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1. Introduction

Due to the wide application in the fields of physics, communication and engineering, the
study of soliton solutions of the Radhakrishnan-Kundu-Lakshmanan (RKL) equation has attracted
much attention [1-7]. Especially in nonlinear optical fibers, the RKL equation usually describes
the propagation of optical pulses, which is represented by the higher-order nonlinear Schrodinger
equation. In recent years, many powerful mathematical methods have been proposed to derive
soliton solutions [8-21] for the RKL equation, such as the first integral method [22], the generalized
exponential rational function method [23], the Laplace-Adomian decomposition method [24], the
dynamical system method [25], the Painlevé analysis [26], the auxiliary equation method and extended
simple equation method [27], the modified simple equation and exp(—¢(g)) method [28].

In the paper, we consider the fractional perturbed Radhakrishnan-Kundu-Lakshmanan (FPRKL)
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equation [29-32]:

iD{¢ + gy + DIPp — i8¢, — iA(9PP) = io($)x¢ — i¥hrx =0, 0 <@ < 1, (1.1
where ¢ is the complex-valued wave function.

Definition 1.1. Let ¢ : [0,00) — R. Then, the conformable fractional derivative of ¥ of order « is
defined as

Yt + &r'™) — (1)

€

DYy(t) = lin& (1.2)

forallt >0 and a € (0, 1]. Further, some properties of conformable fractional derivative is given
(i) D¥(1°) = ut°™*, Y6 € R.
(i) D (1) + (1)) = Dy (1) + Dip(1).
(iii) Dy 0 @)(®) = 1"~ ¢ (D] WY (O)li=g(r-

This article is arranged as follows. In Section 2, we employ three different methods to solve the
FPRKL equation. In Section 3, we draw three-dimensional graph of Eq (1.1). In Section 4, we give a
brief conclusion.

2. Soliton solutions of Eq (1.1)

Making the complex transformation

102

d(x, 1) = u(€)e’”, & = u(x - vg), T=—kx+ w% + 0. (2.1)
Substituting Eq (2.1) into Eq (1.1), separating into real and imaginary parts yields
W(a -3k’ + (b — kD)’ — (w + ak® + 6k — yk>)u = 0, (2.2)
Wy + (v +2ak + 6 - 3>y + B4+ 20ty = 0. (2.3)
Integrating Eq (2.3) once, we have
3ulyu’ +3(v + 2ak + 6 — 3K2y)u + (31 + 20)u’ = 0. (2.4)

Since the function U satisfies both Eq (2.3) and Eq (2.4), the following constraint condition is
obtained

a+3ky @ + ak? + ok — yk* _ b-ka 2.5)
3—y  v+2ak+6+3K2—y  31+20 ‘
So, k and ¢ in Eq (2.5) can be obtained
3b -y + 2a0 + 3ald + ak® + ok — yk?
o db-ytoagtdal | y@ta YD) ak+6+3 - i), (2.6)
6 —y(1+o0) a+3k-vy
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2.1. Extended (G’ |G)-expansion method
Balancing «* and u” in Eq (2.4), we have N = 1. So, the solution form of Eq (2.4) is

G’ G’
u§) = al(E) +ap+ a_l(E)_l. (2.7)
Here G = G(¢) satisfies the following nonlinear ordinary differential equation
GG = A(G')’ + BGG' + CG?, (2.8)
where A, B, C are real parameters, Eq (2.8) satisfies the following equation
A A
B VA, C, sinh %f + C, cosh \/2_15
T RETd IA) N i , when A; = B> —4(A - 1)C > 0,
Cj cosh Tlf + C, sinh Tlf
A#1,
G'(&) VA, VA
= —C; si C
G(©) B, VA& Ty e e fwhenAz:4(A—1)C—B2>o
2(1-A) 2(1-A) VA, VA, ’
Cicos —=& + Cysin ——¢&
2 2
A#1,
1 C B
+ —),when 4A-1)C-B*=0,A # 1.
[—ACz+C, "2 When 4A-D *

(2.9)
Then we can obtain a nonlinear algebraic equations.
(£)%: 61> —y(A - 1)a; — (31 + 20)a3 = 0.
(%)2: 9> —yB(A — 1)’ a; — 331 + 20‘)61%610 =0.
(%)1: 3u* — y[2C(A = 1) + B*la, = 3(v + 2ak + 6 + 3k*> — y)a; — 331 + 20')(a(2)a1 + a%a_l) =0.
(£)%: 3% — y[BCay + B(A — Da_,] = 3(v + 2ak + 6 + 3k* — y)ag — 31 + 20)(6ataia_, + aj) = 0.
(£)7": 3u% = y[2C(A = 1) + B?la_y = 3(v + 2ak + 6 + 3k* = y)a_; — 334 + 20)(aza_; + a*,a;) = 0.
(%)‘2: 9> —yB(A — 1)a_, —3(34 + ZU)aglao =0.
(%)‘3: 6> —yC?a_ — (34 + 20')6131 =0.
Next, we get the following the results:

_ [ 6p2—y(A=1)? _ 12 —y[B2+2C(A-1)]-(v+2ak+5+3k>—y) _
Case 1.1. a) = =x a5 A0 = + 31420 ,a_1 =0,

— _ 12—y [B2+2C(A—1)]+2(v+2ak+8+3k>—y)
Y 62 (A-1)C :

2 2 2 2 2
_ _ 12—y[B2+2C(A-1)]-(v+2ak+6+3k2—y) _ ou”—yC
Case 1.2. a; =0, ap = i\/ 31+20 -1 =+ 32+20

_ _ P =y[B*+2C(A-D]+2(v+2ak+5+3k*—y)
Y 62(A-1)C :

Family 1. When A # 1, A| = B> + 4C — 4AC > 0, we obtain

B u>—y[B*+2CA -] - (v+2ak+6+3k*>—) 3u? — yB?
¢1(x, 1) = {£ t 52 s
31+ 20 231+ 20)

342 — y(B? + 4C — 4AC) C; sinh YEHCIAC s 4 €, cosh YEHACIC
2(3/l + 20-) Cl COSh @g + C2 Sinh @f

(2.10)

ei(—kx+w% +6)
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¢( t) {+\/ﬂ2_7[32+2C(A—1)]—(V+261k+5+3k2—y)+\/6ﬂ2_ycz
x, ) ={+ N

’ 31+ 20 31+ 20
VBE 7 4C —4AC C sinh YEHACHC £ | ) cosh YEHCAC, 2

mf” 21— A)
2

[

2(1-4) C, cosh —vBZ+42C—4AC§ + C, sinh

where C; and C, are arbitrary constants.
Especially, if C; # 0, and C, = 0 in Eq (2.7), we have

™ ket @ S +6)

> J[B + 2C(A — )] — (v + 2ak + 6 + 3 — 32—y B
¢11(x’t):{i\/u YIB® +2C(A - D] - (v + 2ak +6 + y)i\/ﬂ Y
34+ 20 31+ 20

. \/ 32 — yCA(B® + 4C — 4AC) . VB +4C — 4AC

tanh i(—krtw 5+6)
2(31 + 20) an 2 £l

2—vy[B>+2C(A-1)]—-(v+2ak+6+3k* - 3u? —yB?
¢12(x,t):{i\/u ¥l A-D]-(+2a y)i\/u y
31+ 20 31+ 20
L |32 —yCA(B® +4C - 4AC) " VB2 + 4C — 4AC
+ CcO
231+ 207) 2

ég}ei(—kxﬂﬂg +6) )

by () = & \/uz —/B +2C(A= DI = v+ 2k +6+3K =) | \/6,u2 e

31+ 20 31+ 20
B2 + 4C — 4AC B2 + 4C — 4AC B . @
\/ tan \/ g + ]—1 }ez(—kx+w';+9).
2(1 — A) 2 2(1-A)

2 _ 2 _ _ 2 _ 2 _ 2
pt) = [ \/ﬂ VB +2CA - D] - (v+2ak+6+3K —y) | \/6;: yC
31+ 20 31+ 20
VB2 + 4C - 4AC VB2 + 4C - 4AC B

cot &+
2(1 - A) 2 2(1 - A)

Family 2. When A # 1, and A, = B> + 4C — 4AC < 0, we obtain

~ \/uz—y[B2+2C(A— D] = (v + 2ak + 6 + 3k2 — y) 3u2 — yB?
¢3(-x, l) - {i +
31+ 20 231 + 20)

L |32 = y@AC - B2 - 4C) ~C) sin YUGFHCE 4+ €y cos YUEEC
+ 231+ 20) @ £+ Cysin @6

™ Pkt S +0)

C, cos

2 _y[B2+2CA-1D]-W+2ak+65+ 3k - 6u% — yC?
mmn:&J“ ol (A-D]-(v+2a ”iJ“ Y

34+ 20 31+ 20

V4AC—232—4C &+ Cycos \/4AC—ZBZ—4C ¢ B

—‘/4AC—BZ—4C§)+2(1—A)
2

VB2 + 4C — 4AC —C sin
2(1 - A)

[
vV _B2_ .
Cl cOS Mf + C2 Sin

) ei(—kx+w§ +6)

™ i(—krtw 5+6)

2

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)
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Family 3. When A # 1, and B> + 4C — 4AC = 0, we obtain the rational function solution of Eq (1.1) as

bt 1.3 = {+\/u —y[B2+2C(A—1)] - (v +2ak + 6 + 3k — y) \/ W2 —y
’ N 31+ 20 31+ 20 (2.18)
G B ) k@ T 46)

(—— +
Clé+C, 2

be(t, x,y) = {i\/ﬂz —y[B2+2C(A - 1)] - (v + 2ak + 6 + 3k — y) ) \/6/12 —yC2(1 - A

31+ 20 31+ 20 (219)
( G + E)—l}ei(—kxﬂv%ﬁ)).
Clé‘: + C, 2
2.2. First integral method
Now, Eq (2.4) is equivalent to the following of two dimensional system
X&) = Y(£),
v+3a - (2.20)
{Yf(f) = LRI X (g) + W2 X(£)Y,
where Q(X,Y) = Y1, a(X)Y',

P(X(E),Y(#) = ) a(X)Y' =0, @21)

i=0

Then, based on the division theorem, there exists a polynomial g(X) + A(X)Y in C[X, Y] such that

dQ 9QdX 0Qdy

& " oxde T oy ag - BX IOV ;;ai(X)Y’(f). (2.22)

Case2.1. If m = 1.
Substituting Eq (2.21) into Eq (2.22) and calculating the coeflicients of Y'(&) = (i = 0, 1,2) both
sides of Eq (2.22), we have

3ak + & — 3k? 31+2
§X)ap(X) = a ([~ L = Ve - o O 29 v @), (2.23)
dag(X
W0 = g0 () + a0, (2.24)
day(X) _
X = h(X)a(X). (2.25)

Since a;(X)(i = 0, 1) are polynomials, then we obtain when deg(g(X)) = 1

g(X) = A1(X) + By. (2.26)
ap(X) = %AI(X)Z + By(X) + A,. (2.27)
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Substitutingay(X), a;(X), g(X) into Eq (2.23) and setting all the coefficients of powers X to be zero,
then, we obtain

232 +20) v+ 3ak + 6 — 3k*y

A ==
1 3u*y

,BO :O’AO ==

(2.28)

\/—§(3/l + 2002y
Using the conditions Eq (2.28) in Eq (2.21), we obtain

_ 32 ,
X () = LY + 3ak + 6 — 3k~y - _(324-220-))(2(5)- (2.29)
\/—§(3/1 + 20)u*y Ky

Combining Eq (2.29) with Eq (2.20), we obtain the exact solution for FPRKL equation which can
be written as

Type 1. If <4035 < 0, (30 + 20)y < 0, we get

3ak + 6 - 3k2 3ak + 6 — 3k o e
br(x, 1) = i\/” T Y tanh( \/—V+ arT Ye_ #I080) ickination e g 5 o,

31+ 20 2u*y 2
(2.30)
v+ 3ak + 6 — 3k? v+ 3ak + 6 — 3k? elnéy. . trolig .
Ps(x, 1) = i\/ T Y coth( \/— 2y 75 _ 250)61( kw40 if & < 0.
(2.31)
+3ak + 6 — 3k*y @
Po(x,1) = £ \/V Z/l - 761(—kx+w;+9)’if & = 0. (2.32)
Type 2. If 242238 5 0 (310 + 20)y > 0, we get
v+ 3ak + 6 — 3k* v+ 3ak + 6 — 3k? ol
¢]0(X, 1) ==+ \/ 31T 90 Y tan( \/— 2ﬂ2y yf + f())el( kx+@ +0). (2.33)
v+ 3ak + 6 — 3k? v+ 3ak + 6 — 3k? kot ot
o11(x, 1) = + \/ L Y cot( \/— 2y 7’§ + &o)el kAT (2.34)
Type 3. If M =0,(31+20)y <0, we get
1 . [l
¢12(.X, t) =+ et(—kx+w;+6).

— (2.35)
\/—%f +&o
Case 2.2. If m = 2.

Comparing the coefficients of Y(¢) = (0, 1,2, 3) on both sides of Eq (2.22), we obtain

3ak + 6 — 3k* 31+2
§(Xap(X) = ay () - L% D xe) - B2 2Dy (2.36)
wy 3ty
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day(X 3ak + 6 — 3k*y 31+2
i?;(( 20000 ;27 Lx(@) + —( s “’X(f) 1= g(X)ar(X) + h(X)ap(X).  (2.37)
d

G0 = M)y (X) + gXK)ar(X). (2.38)

day(X) _
X - h(X)a>(X). (2.39)

Balancing the degrees of g(X) and a;(X), we get deg(g(X)) = 1, deg(a,(X)) = 2, then

g(X) = Ai(X) + By. (2.40)
al(X) = %A1<X)2 + Bo(X) + Ag, Ar %0, 2.41)

where A;, A, By are all constants to be determined.
Now, Eq (2.37) becomes

31+20 1 1 v+ 3ak + 6 — 3k*
a(X) = [Fgz =+ gAIXE" + JABX @' + | a ’
| Ky (2.42)
+ 2A 140 + B ]X(f) + AgBoX(¢) +d,

where d is the constant of integration.
Substituting ay(X), g(X), a;(X) into Eq (2.36) and setting all the coefficients of powers X to be zero,
we obtain

2 2 —3k2 _ 27122
A =2 _M’ BOZO’AO:i\/g(v+3ak+5 3k7)’d:_(v+3ak+6 32ky).
3y -G+ 2002y 2631+ 2002y

(2.43)

From Eq (2.43) into Eq (2.21), we obtain

212
X @)=t V6(v + 3ak + & — 3k>y) N /_ 231 ; 20))(2(5). o
2 /-3 + 20 )2y 3ury

This shows that the two cases m = 1 and m = 2 give the same solutions.

2.3. Complete discrimination system for the polynomial method

Multiplying #" on both sides of Eq (2.4), and again integrating it on &, we can get

(u')2 = ayu* + au® + ay, (2.45)
332 .
where a, = —3522;, a = —% and qy is the constant.
Making the transformation ¢ = + /- (z(zif‘r))“u & = (2(3“2‘7)) 3¢, Eq (2.45) becomes
2 2
W) =y + pryy + po)s (2.46)
4(v+2ak+6 3k%y) . 2(31+207) -2 2(32+20)\— L
where p; = — sy (- 3 ) , Po = —4ao(=55— 3 )73,

AIMS Mathematics Volume 7, Issue 8, 14460—-14473.
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Integrating Eq (2.46), we have

du
+ (é:l - é:O) = > )
VU W2 + pidr + po)
where & is the integration constant.
Suppose that A = p% — 4py and G(¥) = ¥* + py¥ + po, there are four cases for the solutions of
Eq (2.4).
Case 3.1. A = 0.
When ¢ > 0, we have

(2.47)

d
(6 — &) = f #ﬂ%) (2.48)

If p; <0, the corresponding solutions are

3(v 4+ 2ak + 6 — 3k*y) .1 18(v +2ak+6 - 3k*y) 1. 2(BA1+20) .1
21 tanh{[-—— V-2
31+ 20 12y(3A + 20 3uly (2.49)

— &l ol kw5 16)

Pio(x, 1) = %[

2ak - 3k%y) |
3(v+2ak + 6 — 3k Y)]?coth{[

31+ 20 Wy(BA+20)?
— &l ei(—kx+w%+9).

B 18(v + 2ak + 6 — 3k*y) 1

2 20) 1
2 20

dr7(x, 1) = £[ 3u*y (2.50)

If p; > 0, the corresponding solutions are

3(v + 2ak + 6 — 3k*y) 1 !
2 tan{[— 6 )3E
31+ 20 Wry(3A+20)? 3uy (2.51)

— &) ei(—kxm% +0)

18(v +2ak + 6 — 3k*y) 1 2(31+20)

1s(x, 1) = %[

If p; = 0, we get the corresponding solutions

1

$ro(x, 1) = — i), 2.52
~ 20, (201, (252)
Case 3.2. A > 0 and py = 0. As for ¢ > —p; , we have
dy
+(E-&)= | —/——. 2.53
(&1 —¢&o) f R (2.53)
If p; > 0, the solutions are given as follows
3 2ak + 6 — 3k? 18 2ak + 6 — 3k? 231+ 2

o, 1) = 42T 2O Z Iy yag LU 207 SHy) g 204200

31+ 20 wy(Ba+20) 3uty (2.54)

_ é‘:O)] _ 1}ei(—kx+w%+0)'
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3(v + 2ak + 6 — 3k? 18(v +2ak + 6 —3k*y) 1, 2(31+20) 1

( D1 coth?[(— ; ; D2 7 e
31+ 20 wW2y(3A+20) 3u*y (2.55)
— &) -1 ei(—kx+w%+6).

If p; < 0, the solutions are given as follows

D=

¢ (x, 1) = %[

_ 22 2 .
3(v+2ak + 6 — 3k y)] (tan?[(— 18(v + 2ak + 6 — 3k 7)) ((_2(3/l+20'))§§

31+ 20 12y(3A+20)? 3u*y (2.56)
— &) - 1}ei(—kx+m§+9)_

=

dn(x,1) = £

Case3.3.A>0, py #0.

Suppose that 4; < A, < A3, 44, 4p and A3 are two roots of G(¥) = 0. Here we make the
transformation ¥ = A4; + (1, — 4y) sin’ @, it is clear that

2 dy
+ (61— &) = f , (2.57)
N — 4 \J1—m?sin® ¢
where m? = % We get the corresponding solutions
3ty 5 VA =41 2831+ 20)
) = t[——————] {4+ (L - 4
Pa3(x, 1) = %[ 2(3/l+20')] i+ (L = Apsn[——((= 3y )3E - o), mi 1} (2.58)

ei(—kx+w% +6)

A sin2 <p+/13

If Y > A3, we take the following transformation ¢ = , the corresponding solutions are

cosZ ¢
" . [ 3/-12')’ 1 —/lzsnz( VA3 — 4 ((— 2(33/}122,0-)) ‘f ‘50)/2 my) = } i(—kx+w s +6) (2.59)
X, 1) = x|— 6 ¢ to '
# 2031+ 20) e’ (VA = (2552 — &0)/2,my)

Case 3.4. A < 0, taking the transformation = /p, tan? g it is clear that

£2(6 — &) = py' f (2.60)

1—m231n go

where m3 = 2(1 - \%). we get the corresponding solutions

6K>yao |1 2 I -
$os(x, 1) = +(~ ) e — 1T o 61)
34207y on[(— 20 (28420 e gy ]

31+20 3uly

3. Physical explanations

In this section, the numerical simulations of some remarkable solutions for the FPRKL equation are
presented. By the (G’/G)-expansion method, we obtained the solution ¢, (x, 7) and ¢;,(x, f) shown in
Figure 1. The graphical solutions ¢o(x, ) and ¢1;(x, t) are shown in Figure 2. Moreover, the graphical
solutions ¢4(x, t) and ¢7(x, t) are shown in Figure 3.

AIMS Mathematics Volume 7, Issue 8, 14460—-14473.
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(a) (b)
Figure 1. The hyperbolic function solutions of Eq (1.1), whenw =2, 1=1,6 = 1,0 =1,
k=1lu=3a=1,y=1,A=1,B=2,C=1l,a= %, (a)the hyperbolic function solutions
¢1,(x, 1), (b) the hyperbolic function solutions ¢y, (x, t).

(a) (b)

Figure 2. The trigonometric function solutions of Eq (1.1), when 4 = -1, = 1, 0 = 1,
u=1a=1y =-1,b = —23—2, (a)the trigonometric function solutions ¢o(x, 1), (b)the
trigonometric function solutions ¢y (x, 7).

AIMS Mathematics Volume 7, Issue 8, 14460—-14473.
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0 0.002 0.004 0.006 0.008 0.010

X

(@ (b)

Figure 3. The hyperbolic function solutions of Eq (1.1), when 4 = 1,y = -1, 6 = 1,
oc=1a=1,b= —13—4, u = 1,& = 0, (a)the hyperbolic function solutions ¢4(x, 1), (b) the
hyperbolic function solutions ¢7(x, 1).

4. Conclusions

In this article, we have investigated the exact solutions to the FPRKL equation by three different
methods. Many exact solutions have been obtained. In the paper, we get all the traveling wave
solutions, which have not been seen in other literature. These solutions might be further useful and
effective to study more about the various forms of solitary waves in physics. We have noticed that
the proposed complete discrimination system for the polynomial method gives much more new and
general exact solutions than the other two suggested methods. In future work, we will consider the
bifurcation, phase diagrams and exact solutions of the FPRKL equation.
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