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Abstract: As a renewable resource, biological population not only has direct economic value to
people’s lives, but also has important ecological and environmental value. This study examines an
optimal harvesting problem for a periodic, competing hybrid system of three species that is dependent
on size structure in a polluted environment. The existence and uniqueness of the nonnegative solution
are proved via an operator theory and fixed point theorem. The necessary optimality conditions are
derived by constructing an adjoint system and using the tangent-normal cone technique. The existence
of unique optimal control pair is verified by means of the Ekeland variational principle and a feedback
form of the optimal policy is presented. The finite difference scheme and the chasing method are used
to approximate the nonnegative T-periodic solution of the state system corresponding to a given initial
datum. The objective functional represents the total profit obtained from harvesting three species. The
results obtained in this work can be extended to a wide variety of fields.
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1. Introduction

In today’s world of industrial pollution, toxicants are pervading the air, ecological problems have
become increasingly prominent, and environmental pollution has become a major problem. When
human activities expose in the wild, they may come into contact with wild animals. In the process,
wild animals can easily transmit viruses they carry to humans. In fact, most new infectious diseases
come from wild animals [1]. SARS, Ebola virus, AIV, HIN1 influenza, and COVID-19 are threatening
the ecological balance as well as the survival of human beings and other creatures. A large amount of
toxic and harmful substances are discharged into the atmosphere, and seriously affect the environmental


http://www.aimspress.com/journal/Math
http://dx.doi.org/10.3934/math.2022808

14697

quality. It is necessary to study the effects of toxicants on the ecosystem. Hallam et al. proposed using a
dynamic methodology to examine ecotoxicology in [2—4]. They established a model of the interaction
between toxicants and population, and provided sufficient conditions for the persistence and extinction
of a population stressed by a toxicant. Researchers have been studying ecotoxicology since the 1980s,
and a large amount of literature has been devoted to problems in the area [5-12]. However, size-
structured factor has not been considered in these models. Size here refers to some continuous indices
related to individuals in the given population, such as volume, maturity, diameter, length, mass, or
other quantities that show its physiological or statistical characteristics.

The effects of environmental pollution on biological population, the dynamical behavioral analysis
of ecosystem models, and the control problem have attracted the attention of many scholars [13—-15].
For many populations, size structure is more appropriate to describe the dynamical evolution than age
structure, especially for plants and fishes [16, 17]. Population models with age structure have been
extensively investigated by many authors as seen in [13] and the references therein. On the other hand,
the control problem with size structure has achieved remarkable results through theoretical analysis,
numerical calculations, and experimental methods, such as in [14, 15, 18-26]. However, most of these
studies have focused on a single species, and only a few have examined interactions among species.
Among them, the optimal birth problem has also discussed in detail in [14]. In addition, Hritonenko et
al. [15] have established a sized-structured forest system, where the objective function includes the net
benefits from timber production and carbon sequestration. Liu et al. [18] have studied the least cost-
size problem and the least cost-derivation problem for a nonlinear size-structured vermin population
model with separable mortality rate, which takes fertility rate as the control variable. We also mention
that Li et al. [21] have considered the optimal harvesting for a size-stage-structured population model.
For other types of optimal harvesting problems, refer to [15,22,24,25]. Moreover, the influence of
seasonal changes and other factors, the living environment of populations often undergoes periodic
changes. Research on optimal harvesting problems dependent on the model of individual size in a
periodic environment has been reported in [26,27]. In [27], Zhang et al. have discussed the optimal
harvesting in a periodic food chain model by using the size structure of predators. To the best of our
knowledge, few studies to date have examined optimal control problems of size-dependent population
models and periodic effects in a polluted environment. Inspired by the above work, this paper discusses
optimal harvesting for a periodic, competing system that is dependent on size structure in a polluted
environment.

The remainder of this paper is organized as follows: In Section 2, we describe a population model
with size structure in a polluted environment and its well-posedness is proved in Section 3. The
optimality conditions are established in Section 4. The existence of a unique optimal control pair
is obtained in Section 5. Some numerical results are presented in Section 6. At the end of this paper,
some brief conclusions are provided.

2. The basic model

In [2—-4], Hallam et al. proposed the following dynamic population model with toxicant effects:

d
5 = x[ro = riCo — fxl,

&0 = kCp — gCy — mCo, (2.1)

=£ = 1 Cpx + g1COX —hCg + u,
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where x = x() is the population biomass at time #; Cy = Cy(?) is the concentration of toxicants in the
organism at time t; Cg = Cg(t) is the concentration of toxicants in the environment of the population
at time ¢. The exogenous rate of input of toxicants into the environment was represented by u. They
investigated the persistence and extinction of a population in a polluted environment.

Luo et al. [28] studied optimal harvesting control problem for the following age-dependent
competing system of n species:

TR = fan-panpi— 3 Ax@ PP - u@ npi,
=1k#

pi(0,1) = Bi(1) [ mi(a, )pi(a, 1)da, (2.2)
pi(a,0) = pi(a),
Pit) = [" pla,nda, i=1,2,....,n, (a,0)€Q,

where Q = (0,ay) X (0, +00), [a;,a,] is the fertility interval. p;(a,t) represents the density of ith
population of age a at time ¢, and a, is the life expectancy of individuals; p;, is the initial age
distribution of ith population; u;(x, #) is the harvesting effort function, which is the control variable in
the model. The existence of an optimal control, the necessary conditions of optimality for the control
problem have been derived.

By combining (2.1) and (2.2), we consider the following periodic, competing system with size
structure in a polluted environment:

3
T T = D — i copi = 3 Aw(x DPLOP; = w(x Dp,
1,k=1,k#1

% = kic (1) — gicio(t) — mcjp(1),
3 3
% = —kyc (1) Z Pi(t) + & Zl cio(H)Pi(t) — he (1) + v(b),

i=1 1=

Vi0,0pi0.1) = [} Bilx. col)pilx, ndx,
0<coO <1, 0<c(0)<1,

pi(-x7 t) = pi(xs r+ T)9

P() = [ pe,ndy, i=1,23, (xneQ,

where O = (0,]) X R,,l € R, is the maximal size of an individual in the population, 7 € R, is the
period of habitat evolution of the populations. ki, g;,m, k», g, and h are nonnegative constants. The
meaning of the variables and functional traits are as follows: p;(x, ¢): the density of the ith population
of size x at time ¢; c;o(f): the concentration of toxicants in the ith population; c.(¢): the concentration
of toxicants in the environment; Vi(x,?): the average rate of growth for the ith population, that is,
‘31—’[‘ = Vi(x, 1) (see [29]); ui(x, cio()), Bi(x, cio(?)): the mortality and fertility rates of the ith population,
respectively; v(¢): the input rate of exogenous toxicants; P;(¢): total number of individuals in the ith
population; f;(x,?): the immigration rate of the ith population; A;(x,?): the interaction coefficient;
u;(x,t): function of the harvesting efforts of the ith population of size x harvested at time t; kjc.(¢):
the organism’s net uptake of toxicant from the environment; —gc;(f) and —mc;(¢): the egestion and
depuration rates of the toxicant in the ith population, respectively. The units of k;, g and m are in terms

(2.3)

3
of m,my 171,171, and 17!, respectively. —k,c.(f) 3, P;(f): the loss of the toxicant in the environment that

i=1

3
is due to the uptake of toxicant by the total population. g, }’ c;o(f)P;(¢): the increase in the toxicant in

i=1
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the environment coming from the egestion of the total population. —hc,(¢): the toxicant loss from the
environment itself by volatilization and so on. The unit of k; is in terms of malt‘l; g> 1s in terms of
m;lt‘l; and 4 is in terms of +~!, where m, and m, denote the units of mass of the environment and in
the ith population, respectively. The toxicant-population model with size structure is established under
the condition of small toxicant capacity in the environment.

The aim of this paper is to seek the maximum of the following objective functional J(u, v), that is

Maximize{J(u,v) : u = (u;(x,1),...,u3(x,1),v = v(t), (u,v) € Q}, 2.4)

where

3 T J 3 T / T
1 1
J(u,v) = i; f(; ](; wi(x, Hu(x, ) pi(x, t)dxdr — 3 lél f(; f(; ciu?(x, tdxdr — EL eV (1)dt,

wi(x, 1) is the selling price of an individual belonging to the ith population. The positive constants c;
and ¢4 are the cost factors of the ith harvested population and the curbing environmental pollution,
respectively. J(u,v) represents the total profit from the harvested populations during period 7. The
admissible control set € is as follows:

Q={(u,v) e [L;"(Q)]3 X LF(Ry) : 0 < ui(x,t) < N;ae. (x,1) € Q,0 <vy <v(t) <vyae.teR,}
where
L7(Q) ={ne L™(Q) :n(x,0) =n(x,t+T) ae. (x,1) € O},
L7(Ry) ={ne LRy :nt)=n(t+T)ae.teR,}
This paper makes the following assumptions:

(A) V;:10,)) x R, — R, are bounded continuous functions, V;(x,7) > 0 and V;(x, 1) = Vi(x,t+ T) for
(x,1) € Q, limyy; Vi(x,t) = 0, and V;(0,7) = 1 for t € R,. There are Lipschitz constants Ly, such
that

[Vi(x1, 1) = Vi(xa2, 1)| £ Ly,lx; — xo| for xy,x, € [0,1], r € R,.
(A2) 0 < Bi(x,cio(t)) = Bi(x,ciot+T)) < ,5’,», Bi are constants.

i, cio(8)) = pio(x) + (%, co0) ae. (x,1) € O, where i € L}, ([0,D),
(A)] Hio(s) 2 0 ae. x € [0,0), [ po(s)ds — +eo, i, € L7(Q),
Hi(x, cio(1)) = 0, ui(x, cio(1)) = p(x, cio(t + T)) a.e. (x,1) € Q.

(Ag) fi € L¥(0),0 < fi(x,0) = fi(x, £+ T). 0 < Au(x, ) < 2;,0 < wix, ) < wi(x, £+ T) < W, 4; and w;
are constants.

(As) There exist constants Lg > 0,L, > 0 such that [Bi(x, c},(1)) — Bi(x, ch (D) < Lglel(t) — c3 (@),
i (x, cjo (1) — pi(x, ()] < Lylej () — e (0.

(Ag) g1 < ki < g1 +m,v; < h. (see [30])
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3. Well-posedness of the state system

Definition 3.1. For i = 1,2, 3, the unique solution x = ¢;(t; ty, Xx;0) of the initial value problem x'(¢) =
Vi(x, 1), x(t)) = x;o 1s said to be a characteristic curve of the hybrid system (2.3) through (7, x;9). Let
zi(1) := ¢i(t; 0, 0) denote the characteristic curve through (0, 0) in the x — 7 plane.

For any point (x,¢) € [0,]) X [0, T] such that x < z;(¢), define the initial time 7 := 7(, x), in order
that ;(#; 7,0) = x & ¢;(1;t, x) = 0. The solution of (2.3) is

*fir 7 (1, %)) TL(x; x, 1)

. — 1. g (x
pi(x,t) = pi(0,t — z; " (X)ILi(x; x, 1) + o Vi i) Tr 1) (3.1
where
3
‘ 1o 1o
f* s col@ () sy RO (DL )
IT;(s; x,1) = exps — +
0 V,'(l", (’pl_l(r’ 2 X)) Vi(r’ QOI_I(I”, z, X))
u,-(r,goi_l(r; [,)C)) + Vix(ra‘pi_l(r; t,X)) }
+ dry.
Vi(r, @7 (r; 1, x))
cio(t) = cip(0)exp{—(g1 + m)t} + k f ce(s)exp{(s — (g1 + m)}ds. (3.2)
0

3

c.(t) = c.(0)exp {— f [kz Pi(t)+h
0

3
2 ) col$)Pi(s) + v(s)}

i=1

dT} + ft
i=1 0

s 3
. exp { f [kz Z Pi(t) + h} dT} ds. (3.3)

i=1

By assumption (A;), we have V;(0,¢) = 1. Let b;(¢) = p;(0, t). Then, by noting that <pi“(0; tL,x)=1=
1 — z7'(x), we have

!
b = F+ [ Kt oba -2 oy (3.4)
0
where
Ki(t, x) = Bi(x, cio()IL(x; x, 1), (3.5
! * i (s 1, %) Tix; x, 1)
Fil: iait ! l,,dd. 36
® j;B (6 cao(®) o Vi(r,@ ' (r; 1, %)) Ii(r; x, 1) o -0
Define the linear and bounded operator A; : L7 (R,) — L7 (R,) given by
!
(Aiq)(@) = f Ki(t, x)qi(t — z;' (x))dx. (3.7)
0
As a consequence (3.4) can be written in L7 (R.) as the following abstract equation
bl' = ﬂibi + Fl', (38)
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with F; € L7(R,) defined by (3.6). We denote by r(A;) the spectral radius of the operator A;. If
r(A;) < 1, then (3.8) has unique solution in L7 (R,).
Remark 3.1. If we denote by

Bi(x) = ess sup,p Bi(x, cip(r)) a.e. x € [0,1),

then (A,) and (3.7) allow us to conclude that

/
r(A;) < f Bi(x)dx.
0

Theorem 3.1. Assume that (A;) — (Ag) hold. Then, the hybrid system (2.3) has a nonnegative and
unique solution (p(x,1),. .., p3(x, 1), cio(t), . . ., c30(?), c.(t)), such that

(@) (pi(x, 1), cio(t), ce(1)) € L¥(Q) X L=(0,T) x L=(0, T).

(i) 0 <cip(t) <1,0<c.(t) <1,YVt € (0,T), 0< pi(x,1), fol pi(x,ndx < M,¥(x,t) € Q,i =1,2,3.
where M = Myl + || fi(-, )llz=(0)-

Proof. Without loss of generality, we assume that u;(x, 1) = 0. p(x,t) = (p1(x,1),..., p3(x,1)),co(t) =
(c10(t), . .., c30(t)). When ¢ is so large that ¢ > zl.‘l(l), from (3.5) it follows that

IK!(t, x) — KA(1, x)|
=(B(x, cjo ()} (x; x, 1) — Bi(x, co(ITF(x; x, 1)
<[Bi(x, cip(1)) = Bilx, e + |Bi(x, cip)ITL (x5 x, 1) — T (x; x, 1))
Lon o — (" (r e (s 1, %)) = pa(r, ey (@7 (s 2, X))
<Lglch(®) = ()] + B, fo Vet D) dr

3 [P 20, 1
= (7 _ 1P (p; (s 1, %)) — Pr(@; (r; 1, X))l
+5; f D Al it )= Y. dr

!
<Lgley(t) = cp(0)] + B; f it ), ¢io(0) — piei(o: 1, X), cip(0)|dor
¢; (0:1,x)

‘ 3
+B f (@i 1, 1), DIPL) — Pe)lder
071 O1.0) k=T et
_ f L ! ¢ 3
<Lglejy(t) — ca (@) + B:L, f lcio(0) = cp(o)ldo + B;Aix f f Ipi(x,0) = pi(x, o)ldodx.
0 0 JO = kzi
Let
My = max {Lg, B.L,.. Bidic}
t / f 3
W(1) = |cjo(t) — (D) + f lcio(0) = cip(o)ldo + f f Ipe(x,0) = pi(x, o)ldodx.
0 0 JO p=1 ki
Then, we can obtain
K (, x) — K2(t, ) < MW(2). (3.9)
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By (3.6) and a similar procedure, we have
LHOREHO!

: * fi(r @7 (s 1, x)) T (o x, 1)
— . 1 i i
_| fo Bleh) | 5 e 37

! X f(r, o7 (s t, x) T2 (x; x,

- j; Al C?O(t))fo ‘];((r,zli‘l((r; t, x)))) Hlfir; X, t;drdx|
* filr, g (58, %)) .
o Vi(r,e'(rit, %)

Y filr g (rtx) x(l,ui(é, cioler (851, %)) — (8, ¢ (5 (65 2, X))
o Vitr,gi'(r;t,x) J, Vi(6, 071631, X))

P} (53 1, X)) — PX(g; ' (651, X))

Vi(6,¢;'(6:1, X))

[
< fo Bi(x, (1)) = Bi(x, Eo(D)

!
+ ﬁ Bilx, ¢ (1))
3

+ Z (6, 07 1(5: 1, %))

ik=1k#i

/ t / !
<Ly fo lcio(t) = (@)l fo filei(om; 1, x), 0)dordx + B; fo fo filgi(o3 1, %), 07)

] dodrdx

t / 1 3
. (Lﬂ f |c30(o') - cl.zo(o')ldO' +Z~k f f Z | p,i(x, o) — p%(x, 0')|d0'dx] dodx
0 0 JO k=1 kzi

<IAG Lo (Lﬂlcilo(t) — (@)l +,E,-Lﬂf0 lcio(0) = cip(o)ldor

o / o~ 3
+B; i f f
0 JO ;=1

Consequently,

| p;lc(x, o) - pi(x, O')IdO'dx] .
ki

IF; (1) = F{ (Ol < IfiC )l MW (). (3.10)

Since

{ T (Va7 (31, %)) } 1
expy — drp = ,
0 ‘/i(r’ QOI_I(I", t’ x)) Vi(-x’ t)

and thanks to the periodicity of b;(t), we need only to consider the case ¢ € [zl.‘l(l),zl.‘l(l) + T]. By
(3.4)—(3.6), we have

!
bi(r) =F(t) + f Ki(t, )bi(t = 7' (x))dx
0

o * fir gy (s 1, %) Ti(x; x, 1) ’ , 1
= f(; Bi(x, cio(1)) fo Vir o 10 1) T t)drdX+ j(; Bi(x, cio(OITi(x; x, bi(t = z;* (x))dx
: * i g7 (131, %)) ' Bilx, cio()) 1
Sﬁﬁi(%cio(t)) | Vi(r,cpi‘l(r;t,x))drdx_'_,g Wbi(t—zi (x))dx
bt - 77 (x)

[ t
< fo Bi(x, cio(1)) L ._I(O;t’x)fi(‘,oi(S; t,x), s)dsdx + B; fo VD
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1

/ !
< f Bi(x, cio(1)) f fil@i(s: 1, x), s)dsdx + B; b(s)ds
0 0

=771
!
< BillfiC, ')||L1(Q)+,3,-f b(s)ds.
0

From Bellman’s lemma, we have

bi(t) <BIIfC, I gexp { fo tBidr}
<BISCMuexp {BAT + 27 D)} =: Ma.
From (3.4), we get
b} (1) = b (D)
<|Flw) - F20)| + fo | K} (1, 06} (t = ") = K2t 0)b7(t = 77|
<|Fl® - F} )| + fo l K} (1, x) = K} (t, %)| b} (t — 27 ")dx + fo l K7 (t, %) |bj(t — z;") = bi(t — 77| dx
<Gy o MiW() + My fo 1 M W(t)dx + §; fo [ bl (s) — b(s)|ds
ﬂ@ww+ﬁlﬁwm—%@m&
where M3 = M, (|| fi(-, Il ) + M>l). 1t follows from generalized Gronwall Bellman inequality that
1b; (1) = b7 (1)]

<MW (1) + Bexp (B,T | My f W(s)ds
0

<M, W(1),

where M, is a positive constant independent of p;(x, ).
Denote X = [LY (R, L'(0,1))]* X [L™(R,)]*, then we define the state space

!
Y= {(p, co,Ce) € X | pi(x,t) > 0ae. (x,1) € Q,f pix,)dx <M, 0<cp(t) <1,0<c.(t) < 1}.
0

Define a mapping
G : Y - X’ G(p’ CO? Ce) = (Gl(p9 CO’ Ce)a GZ(p’ CO7 Ce), e G7(p7 CO’ Ce))’

where

* fi(r, @7 (s 1, X)) TL(x; x, 1)

dr, i=1,2,3. (3.11
0 Vine oy iy G-11)

Gi(p, cos co)(x, 1) = pi(0, 1 = 7 (ONT(x; x, 1) +

AIMS Mathematics Volume 7, Issue 8, 14696-14717.
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3

g ) co()Pi(s) +v(s)

i=1

G (p, co, c)(t) = cjo(0)exp{—(g1 + m)t} + k f ce(s)exp{(s — (g1 + m)ids, j=4,5,6. (3.12)
0
f 3 f
G7(p, co, co)(1) =c.(0)exp {—f [kz Z P(t)+h dr} + f
0 P 0
s 3
. exp { f [kz P+ h} dT} ds. (3.13)

i=1

Then, we have

)
f |Gl(p’ Co, Ce)ld-x
0

! ! * i\’ '_1 ;t7 H , t
- f bi(t — 2 OO x, £)dx + f UG RGLEI RS DN
0 o Jo Vi(r, 7' (ri 1, 0)) TL(r; x, 1)

[ [ t
< f bi(t — 7' (x))dx + f f filpi(s; t, x), s)dsdx
0 0 0

<M1+ || fi(, o) = M.

It is trivial to show that G(p, ¢y, c.) € Y. We now discuss the compressibility of G. By (3.11), we have

i=1,2,3)

[
f Gi(p', by el = Gi(p*, 3, ¢
0

[ [
< f bi(t — 77 () [T} (x; x, 1) — IT(x; x, )| dx + f b}t — 27 (x)) = BI(t — 27" (x)| T (x; x, )dx
0 0

* fi(r, gol‘l(r 1, X)) Hl(x X, 1) Hf(x; X, 1)
+f Vi(r, go Syt x) | (s x, 1) Hl.z(r; X, 1)

drdx

r Clo gal Yr:t, x))) — Wi (r, C?O (goi‘l(r; t, x)))‘
<M2f f Vil (it 1)

1 _PZ -1
Pl (s 1, %)) = P2 (1t x))l] s

+ Z ik(r,QDi (I",l, ))

i k=1 ki Vi(r, ‘P,-_l(”’ t, x))
bk - 27 o) = b -z ()|
+ dx
f Vi(x’t)
N f LY fin e N x) [F (I,ui(d (@71 (851, X)) — w6, (@7 (85 8, %))
o Jo Vi(r,g;'(rit, %)) Vi(S, @753 1, %))
3 Lo ~1gs. 20 —1/s.
P (o7 (0;1t, — P:(¢o:'(0; 1,
.S 16,7151, AL B 1 90) — Pl x>)|] ddrdx
i k=1 ki Vi(6, ¢; (6:1, X))
/ t _ / 3
SMZLL‘ Ly|cl~lo(s)—cfo(s)|"'/11'/&[O Z Ipa(x, 5) — pi(x, s)ldx [dsdx
i,k=1,k#i
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t / 3
+ £ Moo fo {Lﬂ|c}0(s>—c%0(s>|+iik f > |p,1(x,s)—p,%(x,s>|dx)ds

0 r=Tksi

My [ (Ichs) = G0+ G+ Tleb) = o) ds

[ ~ 3
+ M4(Zi_1(l) +T) f f Z |p,1€(x, s) — p,%(x, s)| dsdx
0 Jo

i,k=1,k#i

! / !
<M; f ek (s) = 3 (s)lds + f f
0 0o Jo iy

where Ms = max{MIL, +||f:(-, M1y Ly+ Ma(1+ 271 (D) + T), Madal +11 i, o di + Ma(z D+ T}
By (3.12)—(3.13), we have

Gi(p', e ch) = G,(p*, 5, D)

!
<Mj f leo(5) = co(s)lds,
0

3
| p,lc(x, s) — pi(x, s)Idsdx] ,
=1

ki

®n (j=45.6)

where Mg = k;.

G1(P", ¢4, ) = G (P*, ¢, D) ()

f 3
co(0)exp {— f [kz > Pl +h
0

i=1

dT}+f

0 i
' 3

dryds—c.(0 - k P? h

T} s c()exp{ fo[z; H(1) +

d‘r}
dT} ds
3 3

s 3 s 3
g ) cl(s)P!(s)exp { f ko ) Pl (T)dT} — 82 ) ch(s)PX(s)exp { f kY P%(T)dr}
! i=1 ! i=1

i=1 i=1

3
g ) Cio($Pi(s) +v(s)
s 3 B
.exp{f {kZZP}(‘r) +h
! i=1

3

f s 3
_ f [gz cl.zo(s)P?(s) + v(s)} exp {f [kz Z Piz(‘r) +h
0 i=1 t i=1
< f t
0

ds

t s 3 s 3
+ f v(s) [exp { f ko Z Pi1 (T)dT} —exp { f ko Z Pf(T)dTH ds
0 t i= t i=
0 3 1 1
+ ks f D Pl =) Pi)|dr
0 |i= i=
1, 3 1 3 (] 3 3
<(ky + gz)f Z P}(s) — Z Pl-z(s) ds + gsz Z cl-lo(s) - Z cfo(s) ds
0 |i=1 i=1 0 =1 i=1

t ot 3 3
+ (kogaM + kyh) f f Pl(s)— » P(s)|dsdr
282 2 0 o ; ;

3 / ! 3 t
<M f f pi (x, 5) — p}(x, s)|dsdx + f lcio(s) — cp(s)lds |,
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where M; = max{k2 + g+ ko hT + kggzMT, gzM}

We now use the Banach fixed point theorem to demonstrate that the mapping G has only one fixed
point. Due to the periodicity of elements in the set Y, we consider the case ¢ € [0, T] only. Define a
new norm in L*(0, T') by

3 ! 3
(P, cos cll. = ess supyeore™ {Z f |pi(x, Dldx + Z leio(D] + Ice(t)l},
i=1 Y0 i=1

where A > 0 is large enough. Then, we have
||G(p17 C(l)’ C;) - G(pz, C%, Cg)”*

t (3 [ 3
<Mgess suprorie™ f {Z f (Ip!(x. ) = PR, s)|>dx+Z|c}0<s>—c%0(s)|+|c;(s)—c§<s>|}ds
0 =1 YO i=1

3 i
Z fo (pl(x, s) — p?(x, s)))dx
i=1

3
+ 37 eh(5) - 6 + el - c5<s>|}} ds
i=1

t
SMgesssup,E[O’T]e_ﬁ’fe“ {e‘“
0

!
1 > 1 2.1 2 ) 2
<Msll(p™ — p*.cy — €5, €, — eSS sup,epo 1 {e tf e Sds}
0

My 1 2 1 2 1 2
S7”(1) _p ’CO_C07C Ce)”*a

where Mg = max{Ms, Mg, M,}. Thus, choosing 1 > My yields that G is a strict contraction on (Y, || - |[.).

The unique fixed point (p, ¢y, c¢.) of G must be solution to (2.3). O

Theorem 3.2. If 7' is small enough, then there are constants K;(T') with limy_,o K(T) > 0,j = 1,2,
such that

3 3

1 2 1 2 1 2
Z ||Pi — Pi ||L°°(0,T;L1(O,1)) + Z ||C,'o - C,'()”L‘X’(O,T) + ||Ce - Ce||L°°(0,T)
i=1 i=1

3
1 2 1 2
<K\(T)T (Z e} = wfllz=o.7:100) + IV = v ||Lw<o,r)] : (3.14)
i=1
3 3
1 2 1 2 1 2
lp; = pilleio) + Z llcio — ciollerory + lle, = cllio.r
i=1 i=1

3
<K)(T)T [Z ||M} - M,~2||L1(Q) + ||V1 - V2||L1(0,T)]- (3.15)

i=1
This proof process of Theorem 3.2 is similar to that of Theorem 4.1 in [27], and is omitted here.
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4. Optimality conditions

In this section, we employ tangent-normal cone techniques in nonlinear functional analysis to
deduct the necessary conditions for the optimal control pair.
Theorem 4.1. If (u*,v") is an optimal control pair and (p*, c;, c;) 18 the corresponding optimal state,

then [ :
JACAR) 1) — i\As t ! 1
W(x 1) = 7—‘,-( witx, 1) = &, Dlpi (x )), i=1,2,3 ae (r,1) € 0, 4.1
Ci
V() = Fa (§7( )) ae.te (0,7), (4.2)
Cyq
in which the truncated mappings ¥; are given by
0, n <0,
Fim =1 n 0<n<N; j=1,2,3,4, (4.3)
Nj, n> N,

and (&1,&,,...,&7) 1s the solution of the following adjoint system corresponding to (u*, v*):

3
L v = [u,-<x,c;0<r>)+ S AP + U | & + [kaci(D) — gacly(D1E

or fox i k=T ki
= &0, DBi(x, ¢ (1)) + wju,
Bircy®) prds,

i ) ,'X,C% s« [
= % QX+ (g1 + M — 2P (DE — E(0,1) [ L
oy, z Eivs + [kz S Pi) +h| &,

61(19 t) - 0’ gl(x, t) - é:l(x, I+ T)» - b 29 3,
E(T)=0, j=4,...,7.

4.4)

Proof. The existence of a unique, bounded solution to the adjoint system (4.4) can be treated in the
same manner as the state system (2.3). For any given (vi,v;) € To(u*,v*) (the tangent cone of Q at
W v, u = Wi,...,u3),vi = (Vig,...,v31), (" +&vy, V' + evy) € Q provided that & is small enough.
Then, from J(u* + vy, v* + ev,) < J(u*, v*), we derive

3 T
Zf fw,(u +svll)pldxdt——2f fcl(u +é&vi) dxdt——f ca(v* + evy)?de
i=1 Y0 i=1
3 T
SZ;](; fw,up,dxdt——zllf fcu dxdt——f cav” dt

and then deduce that

3 T / 3 T / T
Z f f wi(u;z; + vy p;)dxdt — Z f f ciu;vidxdt — f caV'vodt <0, 4.5
i=1 YO JO =1 YO0 Jo 0

where é(p - p)) > Z, (Clo — Cly) ™ Zis3s (c - ;) = z7,as € — 0. By Theorem 3.2, we get the
existence of z1,22,...,27. (p°, cg, ct) is the state corresponding to (u* + vy, v* + &v,). It follows from
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the state system (2.3) that (zy, z2, . . ., z7) satisfies

3
zi— 2 Awl(Op;

3
VA [ﬂ.(x, o)+ X AaPyt)+ Vie+u;
i,k=1,k#i

l
ox i =T ki

Api(x.cy (1)
T;’P*Zws Vit ;s

=kiz7 — ngz+3 le+3a
L = —kyci(t) Z Zi(1) + & Z |ciZi®) + 23 P; (1) - [kz 2P +h ]27 +v2, (4.6)

Vi(0,)z:(0, 1) = fo Bilx, clo(t))zldx+ PP ez ad,
zi(x,t) = z;(x,t + T),

zi+3(0) = 7(0) =0

Pi) = [ piendx, Zi(0) = [ z(n0dx, i=1,2,3,

dZH—%

We multiply the first three equations in (4.6) by &;,&,...,&7, respectively, and integrate on Q and
(0,T). By using (4.4), we have

3 T / 3 T [ T
Zf f wiu; z;dxdt = — Zf f va&ipidxdr + f voé5dt. 4.7)
= Jo Jo = Jo Jo 0

Substituting (4.7) into (4.5) gives

Zf f [((w; = &Dpi — v,ldxdt+f( V' + E)vade <0,

for any (vi,v2) € Tq(u*,v*). Consequently, the structure of normal cone tells us that ((w; — &)p; —
ciu;, —cav* + &7) € No(u™,v") (the normal cone of Q at (u”, v*)), which gives the desired result. |

Theorem 4.2. If T is small enough, then there is a constant K3, such that

3 3
1 2 1 2 1 2
Z 1€ = &illeeco) + Z €53 = Einalle=o.r) + 1167 = &7lle=.1)
i=1 i=1
3
<K;T L ? b_y? 4.8
=K3 llze; — i llz=c0) + V' = Vllw0,) | - (4.8)

i=1

The proof process of Theorem 4.2 is similar to that of Theorem 3.2, and is omitted here.
5. Existence of optimal control pair

In order to show that there exists a unique optimal control pair by means of the Ekeland variational
principle, we embed the functional J(u, v) into [L'(Q)]* x L'(0, T). We define

T = { L e

—00, otherwise.
Lemma 5.1. J(u, v) is upper semi-continuous with respect to (i, v) in [L'(Q)]® x L'(0, T).
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Proof. Let (u",v") — (u,v) asn — oo, (p", cg, ¢;) and (p, ¢y, c.) be the states of (2.3) corresponding to
(u",v") and (u, v), respectively. By Riesz theorem, there is a subsequence, denoted still by (¢", V") such
that

" (x,)]* = u?(x, ) ae. (x,1) € Q, [V = v} ()ae.t€(0,T), as n — .

Thus, from the Lebesgue’s dominated convergence theorem yields

T / T / T T
lim f f [t (x, £)]*dxdt = f f u(x, t)dxds,  lim f [V'(1)]dt = f Vi()dt.

On the other hand, it follows from (3.15) that

T T
f f wi(x, Hu; (x, t)py (x, t)dxdt — f f wi(x, Hu;(x, 1) pi(x, 1)dxdt
o Jo o Jo

Tl Tl
< f f wi(x, ) pi(x, |u} (x, 1) — u(x, t)|dxds + f f wi(x, Dui(x, D p}(x, 1) = pi(x, t)|dxdt
o Jo o Jo

<Mwillu} — uillp o) + Nwillp} = pillio)
— 1 2
SMW;'HM? - Mi||L1(Q) + NiWiKZ(T)T(”M? - ui”Ll(Q) +v v ||L1(0,T))-

Therefore,
N T
lim f f wi(x, Hu; (x, 1) pi (x, t)dxdt = f f wi(x, Du;(x, 1) pi(x, t)dxdt.
n—eeJo o Jo 0 Jo
In a word, we have proved that limsup,,_, Jw' v < J(u,v). O

Theorem 5.1. If T is sufficiently small, there exists one and only one optimal control pair (u*,v*),
which is in feedback and is determined by (4.1)—(4.4) and (2.3), where C; and C, are the supremum of
|pil and |£;],i =1,2,3,j=1,2,...,7, respectively.

Proof. Define the mapping L : Q — Q as follows:

s —r(mmn e o)
€1 3 4
_ (7:1 ((Wl _'fl)pl)’.“’ 7,__3((W3 —53)P3),ﬂ(§2))’
(&1 C3 Cy

where (p, ¢y, c.) and (&1, &1, ..., &7) are the state and adjoint state, respectively, corresponding to the
control (u, v). We show that £ admits a unique fixed point, which maximizes the functional L.

From Lemma 5.1 and the Ekeland variational principle, for any given & > 0, there exists (u°, %) € Q
such that

f(u‘g, v¥) > sup f(u, V) — &, (5.1
(u,v)eQ

3
J@",v") = sup {J(u,V) - \/E(Z ;= willoig) + IV ~ V”L‘(O,T)]}- (52)

(u,v)eQ =1
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Thus, the perturbed functional

3
To(u,v) = J(u,v) - ‘/E[Z e = el + Iv* = v||L1(o,T>],

=1
attains its supremum at (1, v®). Then, we argue as in Theorem 4.1:
W, v°) = L(u®,v)
wy — E)pt + ety wy — EpE + et + et
:(7:1(( 1 f])pl \/_1],,7:3(( 3 63)p3 ‘/_3)’ﬂ(§7—\/_4))’ (53)

C1 C3

Cq

where (p®, ¢, c;) and (£7,&5, ..., &) are the state and adjoint state, respectively, corresponding to the
control (u®,v?), 65,...,05 € L*(Q),6; € L~(0,T), and with |[67] < 1,i = 1,2, 3,4.

First, we show that £ has only one fixed point. Let (p/, cé, ]y and (fj ,fé, - ,54) be the state and
adjoint state corresponding to the control (v/,v/), j = 1,2. By (3.14) and (4.8), we have

L' v — L@ )l

3 1\ ,,1 2N 2 1 2
(Wi - ,‘) i (Wi Y ) i f é:
:Z%( P\ §)p a2 s (2
p) Ci Ci L~(0) C4 C4/ll=o.1)
3
< Z (w; — fil)]?il _ (w; — §,~2)Pi2 + é:_; _ 'f_%
p) Ci Ci = ¢ Gl
5 |[wilp!l = p») IENRE - pD  IPAE - &) & - &
< + + L
p) Ci Ci Ci L>(Q) ¢ i~

! i=1

3 3
1 _
<T (Z ;(W,’Kl + C2K1 + C1K3) + K3] . [Z ||I/tll — u?”Loo(Q) + ”vl - V2||Loo(O’T)) .

i=1
Clearly, £ is a contraction if T is sufficiently small. Hence, £ has a unique fixed point (u*, v*).
Next, we prove (1°,v°) — (u*,v*) as € — 0*. The relations (4.1), (4.2) and (5.3) lead to

||.£(Ll£, VE) - (ua’ Vs)”oo
)=o) )

C1 C3 Cq

—(9’1 ((WI —&Dp] N \/597)’.“’?3[0% —&)p5 N \/Eei)’ ?‘4(§ . \/592))

Cq C1 C3 C3 Cq Cy

[ee)

o)l 2

Cy Cq Cy

& & Ci

g(M)_ﬁ(wi— AN \/59;)

L=(0Q) L=(0,7)

& & Neo

1

1

wi =&Dp; Wi =&)p; Vet

Ci Ci Ci

+
L=(Q)

i=1

3

116 Cx, )] 65Ol 0.7

82 i (Q)+ Ve 4 (0,7)
Ci

C4

Ql

i=1
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L1
S\/EZZ,
i=1 !

it is easy to derive that

1", v = (@, )l
<[LGw™, v = L V)lleo + 1L, V) = (%, v0)leo
3 3 4
<T —(WiK; + CoK; + C1K3) + K5 | - =l IV =Vl + —.
< ;ci(w 1+ Ky + CiK3) 3) (;Hul Ul + IV = vl (o,T)] \/E;Ci
So, if T' is small enough, the following result holds:

&
3 Ve =
* * i=1"
Z i = ullioo) + IV = Villwor) < 3 ,
=1 1-T (z LWk + K + CK3) + K3)
i=1"

which gives the desired result. _
Finally, passing to the limit &€ — 0" in the inequality of (5.2) and using Lemma 5.1 yield J(u",v*) >
lim supy, e J(#, v), which finishes the proof. m|

6. Numerical approximation

In this section, our goal is to obtain a numerical approximation for the nonnegative 7-periodic
solution of the system (2.3). We numerically study the evolution of a single species in a polluted
environment as a simplification of the complete model (2.3). If the harvest effort term and the
summation term are considered, it will be transformed into the optimization problem (2.3)—(2.4), which
is complex.

Suppose the computational domain Q = [0, /] x [0, T] is divided into an J x N mesh with the spacial
step size h = § = 0.01 in the x direction and time step size 7 = L = 0.02. The grid points (x;, 7,) are
defined by

7
N
x;=jh, j=0,1,2,...,J;
t,=nt, n=0,1,2,...,N,

where J and N are two integers. The p and f7' terms denote the solution p(jh, nt) and source term
f(jh,nt) of the finite difference equation, respectively.
Based on the state system (2.3), the finite difference scheme can be written as follows:

n n—1 n n
pj_pj +ij_pj_
T h
where j=1,2,...,J;n=1,2,...,N. It follows from (6.1) that

1 n n n
+Vupl +upi—fi =0, (6.1)

—dVpi_ +[1+dV +1(Ve+wlp] = pi" + /7, (6.2)

where d = %
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Since V(0, ) = 1, then the boundary condition p(0, ¢) = fol B(x, co(t)) p(x, t)dx and initial condition
p(x,0) = po(x) can be discretized as

P? = Doj»
J

Po = X Bipih
J:

(6.3)

From (6.2) and (6.3), we have the matrix associated with the system of linear equations of the finite

difference method

AP" = P! + 1F, (6.4)
where
[ 1 +dV +7(V,+u)—dVph —dVph . —dVpBh —dVh
—-dV 1+dV+1(Vy+p) ... 0 0
A= : ,
0 0 -dV 1+dV +1(Vi+pu)
0 0 0 -dV
P'=pLps... 00 F=( . Ot

Note that A is an upper triangular matrix, so the nonlinear algebraic equations (6.4) have solutions. In
this paper, we choose the following parameters:

B(x, cot)) = 100x*(1 — x)(1 + sin(rx)) [sin Z22|,

o) = ¢~ -2 + os 90

Vi,)=1-x, f(x,n) =2+ (1 +x) sin(%),

pO(x) =e, M()C,l) =0,x=1,T= %’ T = 6T.

N
o

\\

\\\\\\\\\
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i ““ {R\\\\\\\\\\\“ “
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=
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\\\\\\\

0.5
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Figure 1. Fertility rate of the population.
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Figure 2. Mortality rate of the population.
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Figure 3. Immigration rate of the population.

In this paper, we used the backward difference scheme and chasing method, and (6.4) was solved
through programming. The fertility rate, mortality rate, and immigration rate were T-periodic and were
all greater than zero, which is consistent with the assumptions. We considered 7" = % Their graphs
are given in Figures 1-3, respectively. The fertility rate was the highest when the size was half and
the mortality rate was the highest when the size was the maximum, which conformed to the empirical
situation. Therefore, the selection of parameters 5, i, and f was reasonable.

The graphic of the numerical solution p is given in Figure 4. Over time, solution p showed T-
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periodic changes. We take the numerical solution of (2.3), corresponding to an arbitrary positive initial
datum py, on some interval [kT, (k + 1)T], where k is large enough. On such an interval, the solution p
was already stable. We can then get the periodic solution of (2.3) by extending the numerical solution p.
During computation we found that any positive initial datum p, was appropriate for use.

2.5

115

0.5

size 0 o time

Figure 4. Numerical solution of the system.

7. Conclusions

The study of time periodic models is of great importance due to the fact that the vital rates and the
inflow are often time periodic. In the foregoing, we have established the existence and uniqueness of
a nonnegative solution of the hybrid system (2.3). The necessary conditions for optimal controls were
provided. The existence of the unique optimal control pair was investigated. Some numerical results
were finally presented. The results implied that the solution of (2.3) always maintains the pattern of
increasing periodically, and any positive initial datum p, is appropriate. Over time, the density of the
population increased first and then decreased in a cycle. The bang-bang structure of solutions is much
more common in optimal population management.

Furthermore, if Vi(x,7) = 1 for Q = (0,]) X R,,i = 1,2, 3, the state system degenerates into an
age-structured model, and our results cover the corresponding results [5—7]. Note that the individual
price factor w;(x, t) plays an important role in the structure of the optimal controller (4.1). However,
as we do not have a clear biological meaning for the solutions &;(i = 1,2, ...,7) of the adjoint system
(4.4), it is difficult to give a precise explanation of the threshold conditions (4.1) and (4.2). In specific
applications, the optimal population density and optimal policy are calculated by combining the state
system and the adjoint system. This is a challenging problem, and future work in the area should
address it.
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