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1. Introduction

Due to the wide application in the fields of physics, communication and engineering, the
study of soliton solutions of the Radhakrishnan-Kundu-Lakshmanan (RKL) equation has attracted
much attention [1–7]. Especially in nonlinear optical fibers, the RKL equation usually describes
the propagation of optical pulses, which is represented by the higher-order nonlinear Schrödinger
equation. In recent years, many powerful mathematical methods have been proposed to derive
soliton solutions [8–21] for the RKL equation, such as the first integral method [22], the generalized
exponential rational function method [23], the Laplace-Adomian decomposition method [24], the
dynamical system method [25], the Painlevé analysis [26], the auxiliary equation method and extended
simple equation method [27], the modified simple equation and exp(−ϕ(q)) method [28].

In the paper, we consider the fractional perturbed Radhakrishnan-Kundu-Lakshmanan (FPRKL)
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equation [29–32]:

iDα
t φ + aφxx + b|φ|2φ − iδφx − iλ(|φ|2φ)x − iσ(|φ|2)xφ − iγφxxx = 0, 0 < α ≤ 1, (1.1)

where φ is the complex-valued wave function.

Definition 1.1. Let ψ : [0,∞) → R. Then, the conformable fractional derivative of ψ of order α is
defined as

Dα
t ψ(t) = lim

ε→0

ψ(t + εt1−α) − ψ(t)
ε

, (1.2)

for all t > 0 and α ∈ (0, 1]. Further, some properties of conformable fractional derivative is given
(i) Dα

t (tδ) = µtδ−α, ∀δ ∈ R.
(ii) Dα

t (ψ(t) + ϕ(t)) = Dα
t ψ(t) + Dα

t ϕ(t).
(iii) Dα

t (ψ ◦ ϕ)(t) = t1−αϕ(t)α−1ϕ′(t)Dα
t (ψ(t))|t=ϕ(t).

This article is arranged as follows. In Section 2, we employ three different methods to solve the
FPRKL equation. In Section 3, we draw three-dimensional graph of Eq (1.1). In Section 4, we give a
brief conclusion.

2. Soliton solutions of Eq (1.1)

Making the complex transformation

φ(x, t) = u(ξ)eiτ, ξ = µ(x − ν
tα

α
), τ = −kx +$

tα

α
+ θ. (2.1)

Substituting Eq (2.1) into Eq (1.1), separating into real and imaginary parts yields

µ2(a − 3kγ)u
′′

+ (b − kλ)u3 − ($ + ak2 + δk − γk3)u = 0, (2.2)

µ2γu
′′′

+ (ν + 2ak + δ − 3k2γ)u
′

+ (3λ + 2σ)u2u
′

= 0. (2.3)

Integrating Eq (2.3) once, we have

3µ2γu
′′

+ 3(ν + 2ak + δ − 3k2γ)u + (3λ + 2σ)u3 = 0. (2.4)

Since the function U satisfies both Eq (2.3) and Eq (2.4), the following constraint condition is
obtained

a + 3kγ
3 − γ

=
$ + ak2 + δk − γk3

ν + 2ak + δ + 3k2 − γ
= −

b − kλ
3λ + 2σ

. (2.5)

So, k and c in Eq (2.5) can be obtained

k = −
3b − γ + 2aσ + 3aλ

6 − γ(λ + σ)
, ν = −

γ($ + ak2 + δk − γk3)
a + 3k − γ

− (2ak + δ + 3 − γk2). (2.6)
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2.1. Extended (G′/G)-expansion method

Balancing u3 and u
′′

in Eq (2.4), we have N = 1. So, the solution form of Eq (2.4) is

u(ξ) = a1(
G′

G
) + a0 + a−1(

G′

G
)−1. (2.7)

Here G = G(ξ) satisfies the following nonlinear ordinary differential equation

GG
′′

= A(G′)2 + BGG′ + CG2, (2.8)

where A, B, C are real parameters, Eq (2.8) satisfies the following equation

G′(ξ)
G(ξ)

=



B
2(1 − A)

+

√
∆1

2(1 − A)

C1 sinh
√

∆1

2
ξ + C2 cosh

√
∆1

2
ξ

C1 cosh
√

∆1

2
ξ + C2 sinh

√
∆1

2
ξ

, when ∆1 = B2 − 4(A − 1)C > 0,

A , 1,

β

2(1 − A)
+

√
∆2

2(1 − A)

−C1 sin
√

∆2

2
ξ + C2 cos

√
∆2

2
ξ

C1 cos
√

∆2

2
ξ + C2 sin

√
∆2

2
ξ

,when ∆2 = 4(A − 1)C − B2 > 0,

A , 1,
1

1 − A
(

C1

C1ξ + C2
+

B
2

),when 4(A − 1)C − B2 = 0,A , 1.

(2.9)
Then we can obtain a nonlinear algebraic equations.
(G′

G )3: 6µ2 − γ(A − 1)2a1 − (3λ + 2σ)a3
1 = 0.

(G′
G )2: 9µ2 − γB(A − 1)2a1 − 3(3λ + 2σ)a2

1a0 = 0.
(G′

G )1: 3µ2 − γ[2C(A − 1) + B2]a1 − 3(ν + 2ak + δ + 3k2 − γ)a1 − 3(3λ + 2σ)(a2
0a1 + a2

1a−1) = 0.
(G′

G )0: 3µ2 − γ[BCa1 + B(A − 1)a−1] − 3(ν + 2ak + δ + 3k2 − γ)a0 − (3λ + 2σ)(6a2
0a1a−1 + a3

0) = 0.
(G′

G )−1: 3µ2 − γ[2C(A − 1) + B2]a−1 − 3(ν + 2ak + δ + 3k2 − γ)a−1 − 3(3λ + 2σ)(a2
0a−1 + a2

−1a1) = 0.
(G′

G )−2: 9µ2 − γB(A − 1)a−1 − 3(3λ + 2σ)a2
−1a0 = 0.

(G′
G )−3: 6µ2 − γC2a−1 − (3λ + 2σ)a3

−1 = 0.
Next, we get the following the results:

Case 1.1. a1 = ±

√
6µ2−γ(A−1)2

3λ+2σ , a0 = ±

√
µ2−γ[B2+2C(A−1)]−(ν+2ak+δ+3k2−γ)

3λ+2σ , a−1 = 0,

γ = −
µ2−γ[B2+2C(A−1)]+2(ν+2ak+δ+3k2−γ)

6µ2(A−1)C .

Case 1.2. a1 = 0, a0 = ±

√
µ2−γ[B2+2C(A−1)]−(ν+2ak+δ+3k2−γ)

3λ+2σ , a−1 = ±

√
6µ2−γC2

3λ+2σ ,

γ = −
µ2−γ[B2+2C(A−1)]+2(ν+2ak+δ+3k2−γ)

6µ2(A−1)C .
Family 1. When A , 1, ∆1 = B2 + 4C − 4AC > 0, we obtain

φ1(x, t) = {±

√
µ2 − γ[B2 + 2C(A − 1)] − (ν + 2ak + δ + 3k2 − γ)

3λ + 2σ
±

√
3µ2 − γB2

2(3λ + 2σ)

±

√
3µ2 − γ(B2 + 4C − 4AC)

2(3λ + 2σ)
(
C1 sinh

√
B2+4C−4AC

2 ξ + C2 cosh
√

B2+4C−4AC
2 ξ

C1 cosh
√

B2+4C−4AC
2 ξ + C2 sinh

√
B2+4C−4AC

2 ξ
)}ei(−kx+$ tα

α +θ).

(2.10)
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φ2(x, t) = {±

√
µ2 − γ[B2 + 2C(A − 1)] − (ν + 2ak + δ + 3k2 − γ)

3λ + 2σ
±

√
6µ2 − γC2

3λ + 2σ

[

√
B2 + 4C − 4AC

2(1 − A)
(
C1 sinh

√
B2+4C−4AC

2 ξ + C2 cosh
√

B2+4C−4AC
2 ξ

C1 cosh
√

B2+4C−4AC
2 ξ + C2 sinh

√
B2+4C−4AC

2 ξ
) +

B
2(1 − A)

]−1}ei(−kx+$ tα
α +θ),

(2.11)

where C1 and C2 are arbitrary constants.
Especially, if C1 , 0, and C2 = 0 in Eq (2.7), we have

φ11(x, t) = {±

√
µ2 − γ[B2 + 2C(A − 1)] − (ν + 2ak + δ + 3k2 − γ)

3λ + 2σ
±

√
3µ2 − γB2

3λ + 2σ

±

√
3µ2 − γC2(B2 + 4C − 4AC)

2(3λ + 2σ)
tanh

√
B2 + 4C − 4AC

2
ξ}ei(−kx+$ tα

α +θ).

(2.12)

φ12(x, t) = {±

√
µ2 − γ[B2 + 2C(A − 1)] − (ν + 2ak + δ + 3k2 − γ)

3λ + 2σ
±

√
3µ2 − γB2

3λ + 2σ

±

√
3µ2 − γC2(B2 + 4C − 4AC)

2(3λ + 2σ)
coth

√
B2 + 4C − 4AC

2
ξ}ei(−kx+$ tα

α +θ).

(2.13)

φ21(x, t) = {±

√
µ2 − γ[B2 + 2C(A − 1)] − (ν + 2ak + δ + 3k2 − γ)

3λ + 2σ
±

√
6µ2 − γC2

3λ + 2σ

[

√
B2 + 4C − 4AC

2(1 − A)
tanh

√
B2 + 4C − 4AC

2
ξ +

B
2(1 − A)

]−1}ei(−kx+$ tα
α +θ).

(2.14)

φ22(x, t) = {±

√
µ2 − γ[B2 + 2C(A − 1)] − (ν + 2ak + δ + 3k2 − γ)

3λ + 2σ
±

√
6µ2 − γC2

3λ + 2σ

[

√
B2 + 4C − 4AC

2(1 − A)
coth

√
B2 + 4C − 4AC

2
ξ +

B
2(1 − A)

]−1}ei(−kx+$ tα
α +θ).

(2.15)

Family 2. When A , 1, and ∆2 = B2 + 4C − 4AC < 0, we obtain

φ3(x, t) = {±

√
µ2 − γ[B2 + 2C(A − 1)] − (ν + 2ak + δ + 3k2 − γ)

3λ + 2σ
±

√
3µ2 − γB2

2(3λ + 2σ)

±

√
3µ2 − γ(4AC − B2 − 4C)

2(3λ + 2σ)
(
−C1 sin

√
4AC−B2−4C

2 ξ + C2 cos
√

4AC−B2−4C
2 ξ

C1 cos
√

4AC−B2−4C
2 ξ + C2 sin

√
4AC−B2−4C

2 ξ
)}ei(−kx+$ tα

α +θ).

(2.16)

φ4(x, t) = {±

√
µ2 − γ[B2 + 2C(A − 1)] − (ν + 2ak + δ + 3k2 − γ)

3λ + 2σ
±

√
6µ2 − γC2

3λ + 2σ

[

√
B2 + 4C − 4AC

2(1 − A)
(
−C1 sin

√
4AC−B2−4C

2 ξ + C2 cos
√

4AC−B2−4C
2 ξ

C1 cos
√

4AC−B2−4C
2 ξ + C2 sin

√
4AC−B2−4C

2 ξ
) +

B
2(1 − A)

]−1}ei(−kx+$ tα
α +θ).

(2.17)
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Family 3. When A , 1, and B2 + 4C − 4AC = 0, we obtain the rational function solution of Eq (1.1) as

φ5(t, x, y) = {±

√
µ2 − γ[B2 + 2C(A − 1)] − (ν + 2ak + δ + 3k2 − γ)

3λ + 2σ
±

√
6µ2 − γ

3λ + 2σ

(
C1

C1ξ + C2
+

B
2

)}ei(−kx+$ tα
α +θ).

(2.18)

φ6(t, x, y) = {±

√
µ2 − γ[B2 + 2C(A − 1)] − (ν + 2ak + δ + 3k2 − γ)

3λ + 2σ
±

√
6µ2 − γC2(1 − A)2

3λ + 2σ

(
C1

C1ξ + C2
+

B
2

)−1}ei(−kx+$ tα
α +θ).

(2.19)

2.2. First integral method

Now, Eq (2.4) is equivalent to the following of two dimensional systemXξ(ξ) = Y(ξ),
Yξ(ξ) =

ν+3ak+δ+3k2−γ

µ2−γ
X(ξ) + 3λ+2σ

3µ2−γ
X(ξ)3,

(2.20)

where Q(X,Y) =
∑m

i=0 ai(X)Y i,

P(X(ξ),Y(ξ)) =

m∑
i=0

ai(X)Y i = 0, (2.21)

Then, based on the division theorem, there exists a polynomial g(X) + h(X)Y in C[X,Y] such that

dQ
dξ

=
∂Q
∂X

dX
dξ

+
∂Q
∂Y

dY
dξ

= [g(X) + h(X)Y(ξ)]
m∑

i=0

ai(X)Y i(ξ). (2.22)

Case 2.1. If m = 1.
Substituting Eq (2.21) into Eq (2.22) and calculating the coefficients of Y i(ξ) = (i = 0, 1, 2) both

sides of Eq (2.22), we have

g(X)a0(X) = a1(X)[−
(ν + 3ak + δ − 3k2γ)

µ2γ
X(ξ) −

(3λ + 2σ)
3µ2γ

X(ξ)3]. (2.23)

da0(X)
dX

= g(X)a1(X) + h(X)a0(X). (2.24)

da1(X)
dX

= h(X)a1(X). (2.25)

Since ai(X)(i = 0, 1) are polynomials, then we obtain when deg(g(X)) = 1

g(X) = A1(X) + B0. (2.26)

a0(X) =
1
2

A1(X)2 + B0(X) + A0. (2.27)

AIMS Mathematics Volume 7, Issue 8, 14460–14473.



14465

Substitutinga0(X), a1(X), g(X) into Eq (2.23) and setting all the coefficients of powers X to be zero,
then, we obtain

A1 = ±

√
−

2(3λ + 2σ)
3µ2γ

, B0 = 0, A0 = ±
ν + 3ak + δ − 3k2γ√
−2

3 (3λ + 2σ)µ2γ
. (2.28)

Using the conditions Eq (2.28) in Eq (2.21), we obtain

X
′

(ξ) = ±
ν + 3ak + δ − 3k2γ√
−2

3 (3λ + 2σ)µ2γ
∓

√
−

(3λ + 2σ)
6µ2γ

X2(ξ). (2.29)

Combining Eq (2.29) with Eq (2.20), we obtain the exact solution for FPRKL equation which can
be written as
Type 1. If c+3ak+δ−3k2γ

γ
< 0, (3λ + 2σ)γ < 0, we get

φ7(x, t) = ±

√
ν + 3ak + δ − 3k2γ

3λ + 2σ
tanh(

√
−
ν + 3ak + δ − 3k2γ

2µ2γ
ξ −

ε ln ξ0

2
)ei(−kx+$ tα

α +θ), if ξ0 > 0.

(2.30)

φ8(x, t) = ±

√
ν + 3ak + δ − 3k2γ

3λ + 2σ
coth(

√
−
ν + 3ak + δ − 3k2γ

2µ2γ
ξ −

ε ln ξ0

2
)ei(−kx+$ tα

α +θ), if ξ0 < 0.

(2.31)

φ9(x, t) = ±

√
ν + 3ak + δ − 3k2γ

3λ + 2σ
ei(−kx+$ tα

α +θ), if ξ0 = 0. (2.32)

Type 2. If c+3ak+δ−3k2γ

γ
> 0, (3λ + 2σ)γ > 0, we get

φ10(x, t) = ±

√
ν + 3ak + δ − 3k2γ

3λ + 2σ
tan(

√
−
ν + 3ak + δ − 3k2γ

2µ2γ
ξ + ξ0)ei(−kx+$ tα

α +θ). (2.33)

φ11(x, t) = ±

√
ν + 3ak + δ − 3k2γ

3λ + 2σ
cot(

√
−
ν + 3ak + δ − 3k2γ

2µ2γ
ξ + ξ0)ei(−kx+$ tα

α +θ). (2.34)

Type 3. If ν+3ak+δ−3k2γ

γ
= 0, (3λ + 2σ)γ < 0, we get

φ12(x, t) = ±
1√

−3λ+2σ
6µ2γ

ξ + ξ0

ei(−kx+$ tα
α +θ). (2.35)

Case 2.2. If m = 2.
Comparing the coefficients of Y i(ξ) = (0, 1, 2, 3) on both sides of Eq (2.22), we obtain

g(X)a0(X) = a1(X)[−
(ν + 3ak + δ − 3k2γ)

µ2γ
X(ξ) −

(3λ + 2σ)
3µ2γ

X(ξ)3]. (2.36)
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da0(X)
dX

+ 2a2(X)[
ν + 3ak + δ − 3k2γ

µ2γ
X(ξ) +

(3λ + 2σ)
3µ2γ

X(ξ)3] = g(X)a1(X) + h(X)a0(X). (2.37)

da1(X)
dX

= h(X)a1(X) + g(X)a2(X). (2.38)

da2(X)
dX

= h(X)a2(X). (2.39)

Balancing the degrees of g(X) and a1(X), we get deg(g(X)) = 1, deg(a1(X)) = 2, then

g(X) = A1(X) + B0. (2.40)

a1(X) =
1
2

A1(X)2 + B0(X) + A0, A1 , 0, (2.41)

where A1, A0, B0 are all constants to be determined.
Now, Eq (2.37) becomes

a0(X) = [
3λ + 2σ

6µ2γ
+

1
8

A2
1]X(ξ)4 +

1
2

A1B0X(ξ)3 + [
ν + 3ak + δ − 3k2γ

µ2γ

+
1
2

A1A0 +
1
2

B2
0]X(ξ)2 + A0B0X(ξ) + d,

(2.42)

where d is the constant of integration.
Substituting a0(X), g(X), a1(X) into Eq (2.36) and setting all the coefficients of powers X to be zero,

we obtain

A1 = ±2

√
−

2(3λ + 2σ)
3µ2γ

, B0 = 0, A0 = ±

√
6(ν + 3ak + δ − 3k2γ)√
−(3λ + 2σ)µ2γ

, d = −
(ν + 3ak + δ − 3k2γ)2

2(3λ + 2σ)µ2γ
.

(2.43)
From Eq (2.43) into Eq (2.21), we obtain

X
′

(ξ) = ±

√
6(ν + 3ak + δ − 3k2γ)

2
√
−(3λ + 2σ)µ2γ

±

√
−

2(3λ + 2σ)
3µ2γ

X2(ξ). (2.44)

This shows that the two cases m = 1 and m = 2 give the same solutions.

2.3. Complete discrimination system for the polynomial method

Multiplying u
′

on both sides of Eq (2.4), and again integrating it on ξ, we can get

(u
′

)2 = a4u4 + a2u2 + a0, (2.45)

where a4 = −3λ+2σ
6µ2γ

, a2 = −
ν+2ak+δ−3k2γ

µ2γ
, and a0 is the constant.

Making the transformation ψ = ±

√
−( 2(3λ+2σ)

3µ2γ
)−

1
3 u, ξ1 = −(2(3λ+2σ)

3µ2γ
)

1
3 ξ, Eq (2.45) becomes

(ψ
′

)2 = ψ(ψ2 + p1ψ + p0), (2.46)

where p1 = −
4(ν+2ak+δ−3k2γ)

µ2γ
(−2(3λ+2σ)

3µ2γ
)−

2
3 , p0 = −4a0( 2(3λ+2σ)

3µ2γ
)−

1
3 .
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Integrating Eq (2.46), we have

± (ξ1 − ξ0) =

∫
du√

ψ(ψ2 + p1ψ + p0)
, (2.47)

where ξ0 is the integration constant.
Suppose that ∆ = p2

1 − 4p0 and G(ψ) = ψ2 + p1ψ + p0, there are four cases for the solutions of
Eq (2.4).
Case 3.1. ∆ = 0.

When ψ > 0 , we have

± (ξ1 − ξ0) =

∫
dψ

√
ψ(ψ +

p1
2 )
. (2.48)

If p1 < 0, the corresponding solutions are

φ16(x, t) = ±[
3(ν + 2ak + δ − 3k2γ)

3λ + 2σ
]

1
2 tanh{[−

18(ν + 2ak + δ − 3k2γ)
µ2γ(3λ + 2σ)2 ]

1
6 [(−

2(3λ + 2σ)
3µ2γ

)
1
3 ξ

− ξ0]}ei(−kx+$ tα
α +θ).

(2.49)

φ17(x, t) = ±[
3(ν + 2ak + δ − 3k2γ)

3λ + 2σ
]

1
2 coth{[−

18(ν + 2ak + δ − 3k2γ)
µ2γ(3λ + 2σ)2 ]

1
6 [(−

2(3λ + 2σ)
3µ2γ

)
1
3 ξ

− ξ0]}ei(−kx+$ tα
α +θ).

(2.50)

If p1 > 0, the corresponding solutions are

φ18(x, t) = ±[
3(ν + 2ak + δ − 3k2γ)

3λ + 2σ
]

1
2 tan{[−

18(ν + 2ak + δ − 3k2γ)
µ2γ(3λ + 2σ)2 ]

1
6 [(−

2(3λ + 2σ)
3µ2γ

)
1
3 ξ

− ξ0]}ei(−kx+$ tα
α +θ).

(2.51)

If p1 = 0, we get the corresponding solutions

φ19(x, t) =
1

[−2(3λ+2σ)
3µ2γ

]
1
2 ξ − [−2(3λ+2σ)

3µ2γ
]

1
6 ξ0

ei(−kx+$ tα
α +θ). (2.52)

Case 3.2. ∆ > 0 and p0 = 0. As for ψ > −p1 , we have

± (ξ1 − ξ0) =

∫
dψ

ψ
√
ψ + p1

. (2.53)

If p1 > 0, the solutions are given as follows

φ20(x, t) = ±[
3(ν + 2ak + δ − 3k2γ)

3λ + 2σ
]

1
2 {tanh2[(−

18(ν + 2ak + δ − 3k2γ)
µ2γ(3λ + 2σ)2 )

1
6 ((−

2(3λ + 2σ)
3µ2γ

)
1
3 ξ

− ξ0)] − 1}ei(−kx+$ tα
α +θ).

(2.54)
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φ21(x, t) = ±[
3(ν + 2ak + δ − 3k2γ)

3λ + 2σ
]

1
2 {coth2[(−

18(ν + 2ak + δ − 3k2γ)
µ2γ(3λ + 2σ)2 )

1
6 ((−

2(3λ + 2σ)
3µ2γ

)
1
3 ξ

− ξ0)] − 1}ei(−kx+$ tα
α +θ).

(2.55)

If p1 < 0, the solutions are given as follows

φ22(x, t) = ±[
3(ν + 2ak + δ − 3k2γ)

3λ + 2σ
]

1
2 {tan2[(−

18(ν + 2ak + δ − 3k2γ)
µ2γ(3λ + 2σ)2 )

1
6 ((−

2(3λ + 2σ)
3µ2γ

)
1
3 ξ

− ξ0)] − 1}ei(−kx+$ tα
α +θ).

(2.56)

Case 3.3. ∆ > 0 , p0 , 0.
Suppose that λ1 < λ2 < λ3, λ1, λ2 and λ3 are two roots of G(ψ) = 0. Here we make the

transformation ψ = λ1 + (λ2 − λ1) sin2 ϕ, it is clear that

± (ξ1 − ξ0) =
2

√
λ3 − λ1

∫
dψ√

1 − m2
1 sin2 ϕ

, (2.57)

where m2
1 = λ2−λ1

λ3−λ1
. We get the corresponding solutions

φ23(x, t) = ±[−
3µ2γ

2(3λ + 2σ)
]

1
6 {λ1 + (λ2 − λ1)sn2[

√
λ3 − λ1

2
((−

2(3λ + 2σ)
3µ2γ

)
1
3 ξ − ξ0),m1]}

1
2

ei(−kx+$ tα
α +θ).

(2.58)

If ψ > λ3, we take the following transformation ψ =
−λ2 sin2 ϕ+λ3

cos2 ϕ
, the corresponding solutions are

φ24(x, t) = ±[−
3µ2γ

2(3λ + 2σ)
]

1
6 {
−λ2sn2(

√
λ3 − λ1((−2(3λ+2σ)

3µ2γ
)

1
3 ξ − ξ0)/2,m1) − γ

cn2(
√
λ3 − λ1((−2(3λ+2σ)

3µ2γ
)

1
3 ξ − ξ0)/2,m1)

}
1
2 ei(−kx+$ tα

α +θ). (2.59)

Case 3.4. ∆ < 0, taking the transformation ψ =
√

p0 tan2 ϕ

2 it is clear that

± 2(ξ1 − ξ0) = p−
1
4

0

∫
dψ√

1 − m2
2 sin2 ϕ

, (2.60)

where m2
2 = 1

2 (1 − p1
2
√

p0
). we get the corresponding solutions

φ25(x, t) = ±(−
6µ2γa0

3λ + 2σ
)

1
4 {

2

1 + cn[(−192a3
0µ

2γ

3λ+2σ )
1

12 ((−2(3λ+2σ)
3µ2γ

)
1
3 ξ − ξ0),m2]

− 1}
1
2 ei(−kx+$ tα

α +θ). (2.61)

3. Physical explanations

In this section, the numerical simulations of some remarkable solutions for the FPRKL equation are
presented. By the (G′/G)-expansion method, we obtained the solution φ11(x, t) and φ12(x, t) shown in
Figure 1. The graphical solutions φ10(x, t) and φ11(x, t) are shown in Figure 2. Moreover, the graphical
solutions φ16(x, t) and φ17(x, t) are shown in Figure 3.
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(a) (b)

Figure 1. The hyperbolic function solutions of Eq (1.1), when $ = 2, λ = 1, δ = 1, σ = 1,
k = 1, µ = 3, a = 1, γ = 1, A = 1, B = 2,C = 1, α = 1

2 , (a)the hyperbolic function solutions
φ11(x, t), (b) the hyperbolic function solutions φ12(x, t).

(a) (b)

Figure 2. The trigonometric function solutions of Eq (1.1), when λ = −1, δ = 1, σ = 1,
µ = 1, a = 1, γ = −1, b = −22

3 , (a)the trigonometric function solutions φ10(x, t), (b)the
trigonometric function solutions φ11(x, t).
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(a) (b)

Figure 3. The hyperbolic function solutions of Eq (1.1), when λ = 1, γ = −1, δ = 1,
σ = 1, a = 1, b = −14

3 , µ = 1, ξ0 = 0, (a)the hyperbolic function solutions φ16(x, t), (b) the
hyperbolic function solutions φ17(x, t).

4. Conclusions

In this article, we have investigated the exact solutions to the FPRKL equation by three different
methods. Many exact solutions have been obtained. In the paper, we get all the traveling wave
solutions, which have not been seen in other literature. These solutions might be further useful and
effective to study more about the various forms of solitary waves in physics. We have noticed that
the proposed complete discrimination system for the polynomial method gives much more new and
general exact solutions than the other two suggested methods. In future work, we will consider the
bifurcation, phase diagrams and exact solutions of the FPRKL equation.
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19. N. Çelik, A. Seadawy, Y. Sağlam Özkan, E. Yaşar, A model of solitary waves in a nonlinear elastic
circular rod: abundant different type exact solutions and conservation laws, Chaos Soliton. Fract.,
143 (2021), 110486. http://dx.doi.org/10.1016/j.chaos.2020.110486

20. H. Rehman, N. Ullah, M. Imran, Optical solitons of Biswas-Arshed equation in
birefringent fibers using extended direct algebraic method, Optik, 226 (2021), 165378.
http://dx.doi.org/10.1016/j.ijleo.2020.165378

21. H. Rehman, N. Ullah, M. Imran, Highly dispersive optical solitons using Kudryashov’s method,
Optik, 199 (2029), 163349. http://dx.doi.org/10.1016/j.ijleo.2019.163349

22. S. Singh, Solutions of Kudryashov-Sinelshchikov equation and generalized Radhakrishnan-
Kundu-Lakshmanan equation by the first integral method, Int. J. Phys. Res., 4 (2016), 37–42.
http://dx.doi.org/10.14419/IJPR.V4I2.6202

23. B. Ghanbari, M. Inc, A. Yusuf, M. Bayram, Exact optical solitons of Radhakrishnan-Kundu-
Lakshmanan equation with Kerr law nonlinearity, Mod. Phys. Lett. B, 33 (2019), 1950061.
http://dx.doi.org/10.1142/S0217984919500611
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reduction of the Radhakrishnan-Kundu-Lakshmanan equation, Regul. Chaot. Dyn., 24 (2019),
607–614. http://dx.doi.org/10.1134/S1560354719060029

27. D. Lu, A. Seadawy, M. Khater, Dispersive optical soliton solutions of the generalized

AIMS Mathematics Volume 7, Issue 8, 14460–14473.

http://dx.doi.org/http://dx.doi.org/10.1016/j.geomphys.2022.104507
http://dx.doi.org/http://dx.doi.org/10.1016/j.geomphys.2022.104521
http://dx.doi.org/http://dx.doi.org/10.1007/s11082-022-03711-x
http://dx.doi.org/http://dx.doi.org/10.1016/j.rinp.2019.102775
http://dx.doi.org/http://dx.doi.org/10.1140/epjp/i2018-12027-9
http://dx.doi.org/http://dx.doi.org/10.1016/j.chaos.2020.110486
http://dx.doi.org/http://dx.doi.org/10.1016/j.ijleo.2020.165378
http://dx.doi.org/http://dx.doi.org/10.1016/j.ijleo.2019.163349
http://dx.doi.org/http://dx.doi.org/10.14419/IJPR.V4I2.6202
http://dx.doi.org/http://dx.doi.org/10.1142/S0217984919500611
http://dx.doi.org/http://dx.doi.org/10.1016/j.ijleo.2018.10.173
http://dx.doi.org/http://dx.doi.org/ 10.11948/2016080
http://dx.doi.org/http://dx.doi.org/10.1134/S1560354719060029


14473

Radhakrishnan-Kundu-Lakshmanan dynamical equation with power law nonlinearity and its
applications, Optik, 164 (2018), 54–64. http://dx.doi.org/10.1016/j.ijleo.2018.02.082

28. N. Raza, A. Javid, Dynamics of optical solitons with Radhakrishnan-Kundu-
Lakshmanan model via two reliable integration schemes, Optik, 178 (2019), 557–566.
http://dx.doi.org/10.1016/j.ijleo.2018.09.133

29. A. Biswas, Y. Yildirim, E. Yasar, M. Mahmood, A. Alshomrani, Q. Zhou, et al., Optical
soliton perturbation for Radhakrishnan-Kundu-Lakshmanan equation with a couple of integration
schemes, Optik, 163 (2018), 126–136. http://dx.doi.org/10.1016/j.ijleo.2018.02.109

30. T. Sulaiman, H. Bulut, G. Yel, S. Atas, Optical solitons to the fractional perturbed
Radhakrishnan-Kundu-Lakshmanan model, Opt. Quant. Electron., 50 (2018), 372.
http://dx.doi.org/10.1007/s11082-018-1641-7

31. T. Sulaiman, H. Bulut, The solitary wave solutions to the fractional Radhakrishnan-
Kundu-Lakshmanan model, Int. J. Mod. Phys. B, 33 (2019), 1950370.
http://dx.doi.org/10.1142/S0217979219503703
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