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1. Introduction

Mathematical modelling provides a systematic formalism for the understanding of the
corresponding real-world problem. Moreover, adequate mathematical tools for the analysis of the
translated real-world problem are at our disposal. Fixed point theory (FPT), an important branch of
nonlinear functional analysis, is prominent for modelling a variety of real-world problems. It is worth
mentioning that the real-world phenomenon can be translated into well known existential as well as
computational FPP.

The EP theory provides an other systematic formalism for modelling the real-world problems
with possible applications in optimization theory, variational inequality theory and game theory
[7,10,13,17-19, 22, 25,28,31,32]. In 1994, Blum and Oettli [13] proposed the (monotone-) EP in
Hilbert spaces. Since then various classical iterative algorithms are employed to compute the optimal
solution of the (monotone-) EP and the FPP. It is remarked that the convergence characteristic and the
speed of convergence are the principal attributes of an iterative algorithm. All the classical iterative
algorithms from FPT or EP theory have a common shortcoming that the convergence characteristic
occurs with respect to the weak topology. In order to enforce the strong convergence characteristic, one
has to assume stronger assumptions on the domain and/or constraints. Moreover, strong convergence
characteristic of an iterative algorithm is often more desirable than weak convergence characteristic in
an infinite dimensional framework.

The efficiency of an iterative algorithm can be improved by employing the inertial extrapolation
technique [29]. This technique has successfully been combined with the different classical iterative
algorithms; see e.g., [2-6, 8,9, 14-16, 23, 27]. On the other hand, the parallel architecture of the
algorithm helps to reduce the computational cost.

In 2006, Tada and Takahashi [33] suggested a hybrid framework for the analysis of monotone EP
and FPP in Hilbert spaces. On the other hand, the iterative algorithm proposed in [33] fails for the
case of pseudomonotone EP. In order to address this issue, Anh [1] suggested a hybrid extragradient
method, based on the seminal work of Korpelevich [24], to address the pseudomonotone EP together
with the FPP. Inspired by the work of Anh [1], Hieu et al. [22] suggested a parallel hybrid extragradient
framework to address the pseudomonotone EP together with the FPP associated with nonexpansive
operators.

Inspired and motivated by the ongoing research, it is natural to study the pseudomonotone EP
together with the FPP associated with the class of an p-demimetric operators. We therefore, suggest
some variants of the classical Mann iterative algorithm [26] and the Halpern iterative algorithm [20]
in Hilbert spaces. We formulate these variants endowed with the inertial extrapolation technique and
parallel hybrid architecture for speedy strong convergence results in Hilbert spaces.

The rest of the paper is organized as follows. We present some relevant preliminary concepts and
useful results regarding the pseudomonotone EP and FPP in Section 2. Section 3 comprises strong
convergence results of the proposed variants of the parallel hybrid extragradient algorithm as well
as Halpern iterative algorithm under suitable set of constraints. In Section 4, we provide detailed
numerical results for the demonstration of the main results in Section 3 as well as the viability of the
proposed variants with respect to various real-world applications.
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2. Preliminaries

Throughout this section, the triplet (H, < -,- >, ||-]|) denotes the real Hilbert space, the inner product
and the induced norm, respectively. The symbolic representation of the weak and strong convergence
characteristic are — and —, respectively. Recall that a Hilbert space satisfies the Opial’s condition,
i.e., for a sequence (p;) € H with p; — v then the inequality liminf,_,, ||[px — V|| < liminf;_ ||px — ul|
holds for all u € H with v # u. Moreover, H satisfies the the Kadec-Klee property, i.e., if p, — v and
llpell = [Ivll as k — oo, then ||p;, — V|| = 0 as k — oo.

For a nonempty closed and convex subset K C H, the metric projection operator H? :H —> Kis
defined as H?(,u) = argmin,cgllu — v||. If T : H — H is an operator then Fix(T) = {v € H|v = Tv}
represents the set of fixed points of the operator 7. Recall that the operator T is called 7-demimetric
(see [35]) where n € (=0, 1), if Fix(T) # () and

1
p=vop=Tuy 2 S(L =l - TulP’, ¥ peHandvye Fix(T).
The above definition is equivalently represented as
1T =vIP < llu =P+l = TulP?, ¥ peHandv e Fix(T),

Recall also that a bifunction g : K X K — R U {400} is coined as (i) monotone if g(u,v) +
gv,u) < 0, forallu,v € K; and (ii) strongly pseudomonotone if g(u,v) > 0 = gh,u) <
—allu — v|>, forallu,v € K, where @ > 0. It is worth mentioning that the monotonicity of a
bifunction implies the pseudo-monotonicity, but the converse is not true. Recall the EP associated
with the bifunction g is to find u € K such that g(u,v) > O for all v € K. The set of solutions of the
equilibrium problem is denoted by EP(g).

Assumption 2.1. [12,13] Let g : K X K — R U {+o0} be a bifunction satisfying the following
assumptions:

(Al) g is pseudomonotone, i.e., g(u,v) > 0= g(u,v) <0,forall u,v € K;

(A2) g is Lipschitz-type continuous, i.e., there exist two nonnegative constants d,, d, such that

g v) + 80, 6) 2 g, &) — dillu — vIP = dallv = €I, for all j1, v, € € K;

(A3) g is weakly continuous on K X K imply that, if u,v € K and (py), (qx) are two sequences in K such

that py — u and q; — v respectively, then f(pi, qr) — f(u,v);
(A4) For each fixed u € K, g(u, -) is convex and subdifferentiable on K.

In view of the Assumption 2.1, EP(g) associated with the bifunction g is weakly closed and convex.

Let g, : KX K — RU{+00} be a finite family of bifunctions satisfying Assumption 2.1. Then for all
ief{l,2,---, M}, we can compute the same Lipschitz coefficients (d;, d,) for the family of bifunctions
gi: by employing the condition (A2) as

8i(, &) — 8i, v) = g%, &) < dy llu = VI + dallv = €IP < dille = vIP + dallv = &I,

where d; = max,<<yld;;} and d, = max,<<yid,;}. Therefore, gi(u,v) + g(v,&) > gi(u, &) — dillu —
VI = do|lv — €|I>. In addition, we assume T;: H — H to be a finite family of n-demimetric operators
such that T := (Y, EP(g;)) N ( ﬂ?’:l Fix(T;)) # 0. Then we are interested in the following problem:

perl. 2.1)
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Lemma 2.2. [11] Let u,v € H and B € R then

(1) M+ vIP < NP+ 20v, p +v);

(2) ll =P = el = VP = 2¢u = v, v);

(3) 118 + (1 = BWIP = Bkl + (1 = BIVIP = B = B)llu — VI,

Lemma 2.3. [35] Let T : K — H be an n-demimetric operator defined on a nonempty, closed and
convex subset K of a Hilbert space H with n € (—oo, 1). Then Fix(T) is closed and convex.

Lemma 2.4. [36] Let T : K — H be an n-demimetric operator defined on a nonempty, closed and
convex subset K of a Hilbert space H with n € (—oco, 1). Then the operator L = (1 — y)Id + yT is
quasi-nonexpansive provided that Fix(T) # 0 and0 <y <1 —n.

Lemma 2.5. [I]1] Let T : K — K be a nonexpansive operator defined on a nonempty closed convex
subset K of a real Hilbert space H and let (py) be a sequence in K. If py — x and if (Id — T)p; — 0,
then x € Fix(T).

Lemma 2.6. [37] Let h : K — R be a convex and subdifferentiable function on nonempty closed and
convex subset K of a real Hilbert space H. Then, p. solves the min{h(q) : g € K}, if and only if
0 € Oh(p.)+Nk(p.), where Oh(-) denotes the subdifferential of h and Nk(p) is the normal cone of K at p.

3. Algorithm and convergence analysis

Our main iterative algorithm of this section has the following architecture:

Algorithm 1 Parallel Hybrid Inertial Extragradient Algorithm (Alg.1)
Initialization: Choose arbitrarily, pg, p1 € H, K C H and C, = H. Setk > 1, {ay,--- ,ay} € (0,1)
such that 37, @; = 1,0 < u < min(5, 5), & € [0, 1) and ;. € (0, o).
Iterative Steps: Given p; € H, calculate ¢, v, and wy as follows:
Step 1. Compute

ex = pr + E(pr — Pi-1);

uy = argmin{ugi(er, v) + sllex —vIF 1 v e K}, i=1,2,--- , M;
vik = argmin{ug(uix,v) + 1lleg —vIP :ve K}, i=1,2,--- , M;
g =argmax{|vig — pill i = 1,2, , M}, Ve = vy

Wy = Z?’:] a;((1 =y ld + yTj)vy;

If w = V¢ = e; = pi then terminate and p; solves the problem 2.1. Else
Step 2. Compute

Cisi = {z€Cr:lwe—2l” < lipx — 2P + Ellp — prcill” + 2Epr = 2, Px — D1}
Pt = HE pi, Vk>1.

Set k =: k + 1 and return to Step 1.

Theorem 3.1. Let the following conditions:
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(C) Y &llpk = prill < oo;
(C2) 0<a <y <min{l —my,---,1—nn},

hold. Then Algorithm I solves the problem 2.1.
The following result is crucial for the strong convergence result of the Algorithm 1.

Lemma 3.2. [, 30] Suppose that v. € EP(g;), and py, ey, Uiy, Vi, 1 € {1,2,--- , M} are defined in
Step 1 of the Algorithm 1. Then we have

Wik = vall® < llex = vull® = (1 = 2ud)lluig — el = (1 = 2udy)lluix — vigl*.

Proof of Theorem 3.1.

Step 1. The Algorithm 1 is stable.

Observe the following representation of the set Cy,:
1
2
This infers that Cy,; is closed and convex for all k > 1. It is well-known that EP(g;) and Fix(T;) (from

the Assumption 2.1 and Lemma 2.3, respectively) are closed and convex. Hence I' is nonempty, closed
and convex. For any p, €I, it follows from Algorithm 1 that

Cio1 = {2 € Cp s (Wi — pro 2y < =(will® = Ipall® + Ellpx = prcill* + 2Epk — 2, Pk — Prc1)))-

Pk = po + &P = Pr-DIP
P = Pl + ENlpr = Prcill* + 2EPk — Pes Pk — Prct)- (3.1)

2
llex = p.ll

IA

From (3.1) and recalling Lemma 2.4, we obtain

Wi = pall

N N
| > s = yora + yTne - p| < 3 sl = yotd + T s - p.l
j=1 =1

IA

N
> ajllve = pall = 17 = pull

=1

Now recalling Lemma 3.2, the above estimate implies that

IA

19 — p.ll?
s — p.lI”

2
Wi = psll

IA

+ &N — pratll® + 2E4Pi = Pas Pic — Prct)- (3.2)

The above estimate (3.2) infers that I' C Cy,;. It is now clear from these facts that the Algorithm 1 is
well-defined.

Step 2. The limit lim;_,. ||px — p1l| exists.

From p;, = Hg+lp1, we have (pi+1 — p1, Pre1 — V) < 0 for each v € Cy,;. In particular, we have
(Pr+1 — P1> Pr+1 — Pxy < 0 for each p, € I'. This proves that the sequence (||pr — pi1l]) is bounded.
However, from p; = Hgl p1 and pyy = HZ‘+ D1 € Ci+1, we have that

lpx = pill £ llps1 — pall-

This infers that (||px — p1l|) is nondecreasing and hence

lim [Ip = pil| - exists. (3.3)
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Step 3. p. €T.
Compute

|prsr — p1+ p1 — Pk||2

= |lpert = pill? + llpe = pilP = 24p = p1. prat — P1)

Ipeer = Pill® +11pe = il = 24pe = Pro Prst — P+ P — p1)
IPee1 = pillP = 1lpe = Pl = 24Pk = P1s Pst — Pe)

< Npest = pillP = llpe = ol

pr+1 — Pk||2

Utilizing (3.3), the above estimate infers that
lim [[pis1 = pill = 0. (34)
Recalling the definition of (e;) and the condition (C1), we have
lim llex = pill = lim &llpi = picill = 0. (35)
Recalling (3.4) and (3.5), the following relation

llex = Pl < llex = pell + 1Pk = piea I,

infers that
%l_)fg llex — prwill = 0. (3.6)

Note that py.; € Cy41, therefore the following relation
Wk = prell < llpk = prsall + 2&llpk — prill + 286(Pk = Prs1> Pk — Pi-1)s
infers, on employing (3.4) and the condition (C1), that
lim [ = praill = 0. (3.7)
Again, recalling (3.4) and (3.7), the following relation

Wk = pill < lIwi = prestll + P — prll

infers that
1}11110 Wi — pell = 0. (3.8)

In view of the condition (C2), observe the variant of (3.2)

(1 = 2ud)lu; sk — exll” = (1 = 2udy) i, i — viill®
< (lpx = poll + wie = puIDlipe = will + Ellpic = paca P + 2&ellpic = pallllpe = pacall-
Recalling (3.8) and condition (C1), we get

(1 = 2pdy) im ;e — edl - (1 - Zudy) lim [|u i — viill? = 0. (3.9)
The above estimate (3.9) implies that
Tim [fu = el = Tim g i = vi4l> = 0. (3.10)

Reasoning as above, recalling (3.5), (3.8) and (3.10), we have
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o [V — exll < [k — wip il + |lujx — exll = O
o [[Vi — prll < Vi — el + llex — pell — O;

o |wi — el < lwk — pell + llpx — exll — 0;
o [[wi — il < llwi — el + llex — will — 0.

In view of the estimate lim;_,, ||[wy — V¢|| = 0, we have

lim |79, =l = 0, V j={L2,---,N}. (3.11)

Next, we show that p, € m?jl EP(g).
Observe that |
uir = argmin{ug;(ey, v) + Ellek —v?:veKk).

Recalling Lemma 2.6, we get

0 € Dalugitew ) + 3llee ~ AP )) + Ny,
This implies the existence of X € 0,g;(ex, u;x) and X, € Ng(u;x) such that
UX + e — Ujg + X.. (3.12)
Since X, € Ng(u;) and (X,,v — u;;) < 0 for all v € K. Therefore recalling (3.12), we have
X,V —uig) = Uig —ex,V—Uig), ¥ veEK. (3.13)
Since X € d,gi(ex, Uix),

gi(er, v) — gilew, uix) 2 (p,v—uix), ¥ veK. (3.14)
Therefore recalling (3.13) and (3.14), we obtain

u(giler,v) — gilex, uix)) > (Uig — e, v—ui), ¥ veK. (3.15)

Observe from the fact that (py) is bounded then p,, — p. € H ast — oo for a subsequence (py,) of (py).
This also infers that wy, — p,, ¥y, = p. and by, — p, as t — oo. Since ¢y — p, and |le; — u;x|| — 0 as
k — oo, this implies u;, — p.. Recalling the assumption (A3) and (3.15), we deduce that g;(p.,v) > 0
forallv € Kandi € {1,2,---, M}. Therefore, p, € ﬂ?ﬁl EP(g;). Moreover, recall that v;, — p., as
t — oo and (3.11) we have p, € ﬂjil Fix(T;). Hence p, €T

Step 4. p;, — p. = p,.

Since p, = H}le and p, € I, therefore we have py,; = HZH

p1 and p, € I' C Cyyy. This implies that
Ipker — pill < llps — pall.-

By recalling the weak lower semicontinuity of the norm, we have

lp1 = pll < llp1 = pall < lignianPl — Pill < limsup [[pr — pill < llp1 — p.ll.
—00 t—00
Recalling the uniqueness of the metric projection operator yields that p, = p. = H?’pl. Also
lim, o llpr, — P1ll = llp« — p1ll = IP« — p1ll. Moreover, recalling the Kadec-Klee property of H with
the fact that p;, — p; — p. — p1, we have p;, — py = p. — p; and hence p;, — p.. This completes the
proof. m
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Corollary 3.3. Let K C H be a nonempty closed and convex subset of a real Hilbert space H. For all
ief{l,2,--- ,M}, let g; : KX K — RU{+0o0} be a finite family of bifunctions satisfying Assumption 2.1.
Assume that T := M, EP(g;) # 0, such that

ex = pk + &Pk — pr-1);

i = argmin{ugi(ex,v) + sllex —VvIF :ve K}, i=1,2,--- ,M;
Vik = argmin{ug;(ui,v) + slex —vIP v e K}, i=1,2,--- , M; (3.16)
i = argmax{|vig — pell i =1,2,--- M}V = v '

Ciet = {2 € Cr 2 e = 2l” < lipi = 2P + Ellpx = piaall’ + 26pic = 2, P = P}
Dr+1 = Hgﬂpl,v k>1.

Assume that the condition (C1) holds, then the sequence (p) generated by (3.16) strongly converges
to a point in .

We now propose an other variant of the hybrid iterative algorithm embedded with the Halpern
iterative algorithm [20].

Algorithm 2 Parallel Hybrid Inertial Halpern-Extragradient Algorithm (Alg.2)
Initialization: Choose arbitrarily ¢, pg, p1 € H, K C H and C; = H. Setk > 1, {ay,--- ,an}, B C
(0, 1) such that 37, @; = 1,0 < u < min(5, 5), & € [0,1) and ; € (0, o).
Iterative Steps: Given p, € H, calculate ¢, v, and w; as follows:
Step 1. Compute

ex = pr + E(pr — P-1)s

uy = argmin{ugi(er, v) + sllex —vIF 1 v e K}, i=1,2,--- | M;
vig = argminfug(uix, v) + sllex —vIP v e K}, i=1,2,--- M,
i = argmax{|vig — pell i = 1,2, -+, M}, Vi = viis

we = X (1 = yld + yiT )i
ik = Brg + (1 = Bwi;
Ly = argmax{|ltyx — pill : j=1,2,--+ , P}, 1 = tj,x.

If t, = wy = Vx = e; = py then terminate and py solves the problem 2.1. Else
Step 2. Compute

Cini = {z€Cr:lli -2 <Billg—zF + (1 = Blps — zl* + Ellpx — paarll?
+26Pr — 2o Pk — Pk}
Pk+1 = Hgﬂpl, Vk>1.

Set k =: k + 1 and go back to Step 1.

Remark 3.4. Note for the Algorithm 2 that the claim py is a common solution of the EP and FPP
provided that pi.\ = py, in general is not true. So intrinsically a stopping criterion is implemented for
k > kyax for some chosen sufficiently large number k.

Theorem 3.5. Let I' # 0 and the following conditions:

(C) 22 &kllpe = pr—ill < o005
(C2) 0 <a* <y <minf{l —ny,---,1 —ny} and limy_, B = 0,
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hold. Then the Algorithm 2 solves the problem 2.1.

Proof. Observe that the set Cy,; can be expressed in the following form:

Cini ={z€Cr: G —2F < Billg =2 + (1 =Blpx — 2> + Ellpx — prarll?
+2EPk — 2o Pk — Pr=1))}-

Recalling the proof of Theorem 3.1, we deduce that the sets I" and Cy., are closed and convex satisfying
I' € Cy4 forall k > 0. Further, (py;) is bounded and

]}gg lprs1 — pell = 0. (3.17)
Since piy; = H(gﬂ(q) € C;,1, we have

i = peatl® < Billg = pentlP + (1 = BUlpic = pestll® + Ellpe = piall®
+2&6Pr = Prs1> Pk — Pik-1))-
Recalling the estimate (3.17) and the conditions (C1) and (C2), we obtain
]}1_{2 ltx = prsall = 0.
Reasoning as above, we get
lim [I7 = pill = 0.
The rest of the proof of Theorem 3.5 follows from the proof of Theorem 3.1 and is therefore omitted.

[ ]
The following remark elaborate how to align condition (C1) in a computer-assisted iterative algorithm.

Remark 3.6. We remark here that the condition (C1) can easily be aligned in a computer-assisted
iterative algorithm since the value of ||px — pr-1l| is quantified before choosing &, such that 0 < & < a
with
Z = { min{—=t—. &} if iz # Di-1;
& otherwise.
Here {0} denotes a sequence of positives ) ., o < oo and ¢ € [0, 1).

As a direct application of Theorem 3.1, we have the following variant of the problem 2.1, namely
the generalized split variational inequality problem associated with a finite family of single-valued
monotone and hemicontinuous operators A; : K — H defined on a nonempty closed convex subset K
of a real Hilbert space H for each j € {1,2,---, N}. The set VI(K, A) represents all the solutions of the
following variational inequality problem (Au,v—u) >0 V v € C.

Theorem 3.7. Assume that T = N, VI(C,A;) N NL, Fix(T)) # 0 and the conditions (C1)~(C4) hold.
Then the sequence (py)

ex = pr + &E(pr — pr-1)s

uir = Hg(ex —pAi(er)), i=1,2,--- , M,

vik = Hilex — pAi(uig)), i=1,2,---, M,

i =argmax{|vig — pell c 0= 1,2, , M}, v = i s (3.18)
Wi = Zﬁil a;((1 =y )ld + v Tj)vi;

Crat =1{z € Gt lwe — 2P < llpe — 2P + Ellpx — pratllP + 26pk — 2 Pk — D=1},

e =G pr, V=1,

generated by (3.18) solves the problem 2.1.
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Proof. Observe that, if we set g;(it, V) = (A;(@1), v — i) for all i1, v € K, then each A; being L-Lipschitz
continuous infers that g; is Lipschitz-type continuous with d; = d, = % Moreover, the pseudo-
monotonicity of A; ensures the pseudo-monotonicity of g;. Recalling the assumptions (A3)—-(A4) and

the Algorithm 1, note that

) 1
uip = argmin{u(A;(p), v — pi) + §||Pk —v|*:veK)

. 1
Vik arg min{u(Ai(us), v = i) + 5 l1pe = vl : v eK),

can be transformed into

1
Uik arg mln{illv —(pr — lJAi(Pk)H2 :v € K} = Hg(pr — pAi(po));

o1
vie = argmin{z|lv - (p - pA I = v € K} = Tg(pr — nA{uig)-
Hence recalling g;(i1, V) = (A;(ft), v — 1) for all i, € K and for all i € {1,2,---, M} in Theorem 3.1,
we have the desired result. m

4. Numerical experiment and results

This section provides the effective viability of the algorithm via a suitable numerical experiment.

Example 4.1. Let H = R be the set of all real numbers with the inner product defined by {p,q) =
pq, for all p,q € R and the induced usual norm | - |. For each i = {1,2,---, M}, let the family of
pseudomonotone bifunctions g(p,q) : KX K — Ron K = [0,1] c H, is defined by g,(p,q) =

Si(p)q — p), where

0 OSPS/L,

Sip) = { sin(p — 4;) +exp(p — 4;) — 1, Ai<p<l

where 0 < 1) < Ap < ... < Ay < 1. Note that EP(g;) = [0, A;] if and only if 0 < p < A; and q € [0, 1].
Consequently, ﬂ?;’l EP(g;) = [0, A1]. Foreach j€{l,2,---,N}, let the family of operators T; : R - R
be defined by

2, p € [0, 00);

T(p)={
i) { p pe(=c0,0).

Clearly, T; defines a finite family of n-demimetric operators with ﬂ?’zl Fix(T;) = {0}. Hencel =
(ﬂ?ﬁl EP(g)) N (ﬂ?’zl Fix(T;)) = 0. In order to compute the numerical values of the Algorithm 1, we

choose £ = 0.5, ay = 1o, M = 5, Ai = Gy M =2x10° and N = 3 x 10°. Since

min{m,O.S} if pr# Di-1s
0.5 otherwise,

Observe that the expression
. 1
ui = arg min{usS (e )(v — ex) + E(Y - p)’, ¥ v el 1]},
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in the Algorithm 1 is equivalent to the following relation u;; = e, — uS (ex), forall i €{1,2,---, Mj}.
Similarly viy, = ey — uSi(ui, k), forall i € {1,2,---,M}. Hence, we can compute the intermediate
approximation vy which is farthest from e, among viy, for all i € {1,2,--- ,M)}. Generally, at the k"
step if E; = ||px — pi-1ll = O then p, € T implies that py is the required solution of the problem. The
terminating criteria is set as E; < 107%. The values of the Algorithm 1 and its variant are listed in the
following table (see Table 1):

Table 1. Numerical values of Algorithm 1.

No. of Iter. CPU-Time (Sec)
NO. Alg. 1,5 =0 Alg.1,& #0 Alg.1,£&, =0 Alg.1,& #0
Choice 1. po = (5), p1 = (2) 87 75 0.088153 0.073646
Choice 2. py = (4.3), p1 = (1.7) 88 79 0.072250 0.068662
Choice 3. po = (=7), p1 = (3) 99 92 0.062979 0.051163

The values of the non-inertial and non-parallel variant of the Algorithm 1 referred as Alg.1* are
listed in the following table (see Table 2):

Table 2. Numerical values of Algorithm Alg.1*.

No. of Choices No. of Iter. CPU-Time (Sec)
Choice 1. pg = (5), p1 = (2) 111 0.091439
Choice 2. pg = (4.3), p1 = (1.7) 106 0.089872
Choice 3. pg = (=7), p1 = (3) 104 0.081547

The error plotting E; against the Algorithm 1 and its variants for each choices in Tables I and 2
are illustrated in Figure 1.

—o—Alg 1,6 £0 —o—Alg 1,5 £0

—o—Alg. 1,5 #0

N —+—Alg. 1,6, =0 || o ——Alg1,6 =0 |] oL ——Alg. 1,6 =0 ||
0 ——Alg.1",6, =0 107 ——Alg1%,6 =0 10 ——Alg.1",&, =0
10" B 1o 5 10"
~z ~ ~
[;ﬂ 102 q Lﬂ 102 q Lﬂ 102
103 103 10
10 104 104
10 t - t t t t t 10 L t t t t t t 105 - t t t t t L t
0 10 20 30 40 50 60 70 80 0 10 20 30 40 50 60 70 80 0 10 20 30 40 50 60 70 80 90
Number of iterations Number of iterations Number of iterations
(a) Choice 1 (b) Choice 2 (¢) Choice 3

Figure 1. Comparison between Algorithm 1 and its variants in view of Example 4.1.
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Example 4.2. Let H = R" with the induced norm ||p|| = /X, |pil*> and the inner product {p,q) =
Y Pigis for all p = (p1,p2,--,pn) € Rt and q = (q1,92,- -+ ,q,) € R". The set K is given by
K ={p eR} :|pl < 1}, where k ={1,2,--- ,n}. Consider the following problem:

M N
find p, €T := () EP(g) N[ | Fix(T)),
i=1 =1
where g; : K X K — R is defined by:

g(p. @) = ), Sida} = pD. ¥ i€ (1,2, M),
k=1

where S, € (0,1) is randomly generated for all i = {1,2,--- ,M} and k = {1,2,--- ,n}. For each
Jj€{1,2,--- N}, let the family of operators T; : H — H be defined by

-~ p € [0, 00);

I
AP ){ " b pe(-w,0).

for all p € H. It is easy to observe that T = ﬂf‘;’l EP(g) N ﬂ?’zl Fix(T;) = 0. The values of the
Algorithm 1 and its non-inertial variant are listed in the following table (see Table 3):

Table 3. Numerical values of Algorithm 1.

No. of Iter. CPU-Time (Sec)
NO. Alg. 1,6 =0 Alg.1,£& #0 Alg.1,&, =0 Alg.1, & #0
Choice 1. po=(5),p1 =2),n=5 46 35 0.061975 0.054920
Choice 2. po = (1), p1 = (1.5),n =10 38 27 0.056624 0.040587
Choice 3. py = (-8), p1 = (3),n =30 50 37 0.055844 0.041246

The values of the non-inertial and non-parallel variant of the Algorithm 1 referred as Alg.1" are
listed in the following table (see Table 4):

Table 4. Numerical values of Algorithm Alg.1*.

No. of Choices No. of Iter. CPU-Time (Sec)
Choice 1. pg=(5),p1 =(2),n=5 81 0.072992
Choice 2. pg = (1), p; = (1.5),n =10 75 0.065654
Choice 3. pg = (-8), p1 = (3),n =30 79 0.068238

The error plotting E;, < 107 against the Algorithm 1 and its variants for each choices in Tables 3
and 4 are illustrated in Figure 2.
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—o—Alg.1,6 #0 —o—Alg1,6 #0 —o—Alg.1,6 #0
100 | g —-+-=Alg.1,& =0 | —+-=Alg.1,§ =0 | ] [ —-+-=Alg.1,& =0
%% ——Alg1", & =0 S :

——Alg1%,6 =0

—e—Alg.1%,6, = 0| ]

E;,
Ey

0 ;v 1‘0 1‘5 2‘0 2‘5 3‘0 35 0 5‘ 1‘0 1‘5 2‘0 2‘5 30 0 é 1‘0 1‘5 2‘0 2‘5 (;0 35
Number of iterations Number of iterations Number of iterations

(a) Choice 1 (b) Choice 2 (¢) Choice 3

Figure 2. Comparison between Algorithm 1 and its variants in view of Example 4.2.

Example 4.3. Let L*([0,1]) = H with induced norm ||p|| = ( fol |p(s)|2ds)% and the inner product

(p,q) = fo] p(s)q(s)ds, for all p,q € L*([0, 1]) and s € [0, 1]. The feasible set K is given by: K = {p €
L*([0,1]) : |Ipll £ 1}). Consider the following problem:

M N
find peT :=(EP(g) N |Fix(T),
i=1 =1

where gi(p, q) is defined as (S ;p,q — p) with the operator S, : L*([0,1]) — L*([0, 1]) given by
S(p(s)) = max {0, pis )} Vie(l,2,---, M}, sel0,1].
i

Since each g; is monotone and hence pseudomonotone on C. For each j € {1,2,--- , N}, let the family

of operators T; : H — H be defined by

£, lpll > 1;
T-():H():{ lipl
AP)= b p Pl

Then T, is a finite family of n-demimetric operators. It is easy to observe that I = ﬂ?ﬁl EP(g) N
ﬂ?’zl Fix(T;) = 0. Choose M = 50 and N = 100. The values of the Algorithm 1 and its non-inertial
variant have been computed for different choices of py and p, in the following table (see Table 5):

Table 5. Numerical values of Algorithm 1.

No. of Iter. CPU-Time (Sec)
NO. Alg. 1,5, =0 Alg.1,& #0 Alg.1,& =0 Alg.1,& #0
Choice 1. pg = exp(3s) X sm(s) p1 =35—s 10 5 1.698210 0.981216
Choice 2. py = m, PL= 15 14 6 2.884623 1.717623
Choice 3. pg = M, pL=S 16 5 2.014687 1.354564

The values of the non-inertial and non-parallel variant of the Algorithm 1 referred as Alg.1* have
been computed for different choices of py and p; in the following table (see Table 6):

AIMS Mathematics Volume 7, Issue 8, 13910-13926.
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Table 6. Numerical values of Algorithm Alg.1*.

No. of Choices

No. of Iter.

CPU-Time (Sec)

Choice 1. py = exp(3s) x sin(s), p; = 35> — s
Choice 2. Po = ﬁ, p1 = -

cos(3s)

Choice 3. py = =

B

5
10

23
27
pL=S 26

2.65176

3.102587
2.903349

The error plotting E;, =< 107* against the Algorithm I and its variants for each choices in Tables 5

and 6 are illustrated in Figure 3.

1 1 ‘5 é 2. ‘5 '.;; 3‘5 1‘1
Number of iterations

(a) Choice 1

15

é 2‘5 3‘ 3‘5 l; 4‘5 f;
Number of iterations

(b) Choice 2

55

1.5

2 25 3 35 4 45

Number of iterations

(¢) Choice 3

Figure 3. Comparison between Algorithm 1 and its variants in view of Example 4.3.

We can see from Tables 1-6 and Figures 1-3 that the Algorithm 1 out performs its variants with
respect to the reduction in the error, time consumption and the number of iterations required for the
convergence towards the common solution.

5. Conclusions

In this paper, we have constructed some variants of the classical extragradient algorithm that are
embedded with the inertial extrapolation and hybrid projection techniques. We have shown that the
algorithm strongly converges towards the common solution of the problem 2.1. A useful instance of the
main result, that is, Theorem 3.1, as well as an appropriate example for the viability of the algorithm,
have also been incorporated. It is worth mentioning that the problem 2.1 is a natural mathematical
model for various real-world problems. As a consequence, our theoretical framework constitutes an

important topic of future research.
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