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Abstract: In this research work, we establish some new results about piecewise equation involving
Caputo Fabrizio derivative (CFD). The concerned class has been recently introduced and these results
are fundamental for investigation of qualitative theory and numerical interpretation. We derive some
necessary results for the existence, uniqueness and various form of Hyers-Ulam (H-U) type stability for
the considered problem. For the required results, we need to utilize usual classical fixed point theorems
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our results.
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1. Introduction

In previous few decades the field of fractional calculus has been gotten great attraction from
researchers. This is due to the significant applications in the area of nano-technology, rheology, physical
and biological sciences as well as engineering disciplines (see [1-3]). The aforesaid area has been
interrogated from various aspects in last few years. Recently this area is an hot field of research and
many researchers are working on different theories, tools and methodologies to investigate fractional
order differential equations (FODEs). In fact differential equations play significant roles in the description
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of various real world problems and phenomenons. Future prediction and planning can be designed by
using the idea of differential and integral equations. The area devoted to classical problems have been
enriched by plenty of papers, books and monographs. Further, researchers have expanded the concept
of derivatives and integration from integer order to any real or complex order. This concept was old as
classical one, but has not properly attracted until eighteenth hundred century. During the mentioned time,
Reimann and Liouville introduced properly the concept of fractional order derivatives and integration
(for detail see [4]). After that the concept of said operators have been defined in different ways. Recently,
we have different kinds of differential operators including Hadamard, Reimann-Liuoville, Caputo, etc.
(we provide some detail as [5—8]). Caputo and Fabrizio [9] in 2015 introduced a modified type derivative
called non-singular which has been given much attention by the researchers. The considered differential
operator involves non singular kernel of exponential type. Also the said operator has been further
generalized by Atangana and his co-authors in 2016 by replacing the exponential function by Mittag—
Leffler one.

Here, we remark that the aforementioned differential operators have led us to various classes of
differential and integral equations which are increasingly applied to deal large numbers of real world
problems more successively. One thing, we have to keep in mind that several real world phenomenon
have not unique behavior and they keep multiplicity in their dynamical behaviors. For instance fluctuation
in economy, earthquake, analogous behaviors of gaseous dynamics, etc. These behaviors mostly are
subjected to abrupt changes in their state of rest or uniform motion. This is also called impulsive
effect. For the mentioned process researchers increasingly are using different operators mentioned
earlier to reach better solutions. But these operators still do not describe the crossover behavior more
efficiently. Therefore to more properly investigate the mentioned behaviors, recently authors [10] have
introduced the concept of piecewise equations (PEs) of under fractional order derivative. Instead of
the classical Reimann-Liouville, Caputo, Caputo-Fabrizio and Atangana-Baleanue derivatives, their
piecewise versions work very well to explain the multiple behaviors of a process with more significant
ways. Recently some important applicable results by using non-singular type derivatives have been
studied, for further detail see [11-14].

Therefore, keeping in mind the aforesaid need and importance, we establish, the existence theory
and stability analysis for the following general Cauchy nonlocal implicit problem under the concept of
piecewise equations with CFD as

PEEDOu(x) = f(x, u(x), " " D’u(x)), x€l[0,T]1=9,

(1.1)
u(0) = up + p(x), up € R,

such that 6 € (0,1], ¢ € C(J) and f : J X R X R — R. The notion "“* 7 stands for piecewise CFD
which replicates the power law singular kernel via non singular kernel of exponential kind. For further
detailed of CFD, we refer for the readers [15-22].

Here, we first convert the proposed problem to integral form of piecewise via using elementary results
of fractional calculus. Further, on utilization of fixed point results, necessary and sufficient conditions
are developed to investigate the corresponding existence theory of (1.1). Since stability is an important
aspect in optimization theory and numerical analysis. Further, the stability results are fundamental to be
investigated for establishing various numerical algorithms and procedures. Therefore, variety of stability
concepts have been introduced in literatures including exponential, Laypunov and Mittag—Leffler type.
Recently, the H-U type stability theory has been increasingly investigated for usual FODEs (we refer few
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as [23-27]). Inspired from the aforesaid discussion, we establish some adequate conditions for various
forms of H-U type stability including generalized H-U, Hyers-Ulam -Rassias (H-U-R) and generalized
H-U-R for the proposed problem by using nonlinear functional analysis. Also for the demonstration of
our results, we provide pertinent examples.

The manuscript is organized as: Section first is devoted to literature overview. Second part is related
to elementary results. Third part is devoted to existence results. Fourth part is related to stability analysis.
Fifth part is enriched by examples. Last part is devoted to brief conclusion.

2. Elementary materials

We need some elementary results which we recall from [10].

Definition 2.1. Let y be a continues function, then the piecewise integral with fractional order 6 € (0, 1]
is defined by

x|

y(s$)ds, if x € 1 = [0, x],
0

_ s | )
cre’™M * cre) f1 Y(s)ds, if x € Ty =[x, T,

where CF(0) is normalization function.

"Iy =

Definition 2.2. Let y be continues function, then the piecewise derivative with classical and exponential
decay kernel with fractional order ¢ € (0, 1] is defined as

dy

PCE gy y(x) = {a, ifxe 9,
FDy(x), if x € Tas

where ¢F 2 represents CFD, for x € J, which is defined as

CFDiy(x) _ CF(©) (* exp (—51(x_—65)

’ > (.
T—s )y (s)ds, x>0

Lemma 2.1. Let h be continuous function, then the solution of the given problem under piecewise
equation with CFD
PCF 6 _
‘Z)xy(x) - h(x)’ 6 € (07 1]’

is given by

y(0) + fXI h(s)ds, x € J1,
y(x) = ‘

1-6 o x )
y(xp) + CF—@h(x) + CF—@L h(s)ds, if x € .

The Banach space is defined by Z = {u I >R ueCly, vV jz)} endowed with a norm

su
lullz = P ju().

xegJ
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Theorem 2.3. [28] Let E C Z be closed, convex and non empty subset of Z, then there exist Ay, A, two
operators, such that

1) Ayuy + Aouy € E, forall uy, u, € E;
2) A, is contraction and A, is completely continuous operator,

then there exist atleast one fixed point u € E with Aju + Ayu = u.
3. Existence results

Lemma 3.1. On using Lemma 2.1, the solution of the problem with piecewise linear equation

PEF Do u(x) = h(x), 6 € (0, 1],

3.1
u(0) = uo + @(u) G-D
is computed as
uy + @(u) + f h(s)ds, x € I,
u(x) = X : (32)
(1-9) 0
u(xy) + CF—@h(X) + CF—@ L h(s)ds, x € 9>.
Proof. Applying the piecewise integral on both sides of (3.1), we have
u(0) + fﬂ h(s)ds, x € T,
u(x) = " ; (33)
(1-9) 0
u(xy) + CFO) h(x) + CF—@) L h(s)ds, x € J>.
Using u(0) = up + ¢(u) in (3.3), we get
uy + o(u) + fﬂ h(s)ds, x € J1,
u(x) = 0 x
(1-9) 0
u(xy) + CFO) h(x) + CF—@ f); h(s)ds, x € T,.
O
Corollary 1. Inview of Lemma 3.1, the solution of our proposed problem (1.1) is given by
ug + (u) + f ) F(s,u(s), "F Dou(s))ds, x € I,
u(x) = (1-6) (3.4)
PCF o PCF 0
u(xy) + CF®) — S u(x), " Diu(x) + CF((S)f (s, u(s),” " Diu(s))ds, x € J».

For our analysis the following hypothesis are needed to be hold:

(H,) For every u,v € Z and constant C, > 0, we have
lp(u) — (W) < Cylu —v;
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(H,) For every u,v,u, v € Z, and constants L > 0, 0 < M, < I, one has
|fCes u,v) = f(x, i, V)| < Liglu — af + Myly = v].

Let us define the operator F : Z — Z by

uy + o(u) + f ) F(s,u(s), *F Dou(s))ds, x € I1,
0

1-9¢
u(xy) + %f (x, u(x), " Dou(x)) + CFO)

F(u(x)) = (3.5)

f ) f(s,u(s), "FDou(s))ds, x € J».

Theorem 3.1. Inview of hypothesis (H,, H,), our proposed problem (1.1) has a unique solution if the
condition

L 1-6+o(T - L
K:max{C¢+ alnt) ( *1) f }<1

1-M; CF(5) 1-M;
holds.
Proof. Consider u, it € Z, then one has
|PF Dou(x) = PF D) = |, ux), "FDou(x)) — fx, a(x), " D))

3.6
< Ly lu(x) — a(x)| + My [PF Dlu(x) - "F Dl (36)

hence, we have from (3.6)

|PF Dou(x) = " D)) < Liia lu(x) — a(x)]. 3.7)
S

Therefore, we consider u, it € Z, and using (3.7)

lp(u) — @(@)| + f i |£(s, u(s), PFDou(s) — f(s, as), "F Do(s))|ds, x € T,
IF () — F(i)llz < ilelg ( é F 5))f(x u(x), " Dou(x)) = f(x, w(x), " Doia(x)) (3.8)
+ CF—@ f (s, u(s), T Dlu(s)) - f(s, a(s), T Dlu(s))| ds, x € To.
Thus, (3.8) yields
Cylu — @l + f i [Lf lu(s) — @(s)| + My |PF Dou(s) — *F Dla(s)| ]ds, xe T,
0
¥ - F@l < sop! (G5 F(f))[Lf u(x) = F0O] + My "7 Dl = " Dl | (39)
+ CF—@ f [Lf lu(s) — @(s)| + My |PF Dou(s)) — " Dla(s))| ]ds, x € Js.
On further simplification, (3.9) gives
Cplu— 1] + f 1 _Llfw lu(s) — ()| ds, x € T,
IF@) - F@lly <supy o " ! (3.10)
(G ) — 0+ f u(s) ~ W) ds, x € T
CF(6) (1 -M,) CF(6) (1 - Mf) >
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Hence, we have from(3.10) that

C,+ Ly )llu—ﬁll xedJ
1 Mf yA) 15

IF(u) = F@)llz < (3.11)

(1—6+6(T—x1)) L, il xe.7)
Z > .

CF(9) 1 -M;
Therefore, (3.12) can be written as
IF () — F@)llz < Kllu — allz.

Hence F is contraction operator. Therefore invew of Banach contraction theorem, the proposed problem
has a unique solution. O

To derive existence criteria for atleast one solution, we utilize Theorem 2.3. The given assumptions to
be holds true:

(H3) Let for constantsa > 0, C; > 0and 0 < D; < 1, we have

LfCx, u(x), v(x)I < ap(x) + Cr(0)lu(x)] + D (0)v(x)].

Further, assume

a" = supay(x)], b* = sup|Cs(x)|, ¢" = sup [Dy(x)| < 1.
xeJ xeJ xeJ

Theorem 3.2. Reference to the hypothesis (H,) — (Hs), the proposed problem has atleast one solution if
the condition max {C‘p, a-o Ly } < 1 holds.

CF(6) (1-My)

Proof. Here we first define the operators as

QD(M), X € jla
A = 1-6 3.12
1M(X) u(x1) " (CF(é))f(x’ u(x), PCFDfCM(x)) ( )
and .
f f(s,u(s), "FDu(s))ds, x € I,
Asu(x) = (3.13)

PCF o
CF(5) f f(s,u(s),” " Diu(s))ds, x € .

We now perform the following steps.
Step 1: We describe a set by Q = {u € Z : ||ullz < r}, as ¢ and f are continuous, so is A;. Now to
show that A, is contraction operator, taking u, iz € Q, and use (3.12), we have

lo(u) — @), x € J1,

||A1L£—A117l|| < sup (1 ) PCF G (1
xeJ CF(é)f(x,u(x), Dlu(x)) — CF©)

f(x i(x), " D)), xejz( 1
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Excising the aforesaid Hypothesis (H;), (H,) and using the condition

(1-6) Ly
 CF(©) (1 - M;y)

max {C } =H, <1,
one has from (3.14)

A u — Ayitllz < Hyllu = vlz.

Thus A is condensing operator.

Step 2: To show that A, is completely continuous operator, let u € Q, one has from (3.13)

X
| (s, u(s), *F Dous))| ds, x € Ty,
[|Azullz < sup s "
I CF—@S)L | (s u(s), "F Dlu(s))|ds, x € Tn.

Thank to Hypothesis (H3), we have from (3.15) that

f [1a,() + IC/ ()] + Dy ()] ds. x € T,
|Azullz < sup 05 x
xeJ CF—Q) fx] [|af(S)| +|Cr(9)l + IDf(s)I] ds, x € 9,

which further yields that

xi(@* + rb")

(1-c9) ~

0 (T —xp)@ +rb"
CF(%) (I —-c*)

lAzullz <

Putting

{xl(a* + rb*) o (T —-x)@ + rb*)} .
max , =H",
(1-c¢" CF(9) (1-c¢

(3.16) takes the form
lAzullz < H".

Therefore, operator A, is bounded.

(3.15)

(3.16)

(3.17)
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Step 3: Now to deduce equi-continuity, let x, < x3 € J, then one has

6 %3 %2
|Azu(x3) — Sou(x,)| —CF(é)[ £(s,u(s), T Dou(s))ds — £(s, u(s), PCFD?M(S))ds]
= CF & F(é) f FCs,u(s), " Dou(s))ds + f £(s,u(s), FF Dou(s))dss

- f S(s, M(S),PCFZ)fu(s))ds]

X3

F(s,u(s), " Du(s))ds

X3

S—CF((S) [|af(5)| +[Cs(s)llus)| + |Df(s)||PCFz)§u(S))|] ds
0 b*
=CF®) (al-'__ Dty = 1) = 0, a5 x5 = 2.

Further as A, is bounded and continuous on J so is uniformly continuous. Thus one has
lA2u(x3) — Sou(xr)llz — 0, as x3 — xa.

Hence A, is equi-continuous. Therefore, the operator A2 is relatively compact. Hence inview of Arzela-
Ascoli theorem A, is completely continuous operator. Thus all the conditions of theorem are satisfied,
hence the proposed problem has atleast one solution. O

4. Stability analysis

Here we describe the results about H-U stability and its various version for the proposed problem. We
recall some definition and results given in [29] as:

Definition 4.1. The proposed problem (1.1) is H-U stable if for every € > 0, and for the inequality
PP Dou(x) = fx,u(x), " Du(x))| < €, forall, x € T,
there exists a unique solution i € Z and a constant Hy > 0, such that
lu—allz; < Hye, forevery, xe J.
Further, if there exist a nondecreasing function ¢ : [0, 00) — R for the given inequality
lu—allz < Hep(e), at every, x € J

such that $(0) = 0, then the concerned solution is generalized H-U stable.

Definition 4.2. Our proposed problem (1.1) is H-U-R stable corresponding to a function i : [0, c0) —
R*, if for every € > 0 and for the inequality

" D) = fx, u(x), " Dou(0))l < ep(x), x€ T,
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there exists a unique solution i € Z of problem (1.1) and constant Hy,, > 0, such that
lu—illz < Hpyep(x), x€J.
Again, if there exists Y : [0, 00) — R*, for the inequality
"L D) = fx u), " D) < Y(x), x €,
there exists a unique solution i € Z and constant Hy,, > 0, such that
lu—allz < Hiyp(x), atever, x € 7,

then the solution is generalized H-U-R stable.

Before to derive main result of stability, we present some remarks as:

Remark 1. Consider a function a € C(J) independent of u € Z, such that a(0) = 0, then

la(x)] < € x€l;
PEEDOu(x) = f(x,u(x), "  Doux)) + a(x), x € 7.
Lemma 4.1. Consider the perturbed problem
PCFZ)?CM(X)
u(0)

f(x, u(x), PCFZ)fCu(x)) + a(x), at every, x €
uy + p(u).

The solution of (4.1) is computed as

Uy + QO(M) + XI f(S, u(s),PCFsz”(S))dS + fﬂ a’(S)dS, X € j],
0

u(x) = duCx) + (CIF 5 [f( (x),PCFz)ﬁu(x))+a(x)]

f £(s, u(s), PCFz)éu(s))ds+ fxz oz(s)ds], x € 9.

X1

CF(6)

Moreover the solution fulfils the criteria by using (3.5)

X1€, X € 9
llu —=F@llz <371 -6+ (T — x;) B
[ CFO) ]E =Aeg, x€95.

.1

4.2)

(4.3)

Proof. Like the proof of Lemma 3.1, the solution of the problem (4.1) given in (4.2) can be computed

easily. Further on usual analysis and using Remark 1, the relation (4.3) can be obtained.

O

Theorem 4.3. Inview of Lemma 4.1 and if the condition Lr holds, then the solution of the

-M
considered problem (1.1) is H-U stable and further generalized IfI-U stable.
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Proof. Consider any solution u € Z of (1.1) and unique solution i € Z of (1.1), then we have

Case I. for x € 9, one has

sup |u — (uo + (i) + Om f(s,a(s), " Dlu(s))ds + j:l CY(S)dS)

lu —allz =
xeJ
X1

< sup|u-— [uo + o(u) + f f(s, u(s), PCFZ)f,u(s))ds

xeJ 0

X1 X1

+ sup o(u) — (i) + f f(s,u(s), " Ddu(s))ds - f f(s,u(s), """ Ddia(s))ds

xeJ 0 0

Ly _

< XEe+ oM, Il — @l

Therefore on simplification of (4.4), one has
X
e — all, < (—1 e
1-My
Case II. When x € >, one has

(1-
CF(0)

IA

llu — llz sup

xej

+ CF(6) f (s, u(s), PCFZ)‘Su(s))ds]

a-
+ sup
g CF (5)

u— [u(xl) [f(x u(x), PCFD‘SM(X))]

f (x, u(x), " Dou(x)) = fx, a(x), " Da(x))

+ sup—— f |/ (s, u(s), "F Dou(s))ds — f (s, u(s), " DYu(s))| ds.

rg CF(9)

1-6+8(T—x1)

CFO) ], we have

On simplification (4.6) yields and using A = [

lloe — @tllz < A6+A1 |l — @l .

Hence, we get from (4.7) that

Ly
1-M;
Using
X1 A
H max{l_i’l ﬁ}
1-M; 1-M;

then from (4.5) and (4.7), one has

llu — i)z < He, ateach x € J.

4.4)

4.5)

(4.6)

4.7)

(4.8)

4.9)
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Hence the solution of (1.1) is H-U stable. Further replacing ¢(€) = €, then, from (4.17), we get
llu— @llz < He(e), ateach x € 7.
Since we see that ¢(0) = 0 which means that the solution of (1.1) is also generalized H-U stable. O

To deduce the results of Rassias stability and its generalized form, we state the following remark.

Remark 2. Let the function a € C(J) is independent of u € Z, with a(0) = 0, then

la(x)] < Y(x)e x €T
f O u(), " Dou(x) + a(x), x € J;

Cyy(x), x€ .

el
9
~
Q
<
~~
=
N
Il

<
N
g
©

IA

Lemma 4.2. The solution of the problem

u(x)
u(0)

PCE gy O u(x), *F Dou(x)) + a(x), at every, x € J, (4.10)

uo + p(u),

satisfies the relation given by

)ﬁCw’ﬂ(x)f’ xe€ 9,

lu —F@)llz < {71 -6+ 6(T — x1) (4.11)
Z CF(%) " HyyCuthve = Hyc,n w(x) € X €T,

where ﬂf,w’/\ =A Wfakﬁ'

Proof. Using Lemma 3.1, the solution of (4.10) can be computed easily. Further on usual analysis and
using Remark 2, the relation (4.11) can be obtained. O

Theorem 4.4. Inview of (H,), (H,) and Lemma 4.2, the solution of the proposed problem (1.1) is H-U-R
stable if My < 1.

Proof. We deduce this results in two cases as:
Case I. For x € 7, we have

llu — dllz

sup |u — (uo + @(in) + fOXI f(s,a(s), " Dli(s))ds + fOXI CV(S)dS)

xegJ

IA

sup |u — [uo + o(u) + f h f(s,u(s), " Dou(s))ds
xegJ 0

+ sup |@(u) — (i) + f ) f(s,u(s), " Dlu(s))ds - f ) f(s,a(s), "F Dou(s))dss
0 0

xegJ
L, _
< xiCyy(x)e + —M, || — @l . 4.12)
Therefore, on simplification of (4.12), one has
_ X[Clp
=l < (= e = Hyg, o i) (4.13)
-
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Case II. For x € 7>, one has

(1-

—ill, <
llu — allz < sup CF©)

xej

+ CF © f (s, u(s), PCFZ)‘SM(S))ds]

+ sup( _
g CF(6)

u— [u(xl) [f(x u(x), PCFD‘SM(X))]

f(x u(x), " Dou(x)) — f(x, i(x), *F Dla(x))

+ xej CF((S)f |f(S u(s), *F Dou(s))ds — f(s, u(s), PCF1)5M(S))|dS.

1-540(T—x1) ]

On further simplification yields by using A = [ CFG)

llu — allz -

L
e = lly < AC,(x)e + A fo

Hence we get from (4.15)

Using

X1 AC:&
Hac, = max{ T (1 AL )}

then from (4.13) and (4.16), we have
lu — dllz < Hyc,¥(x) €, ateach, x € 7.

Therefore the solution of the proposed problem (1.1) is H-U-R stable.

Remark 3. Let the function a be independent of u € Z, such that a(0) = 0, then

1) la(0)| < ¥(x), xe€T;

(4.14)

(4.15)

(4.16)

(4.17)

Theorem 4.5. Inview of (H;), (H,), Remark 3 and Lemma 4.2, the solution of the proposed problem (1.1)

is generalized H-U-R, if My < 1.

Proof. We derive the required result in two cases as:
Case I. For x € J;, we have

llu — allz

sup |u — (uo + (i) + f i [, u(s), "" DYia(s))ds + f i a(S)dS)
xeJ 0 0

IA

sup |u — [uo + @(u) + fﬂ f(s, u(s), PCFD?u(s))ds
0

xegJ

+ sup |@(u) — (i) + f i f(s,u(s), """ Dlu(s))ds - f i f(s,a(s), "F Dou(s))dss
0 0

xegJ
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< chl/, lﬁ(x) +

Further from (4.18), one has

f
1-M;

llu — llz .

x1C
I = ke < (5 ) 00) = Hiy (),
1 - m
Case II. For x € 5, one has
lw —all; < suplu-— [u(xl) + (- 5)f(x, u(x), "F Dlu(x))
g CF(9) *

+ CFL@ f " s, u(s),PCFz)fu(s))ds]

( —
e CF(5)

+ sup

+

xej CF (6)

On further simplification of (4.20) and using A = [

L
llu —ully < ACy ¥(x) + A1 —

Hence, we get from (4.21)

Using

from (4.19) and (4.22), we have

f (x, w(x), T DYu(x)) = fx, a(x), " DYa(x))

f |f(s,u(s), *F Du(s))ds — f(s,a(s), *F Dla(s))| ds.
—1_‘52‘;%)_“)], we have

il -

X1 ACy
Hic, = mas{—— ()}

1-M; 1-M;

lu — |l < Hac, ¥(x), ateach, x € 7.

Therefore the solution of the proposed problem (1.1) is generalized H-U-R stable.

5. Pertinent examples

We provide some examples to verify our results.

Example 1. Consider the problem as

PCFZ)O.SM(X) —

u) =1+

AIMS Mathematics

exp(—nx) sin [u(x)| + sin [PCF D3 u(x)|

50 + 2 > ¥eJ,

exp(—|ul)
30

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(5.1)
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Taking T = 1 and x; = 0.5 and we see that Ly = % =My, C, = %. Then we see that on using calculation
by Theorem 3.1

xiLy 1-6+46(T-x) Ly
1-M,’ CF(©) 1 —Mf}
= max{0.914, 0.015}

= 0914 < 1.

K = max {Cw +

Hence by using Theorem 3.1, the given problem has a unique solution. Further upon calculation we see
thata* =0, b* = L, ¢* = %. Now inview of Theorem 3.2, we see that

= =,
1 1 1
H, = —, —==-=<1
! max{3o 98} 30
Hence the conditions of Theorem 3.2 fulfill so the given problem has atleast one solution. Moreover the

condition for H-U stability and generalized are obvious as we see that A = 0.75, 1}_1(@ = % < 1. Further

if we take Y(x) = x, then the conditions of H-U-R and generalized H-U-R stabilities are obviously verified
given in Theorems 4.4 and 4.5 respectively. Here the graphical behavior of solution is given in Figure 1.

0.75-
0‘70;
0,65;
o.eo;
0.55;

S S RO S SR |
- 0.2 0.4 0.6 0.8 1.0

Figure 1. Graphical presentation of solution at given jump of 0.5 for Example 1.

Example 2. Consider another example as

exp(— cos x) exp(—|u(x)|) + sin |[FF DOy (x)|

100 + cos x Y€ j’ (52)

PCFZ);)]u(x) —
sin(|ul)
60
Taking T = 1.5 and x; = 0.8 and we see that Ly = ﬁ =My, C, = %. Applying Theorem 3.1 to get
xiLy 1-646T-x) Ly }
1-M,’ CF(0) 1 -My

max{0.024747, 0.00797}
0.024747 < 1.

u(0) =05+

K = max {C¢, +

Hence by using Theorem 3.1, the given problem has a unique solution. Also see that a* = 0, b* =
1 L Thank to Theorem 3.2, we see that

100° € = Too-
11 1
H, = LI G Y
! max{6o’ 330} 60 *
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Thus conditions of Theorem 3.2 are satisfied the given problem has atleast one solution. Also H-U and

generalized H-U stability results are satisfied as we see that A = 0.79, 1—L_1(4, = % < 1. Consider

nondecreasing function y(x) = x, then the conditions of H-U-R and generalized H-U-R stabilities can
easily be verified given by using Theorems 4.4 and 4.5 respectively. Further, the graphical behavior of
solution is given in Figure 2.

0.40}
035"
030
025-
020-

0.15;

0.10F

“012“‘014‘ ‘0.‘6“‘018“‘110
Figure 2. Graphical presentation of solution at given jump of 0.8 for Example 2.

6. Conclusions

Some new concept of piecewise equations under CFD have been introduced in this work. Keeping in
mind the importance of fractional calculus in recent time, we have established some results devoted to the
existence, uniqueness and stability analysis for a nonlocal Cauchy type problem. The concerned results
have been established by using the concept of fixed point approach and nonlinear functional analysis.
Sufficient conditions have been developed which guaranteed the existence of atleast one solution and
its uniqueness to the proposed nonlocal Cauchy problem. Further its stability has been deduced via
nonlinear analysis tools. Pertinent test problems have been provided to illustrate the results. Some
graphical presentation have also given. We see that these kinds derivatives more excellently express the
sudden change in behavior of dynamical systems. Hence we conclude that this type of calculus in near
future will open new area of research. In future more further investigation that how to deal boundary
value problems of piecewise equations under various fractional order derivative will be treated.
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