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1. Introduction

Fractional calculus is a branch of mathematics that contains integrals and derivatives of arbitrary
orders (including rational, real, complex numbers). Nowadays, the main focus of this field has been
changed from pure mathematical formulations to applications on a variety of mathematical models
such as modeling of pantograph systems [1], different kinds of Langevin equations [2, 3], memristor-
based chaotic circuits [4], etc. Indeed, a new approach for modeling physical phenomena within
a simple and effective procedure is used via fractional differential equations (FDEs) with singular
and nonsingular derivatives. Therefore, in recent decades, fractional operators have been appeared
in science, engineering, physics, dynamics, biological models, as well as electrodynamics, and fluid
mechanics. For more details, interested readers are referred to see the heat equation in the context of the
Caputo-Fabrizio derivative [5], fractional graph representation of ethane [6], Hahn-integro-difference
equations [7], investigation of some diseases such as anthrax in animals and mumps via non-singular
derivatives [8,9], fuzzy fractional model of coronavirus [10], fractal-fractional modeling [11], uncertain
fractional modeling [12] and the references therein. The reason beyond the success of fractional
calculus in modeling natural phenomena is that its operators are nonlocal, which strongly makes them
suitable and efficient to describe the long memory or nonlocal effects characterizing most physical
phenomena, where the models of problems with uncertain parameters reflect the actual behavior of the
systems and make the model more realistic. Obtaining an analytical solution for FDEs is more difficult
in most cases. Thus, many researchers have proposed and improved several numerical techniques to
get approximate solutions. In addition, finding approximate asymptotic solutions for these problems
allows researchers in control and similar fields to find stable solutions quickly. In [13], asymptotic
interval approximate solutions for FDEs are discussed with the Atangana-Baleanu derivative. On the
other hand, studying the existence and uniqueness (EUS) of solutions is a hot topic in FDEs. In
the sequel, we present some recent scientific contributions of researchers about EUS to FDEs. For
example, in [14], the authors conducted research regarding the solution set of the following FDE:

(00" + b(y)x = 0,

under some simple restrictions on the functional coefficient b(y). Baleanu et al. [15] discussed two
global solutions in relation to an initial value problem (IVP) involving a vast category of FDEs.
Zhao et al. [16] developed an existence theorem of solution for FHDEs (fractional hybrid differential
equations) involving Riemann-Liouville differential under mixed Lipschitz and Caratheodory
conditions. Sitho et al. [17] used fixed point theorems to examine existence results for initial value
problems for HFDEs. Khan et al. [18] investigated the EUS for a coupled system of FDEs with p-
Laplacian operator. In the last few decades, an important class of FDEs has taken great attention in
nonlinear differential equations, known as HDEs. For example, in [19], the authors studied the EUS to
the ordinary HDEs with linear perturbation of the first type given by
Q)

[Feaml = Y6 QA =Qer D=,
where Z € C([s0, 50 +b] xR, R—{0}), b € R", [y, 50+ b] is bounded interval, Z(s, Q(s)) is continuous
and Y(s, Q(s)) is a Caratheodory class of functions. Dhage et al. [20] studied the EUS of the ordinary
HDEs under the linear perturbation of the second type given by

D[Qs) - Z(5, Q)] = Y(5,Qs)), Qo) = Q) €R.

d
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Some fundamental differential inequalities are used to prove the existence results for extremal
solutions. Herzallah et al. [21] proved the EUS for two first and second types of HFDEs with the
aid of fixed points, given as

Q(s)
D[ —22
[Z (5, Q(s))

DPIQs) - Z(5, Q)] = Y(5,Q5)), Qlso) = Q) €R,

1=Y6.Q%), Qs)=Q €R,

where 2 is the Caputo fractional derivative of order 0 < 8 < 1 and 7 € [0, T']. For more recent hybrid
models, we refer to [22-25].

Recently, FDEs with p-Laplacian operators have been investigated by many researchers. For
example, Khan et al. [26] established the EUS of a class of nonlinear HFDEs under p-Laplacian
operator by a method based on topological degree, given by

O 6Dy (f(5) = Yals, V(N = —¥1(5, (5)),
(65D} (F($) = ol O]y = [6, DY (f(5) = Yo & V)] .y =
for i e RY™' — (1},
fS)ezg =0, i €Ny,
_ _ 1
f(0) = Ty f (b= )" Ya(f(0))db,

df() _ dyn(f(D)
dy  dy

For further information, we refer to read these papers [27]. To the best of the authors’ knowledge, no
publication exists that deals with the EUS and Hyers-Ulam stability (HU-stability) of general HFDEs
under p-Laplacian operators equipped with mixed boundary conditions. Motivated by this reason, our
main goal in this manuscript is to prove the EUS as well as the HU-stability for the following general
system of nonlinear HFDEs under p-Laplacian operator which is formulated as

O 6, (DY (f(5) = ¥als, VO] = 1 (5, V(S)),

DR [¢p(CDP (V) — (s, FON)] = —¥3(s. f(s)),

[, D} (£($) = vas. VO Lo = [8,( D} (£($) = Yals. V)], = O

[6p (DR (1) = wa(s. FEINILy = [8p(“DP(M(S) = (s, F(©N))].—, = 0

for i € N7 — (1), (1.1
W5 V(N = (Wals. F($))ely = 0,i € Ny,

FOS)gzp = f<'" D(©)g=1 = 0, v(¢)emg = V" (¢)m1 = 0, i €NJ2,

fa )— —— ") =0, (1)~

- 1)! e ©=0
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where c@g", CZ)g", i = 1,2, are the Caputo fractional derivatives with m — 1 < y;, 8; < m, and m is
nonnegative integer number. For k € N, i is a continuous function and belongs to .£[0, 1], é,(y) =
ly|P~2y is a p-Laplacian operator, where 1]—7 + é =1and ¢, = ¢]‘,1.

The structure of this article is organized as follows: We present several fundamental theorems,
definitions, and lemmas in Section 2 to be used in our study. In Section 3, by using the Green functions,
we transform the coupled hybrid BVPs (1.1) into integral equations, Then by defining a set of operators,
the integral equations are converted into a new equivalent fixed point problem. Thereafter, by using
the topological degree method, the main results for existence and uniqueness are proved. In Section 4,
the stability of the proposed system (1.1) is investigated via the Hyers-Ulam criterion. In Section 5, we
give an example to show the validity and efficacy of the results, and finally, the conclusion is presented

in Section 6.
2. Auxiliary results

In this section, we recall some definitions and lemmas.

Definition 2.1. [28] The Caputo fractional derivative of order vy of a real continuous function Q on
[0, o0) is defined by

1 S
‘D) = =——— f (¢ =" Q"()dd, 2.1)
I'(m—-7y)Jo
where m — 1 <y < m, m is an integer number, if the right-hand side integral converges point-wise on
the interval (0, o).

Definition 2.2. [29] The Riemann-Liouville fractional integral of order y of a function Q (with above
property) is defined by

1 S
Q :—f -9 'Q()dY. 2.2
0 Q(s) F()/)O(g )T Q(P) (2.2)
Lemma 2.1. [30] Lety € (m,m — 1], Q€ C""'. Then
TV DIQ(S) = Q) + by + bas + bsg™ + ... + by, (2.3)

forb; € R, i € NY.

The Banach space 7 = C((0, 1],R) is a family of continuous functions with the functional norm
Ifll = sup{li(¢)| : ¢ € [0, 1]}. If we consider the product space J = 7 x 1 via the norm ||(f, v)|| = |[f|[+][VIl,
then it is also a Banach space. In the following, some basic notations and results linked to the nonlinear
coincidence degree theorem are recalled, which one can find them in [31-33].

Definition 2.3. [34] Let the category of all bounded sets C(J) be denoted by S. Then the mapping
B: S — (0, ) entitled the Kuratowski measure of non-compactness is defined by

B(E) = inf{r > 0 : There is a finite cover for E of diameter < r}, E € S.

Definition 2.4. A mapping A : J — J is said to be a contraction if there is 1 > & > 0 such that for
each pairs of the points (f,v) and (i, v*), the distance between the images of these points under A are
closer than the distance between the points. Mathematically, we mean

(A, v) = AT VO < ) - (vl 2.4)
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Lemma 2.2. [34] For the measure B, we have the following properties:

(1) For the relatively compact set K, B(K) = 0;

(2) B is seminorm, i.e., B(uK) = |u|B(K), u € R, and B(K| + K;) < B(K,) + B(K>);
(3) K, C K, yields B(K,) < B(K>);

(4) B(convK) = B(K);

(5) B(K) = B(K).

Definition 2.5. [34] Suppose that A : S — I is bounded and continuous such that S C 1. Then A is
an B-Lipschitz, if there is € > 0 such that

B(A(K)) < € B(K) for every bounded set K C S.

In addition, A is called a strict B-contraction under the condition € < 1.

Definition 2.6. [34] The function A is B-contraction if
B(A(K)) < B(K) for every bounded set K C S such that B(K) > 0.

Therefore, B(A(K)) > B(K) yields B(K) = 0.

Note that € < 1 implies that A is a strict contraction. o
_Assume that Q; and €, are two bounded sets in 7 such that 0 € Q;, Q; € Q, and A : T N
(,\Q) — 7 is an operator.

Definition 2.7. [35] An operator A : I N (Q\Q,) — I is

e (U,) Uniformly bounded if there is € > 0 such that |A(S)| < Cforallt € T N (Q_Z\Ql);
o (U,) Equicontinuous if for every € > 0, there is 6(€) > 0 such that |A(g)) — A(sy)| < € for all
S1,62 € I N (Q\Q)) with |§) — 6| < 6.

Theorem 2.1. [36] Let A : I N (Q\Qy) — I. Then A is compact if and only if it is uniformly
bounded and equicontinuous.

Theorem 2.2. [37] Let I be a Banach space. Then a contraction A : I — 1 has a unique solution
@ such that A(w) = @ (the Banach contraction principle).

Proposition 2.1. [38] A is B-Lipschitz with constant € > 0 if and only if A : S — I is Lipschitz with
constant € > Q.

Proposition 2.2. [38] The mapping A is B-Lipschiz with constant € = 0 ifand only if A: S — 1 is
said to be compact.

Theorem 2.3. [I8] Let A : I — I be a B-contraction and
D ={x €1 :Thereexists 0 <6 < 1 such that x = $A(x)}.
If © C Iis bounded, i.e., there is some r > 0 with © C x,(0) and
deg(1 — 64,x.(0),0) =1, forevery 0 <6 <1,

then A has at least one fixed point in x,(0).
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Lemma 2.3. [39,40] Consider the p-Laplacian operator ¢,,. Then
(1)If1 < p <2, Mi, My >0, and IMy|, My =1 > o, then

I, (M) = ¢p(M)] < (p = DR IMy = My,
(2) If p > 2, and \M,|,IMy| < 1, then

$p(M1) = ¢,(MI < (p = D" 2IMy = M|,
3. Results regarding the EUS

In this section, based on the above auxiliary notions, we prove the following results on the EUS of
the considered system (1.1).

Theorem 3.1. Assume that W € C|[0, 1] is an integrable real function. Then for B1,y; € (0, 1], the
solution of

D[, (DU (f(6) = Wa(s, V()] = (5, M(s)),

(65D} ((5) = Yals. VML = [0p( ‘DY (F($) = Yals. V)] = 0.
forie Ny~ — (1},

Wals. V(&N =0, i €Ny, G-1)
FUS)gmo = [ (6)e=1 = 0, i €NJ2,
— 1 (m—1) _
)= s 70 =0,
is 1 1
F(©) = ¥als,v(s) + fo G (s, m,( fo G, O (V(&)d€)dn, (3.2)
where G"' (¢, 1) and GP'(n,§) are Green functions defined by
O A et G e ) U et
G (¢, ) = F()’11) 1 L'(yr —m+ DI(m) (33)
O i C e A 0<c<p<l
L(y1) L(yr —m+ DI(m)’ - |
and pi i
—(c-n""  c(d-n""
TGy TGE-1 Osm<s=d
1 _Js@ -
G . = m, 0<¢<n<4, (3.4)
—(s—n!
W, 0<A<np<g.

AIMS Mathematics Volume 7, Issue 8, 14187-14207.
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Proof. By applying the integral J’ ’g‘ on both sides of (3.1) and using Lemma 2.1, we get
(3.5)

("D (F(©) = (6. V(D) = =T (W (S, V(D) + €1 + €26 + o+ Cna 677 + ™™
0 =0,i=0,23,....m-1, we get

By using the conditions [¢,(“D{' (f(s) — ¥a(s, v(s))] 2o

c3=c=...=c¢, =0.

The conditon [¢,(‘ D} (f(s) — ¥a(s. V&), = 0. i € Ny~! — {1} gives

1 A
Cr = mf (41— U)ﬁl_zlﬂl(ﬂ’ v(m)ds. (3.6)
0
By inserting ¢;, i € N in (3.5), we get
¢p(“ DY (f(s) = ¥a(s, () (3.7)
F (g - Ts(—mp!
L W%(U, v(17))dn + fo mlﬁl(ﬂ, v(m))dn.
We write (3.7) as
1
¢p("Dy (f($) = ¥a(s, ¥(5)))) = ﬁ G (s, mni (n, v()dn. (3.8)
By applying ¢, = ¢1‘,1 on both sides of (3.8), we have
1
‘O (f(§) = a(s, v(6)) = o[ f G (s, My (n, v(m)dn]. (3.9)
0
By integrating on both sides of (3.9) by employing the operator I}, we obtain
1
f(©) = Y, v(e) + I [¢y( f G (6.1 (1, v()dn)] (3.10)
0
ki + koS + oo A k16 + kg™l
By using the condition f“(¢)._o = 0,i € N/, we getkr = k3 = ... = ky—y = 0.
By inserting the values of k;, i € N’;H in (3.10), we obtain
1
F() = a5, v(§)) + I [y( f G (6. mn (i, v()dn)] + ki + kg™ (3.11)
0
Since fV(¢).-; = 0, hence
(3.12)

oy = ——

| . :
s [  saunrv)an)
m) 0
Substituting k,, in (3.11), we get

Volume 7, Issue 8, 14187-14207.
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1
f(©) = Y, v(s) + I [¢,( f G (s,my1(n, v()ds)] + ki

m—1

s
“T(m) )
Also, the last condition f(1) —

71 m+1 ¢q(f gﬂ (s, M (n, V(U))dn)]

o /"7 P(0) = 0 gives

-1 1 1
b= o [ =07l [ & sty
I'(m) Jo 0
Substituting k; in (3.13), we get
“(s - n)71 '
o I'n

(1 —-npm~ 1
fo oy 2 f G (& i (n, v(©))dE)dn

1 g,m (1 _ n)yl—m 1
_fo C(m)(y, —m + 1)¢q( fo G (& i (n, v(©)dE)dn.

By using the Green function, we can write (3.15) as

) = Ya(s,v(e) +

bq( f G &y (n, v(©))dé)dn

1 1
f() = ¥als, v(s)) + fo G (s, mpy( fo G (& My (€, v(&))dé)dn.

This completes the proof.

(3.13)

(3.14)

(3.15)

(3.16)

O

By applying Theorem 3.1, the solution of (1.1) is corresponding to the following coupled integral

equations:

1 1
F(6) = Ul v(e) + fo G (6.1 fo GP & (E ) dE)dn,

1 1
v(§) = Yu(s, f(9) + j(: G (5, M j(: GPE (€, f(©)dé)dn,

where G (s, 1) and G?* (s, i) are the following Green functions:

(- ' =-d-pr' A -pr™"
I'(y2) C(ys —=m+ DE(m)’

G (s, =
(I-p»' Il -—pr 0 <
- - , ¢<s<1
['(y2) I'(y, —m+ 1I'(m)
and 1 5
— — 2= — 2=
(c—npf L s@ ny , 0<p<c<i
I'B>) I'g,-1)
A—nf
G (s, ) = g(—, O<c<n<a,
n TG 1) c<n
(¢ —n!
— Y 0<iA<n<cg.
T(3,) )

(3.17)

(3.18)

AIMS Mathematics Volume 7, Issue 8, 14187-14207.
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Now, we define the operators 7 : I — I for j € N7 as follows:

1 1
T1f(s) = fo G (s, mMy( fo G\ (n, O ((&))dé)dn,
1 1
Tov(s) = fO G (s, My( fo G (n, E)s(f(£))dé)dn, (3.19)
T3(6) = (s, v(s),
Tav(s) = Yuls, f(5)).

Depending on 7, j € N* we define B,(f,v) = (71,72), Bo(f,v) = (73,74), and then B(f,v) =
By(f,v) + Bi(f,v). So, by Theorem 3.1, the solutions of (3.17) and (3.18) are equivalent to the
following fixed point problem:

(f;v) =B(f,v) = Ba(f,v) + Bi(f,v). (3.20)

In order to prove our next results, we introduce the following assumptions:
(Ry) For positive constants a;,ar, Wy, W, and d;,d, € [0, 1], the two functions ¢, 3 satisfy the
following conditions:

1 (e, V)] < @ (arvl + W),
l3(x, £l < @plaal f1 + Wy,).

(R,) For positive constants as, as, Wy,, Wy, and d;,d, € [0, 1], the two functions ¢, 4 satisfy the
following conditions:

W2 (x, V)| < sVl + Wy,
Wa(x, )l < aglfI + W,,.
(R3) There are €, and ¢, such that for each f,v,x,r € B,
Wi(&,v) =y (€, 1) < glv—Tl,
[W3(E, ) — w3, x)| < €l f — xl.
(R4) There are €, and €, such that for each f,v, x,r € B,
W2 (&, v) — (&, 1)l < €,lv — 1,
[Wa(E, ) — val, 0| < €,lf — .

Remark 3.1. For the simplicity, we define the following notations:

Y - — S U
=50 Tt —m e ) T D TG
2 1 1 At

Vo= ( X o,

Toat D) Tol(s-m+2) ) T@+ 1) T(B)

AIMS Mathematics Volume 7, Issue 8, 14187-14207.
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Y = (@Y + axl>), Y, = (a3 + as),
M, = *ylwlﬂl + y2W¢2, M, = Wl//s +Wl//4’

M* = M; + M.
In addition to that,
K=Y+,
2 1 1 P
=(g- " + + ,
Vo= @=m e G ot —mr ) TE + 1 T TG
2 1 1 P

Yi=(q- 1)Ug_2€w3( X

That D) Tl —m+2) T+ 1) T(B)
Zl = y3 +y4, Zz = €, + €yy-

Theorem 3.2. Under the assumptions (R,)—(Ry), the operator B : J — 9 is continuous, and the
growth condition holds under B as follows:

),

B Il < KIS I+ M, (3.21)

for each (f,v) € g, € I, and ||(f, VI = ||fII¢ + V|l for d = max{d,,d,}, where K and M* are defined
in Remark 3.1.

Proof. We consider a bounded set g, = {(f,v) € J : |[(f, V)|l < r} along with the sequence (f,, ;)
tending to (f,v) in g,. To prove [|[B(f,, v,) — B(f,v)|| = 0, as n — oo, we first show the continuity of
B;. So, we estimate

IT34(6) = Tif(S)
1 1 1 1
| fo G (s fo G 01, 0 (,(£))dE ) - fo G (s fo G (1, 0 ()€ )|

1 1 1
| fo G (sl fo G (1, 0 ((€)dE)dn - fo G (1, O (€N gl

IA

1 1 1
j; 167" (s [ fo G (1, 1 (va(€))dE)dn ~ ¢y ( fo G, O (W(€))dé|dn

IA

1 1
(q— Dl fo 16" (¢, )l fo G (1, E)llva(€) = v(E)ldédn

IA

1 1
(g - D e, val@) - V@) fo 6" (6 fo 6% (n, &)ldedn.

This implies

1 1
T fu(6) = Tof )] < (@ = D2, va(@) = @) fo 6" (6 fo &P (. Oldeds. (3.2

For 7,v, and 7,v, we use the same steps to get
1 1
Ton(6) = Tov(o)l < (g - D el - @) [ 167l [ 167G oldgan. (323)
0 0

AIMS Mathematics Volume 7, Issue 8, 14187-14207.
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Since f and v are continuous, therefore |v,(£) — v(¢)] — 0, and [f,(¢) — f(€é)] » Oasn — oco. By
using (3.22) and (3.23), we conclude that |7 f,(s) — 71f(s)] = 0 and [T,v,(s) — Tov(s) — O as
n — oo. This implies that 7 and 7, are continuous. The continuity of 7 and 7, leads to that of

By = (71,72).

Secondly, to show the continuity of B,, we consider

T3/0(S) = T3 1 ()

IA

and

[ T4va(§) = Tav(9)l =
<

[W2(5, va(€)) — ¥a(s, v(S))I

€y, [vu($) — V(S (3.24)
€l fu($) = F(S)I. (3.25)

Since f and v are continuous, therefore, |v,(£) — v(£)] — 0 and |f,(¢) — f(é)] = 0 asn — oco. By
using (3.24) and (3.25), we conclude that |73f,(s) — 73f(s)] = 0 and [T4v,(s) — T4v(s) — O as
n — oco. This gives that 73 and 7, are continuous. The continuity of 73 and 7, gives that of the
operator B, = (73, 74). Consequently, B(f,v) = (B,(f,v), B,(f,v)) is continuous.

In order to prove the inequality (3.21), we use 71, 7, and the assumption (R;) as follows:

171

IA

IA

IA

1 1
| [ g cno [ & anowmoendoan
1 1
[ 167 o [ 167w ot @naey
1 1
[ 167 nia [ 167 ot + w0 deran

1 1
fo[lﬁ‘(g,n)l%(fo G (1, €)ldE)dn(a, V" + W,,)

B1—1

1
fo [1G7" (5. m)lgy(

1

1
TG +1)  TB)

)dn(aiv® +W,,)

Pl g1 J
) ldn(a v + Wy, )

1
Y1
[ et

( 2 1

—+

'(B1)
1 LI
Y a1 + Wy,).

This leads to

Tor+1) ' TGml(, —m+2)

)(F(,B +
1+ TB)

T1f (] < Vi +Wy,). (3.26)

For 75, by using the same steps, we obtain the following inequality:

T2 < Yalaal 1 +W,,). (3.27)

By (3.26) and (3.27), we have

AIMS Mathematics
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B1(f() V) = [T1£(s) + Tav(| < IT1f(S) + T2
Vi@ +Wy,)) + Yalal /I +W,,)
a V" + aliIfI1? + ala v
+ar Yol I + Y Wy, + Yo W,

(@Y + )N+ By,

IA

IA

IA

This implies
1B1(f($): V() < VNI + By (3.28)
Next, by using 73 and 7 and the assumption (R,), we get

T3] = Wa(s, V()] < aslv| + Wy, (3.29)

[Tav()] = Wa(s, f(O) < aslfI” + Wy, (3.30)
By (3.29) and (3.30), we have

1B2(f($), V() 1T3(S) + Tav(Ol < T3 1 (] + [Tav(o)l

W2 (S, v(ENI + [Wa(s, f())I

d d
az V| + Wy, + asl f1* + W,

IA I Il

IA

d d d d
a V™ + a3|f1? + aslv|™ + asl f17° + Wy, + Wy,

(az + a)l(FI + Wy, + W,

IA

Thus,
1B2(£(5), V() < V5II(F, I + B (3.31)

With the aid of (3.28) and (3.31), we get

1B, V(NI < [B1(f(), V()] + [B2(f (), V()]
N+ By + S5+ B,
Y7+ DS + By + B,

IA

This gives us the following inequality:
IB(f (), ()] < KIS I + B

The proof is completed. O

Theorem 3.3. With assumption (R,), the operator B, : J — J is compact. Moreover, B, is B-
Lipschitz with constant zero.
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Proof. Based on Theorem 3.2, we conclude that the operator B, : J — J is bounded. Next, with the
help of the assumption (R;) and by choosing ¢y, ¢» € [0, 1] arbitrarily, we have

T1f(51) = T1f(s2)l

1 1
| f (G (61,1 = G (62 D)4 f G . (E©) )|

IA

1 1
foIg”(gun)—gy‘(gz,n)l%(fo IG" (€, i (¢, v(E)dél)dn

IA

1 1
fo G (s1,1) — G (S2, Dpy( ﬁ G (& gy (ar ™ + W, dé))dn

1 1
(™ + Wy,) fo G (s1,1) — G (S2, My( f IG° (&, m)ldé)dn

[
TB+ 1) @)
L
LB +1 TG

IA

(@ V" + Wy, )( ) f G (s1.m) — G (S2. Mldn
|§'1 - gg | _ |§1 _gz

|
T+ 1D Tl —m+2)

!

(a1 v + Wy, )(

This implies
T = Tif (sl < + Wy Y 4+ Ay
1J(S1 1J(&2) =(aq U F(,8+1) F(,B)
)’1 -1 _
><[| ANt 1 (3.32)

Ly + 1)  TmI(y, —m+2)
Using the same steps with 7,v, we get
1 P
+
[@B+1)  I(B)
S I
I+ TmI(y, —m+2)

)

[T2v(51) — Tav($2)| <(aal f1 + W,,)(

x|

. (3.33)

By using (3.32) and (3.33), we have

1B1(f,v)(s1) = Bi(f,v)(s2)l

< |ﬂf(§‘1) - Tlf(§2)| + |TzV(§1) - T2V(§2)|
u 1 R ek 4 B Y U
< @MW) GEET ey [r(yl D) Tl —m+2)
0 L VR R [ Rk o s = ¢4
Half WG T ray) T Trg—manh G

As ¢ — ¢, the right-hand side of (3.34) tends to zero. Thus, 8B, = 7,f(¢) + T,v(¢) is an
equicontinuous operator on J. By Theorem 2.1, the operator B;(J) is compact. Therefore, B, is
B-Lipschitz with constant zero (by Proposition 2.2). O
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Theorem 3.4. Under the assumptions (R,) and (R3), and with the condition K = (Y] + Y;) < 1, the
system of coupled p-Laplacian HFDEs (1.1) has a solution, and the set of solution is bounded in .

Proof. In order to prove the existence of the solution to our problem (1.1), Theorem 2.3 is used. Let

X={(f,veg: Joel0,1], sit. (f,v) =0B(f,v)} (3.35)

We consider a contrary procedure to demonstrate that X is bounded. For some (f,v) € J, we have
I|I(f,v)]| =S — oo. From Theorem 3.2, we estimate

NI = NloeBUI < IBU ) (3.36)
< KIS I+ M
Since ||(f, v)|| = S, then (3.36) implies
A< KNI + M. (3.37)

Divide both sides of (3.37) by ||(f, v)||. Thus,

K M*
1 < + .
NI A

Therefore,

*

K
1<——+ —0as S — oo.

St S
This leads to that 1 < 0 as S — oo, but this is a contradiction of our assumption. Ultimately ||(f, v)|| <
oo, and hence X is bounded set and by Theorem 2.3, B involves at least one fixed point which is the

solution to supposed system of coupled p-Laplacian HFDEs (1.1), and the set of such solutions is
bounded in 7. O

Theorem 3.5. Let assumptions (R3) and (R4) to be held. Then the system of coupled p-Laplacian
HFDE:s (1.1) has a unique solution if A = Z, + Z, < 1.

Proof. Firstly, by using 77, 7, and assumptions (R3), (R4), we have
1T1£() = T1f (o)
1 1 1
| [ g cnto [ 6" enuneveno o [ 6 ey enel

< | 6 6l | | GE (€ HENE) — b, | GE (. ©)Edn
< - | G | 6P E DI E. V) — 6.V )iy

< (g- Dnf e, &) - V@) fo G fo 6 €.

< (q- e 1 Yx (e e v

Ton+ D) Tl —m+2) TG+ 1) T
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This implies
T1/(9) = T1f (O < Y3(&) = v (El. (3.38)
Using the same steps with 75, we get

[T2v(§) = T2V ()| < Yalf(€) — f1(E). (3.39)
By (3.38) and (3.39), we get

1B1(f,v) = Bi(f, V)

IA

IT1/($) = T f (O + 1T2v(s) = T2v" (9l
Y& = v (O + Yulf (&) = [
Y& — v (Ol + Y5l f () — [ (&)

+ Y4l f(©) = [Tl + Y (§) =V (©)

IA

IA

< (s + YIS E - (v
This leads to
1B (f,v) = Bi(f*, v < il mE) = (5 v (3.40)
Secondly, using 73, 74 and assumptions (R3), (R,), we get
1 T35(6) = T3 ()] = Wals, () = Ya(s, v ()] < €,I(&) — v (E)l, (3.41)
1 Tav(§) = Tav' ()l = Wa(s, f() — ¥a(s, f () < €,lf (&) = fF(E) (3.42)

By (3.41) and (3.42), we have

1B2(f, v) = Ba(f7, V)

IA

1T3/(€) = T3 (O + 1Tav(§) = Tav' (o)l
€5,V(&) — vV (Ol + €,1f (&) — [ (©)
€,(E) =V (Ol + €, (&) — [ (&)
+€y,f (&) = [N + €,(&) = v (©)
(&g, + €I E) — (7, VI

IA

IA

IA

This implies
1Bo(f,v) = Bao(f*, v < Lll(f,mE) = (5, v (3.43)
By using (3.40) and (3.43), we obtain

IB(f,v) =B vl < 1B1(f,v) = Bi(f )+ 1Ba(f,v) = Ba(f7, V)
Zillf, &) = ()N + Zall(f, E) = (F v

IA

Thus,
1B(f,v) = B, v < A, vIE) = (F v (3.44)

By using the Banach’s theorem (Theorem 2.2), and by considering A = Z; + Z, < 1, the
inequality (3.44) implies that the contraction B has a unique fixed point. It means that the system
of coupled p-Laplacian HFDEs (1.1) has a unique solution. O
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4. Hyers-Ulam Stability

In this part, we try to investigate HU-stability for the system of coupled p-Laplacian HFDEs (1.1).
We refer that stability can also be studied with Lyapunov’s direct method, which is considered as an
approach for analyzing a stable system without solving the FDEs explicitly, see [41]. We present the
following definition of HU-stability in the light of the definition offered in [42—-44].

Definition 4.1. A system of coupled Hammerstein-type integral equations (3.17) and (3.18) is HU-
stable if there are My, M, > O such that for each p,, > > 0, and (f,v) € J satisfying the following
conditions:

If
() = ¥a(s, v(s) - fO GG Mey( fO & (1, W (VE)dE)dn| < (4.1)
V() — va(s. () — fo e My fo & EWs(f(€)dé)dn| < oo, (42)

then, there exists a pair, say (f(s),¥(s)) € J satisfying
F(6) = un(s. 7<) + fo GG My fo @ EWn(V(E))dé)dn, (4.3)
) = (s, f($)) + fo s My fo G, U e, (4.4)

such that |f(¢) = ()l £ Mypa, and [v(§) — W(§)| < M.

Theorem 4.1. With the assumptions (R3) and (Ry), the solution of the system of coupled p-Laplacian
HFDE:s (1.1) is HU-stable.

Proof. By Theorem 3.5 and Definition 4.1, let (f(s), v(s)) satisfies the system of coupled integral
equations (3.17) and (3.18). Let the pair (f(s), #(¢))be any other approximation satisfying (4.3)
and (4.4). In this case, we estimate

1f(6) = (o)l
1 1
= |Ya(e, v(6)) = (s, ¥(s)) + fo G (5. mley( j; G (& (€, v(€))dé)

1
—¢( fo G (& i (€, 7()dé)dn|

IA

1
¥2(5, () — ¥a(s, ()| + fo G (s, )| ( fo GP (€. (€, v(6))dE)

1
o [ & €nwte.r@nan

IA

1 1
€,(s) = o) + (g - Dy Xfo 67 (s, 77)|f0 G (€, Ml (€, V(&) — Y (€, 7(é))\dédn
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IA

1 1
€, 1($) = V() + (g — D €y, V(&) — (&) j; 167 (s, )l fo IG" (€, m)ldédn

1 1 p

.
T+ D " T, —m+ 2 < V) =¥l

+
'@ +1) I'(B)

< [elﬁz + (q - 1)77(1]_26501(

This implies
1£(©) = F&)I < (&, + Y3)pa. (4.5)

Using the same processes with v(¢) and ¥(g), we get

v(§) = (o)l < (&, + Y. (4.6)

Therefore, with the aid of (4.5), (4.6) and assuming M; = (g, + Y3), M, = (g, + Y.), the coupled
system (3.17), (3.18) is HU-stable. According to that, the system of coupled p-Laplacian HFDEs (1.1)
is HU-stable. O

5. Example

An applied example of our system of coupled p-Laplacian HFDEs (1.1) will be addressed in this
section to examine our results.

Example 5.1. The following example is provided to highlight our theoretical results for higher-order
HFDE system with p-Laplacian operator when m = 3 given by

D[P DEf(S) — tals, O] =~ (s, ¥(s),

D [4( D () = wals, FON] = —Us(s £6)),

[64(D; (£(5) = s, )]y = [64( D3 (F(8) = ol D) .gs = O,

[8:D5 (1(5) = Ya(s Sy = [94( Dy ((6) = (s, &N o = O, 5.0)
i€ Ng_l — {1},

W5 vy = (uls, f(©))L) = 0, i € N,

TP oo = fP(S)=1 =0, vV (S)zg = VP (§)g=1 = 0,

F) = /20 = 0, (1) - &v2(0) =0,

where v € [0,1], a1 =a, =dy =d, =03, p=4,q = %,/120.5,)/1 = %,yz = %,,81 = %,ﬁz = %,m =
m =Ly = 2e+sin(1(s)), Y2 = VS(IL+5c0s(v(§)), Y3 = =67 +c0s(f()), Y = 63 (Ls+sin(f(5))),
€, = €, = 3, and ¢, = ¢, = 3. By simple calculations, we get Y3 = 0.111259, Y, = 0.0540563.
So, Z; = 0.1653153, Z, = 0.25. Then, we have A = Z; + Z, = 0.4153153 < 1. By Theorem 3.5,
we deduce that the higher-order HFDE system with p-Laplacian operator (5.1) has a unique solution.
With similar fashion, the satisfication of the conditions of Theorem 4.1 can be easily established and
according to that fact, the system of coupled p-Laplacian HFDEs (5.1) is HU-stable.
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6. Conclusions

As a result of the Banach contraction principle, Arzela-Ascoli’s theorem, and nonlinear functional
analysis, our work has provided suitable conditions for the existence and uniqueness of solution to the
higher-order nonlinear boundary value problem of HFDEs which is more general and complex than
many nonlinear problems in the literature. Moreover, the existence and uniqueness results were proved
by using the topological degree method. The stability of the proposed system has been studied in
the sense of Hyers-Ulam criterion. To validate our results, we provided an illustrative example. We
also suggest for the researchers that the problem (1.1) has the potential to be studied for further aims,
including multiplicity results and generalizing it with nonsingular operators.
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