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1. Introduction and preliminaries

In the 19th century the study of fixed point theory was initiated by Poincare and in 20th century,
it was developed by many mathematicians like Brouwer, Schauder, Banach, Kannan, and others. The
theory of fixed point is one of the most powerful subject of functional analysis. Theorems ensuring the
existence of fixed points of functions are known as fixed point theorems, see [25,29-31, 33, 36, 39].
Fixed point theory is a beautiful mixture of topology, geometry and analysis which has a large number
of applications in many fields such as game theory, mathematics engineering, economics, biology,
physics, optimization theory and many others, see [8, 15,20, 26]. In 2000, Hitzler and Seda [22]
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established the notation of dislocated metric space. Dislocated metric space plays very important role
in electronics engineering and in logical programming [23]. For further results on dislocated metric
spaces, see [1,6,37].

Arshad et al. [6] examined some functions having fixed point but there was no result to guarantee
the presence of fixed point of such functions. They defined a restriction and involved a closed ball in
his result to guarantee the presence of fixed points of such functions. For further results on closed ball,
see [3,4,7,38].

Ran and Reurings [35] and Nieto et al. [32] gave an extension to the results in fixed point theory
and obtained results in partially ordered sets, see also [11-13,40].

Many researchers have used interpolative technique to obtain generalized results by using different
form of contractions [9, 10, 18]. Karapinar et al. [27] introduced a interpolative Hardy Roger’s type
contraction mapping and proved a fixed point result. Hardy Roger’s theorem has been generalized in
different ways by many researchers, see [5,19,21,28,34].

In this paper, we obtain common fixed point for a pair of dominated functions satisfying
interpolative Hardy Roger’s type contraction on a closed ball in ordered dislocated metric spaces.
Now, we recall the following definitions and results which will be useful to understand the paper.
Definition 1.1. [6] Consider T be a nonempty set and d; : T X T — [0, +c0). Then d; is known as a
d,—metric, if the following conditions hold for m, f,k € Y :

(1) ifd;(m, f) =0, thenm = f,

(1) d; (m, f) = d; (f,m),

(ii1) d; (m, f) < d;(m, k) + d; (k, ) — d; (k, k) .

The dislocated metric space is represented by the pair (1, d;) . We will use DMS instead of dislocated
metric space for now onward. It is evident that if d; (m, f) = 0, then from (i) m = f. But the converse
is not true in general.

Remark 1.2. [6] From (iii) of Definition 1.1, we deduce

di(m, f) +d; (k. k) < dy(m, k) +d; (k, [),

for all m, f,k € Y.
Example 1.3. [6] If T = [0, +00), then d; (m, g) = m + g define a dislocated metric d; on Y.
Definition 1.4. [6] Consider {f,} be a sequence in a DMS (T, d)), we call {f,,} be a Cauchy sequence if,
e > 0, there exists ny € N, so that for all n,m > ny, we get d; (f,., f») < €.
Definition 1.5. [6] Consider {f,} be a sequence in a DMS (7, d;). We call this sequence to be converges
with respect to d,, if there exists f € Y such that d; (f,, f) — 0 as n — +co. Where, f is known as limit
of {f,}, and we write f, — f.
Definition 1.6. [6] A DMS (7T, d,) is called complete, if every Cauchy sequence in T converges to a
point in .
Definition 1.7. [6] Consider Y be a nonempty set. The triplet (Y, <, d)) is said to be ordered DMS, if:
(1) if d, to be a dislocated metric of T,
(ii) if < is a partial order on .
Definition 1.8. [6] Consider a partial ordered set (Y, <). If m < g or g < m holds then m and g are
called comparable.
Definition 1.9. [2] Consider a partially ordered set (', <). Let g be self mapping on T'. Then we call g
is dominated mapping, if gm < m for every m in Y.
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2. Main result

Now, we define interpolative dominated contractive condition on a closed ball in ordered dislocated
metric space and prove our main result.
Theorem 2.1. Let (7, <,d;) be a complete ordered DMS, T and S are dominated mappings on T,
fo € Y and r > 0. Assume that f and y are comparable element in B (f;, r), such that

dy (S f,Ty) < Adi (f, ) - (di (f,S ) (i (v, Ty)) .

1-a—-y

1
E(dl .S f)+d (f, Ty)) ; (2.1)
for some a,B,y,4 € [0,1), with @ + 26 + 2y < 1 and
di(fo,Sfo) <r(1-2). (2.2)

Then there exists a non increasing sequence {f,} € B (fy,r), such that f, — f* € B(fy,r). Also, if
ff = fo,then f*=Tf =S f and d,(f*, f*) = 0.

Proof. Consider a point f; on Y such that fj = Sfy. As Sfy < fo so fi < fo and let f,_T f;. Now
T fi < figives f, < fi, continuing this method and choosing f, in Y such that f,,1=S £, fons2 = T f2,.,5
where h = 0,1,2,... clearly, fop11=S 5, < fon = T fon-1 < fon-1, and this implies that the sequence {f,}
is non increasing. By using inequality (2.2), we have d,(fy, fi) < r, or fi € B(fy.r). Assume that
fos ..., fj € B(fo, r) for some j € N. Now, if 2 + 1 < j, by using inequality (2.1), we obtain

di (fons1s fone2) = di(S fon, T fons1)
< Ad B L)Yy Bons S o)™ - (di Posts T o)) -

[ 3 (fons T foner) + dy (fone1» S fon))— ]Hl_ﬁ_y
di (fan+1s fon-1) + di (fane1s fon-1) '

By Remark 1.2, we have
di (fons1s fonra) < Ay oy Prre)V - (i By e ) - (di (Posts fons2))

l~a—B-y
] (2.3)

1
[E(dl (fon> fone1) + di (fonets fons2))

Suppose that
d; (fon, fone1) < di (fonets fons2) -

This implies that
1
E(dl (Fons fons1) + di (fonsrs fone2)) < di (fonsrs fons2) -
Consequently, the inequality (2.1) yield that
(di (Fons1s P2 < A(dy (Fons frre) P,

so we conclude that
d; (fon, fone1) > di (fans1s fone2)
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which is a contradiction, thus we have

d; (fone1s fone2) < di (fon, fons1) -

This implies that

1

E(dl (fans faner) + di (fans fone1)) < di (fans fone1) -
By simple elimination, the inequality (2.1) becomes

(d; (fansrs foneo)' ™Y < Ad) (Fons fons )7

This implies that

di (fans1s fone2) < Adi (fans fone1) -
Similarly, if 2k < j, we deduce

di (fone1, fon) < Adi (fon, fon-1) -
By the previous inequality, we get
d; (ons1s fonsz) < Ay (Fons fons1) < - .. < 2" (fo, f1)

dy (fonsrs fon) < A (fons fon-0) < -0 < 20y (fo, 1) (24)
Thus from inequality (2.4), we have

dy(fn fre1) < Vdy (fy f1) (2.5)
for some j € N. Now, using (2.5), and (2.2), we get

di(for finn) < diCfo fO+ -4 di(fiu fror) = [ ) + oo di (3 1))
< di(fo |1+ + 7+ ]
< /l)r(l_/lj+l)<r
. -1 "

Thus fj.1 € B(fy, r). Therefore f;, € B(fy,r), for all h € N. Since fj,,; < f, for all & € N, then it follow
that

d; (frsis fr)

IA

di (fheis frwic) + o+ di (frers fo)
_dl (fh+i—1a ﬁz+i—1) -t dl (fh+1a fh+1)
< A fo O+ o+ X (o fi)

1-A
< Adi(ff) 7=

— 0, ash — +oo.

This shows that {f,} is a Cauchy sequence in (B (fo, r),d,). Now, (B (fo, r),dl) is complete because
B (fo, r) is closed. Therefore there exist a point f* € B (fy, r) with

lim d;(f,, /) = 0. (2.6)
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By assumption f* < f, as f, — f~, we have

di(Sf

IA

di (S, T fone1) + di (fonsas f7) = di (fons2, fons2)
A4, (f*, ot di (F5, S N (di (Fnr T foner)) -

-1 . 1-a—B-y
Edl (f* T foner) + d, (f2h+1,5f*)] +d; (fons2s f7)
di (f*s fonsa) + i (f*s P )V - (@ (F5, S N (di Fonsrs fons2)) -

Bl 1-a—B-y
Edl (f7, fons2) + di (fons Sf*)]

IA

IA

On taking limit # — +oco0 and by using inequalities (2.4) and (2.6 ), we obtain d; (f*, S f*) < 0 which
implies,

f* - Sf*.
Similarly from

di(f*,Tf) <di(f", fone)) + di (fone1, TfY) = di (fonsrs fons1) 5

we can obtain f* = T f*. Hence S and T have a common fixed point in B (fy, r). Now,

di(f*, f") di(Sf.Tf)

Ad (SN (fS T

1-a—-y

1
Edl(f*»Sf*)‘i'dl(f*’Tf*) )

IA

and this implies that.
a(f*,f)=0.

In Theorem 2.1, the condition 2.1 is applicable only for all comparable points in a closed ball and the
condition 2.2 is used to obtain a sequence in a closed ball and Example 2.10 will show the importance
of this restriction. Now, in the next result the condition 2.2 is relaxed and the condition 2.1 is applied
for all comparable points in the ground set.

Corollary 2.2. Let (7, <,d;) be a complete ordered DMS, T and S are dominated mappings on T.
Assume that f and y are comparable element in Y, such that

di(Sf.Ty) < Ad (£, 0P (di(f,S ).y, Ty) .
1~y

1
5.5 f)+di(f.Ty) ;

for some «,3,y,4 € [0,1), with @ + 28+ 2y < 1. Then there exists a non increasing sequence {f,} € X
such that f, — f* € X. Also, if f* < f,,then f*=Sf*=Tf" and d,(f", f*) = 0.

The metric space version of Corollary 2.2 is given below.
Corollary 2.3. Let (T, <, p) be a complete ordered metric space, T and S are dominated mappings on
T. Assume that f and y are comparable elements in ', such that

pSLTY) < A0V (o, SHT (e Ty) .
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1-a—B-y

1
E(p(y,Sf)+p(f, Ty)) ,

for some «, 3,7y, 4 € [0,1), with @ + 28 + 2y < 1. Then there exists a non increasing sequence {f,} € X
such that f, = f* € X. Also, if f* < f,,then f* =S f* =T f".

In Theorem 2.1, if we replace S by T, then the following result is obtained.
Corollary 2.4. Let (7, <,d;) be a complete ordered DMS, T is a dominated mappings on T, fo € Y
and r > 0. Assume that f and y are comparable element in B (fj, r), such that

di(Tf,Ty) < @£, - di(f,TH (i, Ty) .

1-a—p—y

1
E(d’ 0. Tf)+d (f, Ty)) ,
for some «,B,y,4 € [0,1), witha + 28+ 2y < 1 and

di(fo,Tfo) <A =Dr.

Then there exists a non increasing sequence {f,} € B(fy,r), such that f, — f* € B(fy,r). Also, if
f* = fo,then f* =T f*and d, (f*, f*) = 0.

Without closed ball version of Corollary 2.4 is given below.
Corollary 2.5. Let (7, <,d)) be a complete ordered DMS, T are dominated mappings on Y. Assume
that f and y are comparable element in Y, such that

di(Tf,Ty) < A (f;))f (di(f, T iy, Ty) .

1-a—-y

1
ST +d(f.Ty)) :

for some a,,7y,4 € [0, 1), with @+ 28+ 2y < 1. Then there exists a non increasing sequence {f,} C X,
such that f, — f* € X. Also, if f* < f,, then f* =T f* and d,;(f™, f*) = 0.

If we put the value of a is equal to zero. Then the following result is obtained.
Corollary 2.6. Let (7, <,d,;) be a complete ordered DMS, T and S are dominated mappings on Y,
fo € T and r > 0. Assume that f and y are comparable element in B (f;, r), such that

1-B—y

1
di(S £, Ty) <A (f, )V . (d (y, Ty)) . E(dl .S +d (f, Ty)) ,

for some B,y,4 € [0, 1), with 28+ 2y < 1. Then there exists a non increasing sequence {f,} € B (fo, 1),
such that f, = f* € B(fy,r). Also, if f* < f,,then f* =S f*=Tf* and d,(f*, f*) = 0.

If we put the value of S is equal to zero. Then the following result is obtained.
Corollary 2.7. Let (7, <,d;) be a complete ordered DMS, T and S are dominated mappings on 7V,
fo € Y and r > 0. Assume that f and y are comparable element in B (f;, r), such that

l-a-y

1
d S f.Ty) < Adi (£, SOy 0, TV | S 0,8 f) + dy (£, Ty)) ;
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for some a,7y,4 € [0, 1), with @ + 2y < 1. Then there exists a non increasing sequence {f,} € B (fo, 1),
such that f, — f* € B(fy,r). Also, if f* < f,,then f* =S f* =T f*and d,(f*, f*) = 0.

If we put the value of vy is equal to zero. Then the following result is obtained.
Corollary 2.8. Let (1, <,d)) be a complete ordered DMS, T and S are dominated mappings on Y,
fo € T and r > 0. Assume that f and y are comparable element in B (f;, r), such that

1 1-a-B
(S £, Ty) < Ad, (f, ) (i (f, S ). S (.S f) +di(f.Ty) :

for some a, 5,4 € [0, 1), with @ + 28 < 1. Then there exists a non increasing sequence {f,} € B (fo, 1),
such that f, — f* € B(fy,r). Also,if f* < f,,then f* =S f* =T f" and d;(f", f*) = 0.

If we take complete DMS (T, d,) instead of complete ordered DMS (T, <, d;). Then the following
result is obtained.
Corollary 2.9. Let (7, d)) be a complete DMS, T and S are self mappings on Y, fy € T and r > 0.
Assume that f and y are element in B (fy, r), such that

di(Sf,Ty) < Adi () di(f,S ) (di (., TY)) .

l-a—p-y

1
E(dl .S +d (f,Ty)) ,
for some «,B,y,4 € [0,1), witha + 28+ 2y < 1 and

di(fo,Sfo) < r(1=2).

Then there exists a sequence {f,} € B(fo,r), such that f, — f* € B(fo,r), f* =Tf" = Sf* and
a(f*, f7)=0.

Example 2.10. Let Y = [0, +c0) N Q be endowed with the order f < yifd, (f, f) < d;(y,y), and define
d:YxXY —> Tasd (f,y) = f+y. Then (T,d)) is an ordered completed dislocated metric space. Let
T,S : Y — Y be defined by,

_ Lif fe[o,11nY
Sf‘{f—7§iffe(1,+oo)mT}

_ Zif fe[0,1]1NT
Tf‘{f—7iiffe(1,+oo)m‘r }

Clearly T and S are dominated mappings. For fy = I, r =2, @ = f,andB = 3,y = 5, 1 = 2,
B(fo.) = [0,11N T, and (1 - ) r = & = d) (fo.5 o). Now if f = 1, y = 2 then

1 3 7 1 10

d(Sf,Ty) = ];+y—127(f+y)°-(f+§) (Zy—z)
1 1 1-5-71
2pegere-g)
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and so,

1 1—a—p-y
di (S £, Ty) = A(d (£, )Y (di (f, S ). (dy (v, T)’))y-[i (di(y, S f)+d(f, Ty))] .

Thus, the contractive condition does not hold on . Now if f,y € B(f, r), then

2 1
a6 = L2 =2 (e
3 1 ? 2y\T
< 5.(f+y)9.(f+];) .(f+7y) .
1 f 2y 1-5-7-15
5(”7“‘*7)

= AP S DY d 5. TY)Y

1 1-a—B-y
5 @0, S +di(f, Ty))]

Therefore all the condition of theorem are satisfied. Moreover, 0 is the common fixed point of 7 and S
3. Conclusions

Arshad et al. [6] analyzed that there are mappings which are contractive only on the subsets of
its domain. They deduced the fixed point results satisfying contraction on closed ball to ensure the
existence of fixed point of such mappings. On the other hand, Karapinar et al. [27] recently gave
the concept interpolative contraction and established some result. We extend their findings, and in
this paper, fixed point results with interpolative contractive conditions for a pair of generalized locally
dominated mappings on closed balls in ordered dislocated metric spaces have been established.
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