t ) Neell Ague Iy,

Consequently, we achieve

dit | Agm Nl sl B 'v) Izl Agm Iz
+ 11 [, AdBom llo + | Fa(t, %) o -
Employing Definition 2.1 leads to
1 m(@) lls;,
t
<l mo sy, +j; [l m sl 5=+ 1 m =N s +2) [T lsy,
+ L m Gl n 117220 n s, 1dT
t
<l mo gy, +j;(1 + A+ | m s + [ 7 ll)’
x (I m lla, + 1l n llgy, )elr.
Analogously, we come to
Il n(®) Iy, <l o llg,
!
+f0(1 + A+ [[mllee + 1 =) m s, + 17 llsy, ).
Therefore, we conclude

Il (@) llgs, + 1l n0) llgy, < (1 mo llgy, + 1 7o llsy,)

t
+f(1 + A+ [[m i + 1) m s, + 1l 7 llsy, ).
0
It follows from the Gronwall inequality that

| m(@) |, + |l n(?) Ils;,

4.3)

4.4)

4.5)

(4.6)

4.7)

4.8)

4.9)
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1+ A+ |l oo +lnll oo )0 d
< (|l mo ”Bi,r + | no ”Bf,,,)efo( + A+l o +inll ) dr (4.10)

Let 7™ be the maximal existence time of solutions to problem (1.5). If 7" < oo, we claim
!
f(l + A+ || m || + || 7 ||g=)’dT = +oo. (4.11)
0
We prove the claim (4.11) by contradiction. Indeed, if (4.11) is not valid, namely

!
f(l + A+ || m e + || 1 ||=)’dT < +00, (4.12)
0

we derive that || m(T™) ”B;i,r + || n(T™) ||B»;,,, is bounded by employing (4.11). This contradicts with
the fact that 7 is the maximal existence time of solutions to problem (1.5). This finishes the proof of
Theorem 1.2. [ |

5. Conclusions

This paper is concerned with local well-posedness for the Cauchy problem of coupled system of
generalized Camassa-Holm equations and blow-up dynamic of solutions in the Besov spaces B, ,(R) X
B, ,(R)(s > max(2,2 + ]lj)). The methods employed in the proofs are based on the Littlewood-Paley
theory and a priori estimate of solution to transport equation. This is different from the regularity
index s > max(%, 1+ 11;) of solutions to the Camassa-Holm equation (see [47]) and Novikov equation
(see [29]). Our main new contribution is that the effects of dissipative coefficient A and exponent b in
the nonlinear terms to the solutions are analyzed. It is worth to mention that problem (1.1) contains
the problem studied in [39] as special case. We extend parts of results in [29,49] for single shallow
water equation to the dissipative shallow water system. To the best of authors’ knowledge, the results

in Theorems 1.1 and 1.2 are new.
Acknowledgments

The authors would like to express their gratitude to Professor Shaoyong Lai for his useful
suggestions and comments. The project is supported by Science Foundation of North University
of China (No. 11013241-2021), Natural Science Foundation of Shanxi Province of China (No.
201901D211276), Fundamental Research Program of Shanxi Province (No. 20210302123045, No.
202103021223182), National Natural Science Foundation of China (No. 11601446).

Conflict of interest
All authors declare no conflicts of interest in this paper.

References

1. S. Anco, P. L. Silva, I. L. Freire, A family of wave breaking equations generalizing
the Camassa-Holm and Novikov equations, J. Math. Phys., 56 (2015), 091506.
https://doi.org/10.1063/1.4929661

AIMS Mathematics Volume 7, Issue 8, 14738—14755.


http://dx.doi.org/https://doi.org/10.1063/1.4929661

14753

10.

11

12.

13

14.

15.

16.

17.

18.

19.

H. Bahouri, J. Y. Chemin, R. Danchin, Fourier analysis and nonlinear partial differential
equations, Grun. Math. Wiss. Springer, Heidelberg, 343 (2011).

R. Camassa, D. Holm, An integrable shallow water equation with peaked solitons, Phys. Revi. Lett.,
71 (1993), 1661-1664. https://doi.org/10.1103/PhysRevLett.71.1661

L. Chen, C. Guan, Global solutions for the generalized Camassa-Holm equation, Nonlinear Anal.-
Real, 58 (2021), 103227. https://doi.org/10.1016/j.nonrwa.2020.103227

A. Constantin, Global existence of solutions and breaking waves for a shallow water equation: A
geometric approach, Ann. 1. Fourier., 50 (2000), 321-362. https://doi.org/10.5802/aif. 1757

A. Constantin, The trajectories of particles in Stokes waves, Invent. Math., 166 (2006), 523-535.
https://doi.org/10.1007/s00222-006-0002-5

A. Constantin, J. Escher, Particle trajectories in solitary water waves, B. Am. Math. Soc., 44 (2007),
423-431. https://doi.org/10.1090/S0273-0979-07-01159-7

A. Constantin, H. P. Mckean, A shallow water equation on the circle, Commun. Pur. Appl. Math.,
52 (1999), 949-982.

D. C. Ferraioli, I. L. Freire, A generalised multicomponent system of Camassa-Holm-Novikov
equations, Arxiv:1608.04604v2, 2017.

I. L. Freire, A look on some results about Camassa-Holm type equations, Commun. Math., 29
(2021), 115-130. https://doi.org/10.2478/cm-2021-0006

. I. L. Freire, N. S. Filho, L. C. Souza, C. E. Toffoli, Invariants and wave breaking analysis of a

Camassa-Holm type equation with quadratic and cubic nonlinearities, J. Differ. Equations, 269
(2020), 56-77. https://doi.org/10.1016/j.jde.2020.04.041

C. X. Guan, J. M. Wang, Y. P. Meng, Weak well-posedness for a modified
two-component Camassa-Holm system, Nonlinear Anal, 178 (2019), 247-265.
https://doi.org/10.1016/j.na.2018.07.019

.Z. G. Guo, On an integrable Camassa-Holm type equation with cubic nonlinearity, Nonlinear

Anal.-Real, 34 (2017), 225-232. https://doi.org/10.1016/j.nonrwa.2016.09.002

Z. G. Guo, X. G. Li, C. Yu, Some properties of solutions to the Camassa-Holm-
type equation with higher order nonlinearities, J. Nonlinear Sci., 28 (2018), 1901-1914.
https://doi.org/10.1007/s00332-018-9469-7

A. Himonas, C. Holliman, The Cauchy problem for the Novikov equation, Nonlinearity., 25 (2012),
449-479. https://doi.org/10.1088/0951-7715/25/2/449

A. Himonas, C. Holliman, The Cauchy problem for a generalized Camassa-Holm equation, Adyv.
Differ. Equ., 144 (2016), 3797-3811. https://doi.org/10.1016/j.jde.2018.11.019

A. Himonas, G. Misiolek, G. Ponce, Y. Zhou, Persistence properties and unique continuation
of solutions of the Camassa-Holm equation, Commun. Math. Phys., 271 (2007), 511-522.
https://doi.org/10.1007/s00220-006-0172-4

A. Himonas, R. Thompson, Persistence properties and unique continuation for a generalized
Camassa-Holm equation, J. Math. Phys., 55 (2014), 091503. https://doi.org/10.1063/1.4895572
A. Hone, H. Lundmark, J. Szmigielski, Explicit multipeakon solutions of Novikov’s cubically

nonlinear integrable Camassa-Holm equation, Dynam. Part. Differ. Eq., 6 (2009), 253-289.
https://doi.org/10.4310/DPDE.2009.v6.n3.a3

AIMS Mathematics Volume 7, Issue 8, 14738—14755.


http://dx.doi.org/https://doi.org/10.1103/PhysRevLett.71.1661
http://dx.doi.org/https://doi.org/10.1016/j.nonrwa.2020.103227
http://dx.doi.org/https://doi.org/10.5802/aif.1757
http://dx.doi.org/https://doi.org/10.1007/s00222-006-0002-5
http://dx.doi.org/https://doi.org/10.1090/S0273-0979-07-01159-7
http://dx.doi.org/https://doi.org/10.2478/cm-2021-0006
http://dx.doi.org/https://doi.org/10.1016/j.jde.2020.04.041
http://dx.doi.org/https://doi.org/10.1016/j.na.2018.07.019
http://dx.doi.org/https://doi.org/10.1016/j.nonrwa.2016.09.002
http://dx.doi.org/https://doi.org/10.1007/s00332-018-9469-7
http://dx.doi.org/https://doi.org/10.1088/0951-7715/25/2/449
http://dx.doi.org/https://doi.org/10.1016/j.jde.2018.11.019
http://dx.doi.org/https://doi.org/10.1007/s00220-006-0172-4
http://dx.doi.org/https://doi.org/10.1063/1.4895572
http://dx.doi.org/https://doi.org/10.4310/DPDE.2009.v6.n3.a3

14754

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

A. Hone, J. Wang, Integrable peakon equations with cubic nonlinearity, J. Phys. Appl. Math. Theor.,
41 (2008), 372002. https://doi.org/10.1088/1751-8113/41/37/372002

S. G. Ji, Y. H. Zhou, Wave breaking and global solutions of the weakly dissipative
periodic Camassa-Holm type equation, J. Differ Equ., 306 (2022), 439-455.
https://doi.org/10.1016/j.jde.2021.10.035

J.. L. Li, W. Deng, M. Li, Non-uniform dependence for higher dimensional
Camassa-Holm equations in Besov spaces, Nonlinear Anal.-Real, 63 (2022), 103420.
https://doi.org/10.1016/j.nonrwa.2021.103420

Y. Li, P. Olver, Well-posedness and blow-up solutions for an integrable nonlinearly dispersive
model wave equation, J. Differ. Equ., 162 (2000), 27—-63. https://doi.org/10.1006/jdeq.1999.3683

M. Li, Z. Y. Yin, Blow-up phenomena and local well-posedness for a generalized
Camassa-Holm equation with cubic nonlinearity, Nonlinear Anal., 151 (2017), 208-226.
https://doi.org/10.1016/j.na.2016.12.003

J.L.Li, Y. H. Yu, W. P. Zhu, Ill-posedness for the Camassa-Holm and related equations in Besov
spaces, J. Differ. Equ., 306 (2022), 403—417. https://doi.org/10.1016/j.jde.2021.10.052

F. Linares, G. Ponce, Unique continuation properties for solutions to the Camassa-Holm equation
and related models, P. Am. Math. Soc., 148 (2020), 3871-3879. https://doi.org/10.1090/proc/15059

W. Luo, Z. Y. Yin, Local well-posedness and blow-up criteria for a two-component
Novikov system in the critical Besov space, Nonlinear Anal., 122 (2015), 1-22.
https://doi.org/10.1016/j.na.2015.03.022

A. Madiyeva, D. E. Pelinovsky, Growth of perturbations to the peaked periodic
waves in the Camassa-Holm equation, SIAM J. Math. Anal., 53 (2021), 3016-3039.
https://doi.org/10.1137/20M 1347474

S. Ming, S. Y. Lai, Y. Q. Su, The Cauchy problem of a weakly dissipative shallow water equation,
Appl. Anal., 98 (2019), 1387-1402. https://doi.org/10.1080/00036811.2017.1422728

S. Ming, S. Y. Lai, Y. Q. Su, Well-posedness and behaviors of solutions to an integrable evolution
equation, Boun. Valu. Prob., 165 (2020), 1-22. https://doi.org/10.1186/s13661-020-01460-y

S. Ming, H. Yang, Z. L. Chen, L. Yong, The properties of solutions to the
dissipative two-component Camassa-Holm system, Appl. Anal, 95 (2016), 1165-1183.
https://doi.org/10.1080/00036811.2015.1055557

N. D. Mutlubas, I. L. Freire, The Cauchy problem and continuation of periodic solutions for a
generalized Camassa-Holm equation, Arxiv:2202.07110v1, 2022.

V. Novikov, Generalizations of the Camassa-Holm equation, J. Phys. A, 42 (2009), 342002.
https://doi.org/10.1088/1751-8113/42/34/342002

E. Novruzova, A. Hagverdiyevb, On the behavior of the solution of the dissipative Camassa-
Holm equation with the arbitrary dispersion coefficient, J. Differ. Equ., 257 (2014), 4525-4541.
https://doi.org/10.1016/j.jde.2014.08.016

H. M. Qiu, L. Y. Zhong, J. H. Shen, Traveling waves in a generalized Camassa-Holm
equation involving dual power law nonlinearities, Commun. Nonlinear Sci., 106 (2022), 106106.
https://doi.org/10.1016/j.cnsns.2021.106106

AIMS Mathematics Volume 7, Issue 8, 14738—14755.


http://dx.doi.org/https://doi.org/10.1088/1751-8113/41/37/372002
http://dx.doi.org/https://doi.org/10.1016/j.jde.2021.10.035
http://dx.doi.org/https://doi.org/10.1016/j.nonrwa.2021.103420
http://dx.doi.org/https://doi.org/10.1006/jdeq.1999.3683
http://dx.doi.org/https://doi.org/10.1016/j.na.2016.12.003
http://dx.doi.org/https://doi.org/10.1016/j.jde.2021.10.052
http://dx.doi.org/https://doi.org/10.1090/proc/15059
http://dx.doi.org/https://doi.org/10.1016/j.na.2015.03.022
http://dx.doi.org/https://doi.org/10.1137/20M1347474
http://dx.doi.org/https://doi.org/10.1080/00036811.2017.1422728
http://dx.doi.org/https://doi.org/10.1186/s13661-020-01460-y
http://dx.doi.org/https://doi.org/10.1080/00036811.2015.1055557
http://dx.doi.org/https://doi.org/10.1088/1751-8113/42/34/342002
http://dx.doi.org/https://doi.org/10.1016/j.jde.2014.08.016
http://dx.doi.org/https://doi.org/10.1016/j.cnsns.2021.106106

14755

36.
37.

38.

39.

40.

41.

42.

43.

44.

45

46.

47.

48.

49.

50.

51.

@ AIMS Press

P. L. Silva, 1. L. Freire, Strict self-adjointness and shallow water models, Arxiv:1312.3992v1, 2013.

P. L. Silva, L. L. Freire, An equation unifying both Camassa-Holm and Novikov equations, Proc.
10th AIMS Int. Conf., 2015. https://doi.org/10.3934/proc.2015.0304

P. L. Silva, I. L. Freire, Existence, continuation and dynamics of solutions for the generalized
0-Holm-Staley equation, Arxiv:2008.11848, 2020.

H. Tang, Z. R. Liu, The Cauchy problem for a two-component Novikov
equation inthe critical Besov space, J. Math. Anal. Appl, 423 (2015), 120-135.
https://doi.org/10.1016/j.jmaa.2014.09.032

R. Thompson, Decay properties of solutions to a four-parameter family of wave equations, J. Math.
Anal. Appl., 451 (2017), 393-404. https://doi.org/10.1016/j.jmaa.2017.02.002

F. Wang, F. Q. Li, Z. J. Qiao, Well-posedness and peakons for a higher order y-Camassa-Holm
equation, Nonlinear Anal., 175 (2018), 210-236. https://doi.org/10.1016/j.na.2018.06.001

Y. Wang, M. Zhu, Blow-up issues for a two-component system modelling water waves with
constant vorticity, Nonlinear Anal., 172 (2018), 163—179. https://doi.org/10.1016/j.na.2018.02.010

S. Y. Wu, Z. Y. Yin, Global existence and blow-up phenomena for the weakly dissipative Camassa-
Holm equation, J. Differ. Equ., 246 (2009), 4309—4321. https://doi.org/10.1016/].jde.2008.12.008
K. Yan, Wave breaking and global existence for a family of peakon equations
with  high order nonlinearity, Nonlinear  Anal.-Real, 45 (2019, 721-735.
https://doi.org/10.1016/j.nonrwa.2018.07.032

.W. Yan, Y. S. Li, Y. M. Zhang, Global existence and blow-up phenomena for

the weakly dissipative Novikov equation, Nonlinear Anal, 75 (2012), 2464-2473.
https://doi.org/10.1016/j.na.2011.10.044

W. Yan, Y. S. Li, Y. M. Zhang, The Cauchy problem for the integrable Novikov equation, J. Differ.
Equ., 253 (2012), 298-318. https://doi.org/10.1016/;.jde.2012.03.015

W. Yan, Y. S. Li, Y. Zhang, The Cauchy problem for the generalized Camassa-Holm equation in
Besov space, J. Differ. Equ., 256 (2014), 2876-2901. https://doi.org/10.1016/j.jde.2014.01.023

Z. Y. Yin, On the Cauchy problem for an integrable equation with peakon solutions, /llinois J.
Math., 47 (2003), 649-666. https://doi.org/10.1215/1jm/1258138186

L. Zhang, B. Liu, On the Cauchy problem for a class of shallow water wave
equations with (k + 1)-order nonlinearities, J. Math. Anal. Appl., 445 (2017), 151-185.
https://doi.org/10.1016/j.jmaa.2016.07.056

Y. Zhou, H. P. Chen, Wave breaking and propagation speed for the Camassa-Holm equation with
k # 0, Nonlinear Anal.-Real, 12 (2011), 1875-1882. https://doi.org/10.1016/j.nonrwa.2010.12.005

S. M. Zhou, Z. J. Qiao, C. L. Mu, Continuity for a generalized cross-coupled Camassa-Holm
system with waltzing and higher order nonlinearities, Nonlinear Anal.-Real, 51 (2020), 102970.
https://doi.org/10.1016/j.nonrwa.2019.102970

©2022 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 7, Issue 8, 14738—14755.


http://dx.doi.org/https://doi.org/10.3934/proc.2015.0304
http://dx.doi.org/https://doi.org/10.1016/j.jmaa.2014.09.032
http://dx.doi.org/https://doi.org/10.1016/j.jmaa.2017.02.002
http://dx.doi.org/https://doi.org/10.1016/j.na.2018.06.001
http://dx.doi.org/https://doi.org/10.1016/j.na.2018.02.010
http://dx.doi.org/https://doi.org/10.1016/j.jde.2008.12.008
http://dx.doi.org/https://doi.org/10.1016/j.nonrwa.2018.07.032
http://dx.doi.org/https://doi.org/10.1016/j.na.2011.10.044
http://dx.doi.org/https://doi.org/10.1016/j.jde.2012.03.015
http://dx.doi.org/https://doi.org/10.1016/j.jde.2014.01.023
http://dx.doi.org/https://doi.org/10.1215/ijm/1258138186
http://dx.doi.org/https://doi.org/10.1016/j.jmaa.2016.07.056
http://dx.doi.org/https://doi.org/10.1016/j.nonrwa.2010.12.005
http://dx.doi.org/https://doi.org/10.1016/j.nonrwa.2019.102970
http://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminary
	The proof of Theorem 1.1
	Existence of solutions
	Uniqueness and continuity with initial values

	The proof of Theorem 1.2
	Conclusions

