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1. Introduction

Due to its importance, fixed point theory is an exciting branch of mathematics and has vital, major
and basic part in both of applied sciences and pure mathematics such as mathematical modeling,
modern optimization, control theory, mathematical economics, and other domains for more details
see [1,3,5,11,20,31-33]. It has numerous applications in many areas of mathematical science.

In 2008, Bashirov et al. [8] induced the definition of multiplicative metric space beside studying
some major properties. After that, Bashirov et al. [9] and Florack et al. [14] also studied some other
properties in this space. In 2012, Ozavsar and Cevikel [23] presented the notion of multiplicative
contraction maps on multiplicative metric space in such a way that multiplicative triangle inequality
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is used instead of the usual triangular inequality and obtained various existence results of fixed point
beside many topological characteristics of multiplicative metric space. In 2013, He et al. [17] showed
the existence result of common fixed point of four maps using the weakly commuting condition.
Inspired by the work of He et al. [17], Gu and Cho [16] used a contraction condition constructed
by virtue of a comparison function to obtain existence results of the common fixed point for four maps.
Also, many researchers studied common fixed point theorems using the locally contractive, compatible
and weakly compatible conditions respectively (see [1,4,6,7,12,13,15,16,19,29,30]). Recently, Jiang
and Gu [18] displayed the notion of ¢-weakly commutative maps and obtained for four maps several
common fixed point theorems.

In 2011, Bhatt et al. [10] introduced the notion of weakly compatible maps and concluded some
common fixed point theorem in complex-valued metric space for these maps. In 2020, Alfaqih et al. [2]
presented the notion of common coincidence point of two pairs of maps beside using implicit relation
with applications to show unified common fixed point theorems in complex-valued metric space.

According to this direction, the purpose of this manuscript is to use the notion of implicit
contractions beside other new contractions in multiplicative Gy —metric space to show unique common
fixed point results of four weakly compatible maps holding those implicit contractions and the other
new contractions. Eventually, we introduce several examples to support new results.

2. Preliminaries

Now, we recall many well-known definitions, concepts and usual terminology that will be used in
the sequel of discussion.

Definition 2.1. [8] Assume a nonempty set U and a function 6y : U?> — [0, +o0) hold the following
properties:

(Om1) Om(g. 1) = 1, V gq,te U,

(Om2) Ou(g, ) =1 iff g=1

(Omz) Ou(g, 1) = Oy(t,q) (symmetry);

(Or4) Ou(q,t) < Oy(q, h) . Oy(h,t) VY g,t,h € U (multiplicative triangle inequality).

The function 6y, is a multiplicative metric on U and the couple (U, 6y) is a multiplicative metric space.

Definition 2.2. [22] Suppose V denote to a nonempty set and Gy : V2 — R* to a function verify
the following assertions:

(Gm) Gulg,t,h) = 1 if g=1t=h

(Gu,) Gu(g,q,t) > 1 YV q,teV with g #1;

(Gmy) Gul(g,q,1) < Gulg,t, h) V g,t,h eV with t # h;

(Gum,) Gu(g,t,h) = Gu(g,h,t) = Gu(t,h,q) = .. (symmetry in all variables);

(Gug) Gu(g,t.h) < Gu(q, f,f).Gu(f,t,h) Y q,t,h,f €V, (rectangular inequality).

Thus, the function Gy, is a multiplicative generalized metric or, specifically, multiplicative G—metric
on V and (V, Gy) is a multiplicative Gy—metric space.

A

Example 2.3. Suppose a G-metric space (V,G*) and Gy : V> — R* is defined by Gy(q,t,h) =
eG'@th gt h e V. Then, clearly every G-metric space (V, G*) generates multiplicative Gy—metric
space.

AIMS Mathematics Volume 7, Issue 8, 13681-13703.



13683

Proposition 2.4. [22] Assume a multiplicative Gy—metric space (V,Gyy), then for all g,t,h,j €V,
the following properties is satisfying:

(D) Gu(g,t,h)y = 1 if g=t=h;

(2) Gulg.t,h) < Gu(q, J, ) - Gu(t, J, j) - Gu(h, J, J);
(3) Gu(g,.t,h) < Gu(q,q,t).Gul(q, q,h);

4) Gulg,1,1) < Gy,(t,q,9).

Remark 2.5. Assume a nonempty set V and G : V3 — [0, +o0) has the construction G(g,t,h) =
ella=ii+li=hi+1h=a) v g ¢t h € V. Furthermore, G is a multiplicative G—metric on V and (V,G) is a
multiplicative G—metric space but G is not G—metric on V since the condition (G,) is not verified.
(Gy)) G(g,t,h) =0 if g=t=h.

Lemma 2.6. [22] Assume a sequence {q,} in a multiplicative Gy—metric space (V,Gy). If {q,} is a
multiplicative Gy—convergent then it is a multiplicative Gy—Cauchy sequence.

Lemma 2.7. [22] Suppose a sequence {q,} in a multiplicative Gy—metric space (V,Gy). A sequence
{g.} in V is a multiplicative Gyy—convergent to r € V iff Gy(qn,r,r) — 1 as n — oo.

Lemma 2.8. Assume two sequences {q,} and {t,} in a multiplicative Gy—metric space (V,Gy) such
that lim g, = q and limt, =t, then lim Gy(q,,t,,t,) = Gu(q,t,1).

n—oo

Proof. For n € N, we have

GM(Qna Iy, tn) < GM(Qn’ q, Q) . GM(q’ ty, tn)
< GM(Qn’ q, CI) . GM(q’ t’ t) . GM(I, tn’ tn)-
By taking n — oo, we get
lim Ga(Gns tn, 1) < Gu(g, 1,1). (2.1)

Since

IA

GM(Q, qn, QI’!) . GM(Qm z, t)
GM(q7 qn, CIn) . GM(QI’!, I, tn) . GM(lna , t)

GM(CI, t’ t)

IA

As n — oo, we obtain
GM(q’ t’ t) < hm GM(Qn, l}’la tn) (22)

From (2.1) and (2.2), we find
hm GM(Qn’ tn, tn) = GM(q’ t, t)-

Definition 2.9. [10] Suppose a nonempty set V and a pair of self-maps (J,7) on V. Thus, (J,]) is
weakly compatible if
Ju=Iu = Jlu=1Ju VY ueV.

Definition 2.10. [2] Consider a nonempty set V with P, Q,S and T be four self-maps on V. Further,
apoint j € Vis

(1) a fixed point of P if Pj = j;

(2) a common fixed point of Pand Q if Pj= Qj = J;
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(3) a coincidence point of (7, P)if Pj=Tj and k€ V suchthat k=Pj=T]j
is also a coincidence point of (7, P);

(4) a common coincidence point of (7, P) and (S, Q) if there exist k, r € V such that
Pk=Tk=j and Qr=Sr=j.

3. Results

The next class of real functions is defined in [24] but we added some simple modifications in (A3)
condition:

A-implicit contractions. Let M denote to the class of real-valued functions and A € M iff A :
[1,+00)> — [0, +00) holding the following conditions:
(A;) A is continuous and non-decreasing in every coordinate variable;

(Ay) forall x,y € [1, +00), there exists g1, g, € (0, +00) satisfying g;g, < 1 such that
x< AW, x,y,1,yx) = x<y?, x <A,y xyx 1) = x < y?2;
(A3) forall 5 € (0,1), z> 1,

max{A(l, Lz 1),A0,z1,1,2,A00,2 1,2, 1)} “S<z

Now, we introduce our first main theorems in complete multiplicative Gy;—metric space.

Theorem 3.1. Consider a complete multiplicative Gy—metric space (V,Gy) with the mappings
P.QO,S, T :V — Vsuchthat P(V) C S(V)and Q(V) C T(V) verify the following: for u,h € V, u # h
and B €(0,1/2),

IA

Ni,
3.1

IA

Gu(Qh, Pu, Pu)
GM(PM, Qh, Qh) N27

where
Gy(Pu,Tu,Tu), Gyy(Sh,Tu, Tu),

N =7 Gu(Qh,Sh,Sh), Gu(Qh, Tu, Tu), ’

min {GM(Pu, Sh.Sh). Gy(Pu.Tu. Tu)}

() Gu(Qh, Sh, Sh), Gy(Pu, Tu, Tu),
Gu(Tu,Sh,Sh),

min {GM(Qh, Tu. Tu). Goy(Qh, Sh, Sh)},

Gu(Pu,Sh,Sh)

Since 1,0 € M. If one of {P(V),S(V), Q(V),T(V)} is complete, then the couples (T, P) and (S, Q)
have unique common point of coincidence. Furthermore, the four self-maps have unique common fixed
point such that both the couples (T, P) and (S, Q) are weakly compatible.
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Proof. Let an arbitrary point uy in V. Since P(V) € §(V) and Q(V) € T(V), then we can construct the
sequence {u;} in V such that,

hox = Pugi = Suops,

3.2

{ Maps1 = Quoger = Tugpyr. (5-2)

for all k € N U {0}. Assume that either P(V) or S(V) is complete. We then prove that {A;} is a

multiplicative G)—Cauchy sequence. Using u = uy, and h = uy,; in inequality related to (T°), we

have

Gu(hogs1, hok, ho) Gu(Quaksr, Puoy, Puyy)
Gu(Pusy, Tuok, Tuog), Gpu(S uogr1, Tugk, Tugg),

GM(QM2k+1 S S Ugr1s S Unr1), GM(QM2k+1 s Tugk, Tuyy),

IA
=

min {GM(PMZk, Suops1, S uope1), Gu(Puog, Tuy, TMZk)}

Gu(hog, hok-1, ho—1), Gu(hok, hok-1, hag-1),
Gu(hogsr, hog, hor), Gu(hoger, hor—1, hak-1),

IA
~

min {GM(th» ok, ho), Gu(hak, ho-1, h2k—l)}
From (G, ) and (Gyy), we obtain

Gu(hars hak-15 har-1), Gu(hags hog-1, hok-1),

Gu(hoger, hog, hyy)) < T Gu(hags1, haws har),

Gum(howsrs hok, har) - Gu(hor, Mog-1, hag-1), 1

By (A;), we obtain
Gum(hokers hok, ho) - < [GM(tha o1, haj- )]qz. (3.3)

Similarly, by taking u = ux.2 and h = uy.; in inequality related to (@), we get successively

Gu(harsr, hogs1s hoi1) = Guy(Puorsr, QU QUier)

Gu(Quaksr, S i1, S Uops1)s Gu(Puns, Tuopso, Tugpsr),

Gu(Tuzis2, S Uzks1, S Ugs1),

IA
&)

min {GM(QMZkHa Tussn, Tusgs), Gu(Quogsr, S topst, S u2k+1)},

Gu(Pugiiz, S togsr, S Ungs1)

Using (Gy,) and (G ;) again, we have
Gu(howsrs hok, har), Gu(hogs2, okt o),
Gum(hoksas hokrrs hog1) < O Gu(hagsrs hags o), 1,
Gu(hoks2, howers hoke1) - Gu(hagsrs hok, hox)
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Hence, using (A;) again

q1
Gm(hoia, hogsrs hoksn) < |Gl hoie )| (3.4)

From (3.3) and (3.4), we get

q2
Gum(hosr, hog, hor) < [GM(hzk, hoj-1, h2k—1)]

919 (q192)**
< [GM(th—l,th—Zath—z)] o < [GM(hl,ho,ho)] : (3.5)
Consequently,
qi
Gz, howsrs haist) < | GaaClagen, oo ) |
(419" a1
< [GM(hl,ho,ho)] . (3.6)

For all k,m € N with (k < m), we get

GM(h2m+1 > h2k+1 > h2k+1)

Gu(homsrs homs how) - Gp(hops hom—1, hop-1) ...
Gum(hogsas hoges, hors3) - Gu(hoksss hogsa, hoge2) © Gu(hoksas hoksers hogs1)

IA

)Zm )2m 1

(q192

= [GM(hl’hO’hO)] [GM(hl,ho,ho)](qlq2 .....
(Guath o, ho)](q1q2)2k+ [Gutinoio ho)](q1q2)2k+l G ho)](QIQZ)2kQI
< [Guthu, o, ho)](qqu) @+ @@+ @@+ e+ (@)
< [GM(h],hO,hO)](Cth)qul [1+(q192) + (@192 + . 1+ (@1 [1 + (@192) + (@142)* + ... ]
< [Guthn, o ho)](QIQZ)ZkQI(l + @) [1+(q192) + (@192)* + .....]

(@111 + q2)
[Guhi.ho.ho)| 1= @) — 1, as km— o,

IA

where (g1g> < 1) implied that (g,¢2)* — 0, as k — oo.

This proves that {A;} is multiplicative G);—Cauchy sequence. From the completeness of (V, Gy,), there
exists [ € V such that hy — [ as k — oo. Then from Eq (3.2), we find

khm PMZk = khm Su2k+1 = kllm TM2k+2 = kllm Qu2k+1 =1 (37)
Since P(V) C S(V), if [ € S(V), then there exists j € V such that

Sj=1. (3.8)
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We will prove that Qj = S j. By putting u = uy, and h = j in inequality related to (7°), we obtain

Gu(Pugy, Tuo, Tug), Gu(S j, Tuog, Tuoy),
Gu(Qj, Pure, Pury) < T Gu(QJ, S .S J)s Gm(QJ, Tuzk, Tuzy),

min {GM(PMZk’ S 1S )y Gu(Puag, Ty, Tuzk)}
Putting kK — oo and using Eqs (3.7) and (3.8), we get

Gu(QilD) < T (1, 1, Gy(Q).1.1), Gy(QJ 1, 1), 1)

|Gu(Qii L l)]ﬁ,

which is contradiction from (Aj3), since 8 € (0, 1/2), then we obtain

ol B .
[Gu@itn| " =1 = Gu@jlh=1,
implying thereby Qj = [. Hence
Qj=1=S8}, (3.9

i.e., [ is coincidence point of the couple (S, Q).
As Q(V) C T(V), there exists r € V such that

Tr=1. (3.10)
We will show that Pr = Tr. Taking u = r and h = uy,; in inequality related to (@), we obtain

Gu(Quaksr, S g1, S togs1), Gu(Pr,Tr, Tr),

Gu(Tr, S usps1, S Ungs1)s

Gu(Pr, Quogy, Quors) < @ .
’ ’ min {GM(QM2k+1 I, Tr), Gu(Quaks1, S Unksr, S Unis )},

Gu(Pr, S upps1, S Uzks1)

Taking k — oo and using Eqgs (3.7) and (3.10), we have

Gu(PrLD < 6 (1 Gu(PrLD. 1. 1. Gu(Pr.LD) = [GutPr. D]
using (Ajz), we get Gy(Pr,l,1) =1 which implies that Pr = [. Then
Pr=1=Tr, 3.11)

i.e., [ is also coincidence point of the pair (7, P).

Furthermore, [ € V is common coincidence point for the four maps.
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In regard to uniqueness: To prove the uniqueness with respect to the coincidence point, consider
[* # [ another coincidence point of the four maps. Further, there exists j*, r* such that Qj* =S = I
and Pr* =Tr" =[I".Puttingu = r* and h = jin (T), we get

Gu(Pr,Tr*,Tr*), Gy(S j, Tr",Tr"),
Gu(Qj, Pr,Pr) < T Gu(QJ,Sj,S)), Gu(QJ, Tr*,Tr"),
min {GM(Pr*, S7,S), Gy(Pr-,Tr*, Tr*)}

This implies that

A

Gu,I', 1) < 'r(l, Gu(L I, 1), 1, GuaL, I, 1), 1)

|Gut T, 1*)]5,

that is contradiction due to (Aj), then we have Gy(L,[*,I*) = 1, i.e., | = [*. Therefore, the couples
(T, P) and (S, Q) have unique common point of coincidence.

Consider weak compatibility of the couples (7, P) and (S, Q) and Egs (3.9), (3.11), we get
PTr=TPr, OSj=S0Qj. (3.12)

Thus,
Pl=TI, Ql=SI, (3.13)

i.e., [ is coincidence point of the pairs (7, P) and (S, Q).

Now, we prove that / is common fixed point of P,(Q,S and 7. Putting ¥ = [ and & = j in inequality
related to (7°), we obtain

Gu(PLTLTI), Gy(S j,TLTI),
G0 PLPY <7 | Gu(QiS S ]). Gu(Q.TLTD,
min {GM(PZ, Sj.Sj). Gu(PLTI, Tz)}

This tends to

Gu(l,PLLPl) < T (1, Gu(l, PL,Pl), 1, Gy(l, PL, Pl), 1)

[GM(Z, Pl, Pl)]'g,

which contradicts (A3), then we obtain Gy,(/, Pl, Pl) = 1, which tends to [ = PIl. Then, / = Pl = Tl. By
a similar way, we can show / = QI = S/. This means that

Pl=Tl=1=Q0l=S1L (3.14)
Hence, [ is common fixed point of the couples (7, P) and (S, Q).

The conclusion of uniqueness with respect to common fixed point of P, Q, S and T is more easy result
of the conclusion of uniqueness with respect to common point of coincidence of the pairs (7, P) and
(S, Q). Also, the conclusion is similar in case [ € T(V) and either Q(V) or T(V) is complete . This
completes the conclusion.

AIMS Mathematics Volume 7, Issue 8, 13681-13703.



13689

Example 3.2. Let V = [1, ). Define Gy : V3 — [1, o) as

-
Gulk, 7, j) = ("5 -
r J k
since
k if k>1;
k|* = (3.15)
1/k if k<.

Then, (V, Gy) is multiplicative Gy—metric space, see in Example 1.3 of [22].

Let P,Q,S,T :[1,00) —> [1, ) be defined as

i+ 1 i+ 1
Pj= ]T 0j=1, Sj=j Tj:]T, vV jeV.

It is clearly that P(V) € S(V) and Q(V) C T(V).
Also, Let T, © be defined by

Y(m, p,r,t,w) = O(m, p,r,t,w) = m,

forall m,p,r,t,we V.

Then 7 and @ are A-implicit contractions, since 1, @ satisfy the following:
(1) It is clearly that 7" and @ are continuous and non-decreasing in every coordinate variable;

(i1) for every x,y € [1,00), if x < T'(y, x,y, 1, yx) =y, then there exist ¢g; = 1 € (0, 00) and if
x < 60(y,y, x,yx, 1) =y, then there exist g, = 1 € (0, 0);

(iii) for every z > 1,
max{m, Lzz 1), T(,z1,1,2,7(1,2, 1,2, 1)} B

and
max {@(1, 1,z,z,1),60(1,z,1,1,2),0(1,z,1, z, 1)} = ZIB <z

We next prove the condition (3.1) is verified:
Step 1: with respect to inequality related to (7°),

Pu
Oh

1 e /u+1._u+1
fu+1 o 2 2
2
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Gu(Pu, Tu, Tu), Gy(Sh, Tu, Tu),
RHS. = T Gu(Qh,Sh,Sh), Gu(Qh, Tu, Tu),

min {GM(Pu, Sh.Sh). Gy (Pu.Tu, Tu)}

Pu|® |Tul|® |Tul®
= Gy(Pu,Tu,Tu) =|—| .|=—| -|—
w(Pu, Tu, Tu) Tul |Tul |Pu
o 0 u+ 1| u+l
u+ 1| 2 2
2
Step 2: with respect to inequality related to (6),
Pul® |Qh|* |Oh|*
LHS. = Gy(Pu,Qh,Qh) =|—| .|=| .|=
m(Pu, Qh, Oh) onl “lonl | Pa
B ut 1| e 1 _u+1
207 fus1 2
2
Gu(Qh,Sh,Sh), Gy(Pu,Tu,Tu),
Gu(Tu,Sh,Sh),
RHS. = O

min {GM(Qh, Tu, Tu), Gy (Oh.Sh, Sh)},
Gu(Pu, Sh, Sh)

Sh|®

1Sh

Sh
Oh

1

u

_ |2k
Gu(Qh.Sh.Sh) = | <

A1 ul” = WP

Hence, we observe that 7,0 € M satisty the condition (3.1). Also, it is clearly that 1 is a unique
common coincidence point of (P,7) and (Q,S), and also a unique common fixed point of mappings
P,Q,S and T. Consequently, Theorem 3.1 is supported by this example.

Now, we introduce a new shape of Theorem 3.1 with different contractive condition.
Theorem 3.3. Assume (V,Gyy) and the maps P,Q,S,T : V — V be the same in Theorem 3.1 satisfy
the following: for u,h € V, u # h,

| £ ]ﬁ (3.16.1)

(3.16)
| £ ]’8 (3.16.2)

Gu(Qh, Pu, Pu)

IA

Gu(Pu, Qh, Qh)

IA

AIMS Mathematics Volume 7, Issue 8, 13681-13703.
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since

Gy(Pu,Tu, Tu), Gy(Sh,Tu, Tu),

L] = max GM(Qh’ Sh, Sh)9 GM(Qh’ Tua Tu)a

min {GM(Pu, Sh.Sh). Gy(Pu.Tu, Tu)}
(%) Gor(Oh. Sh.Sh), Gyy(Pu. T, i),

Gu(Tu,Sh,Sh),

L> = max
min {GM(Qh, Tu. Tu). Gy(Qh. Sh, Sh)},

Gu(Pu,Sh,Sh)

1
where B € (0, 5) If one of {P(V),S(V), Q(V), T(V)} is complete, then the couples (T, P) and (S, Q)
have unique common point of coincidence. Further, the four self-maps have unique common fixed point
in 'V if the couples (T, P) and (S, Q) are weakly compatible.

Proof. As Theorem 3.1, let u, be arbitrary point in V. From Eq (3.2), assume that either P(V) or S (V)
is complete, then prove that {/;} is a multiplicative Gy —Cauchy sequence. Using u = uy;, and h = uyyg
in inequality (3.16.1), we get

Gu(hoies1, hog, hog) = Gu(Quksr, Puok, Puay)

Gu(Puoy, Tusy, Tuzk), Gu(S uagsr, Tuog, Tuoy),

max 4 Om(Quaokir, Stopsr, Storsr), Gu(Quokrr, Tutog, Tuiay),

IA

min {GM(Puzk, Suzks1, S Uspr1), Gu(Puog, Tusy, Tuzk)}

Gu(hok, hok-1, hok—1), Gpu(hok, hog—1, hog-1)

max Gum(hojes1, hog, hog), , (using (GM1 ), (GMS))
Gu(hogsr, hog, hor) - Gay(hog, hog—1, hog-1), 1

IA

implying thereby,

Gu(hogs1, har, ho) - < Gﬁ(hzkﬂ s Ik, hog) G'g(hzk, hok—1, hok-1). (3.17)

Thus,
0
G, oo ho) < | GaChags b1 by )| (3.18)

since 0 < p = < 1. Similarly, by putting u = uy, and h = uy,; 1n inequality (3.16.2), we

1-5
have

AIMS Mathematics Volume 7, Issue 8, 13681-13703.
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G(hag+2, hogs1, hoks1) = G(Puggiz, Quogsr, QUoks1)

Gu(Quogr1, S uaks1, S Unkr1), Gu(Puogsz, Tuogsn, TUopi2),

Gu(Tuzis2, S Uzks1, S Ups1),

< |max )
min {GM(QM2k+1 s Tuopsn, Torin), Gyu(Quogyt, Storin, S M2k+1)}
Gum(Pusgiz, S g1, S Unks1)
Gu(hogst, hog, hor), Gu(hoge, Boke1, hok+1),
< |max Gu(hagrt, hog, hop), 1, i (from (Gu,)s (G, )

GM(h2k+2’ h2k+l > h2k+1) . GM(h2k+1 ’ th, th)

that become,

Gu(harsas hogsr, hogs1) < Gﬁ(h2k+2, haori1, hare) Glf/l(thH > hor, hog). (3.19)
Then,
0
Gu(horsa, hors1, how1) < [GM(thH’ hox, th)] . (3.20)
Now, from (3.20), we get

0
Gt i 1) ]

IA

[GM(hk, hi—1, hi=1)
2 k

[ < ... < [Guthiho, )] 3.21)

IA

[GM(hk—l o, hi2)
For all k,m € N with (k < m), we obtain

GM(hm9 hk9 hk) < GM(hm’ hm—l ’ hm—l) . GM(hm—l’ hm—2, hm—2) ------- GM(hk+l ’ hk» hk)

m—1 m—2 k
< [Guthhoh)]” . [Guthiho )] (Guahr, o, o)
m—k—
< [GM(hl, o, ho)]pk(l +0+ . + p"h
o
< [GM(I’ll,ho,ho)]l B 1, as k,m —> 00,

since (0<p<1) tendsto p* — 0, as k — oo.

This illustrates that {/;} is multiplicative Gy —Cauchy sequence. Since (V, Gy) is complete, then there
exists / € V such that hy — [ as k — oo. Then from Eq (3.2), we get Eq (3.7).

Since P(V) C S(V), if [ € S(V), then there exists j € V such that Eq (3.8) is verified.
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We will show that Qj = S j. Taking u = uy, and & = jin inequality (3.16.1), we have

Gy (Pugi, Tuo, Tuoi), Gu(S j, Tuog, Tuoy),
Gu(QJ, Puay, Puy) < |max Gu(Q),5J,S ), Gu(QjJ, Tuz, Ty,

min {GM(Puzk, S 1,8 J), Gu(Puak, Tuyy, Tuzk)}

Taking k — oo and using Eqgs (3.7) and (3.8), we get

Gu(Qj LD < max{l, 1, Gy(QJ. D), Gas(Q) 11, 1}]ﬁ

= |Gu(Qi.1, l)]ﬁ,

which is contradiction with respect to (As). Hence, Gy(Qj,[,]) = 1, which tends to [ = Qj. Thus,
Eq (3.9) is satisfied.
Similarly, since Q(V) C T(V), there exists r € V such that Eq (3.10) is verified.

We will prove that Pr = Tr. Putting u = r and h = uy in inequality (3.16.2), we find

Gu(Quaksr, S g1, S uops1)s, Gu(Pr,Tr,Tr),

Gu(Tr, S ugpsr, S Uops1),

Gu(Pr, Quoys1, Quoks) < |max )
' ' min {GM(QuzkH, Tr,Tr), Gu(Quoks1, S Usps1, S M2k+1)},

Gu(Pz, S uops1, S Unps1)

Hence,

Gu(Pr,1,1)

IA

[ max {1, Gu(Pr. LD, 1, 1. Gyy(Pr.1. 1)}]ﬂ

[GM(Pr, [, l)]ﬁ,

from (A3), we have Gy(Pr,[,]) = 1 which implies that Pr = [. Thus Eq (3.11) is hold.

Hence, [ € V is common point of coincidence for the four maps.

Uniqueness: To illustrate the uniqueness with respect to the coincidence point, assume that [* # [
be another coincidence point of the four maps beside the other hypotheses as the same method in
Theorem 3.1, then inequality (3.16.1), became

Gu(Pr=,Tr,Tr*), Gy(S j, Tr*,Tr"),
GM(Qj, Pr, Pr*) < |max GM(Qj» Sj, Sj), GM(Qj, Tr,Tr"),
min {GM(Pr*, S 7S j), Gu(Pr, Tr", Tr*)}
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Tending thereby

[max{l, Gu(L I 1), 1, Gy(LI*. I, 1}]ﬁ

= |Gua.r, z*)]ﬁ,
which tends to Gy (L, I*, ") = 1 (from A3), i.e., [ = [*. Consequently, the couples (7, P) and (S, Q) have
unique common coincidence point.
By using weak compatibility of (7, P) and (S, Q) and Egs (3.9), (3.11), we get Eqs (3.12) and (3.13).
Hence, [ is coincidence point of (7, P) and (S, Q).

Gu(l, I, 1)

IA

Now, we illustrate that f is a common fixed point of P,Q,S and 7. Taking u =1/ and A = j in
inequality (3.16.1), we have

Gu(PLTLTI), Gyy(S j. TLTI),
o0 PLPD < |max | Gu(QiSiS]). Gu(QJ.TLTD,
min {GM(PZ, Sj,Sj), Gu(PLTI, Tl)}

This implies to

A

Gu(l,PLLPl) < [max {1 , Gu(l, PL,Pl), 1, Gy(l, PL, Pl), l}r

[GM(Z, P, Pl)]ﬁ,

which is contradiction from (Aj3), then we obtain Gy(l, Pl, Pl) = 1, which implies to [ = PI. Then,
[ = Pl =TI Similarly, we can prove [ = QI = S/. This means that Eq (3.14) is satisfied.

Therefore, [ is common fixed point of (7, P) and (S, Q).

As we prove the uniqueness of the common fixed point of the four maps, similarly, we can show the
uniqueness of the common point of coincidence of the four maps. Beside, the conclusion is similar in
case [ € T(V) and either Q(V) or T(V) is complete. This completes the conclusion.

Example 3.4. Let V = R. Define Gy, : V2 — [1,00) as
GuGik,r) = ¢ 1=k +lk=rl+Ir—j)

where j,k,reV and &> 1.

It is clearly that Gj, is multiplicative generalized metric [22] on V and the pair (V,Gy,) is called
multiplicative Gy—metric space.

Let P,O,S,T : V — V be defined as
Pj=2=0Qj S'—_1‘+1 Z'—_1‘+3 Y jeR
] ]7 .] 2] > J 1.] 2? ] *

AIMS Mathematics Volume 7, Issue 8, 13681-13703.



13695

Then, P(V) C S(V)and Q(V) C T(V).
Next, We show that the condition (3.16) is satisfied:
Step 1: from condition (3.16.1),

Gy(Pu,Tu,Tu), Gy(Sh,Tu, Tu),
Gu(Oh,Pu,Pu) = 1 < |max Gu(Qh,Sh,Sh), Gy(Qh, Tu, Tu),
min {GM(Pu, Sh,Sh), Gy(Pu, Tu, Tu)}
Step 2: from condition (3.16.2),

Gu(Qh,Sh,Sh), Gu(Pu, Tu, Tu),

Guy(Tu,Sh,Sh),
GM(PM, Qh9 Qh) = 1

IA

max

min {GM(Qh, Tu. Tu). Gy(Qh. Sh, Sh)},
Gor(Pu.Sh.Sh)

Therefore, we note that the condition (3.16) is satisfied. It is clearly that 2 is unique common
coincidence point of (7, p) and (S, Q), and also unique common fixed point of maps P, Q,S and T.
Then, Theorem 3.3 is verified by this example.

Next, we induce a new thoerem which is an extend to Theorem 3.3.

Theorem 3.5. Suppose a complete multiplicative Gy —metric space (V, Gy) and the mappings P, Q, S
and T be the same in Theorem 3.1 and L, L, are defined as in Theorem 3.3 hold the following: for

uheV,u+h,
[wl(&)]ﬂ, (3.22.1)

Gu(Pu, Oh, Qh) < [wz(ﬁz)]ﬂ, (3.22.2)

Gu(Qh, Pu, Pu)

IA

(3.22)

1
where 3 € (0, 5) and Y1,y : [0,00) — [0, 0) is a continuous and monotone increasing functions

such that Y1(0),¥,(0) < t for all t > 0. If one of {P(V),S(V),Q(V), T(V)} is complete, then the
couples (T, P) and (S, Q) have a unique common coincidence point. Also, the four self-maps have
unique common fixed point in V' if the pairs (T, P) and (S, Q) are weakly compatible.

Proof. By a similar way of Theorem 3.3 beside using the concept of continuous and monotone
increasing functions we can conclude the proof of Theorem 3.5.

Example 3.6. Let V,Gy, P, Q, S, T be defined in Example 3.4 and let
i) = " = (),

such that g € (O, %)
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Then, ¥ (j) and ¥, (j) satisfy the conditions in Theorem 3.5 and we have:
Step 1: from the condition (3.22.1),

Gy(Pu,Tu, Tu), Gy(Sh,Tu, Tu),

GM(Qh’ Pu, Pu) — 1 < max GM(Qh$ Sh, Sh)9 GM(Qh’ Tua Tu)a

min {GM(Pu, Sh.Sh). Gy(Pu. T, Tu)}

Gy(Pu,Tu,Tu), Gy(Sh,Tu, Tu),

= |y |max Gu(Qh,Sh,Sh), Gu(Qh, Tu, Tu),

min {GM(Pu, Sh.Sh). Gy(Pu.Tu, Tu)}

Step 2: from condition (3.22.2),

Gu(OQh,Sh,Sh), Gy(Pu,Tu, Tu), P
Gu(Tu. Sh,Sh).
Gy(Pu,Oh,0Oh) = 1 < |max
m(Pu, Oh, Oh) min{GM(Qh, Tu, Tu), GM(Qh,Sh,Sh)},
Gu(P.Sh.Sh)
B

Gu(Qh,Sh,Sh), Gy(Pu, Tu, Tu),

Gu(Tu,Sh,Sh),

= |y, | max
min {GM(Qh, Tu, Tu), Gy(Oh.Sh.S h)},

Gu(Pu,Sh,Sh)

Now, we present a new corollary with contraction have two mappings.
Corollary 3.7. Consider a complete multiplicative Gy—metric space (V,Gyy) with the maps Q, P :
V — V satisfy the following: for u,h € V, u + h,
Gu(Ph, Pu, Pu) < G(Qh, Qu, Ou)

where B € (0,1). If Q(V) or P(V) is complete, then the couple (Q, P) has unique coincidence point.
Further, the couple (Q, P) has a unique fixed point in 'V if it is weakly compatible.

Example 3.8. Let V and Gy, be the same in Example 3.4 and let Q,P : V — V be defined by

. Jj+1 . :
Q]:T, Pj=1, V jeR.
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Let u,h € V with u # h, then we get

Gu(Ph, Pu, Puy = 1 < Blt="11 = 6B on, ou, ou).

Clearly, 1 is unique coincidence point of (Q,P) and also unique fixed point of maps (Q, P).
Consequently, all the assertions in Corollary 3.7 are verified by this example.

4. Application

It is very common that many researchers proved different kind of linear and nonliear Volterra
and Fredhlom type integral equations by using various contractions principle. Rasham et al. [26]
proved a significant fixed point results for sufficient conditions to solve two system of nonlinear
integral equations. For more fixed point results having applications related to integral equations
(see [21,25,27,28]).

Theorem 4.1. Let (V,Gy) be a complete multiplicative Gy—metric space and the map Q : V — V
satisfies the following condition for all u,h,v with u # h # v, then

Ga(Qu, Oh, Qv) < GP (u, h,v)

where 5 € (0,1). If Q(V) is complete then Q has coincidence point. Also, Q has a unique fixed point
in V if it is weakly compatible.

Proof. The proof of Theorem 4.1 is similar to our main Theorem 3.1.

Now we are presenting an application for nonlinear integral equations to find out the unique
common solution. Let E = V([0, 1],R*) be the set of all continuous functions on [0, 1]. Consider the

integral equations
v

uv) = le(v, t,u(r)) dt, “4.1)
0

a(v) = sz(v, t,h(r)) dt, 4.2)
0

v(v) = fK3(v, t,v(1)) dt, 4.3)

0
for all v € [0, 1], where K;, K» K5 are functions from [0,1] X [0,1] X E to R.

o K1 i) = Ko (ut. i) | + | K2 (v,t.h(0)) = K3 (.t v(0) | + | K3(,£,(0)) = K (0, 1,40(0)) |

1 .
< T3 G (00 Oh. OV) . Gu(Qut, Oh, Qv).

For # € V([0, 1], R"), define supremum norm as: ||itl|, = sup {e!“®!}. Define
kel0,1]

Gyl i, v) = [sup {e(lﬁ(k)—h(k)l+|h(k)—v(k)|+Iv(k)—ﬂ(k)l)}] T R L R T
ke[0,1]
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forall &,7,v € V([0, 1],R*), with these settings, (V([0, 1],R*), Gys) becomes a complete multiplicative
Gy —metric space.

Now, we prove the following theorem to ensure the uniqueness and existence of a solution of
nonlinear integral equations (4.1), (4.2) and (4.3).

Theorem 4.2. Hypothesize conditions (i) and (ii) are satisfied:
(i) Ki, K>, K3 :[0,1] x[0,1] x V([0,1],R*) - R;
(ii) Define Q : V([0,1],R*) — V([0, 1],R") by

v

Q) = f K (v, t,u()) dr,

0
v

@n) = f K> (v, 1, 1(1)) dr,

0

O = f Ki(v, t,v(2)) dt.
0

Assume that B € (0,1) for each v,t € [0,1] and u,h,v € V([0, 1],R"), where

Ga(Oih, Oh, Qv) = || Q00— (@) +1(@M®) = (@) |+ (@)~ QD)

Then (4.1), (4.2) and (4.3) possess a unique solution.
Proof. By definition (ii)
el Q)W) = (M) | + [ (QR)(V) — (OV(@) | + [ (QV)(V) = (D) (V) |

v

— f o K1) = Kot i(0) | + | Ko (vt (1) = K3 (it v(0) | + | K3 (w,t,v(0) = Ki (@t ) | 14

0
f ! G(Qit, OF, Ov) di
. u, ,Qv) dt.
1+ Gy(Qi, On, Qv)
0
This implies
el (Q)(v) = (Qn) (V) | + [(Q) (V) = (OV)() | + [(Qv)(v) = (Qi)(V) | < GM(Qﬂ’ Qh’ QV)
= 1+ Gy(Qi, Oh, Ov)
||e| (Q)(v) = (@) (W) | + | (O (V) — (V)W) | + [ (QVv)(v) - (Qﬂ)(v)lll < GM(QL/" Qh’ Qv)
t 1 + GM(QI/L Qh$ QV)
1 +Gu(Qi, O, Qv) _ 1
GM(QIZ, Qh, Qv) - ||e| () (v) = (Oh) (V) | + (O (V) — (OV)(V) | + I(QV)(U)—(QIZ)(U)IHT

1 1
<
Gu(0d, O, Qv) —  ||e!(@D0) (@@ [+ 1(@h)w) ~ (@)@ [+ (@) ~(Qi® ]| *
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It yields that

1 -1
- <
||e!(@D@) = (@) | + [ (@M@) = (@) |+ (@MW) = (@DWI|| -~ Gy (Qut, O, QV)

The condition of Theorem (4.2) are satisfied, and Gy (it, i, v) = |lel@-7I+1n=vi+Iv=iD)  Hence the
integral equations (4.1), (4.2) and (4.3) admit a unique common solution.

Example 4.3. Take £ = [0,1]. If we putv = 1 in (4.1),(4.2) and (4.3), then we get the following
integral equations

| |
Qi) = f K\, na()dt = f e Jj i (4.4)
O1 01
(Qh) = f Ko, t,1(0) dt = f = (Hi i 4.5)
0l Ol
Qv) = f Ky, t,0(0) di = f e +21 4 (4.6)
where 0 0
Kibnni®) = 555 +? + i)’
Kt i) = 555 +E Th0)

Ks(v, t,v(t))

25(v+1+v(@)

Equations (4.4)—(4.6) are the special case of Eqgs (4.1)—(4.3) respectively, where v € [0, 1].
Proof.

Gu(Qii, Oh, Qv)
exp {IIQb’t = Onf| + 1O — Ov|| + [|Qv - Qb’tll}

exp {||K1(v, t,u(1)) = Ko (v, t, RO + |IK>(v, 1, 1(1)) —K3(v, 1, v(D)|

Il
og}ﬁ

K, 1, 9(0) — Ky(v, 1, 4(0)| } di

1 2 2 2
- OfeXp {”25(v+1+a(t)) _25(v+1+h(t))” i H25(v+1+h(t))

T35 +21 +v(t))” " “25(v +21 ) 25(v+21 +12(t))”} di
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1

= % fexp{

0

1

1 1
- +
v+ 1+a(r) v+1+h(t)H

1
v+1+h(t)_v+1+v(t)H

1 1
- dt
v+ 1+v() v+1+L't(t)”}

h(t) — a(f) ” N
v+ L+ a())v + 1+ h(t))

v(t) — hi(?) H
v+ 1+a))V+1+v()

|
= &M% fexp{
0

u(t) — v(t) H } r

v+ 1+v@®))v+1+a))

1

- fon{

0

hi(t) — (1)
v+ 1+ a())v + 1 + h(t))

| a

1 1
N -
v+1+n@))+1+v(@)
0

0
& [exp {10 - all + v - 10l + o - v }|

u(t) —v(v) H dr
v+ 14+v@)(v+1+0i())

IA

IA

AP (a1, v); B =&,

It follows that
Gu(Qii, O, Qv) < GP (4, h,v).

Hence, all conditions of Theorem 4.1 hold. The integral equations (4.4), (4.5) and (4.6) have a unique
solution by using Theorem 4.1.

5. Conclusions

In this manuscript, we achieve the uniqueness and existence of common fixed point of the pairs
(P, T)and (Q, §) that satisfy A-implicit contractions as one of the other different contractive conditions.
We provide some nontrivial examples for supporting our main theorems. Our main results represent a
generalization and extension to the results in the literature. On the other hand, we prove an application
for the system of nonlinear integral equations to show that the common solution of defined nonlinear
integral inclusions exists and unique. In future we can extend this work, for multivalued mappings,
fuzzy mappings, L-fuzzy mappings, bipolar fuzzy mappings, intuitionistic fuzzy mappings.
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