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differential equations (PDEs). One of the advantages of using the proposed scheme is its
applicability for fractional and integer order derivatives. The scheme can be useful to get conditions
for obtaining a positive solution to epidemic disease models. A COVID-19 mathematical model is
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1. Introduction

When it comes to understanding the impact of infectious disease in a community,
epidemiological studies are critical. Mathematical modeling involves checking models, estimating
parameters, measuring sensitivity by varying parameters, and computing numerical simulations using
models that have been constructed. This type of research is utilized to manage disease parameters
and the ratio of illness spread in a population [1]. Infectious diseases are used to describe diseased
models (i.e., the disease transferred from one person to another person). Infectious diseases include
measles, rubella, chickenpox, mumps, aids, and gonorrhea syphilis [2].

Coronaviruses are responsible for transmitting severe acute respiratory syndrome (SARS).
SARS is a valuable tool in the analysis of coronaviruses [3]. Coronaviruses are a group of viruses
that can infect both humans and animals. There are several different types of coronaviruses.
Coronaviruses in humans are primarily responsible for respiratory infections, ranging from mild
colds to serious lung illnesses. They can also be accompanied by digestive diseases such as
gastroenteritis, a type of diarrhea. To limit this pandemic, which is most likely still in its early stages,
and prevent the collapse of healthcare systems, governments must take immediate and effective
actions in a time of great uncertainty. A group of researchers studying the coronavirus family for over
30 years found that SARS and coronavirus have similar traits, such as biology and pathology [4].
Coronaviruses, RNA-enveloped viruses that infect people, mammals, and birds, spread worldwide.
Coronaviruses are responsible for various respiratory, gastrointestinal, hepatic, and neurological
disorders [5]. Coronaviruses are responsible for six different types of sickness in humans [6].
Chinese authorities declared a major outbreak of coronavirus disease 2019 (COVID-19) in the
country in 2019, and this outbreak has the potential to spread around the world. Now underway,
interventions and real-time data are required to control the coronavirus outbreak [7].

The COVID-19 pandemic is bringing quantitative mathematical modeling to the forefront of
public debate more than ever before. Policymakers and the general public are turning to science, and
modeling, in particular, to gain insight into the complex dynamics of the epidemic from both a local
and global perspective and predict the consequences of possible interventions on the number of cases,
hospitalizations, and deaths. The number of cases, hospitalizations, and deaths has increased
dramatically. Bernoulli's study to analyze the efficiency of immunization against smallpox was the
beginning of mathematical modeling in epidemiology, which began in 1760. Epidemiologists are
building, testing and fine-tuning models to simulate the development of the COVID-19 infectious
disease to gain a better knowledge of the disease and optimize measures to manage it.

Prior investigations have employed real-time data to explain the transmission of the virus from
one person to another, the severity of the virus, and the pathogen's history during the first week of an
outbreak. In December 2019, a group of Wuhan residents was taken to the hospital, where they were
all diagnosed with idiopathic pneumonia. The majority of individuals believed that consuming wet
market meat and shellfish was the root cause of pneumonia in children. With the assistance of the
Wuhan local health authorities, the Chinese Center for Disease Control and Prevention (China CDC)
launched an investigation into the etiology and epidemiology of the disease on December 31, 2019.
Time-delay distributions, which included the admission date to the hospital and death, were used to
assess whether the epidemiology was changing. According to the results of a clinical investigation
conducted on the COVID-19 virus, signs of coronavirus infection develop seven days after the onset
of illness [8]. The time interval between hospital admission and death is particularly crucial to
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minimize underestimating case fatality risk when calculating case fatality risk [9]. The
fractional-order, which comprises integration and transects differentiation, is utilized better to
understand real-world problems than the standard integer order and simulate genuine phenomena
related to memory characterization and hereditary features using a fractional calculus [10,11].
Riemann Liouville is credited for introducing the concept of fractional derivative, which is based on
power law. Caputo and Fabrizio present a novel fractional derivative that uses the exponential kernel,
which is based on the work of Caputo and Fabrizio [12]. Previous results have proposed a novel
fractional derivative with a non-singular kernel incorporating exponential and trigonometric
functions [13-16]. This paper illustrates several new ways for epidemic models connected to this
new derivative [17-25]. In Baleanu et al., significant results relating to this novel operator are
established, and several examples are offered to illustrate the point [26].

The standard integer-order models do not benefit from the subsequent memory effects observed
in many biological simulations. Instead, the ABC operator is used to teach the concept of heredity,
which is an important property of many biological processes. Thus, when it comes to simulating
biological processes, fractional operators are gaining more and more attention from various viewpoints.

For example, in [27], the authors proposed and studied the dynamics behavior of COVID-19,
which was accomplished by analyzing a SEIHDR model based on the ABC operator. After analyzing
the current results, they demonstrated the transmission dynamics of COVID-19. See [28-39] and the
citations therein for further information on the current results.

It would be appropriate to include a population of COVID-19 disease-exposed individuals (E)
in the model for the disease. In addition, it is possible to refine the description of specific epidemics
by including assumptions about transmission from one class to another by including more
compartments; see, for example, [40-42].

By introducing a generalized version of fractional models, D. Baleanu et al. [43] studied the
effects of isolation and quarantine in the COVID-19 pandemic. The study considered the real clinical
observations from China, and this was used to compute the basic reproduction number and determine
the parameters. Asymptotic behavior of immunogenic tumor dynamics by using a new fractional
model was studied in [44]. The equilibrium points and stability of the new model were discussed, the
predictor-corrector numerical scheme was modified, and the results were compared with some real
experimental data. Moreover, a tracking control method was employed to decrease the development
of the tumor cell population. The fractional calculus theory was adopted in [45] to study the motion
of a beam on an internally bent nanowire. The generalized fractional Lagrangian was introduced, and
the fractional Euler-Lagrange equation was provided for the motion of the beam on the nanowire.

Solving the model with a numerical scheme pointed out that the fractional Euler-Lagrange
equation provided a model that possessed more information than the classical description. A
fractional COVID-19, SEIR epidemic model was solved in [46] using a predictor-corrector method.
For the given time delay fractional differential equations, unique global solutions were derived under
a mild Lipschitz condition using Mittag-Leffler functions, properties of a weighted norm, and
Banach fixed point theorem. Real numerical data based on a case study of Wuhan, China, was used
for graphical simulations. A new vaccinated model of COVID-19 ware provided [47] in the sense of
new generalized Caputo-type and Caputo-Fabrizio fractional derivatives. The study of model
dynamics such as boundedness, positivity, and local stability analysis were presented. Using fixed
point theory, the existence of a unique solution to the fractional model was discussed. The numerical
schemes for solving fractional differential equations have an advantage over exact analytical
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methods. Since the exact solution of all models in fractional calculus cannot be found analytically,
some numerical approaches can be considered for solving those models. A fractional numerical
algorithm has been proposed in [48] to get the exact solutions of generalized fractional-order
differential equations based on the Caputo fractional derivative. Some simulations were also
provided, including the solution of a co9mputer virus model to illustrate the applications of results.
The existing treatments for the dangerous disease of COVID-19 are the use of the vaccine. From a
mathematics aspect, an SEIRS dynamical model was proposed in [49] that comprised vaccine rate. A
fractional model based on the Atangana-Baleanu derivative was formulated. For solving the model, a
predictor-corrector scheme has been employed to solve the model. Stability analysis of the applied
numerical method was also provided.

Since the non-standard finite difference method (NSFD) is one of the numerical methods used
to find a positive solution, the method is unconditionally stable. But, its main drawback is its
accuracy, which can be proved by applying Taylor series expansions. So, the solutions obtained by
NSFD are not accurate when these are computed on a smaller number of grid points. NSFD is not
first-order accurate in time for diffusive epidemic models but second-order accurate in space.
Similarly, its fractional version can be constructed by considering the fractional Taylor series. But
again, it will have an accuracy problem in time. It can be verified that the NSFD is also not suitable
for finding the solution to the space variable. This contribution proposes a conditionally positivity
preserving, unconditionally stable fractional numerical scheme, second-order in space and time. The
scheme can be used to obtain conditions for getting a positive solution. These conditions depend on
the considered mathematical model and the number of grid points and time levels. The stability of
the numerical scheme can be checked by applying Fourier series analysis of Von Neumann stability
criteria. This criterion is used for linear differential equations. Even though the equation is non-linear,
its linearised form can be evaluated to estimate the stability criteria. So, this stability criterion is
considered to check the stability of the proposed scheme. Due to the non-linear nature of the
investigated diffusive epidemic model, the proposed fractional numerical approach is stable for the
generalized kind of linear diffusive epidemic model.

The paper is organised in the following manner. A model of ordinary differential equations is
established, and its local stability is given. After this, a numerical scheme is constructed for the
general type fractional differential equation. Later on, the scheme is constructed for the fractional
diffusive partial differential equation of susceptible individuals. Then the stability and convergence
of the scheme are provided, and a comparison of the existing scheme for the classical parabolic
equation is also provided. After this, the application of the scheme is given with simulations.

The SEAIR epidemic spreading model has been proposed in [50], but modification in that
model is given here. Let S be susceptible individuals, E be the exposed individuals, I be infected
individuals, Q be quarantined individuals, and R be recovery people. Let & be the rate at which
susceptible become exposed, £ be the rate at which susceptible become infected, y be the rate at
which exposed become infected, o be the rate at which infected become quarantined, & be the rate
at which infected individuals become healed or recovered, and u be the rate at which quarantined
become recovered. The mathematical model is given as:

= = —pSI - ask, (1)

%% = GSE + BSI - VE, 2)
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Subject to the initial conditions
5(0) = So;E(O) = EO;I(O) = IO;Q(O) = QO;R(O) = Ry,

©)
(4)
()

(6)

where Sy, E,, I, Q, and R, can be any non-negative constants. The transmission diagram of the

model (1)—(5) is given in Figure 1.

Figure 1. Transmission diagram of the model.

2. Stability of the epidemic system

One of the equilibrium points of the system (1)—(5) is (1,0,0,0,0). The next linear stability
procedure is given about the mentioned equilibrium point. The linear stability procedure starts with

the Jacobian matrix for the system of Eqgs (1)—(5) in a form

—aE — I —a$ —-BS 0 0]
| aE +pI -y +aS BS 0 O]
A= 0 y —-o—ad¢ 0 0]
0 0 o —u 0
0 0 o u 0

Using the equilibrium point (1,0,0,0,0) Jacobian (7) is expressed as

[0 —-a —p 0 0]
[0 —y+a B 0 Of
A=]0 4 —-o—o0 0 0]
lO 0 o —u 0‘
0 0 o u 0

(7)

(8)
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To find the characteristic polynomial, consider the equation
|A—ALLD| =0, 9)

where I.D is an identity matrix of order 5 X 5. Equation (9) can be expressed as

[—A —-a —p 0 O]
| 0 —y+a-—-141 B 0 0 |
0 y —o—0—A 0 01=0.
lo 0 o —u—2 oJ
0 0 o U -1
-y+a—4 B 0
(=) (=2) y —o0—0—41 0 =0. (20)
0 o —u—A
—ytra—2

,12(—;1—,1)| ”+y“ P =0 (11)
MP—u-DA2+y—-a+oc+d)A+y(c+7d) —a(o+a)— apB]. (12)

This implies 2 = 0,0, —u are three Eigenvalues, and the remaining two Eigenvalues can be found
from the following characteristic polynomial

MP+@y—a+o+d)rA+y(c+d)—alc+ad)—af =0. (13)

Now according to Ruth Hurwitz's criteria, the second-degree polynomials have both roots in the open
left half-plane if and only if

y—a+od+ad>0and y(6+)—a(oc+ad)—aB > 0. (14)

So the system will be stable if conditions (14) are met.

Since the ordinary differential equations model only describes the changes in individuals over
time, which does not discuss the variations of susceptible, exposed, infected, quarantined and
recovered individuals over space. For space variation, both convection and diffusion effects can be
included. Still, only diffusive effects are considered with each category of individuals in this study so
that the resulting differential equations become partial differential equations (PDESs) of parabolic
type. These partial differential equations are more general than the corresponding model of ordinary
differential equations (ODEs). If the coefficients of diffusions are chosen to be zero, the model of
PDEs becomes the model of epidemic disease comprised of ODEs. Also, a time-fractional
differential equations model is considered instead of the classical model of the differential equation.

A numerical scheme has been proposed [51] for a fractional diffusive SEAIR model with a
non-linear incidence rate. A numerical scheme will be proposed for the fraction diffusive SEIQR
model. For constructing a fractional diffusive model, the following fractional partial differential
equations model is presented by incorporating fractional Caputo time derivative and diffusion in the
system of Eqgs (1)—(5).

The fractional diffusive epidemic model for COVID-19 is given as,

2
DES = dy 23 — BSI — &Sk, (15)
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2

DEE = dy == + GSE + BSI — yE, (16)

a 921 —
DtI:d3ﬁ+]/E—O'I—O'I, (17)

« 2%0

DiQ = dyo + ol — @, (18)

o 92R —
DtR=d5ﬁ+‘uQ+O’I. (19)

In the first stage, a fractional numerical scheme will be constructed for the general type of parabolic
equation and one of the equations in the model (15)—(19). Later on, stability and convergence will be
provided. Further, it is assumed that the solution of model (15)—(19) exists and it is unique.

3. Construction of a fractional numerical scheme

Before constructing the proposed scheme for the considered model, it is constructed for the
general form of the fractional time-dependent parabolic equation of the form,

Dfu = d + ¢f(u), (20)

where d and ¢ are constants.
Let

f@ = fi(w) —ufz (), (21)

where f;(u) and f,(u) are positive functions of u. In the application procedure of the proposed
fractional scheme, a difference equation is constructed first in the form,

n+l _ A% [y (ufy—2uf " +uft ny _ . n+1 n
b it T(a+1) d ( (Ax)? ) +e (fl(u Al PICH ))]
bAO® [ 5 (ulgy —2uf+uft! %, M1 n+1y _ ,n+l n+1
T(a+1) d( (8x)2 ) + Cy (fl(ui ) — w2y ))] (22)
The next step is to use the fractional Taylor series for the term u*** in the form,
n+l _ . n QA% ro%u " (At)>* (92%u 3a
g =up ot I(a+1) (6t“)i + r2a+1) (6t2“) +0((A6)™). (23)

Substituting the fractional Taylor series (23) into Eq (22) and rewriting the resulting equation in the
form,

L (@)” (At)2® (azau)n _ 0 4 80 [D“ n_ 2dA0)%Dfu}  2d(At)2*DEu}

i U r@+p\ate/); " r@a+1) \ocze); T(a+1) I Tla+1)(Ax)?  T(a+1)(Ax)?
«(_@OLW!) ha,n _ @O L) noa bAOY (ha n , BOY oq n
C( F(a+1) ¢4 ra+1) ¢t l)] @D (Dt ey bt i)' (24)

a n
Comparing coefficients of uj', (6_u) and (

atll a 2a

n
u) on both sides of Eq (24) yields,
i
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_ s (4 _2d@0* @AY | x
1=ad (1 [(a+1)(Ax)? T(a+1) ) +Db, (25)
1 _amn®* 2d _ éf(ulh) b
ra+1) TI(a+1) ( I(2a+1)(Ax)? F(2a+1)) + (p(aﬂ))z' (26)

Solving Eqs (25) and (26) yields the values of & and b and the difference equation using the values
of & and b will be the discretized equation for the second-order fractional implicit scheme for
solving Eq (20).

4. Construction of numerical scheme for epidemic disease model

To construct the fractional numerical scheme for the model (15)-(19), one of the equations in
the model will be chosen. For doing so, consider the Eq (15) with discretization is given as,

a ntl_psntlygntd
Sin+1 — Sin + F((it-i)_l) Sit1 Z(i . +Sici dsin+1Ein+1 _IBSl_n+1Iin+1] +
(At)* sl” -2t est,
s |4y B s — ST (27)

In Eq (27), "a" and "b" are unknown to be determined. Their values will be found by
applying Taylor series expansion in the fractional derivative. So, for doing so, consider the following
Taylor series in fractional derivatives,

n+l _ cn (A)® ﬂ n (At)2e ﬂ n .
S0 =5 Y i (ata)i t @D (atZa)i + 0((A)*9). (28)

Substituting Taylor series expansion (28) into (27), it is obtained

A% Sacon (A0**  oacen 3a n (A)* acn+l (At) acn
ST+ sy DEST + 7o DESST 4+ 0((AP®) = ST + a oo (DESP) + b +1)[Dt5
2d; (A" Lgon _ 2d4(AD)* 2acn (At) a n n_ = @O*% onenpn
M(a+1)(Ax)2 £ ree+(ax)2 ¢ i [(a+ D i T Tz +1)D S E;
Qan® n_ (A2 2acn
’BF(a+1)I DS 'Br(z +1)I D¢*S; ] (29)

Comparing coefficients of S/, D#ST* and DZ*S* on both sides of Eq (29) yields the following two
equations in two unknowns,

an* (A« (At)* _2d,(A0%  _ (Ap” _p D)
Ta+1) TI(a+1) I‘(a+1)( r@+DB02 YT+ L B [(a+1) i)’ (30)
(A% (AD% (A @O [ 2d:(A0%% (A0 L, o, (AD2
ra+1) T(a+1) F(a+1) F(a+1)( r2a+1)(Ax)2 ar(2a+1)Ei ﬁr(2a+1)1i ) (31)
Equation (30) can be simplified as
_ _ 2dq(At)* = Qan* _n _ an*
l=a+b (1 ra+D@0?2 YT+ Ef—p I'(a+1) I; ) (32)

Upon solving Egs (31) and (32), values for "a" and "b" can be found. After finding "a" and "b",
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the discretized Eq (27) can be used to find the unknown S*** and this value is found by the use of
an additional iterative method.

The positivity of the numerical solution obtained by applying the proposed scheme for the first
equation in a model (15)—(19) depends on two conditions. First, it depends on found values of
parameters "a" and "b" by solving Egs (31) and (32), and second, it depends on those values
obtained by the remaining difference equations discretized by the proposed scheme to the rest of the
equations in the model (15)—(19). If all the parameters in the difference equation are positive, the
positivity would be guaranteed. Since there are conditions for a positive solution, the scheme is a
conditionally positivity-preserving scheme. If the parameters a and b are positive, then by looking
at the difference Eq (27) and collecting the terms of S”*** on the left-hand side of the equation, the
resulting equation will produce a positive solution because each term in the resulting equation will be

positive with the assumption of choosing positive initial conditions, i.e.,

n+l _ n a(At)® stttysttt (A% St +ST,
Si [S I'(a+1) {d (Ax)? }+ b I(a+1) {dl (Ax)2 }] >0,

_ a(A)® ( 2d, — e+l n+1 b(A)® ( 2d, — n
where 6 =1+ @t D) {_(Ax)z + aE;"" " + B } + @D {_(Ax)z + aE;" + B }

provided that a > 0 and b > 0, exposed, infected, quarantined, and recovered individuals at time
level n+ 1 and grid point i are non-negative. The positivity of other variables depends on the
positivity of included parameters in their difference equations.

5. Stability analysis of proposed numerical scheme

To find the stability condition consider the first general type of linear fractional partial
differential equation of the form,

Fu_ gy, (33)

atx 7 gx2

for 0 < a < 1. The stability analysis can be found only for parabolic equations without diffusion,
and in that case, one may consider the case when,

B =0. (34)
To discretize parabolic fractional equation with souse term, Eq (33) using the proposed fractional
scheme, the difference equation is expressed as:

n+1+ n

uMt=ul +a - - Eulml]' (35)

n+1 n+1 n+1
(At)* [ —2u; " uly

Ujyq 5, n+1 an“ i+1~2U
T(a+1) d (Ax)z ~ By ]+b [d

T(a+1) (Ax)?

Using fractional Taylor series expansion (23) for ul**?

the resulting in the following manner,

and substituting it into Eq (35) and rewriting

(an“*

(At)* (At)2@
D I'a+1)

2a n 3ay —
Ta+D F(z +1)D + 0((At)°*) =ul' +a——

up A0 (DU} + bt Dfuf —

I'a+1

2d(A)” a,m _ 2d(At)%e 2a,m —'E an)« a,mn —'E (A)%«
Fla+D)(Ax)2 "t "1 r@a+D(ax)z t i Cla+1) €70 r(2a+1)

DUl + 0((At)*%)|.  (36)
Comparing coefficients of ul', Dfu' and DZ*ul* on both sides of Eq (36), it is obtained
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@an* (an* (an* o zd@an* 5 (AD*
T(a+1) T(a+1) F(a+1)( I'(a+1)(Ax)? F(a+1))' (37)
a0 (AN (AD® (At)* (_ 2d(At)%@ 5 (At)Z“) (38)
rea+1) o I'a+1) I'(a+1) I'a+1) ra+1)(Ax)? ra+1)/)’
The expressions for "a" and "b" can be found by solving Eqgs (37) and (38).
Theorem. Proposed fractional numerical scheme is unconditionally stable.
Proof. Consider Eq (33) and the following transformations
uln+1 — En+1eihj}’ ulnil — Ene(iil)hp. (39)

Substituting transformations (39) into Eq (35), it is obtained

(ADE [ =eWHDIY_oilh 4 o(i—DIY B ﬁ_e”w] Evn+1 +
C(a+1) (Ax)?

(BOF [ 5 (TDWVel-DIbY o7 agelld o N o
bI‘(a+1) d( (Ax)? )E +( (Ax)? pe )E ] (40)

FrnHlpiy — freily 4 g

Dividing both sides of Eq (40) by e“¥ gives,

— elw+e_l'¢’ -~
(A [ sel¥—2+e 1V (ap“ d( (Ax)? )E"
o >

a — ﬁ] - .
I'(a+1) (Ax)? I'(a+1) —2d 3\ pn+1
+ ((Ax)2 ﬁ) E

Using trigonometric identities in Eq (41) and collecting the coefficients of E™*1 of the left side, it is

E‘Tl+1 — E"n + (41)

obtained
(AD)* (-Qcosyp—2) ) bAO* [(=2d  \|anus
ll_al‘(a+1){d Pt \@or )|
_ (at)* (2cosb)] A
- F(a+1)[ (Bx)? ]En' (42)
Let d =29 2 then Eq (42) can be expressed as,

['(a+1) (Ax)?’

(At)*
I'a+1)

(At)*
I'a+1)

[1 —2ad(cosp —1) +a B +2bd — bf ]E"“ = E"(1 + 2bdcosy).  (43)

The amplification factor can be expressed as,

Entl 1+2bdcosy
En 1-2ad(cosyp—1)+a an® B+2bd—bB-——— @n® (44)
T(a+1) I(a+1)
The stability condition can be expressed as,
1+2bd
+ COSlp o S 1 (45)
1-2ad(cosp— 1)+ar( +1)[7’+2bd bﬁr(a+1)

Here special cases will be discussed with the specific value of «.
Let a = 0.9, then the stability condition (45) can be expressed as,
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1+2b&costp

<1, (46)
1—2ac~l(cos¢—1)+a(ﬁ(t1) ) B+2bd— bﬁ(?(tl) )
0. 889627 0. 722764
where a = 200 — and b ~ 200
1.61239-1.50299d —0.7514973(At)0-9 1.61239-1.50299d —0 751497 B (At)°- 9

@2
Condition (46) can be expressed as

(ax)?

IaI(At) (a)°°

r@.9)’

|1+ 2bdcosyp| < 1+ 2|ald(2) + +2|bld + |b|B (47)
Clearly, for any value of cosy inequality (47) holds. Similarly, the stability can be checked for any
fixed value of «, and it can be concluded that the proposed fractional scheme is unconditionally

stable for any value of « in the interval (0,1].
4.1. Convergence of proposed numerical scheme

Theorem. The proposed fractional numerical scheme converges for non-linear epidemic fractional
diffusive equation (15) if the following condition holds,

_ lal(a)® 2 —— 2
T(a+1) (d1 @ T a|Hz |+ BIH; |) >0,

_ AD* [ 2d, — 1 1 (AD)* [ 2dy — 1 1
where § =1+ a2 ( a4 BH}) + b~ o ( S taHl+ BH}),

VF, = [H{,H{],VG, = [H3, H],VF, = [H3, H5], VG, = [Hj, Hf]
where Fy = Fy (ST E™), Gy = Go (ST 1T, Fy = Fa(S]TL ED) & Gy = Go (ST, 1.

Proof. The discretized form of Eq (15) can be expressed as,

a n+1l_,cn+l n+1

SP = 8P  ages | dy SR R (ST B — By (ST 1Y +
(At)* SL" 28t 14slt _

s |y 2R Ry (ST ER) — BG (ST 1P| (48)

The expression for "a" and "b" can be found by comparing the coefficients of fractional Taylor
series expansions, and their values can be found by solving Egs (31) and (32).
Let the exact difference equation for Eq (15) be expressed as,

SPH =54 F((itij) [d1 Sﬁﬁl—iz”;H"“ aF, (ST Py — ﬂ61(§{1+1'1—ln+1)] n

o0 [ay T2 (7, B — B8 T ()
Consider,

SPHL_ gntl = e?:-l EPt — ErHl = e;l;l-l [Pt it = e;l;l—ll

By using the Mean value Theorem, the following relationship can be established
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Fi(SILEM) — Fy(SMLEMY) = ef L VF (G, Cy), (50)
Gl(Sn+1 In+1) F1(5n+1 1n+1) — en+1 VGl(Cg,C4), (51)
F,(SMYEM — F,(SMYLEM) = e 2 VFZ(C;,,CG) (52)
Go(STHLIM) — G (ST I = e 2 VGz(C7, Cs), (53)

where C; =SM +gelft, G =EM +ee3ft, CG=S"+eelft, G =1+ g4elt,

. cn+1 n+1 — . ¢cn+1 n+1 . In n
Cs=5"" +e&se;, Co= E!'+ g6y C7 =S +eseff, Cg =1 + ege3;
€1,&2, €3, &4, €5, €6, £7, Eg€[0,1].

n+1 _ n+1 _n+1 n+1 n+1 _n+1
Let ey [911 ) €2 ] e, [e1z ,e3 ]

Subtractlng Eq (49) from Eq (48) yields an equation of the form

) 31 [e?jl'em ,e [e?;”,em]

n+l _ (At) d el 29?:1"'6{1:-11 =( n+1 n+1yy2 n+1 n+1yy2
efi =ep;+ A+ |% x)2 a(ef ' Hi + ey *HY) — B(elf 'H3 + e 'HE)| +
(an* eriv1—2er; +erig n+1 2 +1 2
D |4 - (Axl)z = —a(e]'i'Hi + e};HZ) — B(elf ' H + el HZ) |, (54)

where VF, = [HL, H?]}, VG, = [H}, H2], VF, = [H}, HZ]t, VG, = [H}, HZ]E.
Collecting the coefficients of e"+1 on the left-hand side of Eq (54), it is obtained

(At)* 2d,  _ L (At)* 2d,  _ RYIE
[1+ar(a+1)<(Ax)2+aHl+ﬁH2)+bF(a+1)<(Ax)2+aH3+ﬁ1—14)lell1

n+1 n+1

o erititeri-n n-'l-l 2 o e£i+1+efi—1 _
=eta r((Atzl) S 5 r((Atil) 1 reddts (55)
: ~Bey i H; ¢ —BeyH;

Let ™! = max{max;<;cy|el*| max,<icn|eri!|, max,<icn|eli|} and applying absolute on

both sides of Eq (55), it is obtained

e

« 2e™ | 12 « 2e™ = oM g2
mr g n 4 1W@OT N Gy QeI l} + s {dl e + @IS l}’ (56)

U apermzl ) ML apen g

where 6 =1+ a

(ap)* (2d1
I'(a+1) \(Ax)2

Collecting coefficients of e™*1, it is obtained

+ @H! + ﬁHzl) + 80 ( 2d3

=171 1
T(a+1) \(Ax)2 +als + 'BH‘*)'
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_lala)* ¢ 2d4 —1172 2 n+1 n , [bI(AD)* ( 2d4 —1172 2 n
|6 — S (22 + @lHE| + BIHEI )| en*t < en + DRSS L2 4 G HE| + BIHE| e, (57)
Let,
_ o lalao® 2dy oo 2
51 - I‘(a+1) ((AX)Z +a|H1| +ﬁ|H2|) > 01
_ [b|(At)* ( 2d, 1172 2
0 =1+ T ((Ax)z +alis| + ﬁlH‘*l)’
_%
83 = 5.
Then, inequality (57) can be expressed as,
et < §ze™ + C(0((A1)3%, (Ax))). (58)
Let n = 0 in (58), it is obtained that
el < 83e° + C(0((A0)3%, (Ax)®)). (59)

Since initial condition is exact, so e® = 0, so Eq (59) can be expressed as,
el < c(0((Ar)%%, (Ax)®)).
Let n = 1in (58), which yields
e? < §zet + C(0((A0)3%, (Ax)®)) < (1 + 83)C(0((AD)3%, (Ax)®)). (60)
If this continued, then

el < (1+ 683+ 6%+ -+ 881+ C(0((Ar)3%, (Ax)?)),

— (1‘5?) c(0((AD)%, (Ax)%)). (61)

1-683

Since the series 1 + &3 + 62 + ---+ 631 + --- is an infinite geometric series that will converge if

2

|65] < 1. Therefore the convergence condition is

< 1. Similarly, the convergence condition can

1

be found for the remaining equations in the system (16)—(18).
4.2. Comparison

The proposed scheme results can be compared with results obtained by an existing scheme. One
of the existing schemes considered for the epidemic model is the non-standard finite difference
method. The fractional non-standard finite difference method is given for fractional diffusive
epidemic Eq (15).

The fractional non-standard finite difference method for Eq (15) is given as,

(At)* Spt—2st st

n+l _ c¢n
Sit =S @ |4 (Ax)?

— aSMEr — pSttin., (62)
L l l L

The explicit form of the non-standard fractional scheme is expressed as,
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n+1 _ 1 (A)* 5i7-1|-1+5in_1
Si - <1 , z(At)ad . (A« ’C_IEF+[¥IL-")> Ma+D) {dl 02 } (63)

"T(a+1) 1'T(a+1)"

The main advantage of applying the fractional non-standard finite difference method (NSFD) is the
stability and positivity of the solution. But the main drawback is its accuracy. It's not even first-order
accurate in both cases when a« =1 and a # 1, its lack of accuracy can be proved by applying
standard and fractional Taylor series expansions. So, for the diffusive epidemic model, it can be
proved that NSFD is neither first-order accurate nor consistent. So, due to these drawbacks, the
obtained solution is also not accurate compared with the standard first-order method. This
contribution also compared the proposed scheme with the fractional NSFD scheme and the
first-order fractional Backward Euler method. The fractional Backward Euler method can be used for
those cases when the solution is positive, and the method stays stable. The fractional Backward Euler
method for Eq (15) is given as:

n+1 n+1 n+1
(AD)* [ 1siJr1 285ttt

n+l _ ¢cn
Sit =S T(a+1) (ax)?

_ CYSin+1Ein+1 _ ﬁSl:n+1Iin+1:|. (64)

Now the drawback of using fractional NSFD is discussed. To become the method first-order accurate,
it should satisfy first-order fractional Taylor series expansion. For this reason, expand S/**! in
fractional Taylor series form for Eq (62) as,

Gy (A« 2d1 (A% L gon  EADT L,

n acn 2ay — ¢n acn _ n _ npacn _
ST+ sy DEST + 0((A0)%®) = S + 1= {dlDt SP— L DS — SES BIDES]
BAD* n aen 2a
EEOSIPDEST + 0((A029) . (65)

Comparing coefficients of S*, DS and DZ*S]* on both sides of Eq. (65), it is obtained

@an*  (an“ _2d,(00)% akE]t(At)* _B@DH*
(a+1) I‘(a+1)( I'(a+1) T(a+1) T(a+1) ¢ ) (66)

From Eq (66), it is observed that the left-hand side is not equal to the right-hand side, so it means that
coefficients of DFS[* on both sides are not canceled with each other, or reminder term has a
fractional derivative of the form DZS]* which means that fractional NSFD is not first-order accurate.

4.3. Order of convergence

A parabolic equation with a classical derivative is tested to find the order of convergence of the
proposed scheme. For doing so, consider the following parabolic equation

du _ 0%u
Pt (67)
subject to the boundary conditions,
u(t,x) =1whenx =0
u — 0 whenx - o } (68)

and using an initial condition,
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u(0,x) = 0. (69)

Equation (67) using boundary conditions (68) and initial condition (69) are solved with three
different numerical schemes. The order of convergence of the three schemes is shown in Table 1.
Theoretically, the employed schemes for Eqs (67)-(69) are second-order accurate as proved by
applying the Taylor series, but according to Table 1, their convergence order is nearly one.

Table 1. Comparison of the order of convergence of three numerical schemes.

2" order

_ 2" order Implicit-Explicit 2" order Proposed
At Crank-Nicolson

L, Error Cae | L, Error Cae L, Error Cae
50 0.0208 - unstable ~ 0.0208 -
1/40 0.0102 1.0280 unstable - 0.0102 1.0280
1/80 0.0050 1.0286 0.0019 - 0.0050 1.0286
1/160 0.0024 1.0589 | 9.5766e-04 0.9884 0.0024 1.0589
1/320 0.0013 0.8845 | 9.0566e-04 1.0392 0.0013 0.8845

One of the advantages of using the Non-standard finite difference method is its consumption of
timeless than the proposed scheme. But it has the drawback of lacking accuracy. Since the
considered NSFD is an explicit method, it takes less time than the proposed implicit scheme if the
iterations are carried out by Gauss-Seidel iterative method for linear PDESs. So, the time consumption
of any implicit scheme depends on the considered way of solving the difference equations obtained
by applying the implicit scheme to some particular type of differential equation. The computation
time of the implicit scheme can be reduced by using second-order Newton's method for non-linear
problems. For linear problems, computation time can be reduced by directly solving the
matrix-vector form equation instead of using another iterative solver. Matlab has the facility to solve
the system of equations, so the difference equation in matrix-vector form can be solved directly by
employing that Matlab facility.

For the accuracy and computation time of the proposed and non-standard finite difference
schemes, their comparison is made in solving Eqgs (67)-(69). Figure 2 compares two schemes using
50 grid points and 21-time levels. The time consumed by NSFD is 0.596988 seconds, and the
proposed scheme consumed 1.9425 seconds to perfume the same task using the Gauss-Seidel
iterative method. So due to the considered iterative method, the proposed scheme consumed the
mentioned time, which may have been reduced by adopting a Matlab solver for solving
matrix-vector equations for the linear PDE.
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¢ Exact Solution
== == Proposed using 21 time levels
= NSFD using 21 time levels

u(1,x)

Figure 2. Comparison of proposed and NSFD schemes for the classical case.
6. Results and discussions

The fractional proposed scheme with an accuracy of two in both time and space has been
implemented, and the results are compared with existing classical and fractional schemes. As
mentioned in the previous section, NSFD is not even first-order accurate. Its comparison is made
with the second-order proposed and first-order Euler methods. Figure 3 compares the proposed
scheme with the Backward Euler method for faster convergence. The maximum norm considered for
drawing Figure 3 is the difference of solutions computed over two consecutive iterations. The
utilization of the proposed scheme and an iterative method on the difference equation (27) yields

+1,k +1,k+1 +1,k+1
n+Lk+1 _ onk+1 (At)* Sp-2s +5;% _on+1k+1on+1k n+1,k+1;n+1k
S; =S + d —as; E: - BS; I; +
i i I'(a+1) 1 (Ax)? i i i i
k+1 +1,k+1 Jk+1
(ap“ Siyy —2S{" +Sio FSMHLKHLpnk+1l _ pontlk+l mk+1 (70)
ra+n |1 @x)? @>; i BSi i '

n+1,k+1

So, the solution component S;

on each grid point and at each time level is found iteratively.

The iterative method will be stopped if the required criterion is met. The norm between consecutive
two iterations is computed as

|1S(t,x, k + 1) — S(t,x, k)|, < tol, (72)

where tol is to a very small number nearly equal to zero. In inequality (71), the stopping criterion
of susceptible individuals is given. Similarly, stopping criteria for each category of people can be
expressed, and their maximum values are computed for each iteration. Figure 3 shows the maximum
of all norms on each iteration for both the proposed and Backward Euler methods. Figure 3 shows
that the proposed scheme converges faster than the Backward Euler method with the particular value
of a. Figures 4 and 5 offer the comparison of three schemes over time for the classical case a = 1.
The difference between results obtained by three schemes can be seen in these Figures 4 and 5. Since it
was mentioned that NSFD is not first-order accurate, its drawback in finding an accurate solution can
be seen in these two figures. The results were computed for 50 grid points and 50-time levels. The
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solution obtained by NSFD will be worse if results are computed using a smaller number of grid
points and the smaller number of time levels. Figures 6 and 7 also compare three schemes, but this
comparison is made over spatial variable x. The solution for both NSFD and the Backward Euler
method is near because NSFD is second-order accurate in space. Still, the proposed scheme produced
better results verified by applying another second-order scheme, the Crank-Nicolson method. But,
the remaining categories of the individual solution obtained by the proposed scheme are near to the
solution obtained by the Backward Euler method. Figures 8 and 9 show a comparison of three
fractional schemes. Similar to the classical case, the fractional results are also not accurately obtained
by fractional NSFD because, again, it is not first-order accurate using the fractional Taylor series

approach.

150
= Proposed
m— BTCS
2
<
5 100
&
&~
oy
S
=
=
£ 50
K
5]
=
0
0 50 100 150 200

Iterations

Figure 3. Comparison of fractional numerical schemes over iterations using a« = 0.5, a; =
01,8=0.2,y=040=05d6=05u=0.7d =d, =d; =d, =ds =0.1,N, =
50, N, = 50.

14

=== Proposed || === Proposed
m— BTCS 12 BTCS
== NSFD = NSFD
10 \ \
2 z2 8 \
q %
o %—h
= = 6
n = \ \
4 \
2
0 0
0 5 10 0 5 10
t t

Figure 4. Comparison of three numerical schemes for susceptible and exposed individuals over
time using a =1,a; =01, =02,y =04,0=050=05u=0.7,d, =d, =d; =d, =
ds = 0.1, N, = 50, N, = 50.
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Figure 5. Comparison of three numerical schemes for infected and quarantined individuals over
time USing a = 1, a, = 0.1,B = 0.2,)/ = 0.4’,0- = 0.5,5 = 0.5,# = 0.7, dl = dz = d3 = d4 =
ds = 0.1, N, = 50, N, = 50.

X 107

6

5
% = Proposed || 2
e 4 BTCS [12
2 =——=NSFD ||~

3

2

1

0 5 10

3.5

2.5

Proposed
m— BTCS

NSFD

Figure 6. Comparison of three numerical schemes for susceptible and exposed individuals over
space variable using a =1,a; =01, =02,y =04,0 =056 =05u=0.7,d, =d, =
d3 = d4 = d5 = 0'1'NX = SO,Nt = 50.
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25
2
15
—— Proposed || 7 1> —— Proposed ||
7 0pOSse: ) TOpOoSe:
S —BTCS ||E —— BTCS
= —NSFD ||@ = NSFD
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0.5
0 0
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X X

Figure 7. Comparison of three numerical schemes for infected and quarantined individuals over
space variable using a =1,a; =0.1,4 =02,y =04,0 =0.56=05u=0.7,d, =d, =
d; =d, =ds = 0.1,N, = 50, N, = 50.

10} : - ; ;

= ['ractional Proposed 16 Fractional Proposed
Fractional BTCS Fractional BTCS
Fractional NSFD 14 | === Fractioanal NSFD
12 ,\\
10}

S(1,3.2653)

0 5 10 0 5 10

Figure 8. Comparison of three numerical schemes for susceptible and exposed individuals over
space variable using @« = 0.5,a; = 0.1, =0.2,y =04,0 =0.5,6 =05 u=0.7,d, =d, =
d; =d, =ds = 0.1,N, = 50, N, = 50.
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Figure 9. Comparison of three numerical schemes for infected and quarantined individuals over
space variable using @« = 0.5,a; = 0.1, =0.2,y =04,0 =0.5,6 =05u=0.7,d, =d, =
d; =d, =ds =0.1,N, = 50,N, = 50.

7. Conclusions

A mathematical model of the COVID-19 epidemic disease has been constructed in the form of a
system of linear and non-linear differential equations. Its linear stability conditions are found by
considering Ruth-Hurwitz criteria, and later on, a time-fractional diffusive epidemic model was
constructed. The fractional numerical scheme has been developed by considering the fractional
Taylor series. Its stability and convergence conditions have been established, and it has been
compared to the present numerical scheme. It was proved that the existing non-standard scheme is
not first-order accurate from Taylor series analysis and drawn obtained solution for both integer and
fractional derivative cases.

On the other hand, the numerical results give compelling evidence for the advantages of a
proposed approach over non-standard approaches. The proposed numerical scheme can be applied to
epidemic models to get a conditionally positivity solution with unconditional stability. The proposed
numerical scheme had advantages over some existing fractional numerical schemes that provided the
solution for the classical case. Also, the proposed numerical scheme can be further applied in
epidemiological disease models and other problems [52,53] in fractional calculus.

Acknowledgments

The authors wish to express their gratitude to Prince Sultan University for facilitating the
publication of this article through the Theoretical and Applied Sciences Lab. This work was
supported by the research grants Seed project; SEED-2022-CHS-100.

Conflict of interest

The authors declare no conflict of interest.

AIMS Mathematics Volume 7, Issue 8, 14299-14322.



14319

References

1.

10.

11.

12.

13.

14.

15.

S. Abubakar, N. I. Akinwande, S. Abdulrahman, A mathematical model of yellow fever
epidemics, Afr. Math., 6 (2012), 56-58.

H. W. Hethcote, The mathematics of infectious diseases, SIAM Rev., 42 (2000), 599-653.
https://doi.org/10.1137/S0036144500371907

R. S. Baric, K. Fu, W. Chen, B. Yount, High recombination and mutation rates in mouse
hepatitis virus suggest that coronaviruses may be potentially important emerging viruses, In
Corona-and Related Viruses, Springer, Boston, MA, 1995, 571-576.
https://doi.org/10.1007/978-1-4615-1899-0 91

S. R. Weiss, J. L. Leibowitz, Coronavirus pathogenesis, Adv. Virus Res., 81 (2011), 85-164.
https://doi.org/10.1016/B978-0-12-385885-6.00009-2

S. Su, G. Wong, W. Shi, J. Liu, A. C. K. Lai, J. Zhou, et al., Epidemiology, genetic
recombination, and pathogenesis of coronaviruses, Trends Microbiol., 24 (2016), 490-502.
https://doi.org/10.1016/j.tim.2016.03.003

N. S. Zhong, B. J. Zheng, Y. M. Li, L. L. M. Poon, Z. H. Xie, K. H. Chan, et al., Epidemiology and
cause of severe acute respiratory syndrome (SARS) in Guangdong, People's Republic of China, in
February, 2003, Lancet, 362 (2003), 1353-1358. https://doi.org/10.1016/S0140-6736(03)14630-2

C. Rivers, J. P. Chretien, S. Riley, J. A. Pavlin, A. Woodward, D. Brett-Major, et al., Using
“outbreak science” to strengthen the use of models during epidemics, Nat. Commun., 10 (2019),
1-3. https://doi.org/10.1038/s41467-019-11067-2

N. M. Linton, T. Kobayashi, Y. Yang, K. Hayashi, A. R. Akhmetzhanov, S. Jung, et al.,
Incubation period and other epidemiological characteristics of 2019 novel coronavirus infections
with right truncation: A statistical analysis of publicly available case data, J. Clin. Med., 9
(2020), 538. https://doi.org/10.3390/jcm9020538

C. Huang, Y. Wang, X. Li, L. Ren, J. Zhao, Y. Hu, et al., Clinical features of patients infected
with 2019 novel corona virus in Wuhan, China, Lancet, 395 (2020), 497-506.
https://doi.org/10.1016/S0140-6736(20)30183-5

S. Bushnag, S. A. Khan, K. Shah, G. Zaman, Mathematical analysis of HIV/AIDS infection
model with Caputo-Fabrizio fractional derivative, Cogent Math. Stat.,, 5 (2018), 1432521.
https://doi.org/10.1080/23311835.2018.1432521

J. Losada, J. J. Nieto, Properties of a new fractional derivative without singular kernel, Progr.
Fract. Differ. Appl., 1 (2015), 8792.

M. Caputo, M. Fabrizio, A new definition of fractional derivative without singular kernel, Progr.
Fract. Differ. Appl., 1 (2015), 73-85. http://dx.doi.org/10.12785/pfda/010201

A. Alshabanat, M. Jleli, S. Kumar, B. Samet, Generalization of Caputo-Fabrizio fractional
derivative and applications to electrical circuits, Front. Phys., 8 (2020), 64.
https://doi.org/10.3389/fphy.2020.00064

S. Kumar, S. Ghosh, M. S. M. Lotayif, B. Samet, A model for describing the velocity of a
particle in Brownian motion by Robotnov function based fractional operator, Alex. Eng. J., 59
(2020), 1435-1449. https://doi.org/10.1016/j.aej.2020.04.019

P. Veeresha, D. G. Prakasha, S. Kumar, A fractional model for propagation of classical optical
solitons by wusing non-singular derivative, Math. Method. Appl. Sci., 2020.
https://doi.org/10.1002/mma.6335

AIMS Mathematics Volume 7, Issue 8, 14299-14322.


https://doi.org/10.1137/S0036144500371907
https://doi.org/10.1007/978-1-4615-1899-0_91
https://xs2.dailyheadlines.cc/citations?user=M2diIJYAAAAJ&hl=zh-CN&oi=sra
https://doi.org/10.1016/B978-0-12-385885-6.00009-2
https://xs2.dailyheadlines.cc/citations?user=HHdszD0AAAAJ&hl=zh-CN&oi=sra
https://xs2.dailyheadlines.cc/citations?user=GXOPLyMAAAAJ&hl=zh-CN&oi=sra
https://doi.org/10.1016/j.tim.2016.03.003
https://doi.org/10.1016/S0140-6736(03)14630-2
https://xs2.dailyheadlines.cc/citations?user=OSrbWZ0AAAAJ&hl=zh-CN&oi=sra
https://xs2.dailyheadlines.cc/citations?user=1mTtPIIAAAAJ&hl=zh-CN&oi=sra
https://doi.org/10.1038/s41467-019-11067-2
https://doi.org/10.3390/jcm9020538
https://doi.org/10.1016/S0140-6736(20)30183-5
https://doi.org/10.1080/23311835.2018.1432521
http://dx.doi.org/10.12785/pfda/010201
https://doi.org/10.3389/fphy.2020.00064
https://doi.org/10.1016/j.aej.2020.04.019
https://doi.org/10.1002/mma.6335

14320

16.

17.

18.

19.

20.

21.

22,

23.

24,

25.

26.

27.

28.

29.

30.

S. Kumar, S. Ghosh, B. Samet, E. F. D. Goufo, An analysis for heat equations arises in diffusion
process using new Yang Abdel AtyCattani fractional operator, Math. Method. Appl. Sci., 43
(2020), 6062-6080. https://doi.org/10.1002/mma.6347

M. U. Saleem, M. Farman, M. O. Ahmad, M. Rizwan, A control of artificial human pancreas,
Chinese J. Phys., 55 (2017), 2273-2282. https://doi.org/10.1016/j.cjph.2017.08.030

M. Farman, M. U. Saleem, A. Ahmad, M. Ahmad, Analysis and numerical solution of SEIR
epidemic model of measles with non-integer time fractional derivatives by using Laplace
Adomian decomposition method, Ain Shams Eng. J., 9 (2018), 3391-3397.
https://doi.org/10.1016/j.asej.2017.11.010

M. Farman, M. U. Saleem, M. Ahmad, A. Ahmad, Stability analysis and control of glucose
insulin  glucagon system in human, Chinese J. Phys., 56 (2018), 1362-1369.
https://doi.org/10.1016/j.cjph.2018.03.037

M. U. Saleem, M. Farman, M. Rizwan, M. O. Ahmad, A. Ahmad, Controllability and
observability of glucose insulin glucagon systems in human, Chinese J. Phys., 56 (2018), 1909-
1916. https://doi.org/10.1016/j.cjph.2018.09.005

M. Farman, M. U. Saleem, M. Ahmad, A. Ahmad, M. O. Ahmad, A linear control of composite
model for glucose insulin glucagon, Ain Shams Eng. J., 10 (2019), 867-872.
https://doi.org/10.1016/j.asej.2019.04.001

M. Farman, A. Ahmad, A. Akgdl, S. Imtiaz, Analysis and dynamical behavior of fractional order
cancer model with  vaccine strategy, Math. Method. Appl. Sci.,, 2020.
https://doi.org/10.1002/mma.6240

M. U. Saleem, M. Farman, A. Ahmad, E. Ul Haque, M. O. Ahmad, A Caputo Fabrizio fractional
order model for control of glucose in insulin therapies for diabetes, Ain Shams Eng. J., 2020.
https://doi.org/10.1016/j.asej.2020.03.006

M. Farman, M. U. Saleem, A. Ahmad, A control of glucose level in insulin therapies for the
development of artificial pancreas by Atangana Baleanu fractional derivative, Alex. Eng. J., 59
(2020), 2639-2648. https://doi.org/10.1016/j.aej.2020.04.027

M. Farman, A. Akgll, D. Baleanu, S. Imtiaz, A. Ahmad, Analysis of fractional order chaotic
financial model with minimum interest rate impact, Fractal Fract.,, 4 (2020), 43.
https://doi.org/10.3390/fractalfract4030043

D. Baleanu, M. Jleli, S. Kumar, A fractional derivative with two singular kernels and application to a
heat conduction problem, Adv. Differ. Equ., 1 (2020), 252. https://doi.org/10.1186/s13662-020-02684-z
S. T. M. Thabet, M. S. Abdo, K. Shah, T. Abdeljawad, Study of transmission dynamics of
COVID-19 mathematical model under ABC fractional order derivative, Results Phys., 19 (2020),
103507. https://doi.org/10.1016/j.rinp.2020.103507

A. Atangana, Modelling the spread of COVID-19 with new fractal-fractional operators: Can the
lockdown save mankind before vaccination? Chaos Soliton. Fract., 136 (2020), 109860.
https://doi.org/10.1016/j.chaos.2020.109860

A. Atangana, S. |. Araz, Mathematical model of COVID-19 spread in Turkey and South Africa:
Theory, methods and applications, Adv. Differ. Equ., 2020 (2020), 1-89.
https://doi.org/10.1101/2020.05.08.20095588

N. Bildik, S. Deniz, A new fractional analysis on the polluted lakes system, Chaos Soliton.
Fract., 122 (2019), 17-24. https://doi.org/10.1016/j.chaos.2019.02.001

AIMS Mathematics Volume 7, Issue 8, 14299-14322.


https://doi.org/10.1002/mma.6347
https://doi.org/10.1016/j.cjph.2017.08.030
https://doi.org/10.1016/j.asej.2017.11.010
https://doi.org/10.1016/j.cjph.2018.03.037
https://doi.org/10.1016/j.cjph.2018.09.005
https://doi.org/10.1016/j.asej.2019.04.001
https://doi.org/10.1002/mma.6240
https://www.sciencedirect.com/science/article/pii/S2090447920300551%23!
https://doi.org/10.1016/j.asej.2020.03.006
https://doi.org/10.1016/j.aej.2020.04.027
https://doi.org/10.3390/fractalfract4030043
https://doi.org/10.1186/s13662-020-02684-z
https://doi.org/10.1016/j.rinp.2020.103507
https://doi.org/10.1016/j.chaos.2020.109860
https://doi.org/10.1101/2020.05.08.20095588
https://doi.org/10.1016/j.chaos.2019.02.001

14321

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44,

45.

46.

S. Ucar, Existence and uniqueness results for a smoking model with determination and
education in the frame of non-singular derivatives, Discrete Contin. Dyn.-A, 14 (2018), 2571-
2589. https://doi.org/10.3934/dcdss.2020178

A. Atangana, B. S. Alkahtani, Analysis of the Keller-Segel model with a fractional derivative
without singular kernel, Entropy, 17 (2015), 4439-4453. https://doi.org/10.3390/e17064439

A. Atangana, D. Baleanu, New fractional derivatives with nonlocal and non-singular kernel:
Theory and application to heat transfer model, Therm. Sci., 20 (2016), 763-769.
https://doi.org/10.2298/TSCI1160111018A

A. Atangana, I. Koca, On the new fractional derivative and application to non-linear Baggs and
Freedman model, J. Nonlinear Sci. Appl., 9 (2016), 2467-2480.
https://doi.org/10.22436/jnsa.009.05.46

M. A. Khan, A. Atangana, Modeling the dynamics of novel coronavirus (2019-nCov) with fractional
derivative, Alex. Eng. J., 59 (2020), 2379-2389. https://doi.org/10.1016/j.aej.2020.02.033

M. Z. Ullah, A. K. Alzahrani, D. Baleanu, An efficient numerical technique for a new fractional
tuberculosis model with non-singular derivative operator, J. Taibah Univ. Sci., 13 (2019), 1147—-
1157. https://doi.org/10.1080/16583655.2019.1688543

M. Asif, Z. A. Khan, N. Haider, Q. Al-Mdallal, Numerical simulation for solution of SEIR
models by meshless and finite difference methods, Chaos Soliton. Fract., 141 (2020), 110340.
https://doi.org/10.1016/j.chaos.2020.110340

M. Asif, S. U. Jan, N. Haider, Q. Al-Mdallal, T. Abdeljawad, Numerical modeling of NPZ and
SIR models with and without diffusion, Results Phys., 19 (2020), 103512.
https://doi.org/10.1016/j.rinp.2020.103512

M. A. Hajji, Q. Al-Mdallal, Numerical simulations of a delay model for immune system-tumor
interaction, Sultan Qaboos uUniv. J. Sci., 23 (2018), 19-31.
https://doi.org/10.24200/squjs.vol23iss1ppl9-31

H. Hethcote, The mathematics of infectious diseases, SIAM Rev., 42 (2000), 599-653.
https://doi.org/10.1137/S0036144500371907

F. Brauer, Mathematical epidemiology: Past, present, and future, Infect. Dis. Model., 2 (2017),
113-127. https://doi.org/10.1016/j.idm.2017.02.001

S. Ahmad, A. Ullah, Q. Al-Mdallal, H. Khan, K. Shah, A. Khan, Fractional order mathematical
modeling of COVID-19 transmission, Chaos Soliton. Fract., 139 (2020), 110256.
https://doi.org/10.1016/j.chaos.2020.110256

D. Baleanu, M. H. Abadi, A. Jajarmi, K. Z. Vahid, J. J. Nieto, A new comparative study on the
general fractional model of COVID-19 with isolation and quarantine effects, Alex. Eng. J., 61
(2022), 4779-4791. https://doi.org/10.1016/j.aej.2021.10.030

A. Jajarmi, D. Baleanu, K. Z. Vahid, S. Mobayen, A general fractional formulation and tracking
control for immunogenic tumor dynamics, Math. Method. Appl. Sci., 45 (2022), 667-680.
https://doi.org/10.1002/mma.7804

V. S. Erturk, E. Godwe, D. Baleanu, P. Kumar, J. Asad, A. Jajarmi, Novel fractional-order
Lagrangian to describe motion of beam on nanowire, Acta Phys. Pol. A, 140 (2021), 265-272.
https://doi.org/10.12693/APhysPolA.140.265

P. Kumar, V. S. Erturk, The analysis of a time delay fractional COVID-19 model via Caputo type
fractional derivative, Math. Method. Appl. Sci., 2020, 1-14. https://doi.org/10.1002/mma.6935

AIMS Mathematics Volume 7, Issue 8, 14299-14322.


https://doi.org/10.3934/dcdss.2020178
https://doi.org/10.3390/e17064439
https://doi.org/10.2298/TSCI160111018A
https://doi.org/10.22436/jnsa.009.05.46
https://doi.org/10.1016/j.aej.2020.02.033
https://doi.org/10.1080/16583655.2019.1688543
https://doi.org/10.1016/j.chaos.2020.110340
https://doi.org/10.1016/j.rinp.2020.103512
https://doi.org/10.24200/squjs.vol23iss1pp19-31
https://doi.org/10.1137/S0036144500371907
https://doi.org/10.1016/j.idm.2017.02.001
https://doi.org/10.1016/j.chaos.2020.110256
https://doi.org/10.1016/j.aej.2021.10.030
https://doi.org/10.1002/mma.7804
https://doi.org/10.12693/APhysPolA.140.265
https://doi.org/10.1002/mma.6935

14322

47.

48.

49.

50.

51.

52.

53.

A. Zen, P. Kumar, V. S. Erturk, T. Sitthiwiattam, A new study on two different vaccinated
fractional-order COVID-19 models via numerical algorithms, J. King Saud Univ. Sci., 34 (2022),
101914. https://doi.org/10.1016/j.jksus.2022.101914

P. Kumar, V. S. Erturk, A. Kumar, A new technique to solve generalised Caputo-type fractional
differential equations with the example of computer virus model, J. Math. Ext., 15 (2021), 1-23.
P. Kumar, V. S. Erturk, M. Murillo-Arcila, A new fractional mathematical modelling of
COVID-19 with the availability of vaccine, Results Phys., 24 (2021), 104213.
https://doi.org/10.1016/j.rinp.2021.104213

L. Basnarkov, SEAIR Epidemic spreading model of COVID-19, Chaos Soliton. Fract., 142
(2021), 110394. https://doi.org/10.1016/j.chaos.2020.110394

Y. Nawaz, M. S. Arif, W. Shatanawi, A new numerical scheme for time fractional diffusive
SEAIR model with non-linear incidence rate: An application to computational biology, Fractal
Fract., 6 (2022), 78. https://doi.org/10.3390/fractalfract6020078

S. A. Pasha, Y. Nawaz, M. S. Arif, The modified homotopy perturbation method with an
auxiliary term for the nonlinear oscillator with discontinuity, J. Low Freq. Noise V. A., 38 (2019),
1363-1373. https://doi.org/10.1177/0962144X18820454

Y. Nawaz, M. S. Arif, K. Abodayeh, An explicit-implicit numerical scheme for time fractional
boundary layer flows, Int. J. Numer. Meth. Fl., 2022. https://doi.org/10.1002/fld.5078

© 2022 the Author(s), licensee AIMS Press. This is an open access

aAaivis ATMS Press  article distributed under the terms of the Creative Commons

Attribution License (http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 7, Issue 8, 14299-14322.


https://doi.org/10.1016/j.jksus.2022.101914
https://doi.org/10.1016/j.rinp.2021.104213
https://doi.org/10.1016/j.chaos.2020.110394
https://sciprofiles.com/profile/2017931
https://sciprofiles.com/profile/1968915
https://sciprofiles.com/profile/533897
https://doi.org/10.3390/fractalfract6020078
https://doi.org/10.1177/0962144X18820454
https://doi.org/10.1002/fld.5078

	Figure 1. Transmission diagram of the model.

