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1. Introduction and preliminaries

A function F : C → R is said to be convex, if

F (ϑ$1 + (1 − ϑ)$2) ≤ ϑF ($1) + (1 − ϑ)F ($2), ∀$1, $2 ∈ C, ϑ ∈ [0, 1].

In recent years the classical concept of convex functions have been extended and generalized in
different directions and an extensive research has been done in visualizing the properties of these new
classes. For details, see [1–5]. The concept of generalized convex sets was defined by Cortez et al. [6]
as follows:

Definition 1.1 ( [6]). Let ρ, λ > 0 and ε = (ε(0), . . . , ε(k), . . .) be a bounded sequence of positive real
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numbers. A non-empty set I ⊆ R is said to be generalized convex, if

$1 + τRελ,ρ($2 −$1) ∈ I, ∀$1, $2 ∈ I, τ ∈ [0, 1].

Here Rελ,ρ(z) is the Raina’s function and is defined as follows:

Rελ,ρ(z) = R
ε(0),ε(1),...
λ,ρ (z) :=

∞∑
k=0

ε(k)
Γ(ρk + λ)

zk, z ∈ C, (1.1)

where ρ, λ > 0, with bounded modulus |z| < M, and ε = {ε(0), ε(1), . . . , ε(k), . . .} is a bounded sequence
of positive real numbers. For details, see [7].

The class of generalized convex functions is defined as:

Definition 1.2 ( [6]). Let ρ, λ > 0 and ε = (ε(0), . . . , ε(k), . . .) be a bounded sequence of positive real
numbers. A function F : I ⊆ R→ R is said to be generalized convex, if

F ($1 + τRελ,ρ($2 −$1)) ≤ (1 − τ)F ($1) + τF ($2), ∀$1, $2 ∈ I, τ ∈ [0, 1].

For some recent studies regarding generalized convexity, see [6, 8].
We now introduce the class of generalized γ-convex functions.

Definition 1.3. Let γ : (0, 1) → R be a real function and ρ, λ > 0 and ε = (ε(0), . . . , ε(k), . . .) be a
bounded sequence of positive real numbers. A function F : I ⊆ R → R is said to be generalized
γ-convex, if

F ($1 + τRελ,ρ($2 −$1)) ≤ γ(1 − τ)F ($1) + γ(τ)F ($2), ∀$1, $2 ∈ I, τ ∈ [0, 1].

If the above inequality is reversed then we have the class of generalized γ-convexity.

Remark 1.1. Note that, if we take γ(t) = ts, t−s and γ(t) = 1, then we recapture the classes of
generalized convex functions, Breckner type of generalized s-convex functions [8], Godunova–Levin
type of generalized s-convex functions and generalized P-convex functions, respectively from
Definition 1.3. This shows that the class of generalized γ-convex functions is quite unifying as it
relates several other classes of the convexity.

Theory of convex functions also played significant role in the development of theory of
inequalities. Many inequalities particulary integral inequalities can be obtained easily using the
concept of convex functions, see [9]. In recent years researchers have utilized different approaches in
developing new analogues of classical inequalities. For example, Sarikaya et al. [10] elegantly used
the concepts of fractional calculus in developing fractional analogues of Hermite–Hadamard’s
inequality. This paper opened a new venue in this direction and consequently extensive research has
been done. For example, Du et al. [11] used the concepts of (s,m)-pre-invex functions and obtained
variants of Hermite–Hadamard’s inequality. Iqbal et al. [12] used the concepts of conformable
fractional calculus and obtained new refinements of Hermite–Hadamard’s inequality. Khurshid
et al. [13] obtained conformable fractional Hermite–Hadamard’s inequality using the class of
pre-invex functions. Lei et al. [14] established some new bounds related to Fejér–Hermite–Hadamard
type inequality and found their corresponding applications. Liao et al. [15] investigated Sugeno
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integral with respect to α-pre-invex functions. Erhan et al. [16] derived several
Fejér–Hermite–Hadamard type inequalities for conformable fractional integrals. Zhang et al. [17]
obtained some new k-fractional integral inequalities containing multiple parameters via generalized
(s,m)-preinvexity. Mohammed et al. [18] established generalized Hermite–Hadamard inequalities via
the tempered fractional integrals. Mohammed et al. [19] derived a new version of the
Hermite–Hadamard inequality for Riemann–Liouville fractional integrals. Iqbal et al. [20] obtained
Hermite–Hadamard type inequalities pertaining conformable fractional integrals and their
applications. Houas et al. [21] found certain weighted integral inequalities involving the fractional
hypergeometric operators. Srivastava et al. [22] established new Chebyshev type inequalities via a
general family of fractional integral operators with a modified Mittag–Leffler kernel. Mohammed
et al. [23] derived new fractional inequalities of Hermite–Hadamard type involving the incomplete
gamma functions. Srivastava et al. [24] obtained some families of Mittag–Leffler type functions and
associated operators of fractional calculus. Fernandez et al. [25,26] investigated series representations
for fractional-calculus operators involving generalised Mittag–Leffler functions. Srivastava et al. [27]
established some new fractional-calculus connections between Mittag–Leffler functions. Srivastava
et al. [28] investigated the study of fractional integral operators involving a certain generalized
multi-index Mittag–Leffler function. Srivastava et al. [29] used fractional calculus with an integral
operator containing a generalized Mittag–Leffler function in the kernel. Tomovski et al. [30]
investigated fractional and operational calculus with generalized fractional derivative operators and
Mittag–Leffler type functions. Sahoo et al. [31] derived new fractional integral inequalities for convex
functions pertaining to Caputo–Fabrizio operator. Butt et al. [32] obtained new fractional
Mercer–Ostrowski type inequalities with respect to monotone function. Qaisar et al. [33] established
some new fractional integral inequalities of Hermite–Hadamard’s type through convexity. Zhao
et al. [34] derived Hermite–Jensen–Mercer type inequalities for Caputo fractional derivatives.

We now discuss some preliminaries which will be helpful in studying the main results of this paper.

Definition 1.4 ( [35]). Given a function F : [0,∞)→ R, then

Dσ(F )(ϑ) = lim
ε→0

F (ϑ + εϑ1−σ) − F (ϑ)
ε

,

for all ϑ > 0, σ ∈ (0, 1] is called fractional derivative.

We denote F σ(ϑ), dσ
dσϑ

(F ) for Dσ(F )(ϑ).

Theorem 1.1 ( [35]). Let σ ∈ (0, 1] and F , g be σ-differentiable at a point ϑ > 0. Then

(1) dσ
dσϑ

(ϑn) = nϑn−σ, for all n ∈ R.

(2) dσ
dσϑ

(c) = 0, where c is a constant.

(3) dσ
dσϑ

($1F (ϑ) +$2g(ϑ)) = $1
dσ

dσϑ
(F (ϑ)) +$2

dσ
dσϑ

(g(ϑ)), for all $1, $2 ∈ R.

(4) dσ
dσϑ

(F (ϑ)g(ϑ)) = F (ϑ) dσ
dσϑ

(g(ϑ)) + g(ϑ) dσ
dσϑ

(F (ϑ)).

(5) dσ
dσϑ

(
F (ϑ)
g(ϑ)

)
=

g(ϑ) dσ
dσϑ

(F (ϑ))−F (ϑ) dσ
dσϑ

(g(ϑ))

(g(ϑ))2 .

(6) dσ
dσϑ

((F ◦ g)(ϑ)) = F ′(g(ϑ)) dσ
dσϑ

(g(ϑ)), for F differentiable at g(ϑ).
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In addition, if F is differentiable, then

dσ
dσϑ

(F (ϑ)) = ϑ1−σ d
dϑ

(F (ϑ)). (1.2)

By applying (1.2), one can compute the following:

(1) dσ
dσϑ

(1) = 0.

(2) dσ
dσϑ

(ecϑ) = cϑ1−σecϑ, c ∈ R.

(3) dσ
dσϑ

(sin(cϑ)) = cϑ1−σ cos(cϑ), c ∈ R.

(4) dσ
dσϑ

(cos(cϑ)) = −cϑ1−σ sin(cϑ), c ∈ R.

(5) dσ
dσϑ

(
1
σ
ϑσ

)
= 1.

(6) dσ
dσϑ

(sin ϑσ

σ
) = cos(ϑ

σ

σ
).

(7) dσ
dσϑ

(cos ϑσ

σ
) = − sin(ϑ

σ

σ
).

(8) dσ
dσϑ

(e
ϑσ

σ ) = e( ϑ
σ

σ ).

Theorem 1.2 ( [35]). Let σ ∈ (0, 1],F : [$1, $2]→ R be continuous on [$1, $2] and σ-differentiable
on ($1, $2) with 0 < $1 < $2. Then. there exists c ∈ ($1, $2) such that

dσ
dσϑ

(F )(c) =
F ($2) − F ($1)

$2σ

σ
−

$1σ

σ

.

Definition 1.5 ( [36]). Let σ ∈ (0, 1] and 0 ≤ $1 < $2. A function F : [$1, $2] → R is σ-fractional
integrable on [$1, $2] if the integral

$2∫
$1

F (x)dσx :=

$2∫
$1

F (x)xσ−1dx,

exists and is finite.

The set of all σ-fractional integrable functions on [$1, $2] is denoted by L1
σ([$1, $2]).

Theorem 1.3 ( [37]). Let F : ($1, $2) → R be σ-differentiable and 0 < σ ≤ 1. Then for all ϑ > $1,

we have
I$1
σ D$1

σ (F )(ϑ) = F (ϑ) − F ($1).

Theorem 1.4 ( [37]). (Integration by parts) Let F , g : [$1, $2]→ R be two functions such that F g is
differentiable. Then

$2∫
$1

F (x)D$1
σ g(x)dσx = (F g) |$2

$1
−

$2∫
$1

g(x)D$1
σ F (x)dσx.

Theorem 1.5 ( [37]). Let F : [$1,∞)→ R be such that F (n)(ϑ) is continuous and σ ∈ (n, n + 1] where
n ∈ N. Then for all ϑ ≥ $1, we have

D$1
σ I$1

σ (F )(ϑ) = F (ϑ).
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Theorem 1.6 ( [38]). Let F : [$1, $2] → R be a continuous function with $1 < $2 and 0 < σ ≤ 1.
Then

|I$1
σ (F )(ϑ)| ≤ I$1

σ (|F |)(ϑ).

We also need the following well-known beta functions (complete and incomplete), respectively, for
some of our calculations, which are defined as:

B(x, y) =

1∫
0

ϑx−1(1 − ϑ)y−1dϑ, <(x) > 0, <(y) > 0,

Bρ(x, y) =

ρ∫
0

ϑx−1(1 − ϑ)y−1dϑ, <(x) > 0, <(y) > 0, 0 < ρ ≤ 1.

The aim of this paper is to obtain a new integral identity and associated bounds essentially using
the concept of generalized γ-convex functions. We also discuss special cases of the main results
which shows that the obtained results are quite unifying one. Finally, we also present applications for
particular special means with arbitrary positive real numbers, hypergeometric functions,
Mittag–Leffler functions, differentiable functions of first order that are in absolute value bounded, and
some error estimations of the quadrature formula as well. It is expected that the ideas and techniques
of the paper will inspire interested readers.

2. Results and discussion

In this section, we will discuss our main results.

2.1. Auxiliary result

Let us denote, respectively,
P := [$1, $1 + Rελ,ρ($2 −$1)]

and
P◦ :=

(
$1, $1 + Rελ,ρ($2 −$1)

)
which is the interior of P with 0 < Rελ,ρ($2 −$1) in the sequel. In order to prove main results of the
paper, we need to prove following new auxiliary result.

Lemma 2.1. Let $1, $2 ∈ R
+ with 0 < Rελ,ρ($2 −$1), and let F : P → R be a differentiable function

on P◦ for σ ∈ (0, 1]. If Dσ(F ) ∈ L1
σ(P), then

F

(2$1 + Rελ,ρ($2 −$1)

2

)
−

σ

($1 + Rελ,ρ($2 −$1))σ −$1
σ

∫ $1+Rελ,ρ($2−$1)

$1

F (s)dσs

=
Rελ,ρ($2 −$1)

($1 + Rελ,ρ($2 −$1))σ −$1
σ

∫ 1
2

0

(
($1 + ϑRελ,ρ($2 −$1))2σ−1 −$1

σ($1 + ϑRελ,ρ($2 −$1))σ−1
)

×Dσ(F )($1 + ϑRελ,ρ($2 −$1))ϑ1−σdσϑ
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+

∫ 1

1
2

(
($1 + ϑRελ,ρ($2 −$1))2σ−1 − ($1 + Rελ,ρ($2 −$1))σ($1 + ϑRελ,ρ($2 −$1))σ−1

)
×Dσ(F )($1 + ϑRελ,ρ($2 −$1))ϑ1−σdσϑ

]
.

Proof. It suffices to show that

I :=

1
2∫

0

(
($1 + ϑRελ,ρ($2 −$1))2σ−1 −$1

σ($1 + ϑRελ,ρ($2 −$1))σ−1
)

× Dσ(F )($1 + ϑRελ,ρ($2 −$1))ϑ1−σdσϑ

+

1∫
1
2

(
($1 + ϑRελ,ρ($2 −$1))2σ−1 − ($1 + Rελ,ρ($2 −$1))σ($1 + ϑRελ,ρ($2 −$1))σ−1

)
× Dσ(F )($1 + ϑRελ,ρ($2 −$1))ϑ1−σdσϑ

=

1
2∫

0

(
($1 + ϑRελ,ρ($2 −$1))σ −$1

σ
)
F ′($1 + ϑRελ,ρ($2 −$1))dϑ

+

1∫
1
2

(
($1 + ϑRελ,ρ($2 −$1))σ − ($1 + Rελ,ρ($2 −$1))σ

)
F ′($1 + ϑRελ,ρ($2 −$1))dϑ.

Integrating by parts, we get

I =
(
($1 + ϑRελ,ρ($2 −$1))σ −$1

σ
) F ($1 + ϑRελ,ρ($2 −$1))

Rελ,ρ($2 −$1)

∣∣∣∣∣∣
1
2

0

− σ

1
2∫

0

($1 + ϑRελ,ρ($2 −$1))σ−1F ($1 + ϑRελ,ρ($2 −$1))dϑ

+
(
($1 + ϑRελ,ρ($2 −$1))σ − ($1 + Rελ,ρ($2 −$1))σ

) F ($1 + ϑRελ,ρ($2 −$1))

Rελ,ρ($2 −$1)

∣∣∣∣∣∣
1

1
2

− σ

1∫
1
2

($1 + ϑRελ,ρ($2 −$1))σ−1F ($1 + ϑRελ,ρ($2 −$1))dϑ

=
1

Rελ,ρ($2 −$1)

($1 +
Rελ,ρ($2 −$1)

2

)σ
−$1

σ

F (2$1 + Rελ,ρ($2 −$1)

2

)

−σ

$1+
Rε
λ,ρ

($2−$1)

2∫
$1

F (s)dσs +

($1 + Rελ,ρ($2 −$1))σ −
(
$1 +

Rελ,ρ($2 −$1)

2

)σ
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× F

(2$1 + Rελ,ρ($2 −$1)

2

)
− σ

$1+Rελ,ρ($2−$1)∫
$1+

Rε
λ,ρ

($2−$1)

2

F (s)dσs


=

1
Rελ,ρ($2 −$1)

[(
($1 + Rελ,ρ($2 −$1))σ −$1

σ
)
F

(2$1 + Rελ,ρ($2 −$1)

2

)

−σ

$1+Rελ,ρ($2−$1)∫
$1

F (s)dσs

 .
This completes the proof. �

2.2. New bounds

In this subsection, using Lemma 2.1, we discuss our main results.

Theorem 2.1. Let $1, $2 ∈ R
+ with 0 < Rελ,ρ($2−$1), and let F : P → R be a differentiable function

on P◦ for σ ∈ (0, 1]. If Dσ(F ) ∈ L1
σ(P), and |F ′| is generalized γ-convex function on P, then∣∣∣∣∣∣∣∣∣∣F

(2$1 + Rελ,ρ($2 −$1)

2

)
−

σ

($1 + Rελ,ρ($2 −$1))σ −$1
σ

$1+Rελ,ρ($2−$1)∫
$1

F (s)dσs

∣∣∣∣∣∣∣∣∣∣
≤

Rελ,ρ($2 −$1)

($1 + Rελ,ρ($2 −$1))σ −$1
σ
{|F ′($1)|[A1 +A2 +A3] + |F ′($2)|[B1 + B2 + B3]} ,

where

A1 :=

1
2∫

0

$1
σ−1($1 + ϑRελ,ρ($2 −$1))γ2(1 − ϑ)dϑ −

1∫
1
2

$1
σγ2(1 − ϑ)dϑ, (2.1)

A2 :=

1
2∫

0

$2
σ−1($1 + ϑRελ,ρ($2 −$1))γ(ϑ)γ(1 − ϑ)dϑ −

1∫
1
2

$2
σγ(ϑ)γ(1 − ϑ)dϑ, (2.2)

A3 := −

1
2∫

0

$1
σγ(1 − ϑ)dϑ +

1∫
1
2

($1 + Rελ,ρ($2 −$1))σγ(1 − ϑ)dϑ, (2.3)

B1 :=

1
2∫

0

$2
σ−1($1 + ϑRελ,ρ($2 −$1))γ2(ϑ)dϑ −

1∫
1
2

$2
σγ2(ϑ)dϑ, (2.4)

B2 :=

1
2∫

0

$1
σ−1($1 + ϑRελ,ρ($2 −$1))γ(ϑ)γ(1 − ϑ)dϑ −

1∫
1
2

$1
σγ(ϑ)γ(1 − ϑ)dϑ, (2.5)
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B3 := −

1
2∫

0

$1
σγ(ϑ)dϑ +

1∫
1
2

($1 + Rελ,ρ($2 −$1))σγ(ϑ)dϑ. (2.6)

Proof. Using Lemma 2.1, generalized γ-convexity of xσ−1 and −xσ (x > 0) for σ ∈ (0, 1], |F ′| is
generalized γ-convex, and property of the modulus, we have∣∣∣∣∣∣∣∣∣∣F

(2$1 + Rελ,ρ($2 −$1)

2

)
−

σ

($1 + Rελ,ρ($2 −$1))σ −$1
σ

$1+Rελ,ρ($2−$1)∫
$1

F (s)dσs

∣∣∣∣∣∣∣∣∣∣
≤

Rελ,ρ($2 −$1)

($1 + Rελ,ρ($2 −$1))σ −$1
σ


1
2∫

0

(
($1 + ϑRελ,ρ($2 −$1))σ −$1

σ
)
|F ′($1 + ϑRελ,ρ($2 −$1))|dϑ

+

1∫
1
2

(
($1 + Rελ,ρ($2 −$1))σ − ($1 + ϑRελ,ρ($2 −$1))σ

)
|F ′($1 + ϑRελ,ρ($2 −$1))|dϑ


≤

Rελ,ρ($2 −$1)

($1 + Rελ,ρ($2 −$1))σ −$1
σ


1
2∫

0

(
(γ(1 − ϑ)$1

σ−1 + γ(ϑ)$2
σ−1)($1 + ϑRελ,ρ($2 −$1)) −$1

σ
)

×
[
γ(1 − ϑ)|F ′($1)| + γ(ϑ)|F ′($2)|

]
dϑ

+

1∫
1
2

(
($1 + Rελ,ρ($2 −$1))σ − γ(1 − ϑ)$1

σ − γ(ϑ)$2
σ
) [
γ(1 − ϑ)|F ′($1)| + γ(ϑ)|F ′($2)|

]
dϑ

 .
The proof is completed. �

We now discuss some special cases of Theorem 2.1.

(I) If we take γ(ϑ) = ϑ in Theorem 2.1, we have∣∣∣∣∣∣∣∣∣∣F
(2$1 + Rελ,ρ($2 −$1)

2

)
−

σ

($1 + Rελ,ρ($2 −$1))σ −$1
σ

$1+Rελ,ρ($2−$1)∫
$1

F (s)dσs

∣∣∣∣∣∣∣∣∣∣
≤

Rελ,ρ($2 −$1)

($1 + Rελ,ρ($2 −$1))σ −$1
σ

{ ($1 + Rελ,ρ($2 −$1))σ

8
[|F ′($1)| + 3|F ′($2)|]

+Rελ,ρ($2 −$1)|F ′($1)|
[
11$1

σ−1 + 5$2
σ−1

192

]
+Rελ,ρ($2 −$1)|F ′($2)|

[
5$1

σ−1

192
+
$2

σ−1

64

]
−
$1

σ

8
[
|F ′($1)| + |F ′($2)|

]
+
$1$2

σ−1

24
[2|F ′($1)| + |F ′($2)|] −

$2
σ

24
[
2|F ′($1)| + 7|F ′($2)|

]}
.

(II) If we choose γ(ϑ) = 1 in Theorem 2.1, we get
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∣∣∣∣∣∣∣∣∣∣F
(2$1 + Rελ,ρ($2 −$1)

2

)
−

σ

($1 + Rελ,ρ($2 −$1))σ −$1
σ

$1+Rελ,ρ($2−$1)∫
$1

F (s)dσs

∣∣∣∣∣∣∣∣∣∣
≤

Rελ,ρ($2 −$1)

($1 + Rελ,ρ($2 −$1))σ −$1
σ
{[|F ′($1)| + |F ′($2)|]

×

$1$2
σ−1 −$2

σ −$1
σ + ($1 + Rελ,ρ($2 −$1))σ

2
+
Rελ,ρ($2 −$1)($1

σ−1 +$2
σ−1)

8


 .

(III) If we take γ(ϑ) = ϑs in Theorem 2.1, we obtain

∣∣∣∣∣∣∣∣∣∣F
(2$1 + Rελ,ρ($2 −$1)

2

)
−

σ

($1 + Rελ,ρ($2 −$1))σ −$1
σ

$1+Rελ,ρ($2−$1)∫
$1

F (s)dσs

∣∣∣∣∣∣∣∣∣∣
≤

Rελ,ρ($2 −$1)

($1 + Rελ,ρ($2 −$1))σ −$1
σ

{
|F ′($1)|[A∗1 +A∗2 +A∗3] + |F ′($2)|[B∗1 + B∗2 + B∗3]

}
,

where

A∗1 :=
$1

σ

2s + 1

[
1 −

1
22s

]
+
$1

σ−1Rελ,ρ($2 −$1)

2s + 1

[
1

2s + 2
−

1
22s+2(2s + 2)

−
1

22s+2

]
, (2.7)

A∗2 := B 1
2
(1 + s, 1 + s)$2

σ−1($1 +$2) +$2
σ−1Rελ,ρ($2 −$1)B 1

2
(1 + s, 1 + s)

−$2
σB(1 + s, 1 + s), (2.8)

A∗3 :=
1

2s+1(s + 1)

[
$1

σ + ($1 + Rελ,ρ($2 −$1))σ −$1
σ2s+1

]
, (2.9)

B∗1 :=
$2

σ−1

22s+1(2s + 1)

[
($1 +$2 + Rελ,ρ($2 −$1) − 22s+1$2

]
, (2.10)

B∗2 := $1
σ−1B 1

2
(1 + s, 1 + s)($1 + Rελ,ρ($2 −$1))

−$1
σ−1Rελ,ρ($2 −$1)B(1 + s, 1 + s), (2.11)

B∗3 := −
$1

σ

2s+1(s + 1)
+ ($1 + Rελ,ρ($2 −$1))σ

[
1 −

1
2s+1(s + 1)

]
. (2.12)

(IV) If we choose γ(ϑ) = ϑ−s in Theorem 2.1, we have∣∣∣∣∣∣∣∣∣∣F
(2$1 + Rελ,ρ($2 −$1)

2

)
−

σ

($1 + Rελ,ρ($2 −$1))σ −$1
σ

$1+Rελ,ρ($2−$1)∫
$1

F (s)dσs

∣∣∣∣∣∣∣∣∣∣
≤

Rελ,ρ($2 −$1)

($1 + Rελ,ρ($2 −$1))σ −$1
σ

{
|F ′($1)|[A∗∗1 +A∗∗2 +A∗∗3 ] + |F ′($2)|[B∗∗1 + B∗∗2 + B∗∗3 ]

}
,

AIMS Mathematics Volume 7, Issue 8, 13633–13663.



13642

where

A∗∗1 :=
$1

σ

1 − 2s

[
1 −

1
2−2s

]
+
$1

σ−1Rελ,ρ($2 −$1)

1 − 2s

[
1

2 − 2s
−

1
22−2s(2 − 2s)

−
1

22−2s

]
, (2.13)

A∗∗2 := B 1
2
(1 + s, 1 + s)$2

σ−1($1 +$2) +$2
σ−1Rελ,ρ($2 −$1)B 1

2
(1 − s, 1 − s)

−$2
σB(1 − s, 1 − s), (2.14)

A∗∗3 :=
1

21−s(1 − s)

[
$1

σ + ($1 + Rελ,ρ($2 −$1))σ −$1
σ21−s

]
, (2.15)

B∗∗1 :=
$2

σ−1

21−2s(1 − 2s)

[
($1 +$2 + Rελ,ρ($2 −$1) − 21−2s$2

]
, (2.16)

B∗∗2 := $1
σ−1B 1

2
(1 − s, 1 − s)($1 + Rελ,ρ($2 −$1))

−$1
σ−1Rελ,ρ($2 −$1)B(1 − s, 1 − s), (2.17)

B∗∗3 := −
$1

σ

21−s(1 − s)
+ ($1 + Rελ,ρ($2 −$1))σ

[
1 −

1
21−s(1 − s)

]
. (2.18)

Theorem 2.2. Let $1, $2 ∈ R
+ with 0 < Rελ,ρ($2−$1), and let F : P → R be a differentiable function

on P◦ for σ ∈ (0, 1]. If Dσ(F ) ∈ L1
σ(P), and |F ′|q is generalized γ-convex function on P, for q ≥ 1, then∣∣∣∣∣∣∣∣∣∣F

(2$1 + Rελ,ρ($2 −$1)

2

)
−

σ

($1 + Rελ,ρ($2 −$1))σ −$1
σ

$1+Rελ,ρ($2−$1)∫
$1

F (s)dσs

∣∣∣∣∣∣∣∣∣∣
≤

Rελ,ρ($2 −$1)

($1 + Rελ,ρ($2 −$1))σ −$1
σ

{
H

1− 1
q
[
H1|F

′($1)|q

+H2|F
′($2)|q

] 1
q +Kη

1− 1
q [Kη1|F

′($1)|q +Kη2|F
′($2)|q]

1
q

}
,

where

H :=
(2$1 + Rελ,ρ($2 −$1))σ+1 − (2$1)σ+1

2σ+1Rελ,ρ($2 −$1)(σ + 1)
−
$1

σ

2
, (2.19)

H1 :=

1
2∫

0

[
($1 + ϑRελ,ρ($2 −$1))σ −$1

σ
]
γ(1 − ϑ)dϑ, (2.20)

H2 :=

1
2∫

0

[
($1 + ϑRελ,ρ($2 −$1))σ −$1

σ
]
γ(ϑ)dϑ, (2.21)

Kη :=
($1 + Rελ,ρ($2 −$1))σ

2
−

(2$1 + 2Rελ,ρ($2 −$1))σ+1 − (2$1 + Rελ,ρ($2 −$1))σ+1

2σ+1(σ + 1)Rελ,ρ($2 −$1)
, (2.22)

Kη1 :=

1∫
1
2

[
($1 + Rελ,ρ($2 −$1))σ − ($1 + ϑRελ,ρ($2 −$1))σ

]
γ(1 − ϑ)dϑ, (2.23)
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Kη2 :=

1∫
1
2

[
($1 + Rελ,ρ($2 −$1))σ − ($1 + ϑRελ,ρ($2 −$1))σ

]
γ(ϑ)dϑ. (2.24)

Proof. Using Lemma 2.1 and property of the modulus, we have∣∣∣∣∣∣∣∣∣∣F
(2$1 + Rελ,ρ($2 −$1)

2

)
−

σ

($1 + Rελ,ρ($2 −$1))σ −$1
σ

$1+Rελ,ρ($2−$1)∫
$1

F (s)dσs

∣∣∣∣∣∣∣∣∣∣
≤

Rελ,ρ($2 −$1)

($1 + Rελ,ρ($2 −$1))σ −$1
σ


1
2∫

0

(
($1 + ϑRελ,ρ($2 −$1))σ −$1

σ
)
|F ′($1 + ϑRελ,ρ($2 −$1))|dϑ

+

1∫
1
2

(
($1 + Rελ,ρ($2 −$1))σ − ($1 + ϑRελ,ρ($2 −$1))σ

)
|F ′($1 + ϑRελ,ρ($2 −$1))|dϑ

 .
By power mean integral inequality and generalized γ-convexity of |F ′|q, we get

1
2∫

0

(
($1 + ϑRελ,ρ($2 −$1))σ −$1

σ
)
|F ′($1 + ϑRελ,ρ($2 −$1))|dϑ

≤


1
2∫

0

(
($1 + ϑRελ,ρ($2 −$1))σ −$1

σ
)

dϑ


1− 1

q

×


1
2∫

0

(
($1 + ϑRελ,ρ($2 −$1))σ −$1

σ
)
|F ′($1 + ϑRελ,ρ($2 −$1))|qdϑ


1
q

≤H
1− 1

q

|F ′($1)|q

1
2∫

0

(
($1 + ϑRελ,ρ($2 −$1))σ −$1

σ
)
γ(1 − ϑ)dϑ

+|F ′($2)|q

1
2∫

0

(
($1 + ϑRελ,ρ($2 −$1))σ −$1

σ
)
γ(ϑ)dϑ


1
q

.

Similarly,
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1∫
1
2

(
($1 + Rελ,ρ($2 −$1))σ − ($1 + ϑRελ,ρ($2 −$1))σ

)
|F ′($1 + ϑRελ,ρ($2 −$1))|dϑ

≤


1∫

1
2

(
($1 + Rελ,ρ($2 −$1))σ − ($1 + ϑRελ,ρ($2 −$1))σ

)
dϑ


1− 1

q

×


1∫

1
2

(
($1 + Rελ,ρ($2 −$1))σ − ($1 + ϑRελ,ρ($2 −$1))σ

)
|F ′($1 + ϑRελ,ρ($2 −$1))|qdϑ


1
q

≤Kη
1− 1

q

|F ′($1)|q
1∫

1
2

(
($1 + Rελ,ρ($2 −$1))σ − ($1 + ϑRελ,ρ($2 −$1))σ

)
γ(1 − ϑ)dϑ

+|F ′($2)|q
1∫

1
2

(
($1 + Rελ,ρ($2 −$1))σ − ($1 + ϑRελ,ρ($2 −$1))σ

)
γ(ϑ)dϑ


1
q

,

which completes the proof. �

We now discuss some special cases of Theorem 2.2.

(I) If we take γ(ϑ) = ϑ in Theorem 2.2, we have∣∣∣∣∣∣∣∣∣∣F
(2$1 + Rελ,ρ($2 −$1)

2

)
−

σ

($1 + Rελ,ρ($2 −$1))σ −$1
σ

$1+Rελ,ρ($2−$1)∫
$1

F (s)dσs

∣∣∣∣∣∣∣∣∣∣
≤

Rελ,ρ($2 −$1)

($1 + Rελ,ρ($2 −$1))σ −$1
σ

{
H

1− 1
q [H∗1 |F

′($1)|q +H∗2 |F
′($2)|q]

1
q

+Kη
1− 1

q [Kη
∗

1|F
′($1)|q +Kη

∗

2|F
′($2)|q]

1
q
}
,

where

H∗1 :=
(2$1 + Rελ,ρ($2 −$1))σ+1

2σ+2
(
Rελ,ρ($2 −$1)

)2
(σ + 1)

[ (2$1 + Rελ,ρ($2 −$1)) + Rελ,ρ($2 −$1)(σ + 2)

σ + 2

]

−
3$1

σ

8
−

$1
σ+1(

Rελ,ρ($2 −$1)
)2

(σ + 1)

[
$1 + Rελ,ρ($2 −$1)(σ + 2)

(σ + 2)

]
, (2.25)
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H∗2 :=
(2$1 + Rελ,ρ($2 −$1))σ+1

2σ+2
(
Rελ,ρ($2 −$1)

)2
(σ + 1)

×

 (2$1)σ+2 + Rελ,ρ($2 −$1)(σ + 2) − (2$1 + Rελ,ρ($2 −$1))

(σ + 2)

 − $1
σ

8
, (2.26)

Kη
∗

1 :=
(2$1 + Rελ,ρ($2 −$1))σ+1

2σ+2
(
Rελ,ρ($2 −$1)

)2
(σ + 1)

[
Rελ,ρ($2 −$1)(σ + 2) + (2$1 + Rελ,ρ($2 −$1))

(σ + 2)

]
,

+ ($1 + Rελ,ρ($2 −$1))σ

1
8
−

($1 + Rελ,ρ($2 −$1))2(
Rελ,ρ($2 −$1)

)2
(σ + 1)(σ + 2)

 , (2.27)

Kη
∗

2 :=
3($1 + Rελ,ρ($2 −$1))σ

8
+

(2$1 + Rελ,ρ($2 −$1))σ+1

2σ+2
(
Rελ,ρ($2 −$1)

)2
(σ + 1)

×

[
Rελ,ρ($2 −$1)(σ + 2) − (2$1 + Rελ,ρ($2 −$1))

σ + 2

]
+

($1 + Rελ,ρ($2 −$1))σ+1

Rελ,ρ($2 −$1)(σ + 1)

[ ($1 + Rελ,ρ($2 −$1)) − Rελ,ρ($2 −$1)(σ + 2)

σ + 2

]
. (2.28)

(II) If we choose γ(ϑ) = 1 in Theorem 2.2, we get∣∣∣∣∣∣∣∣∣∣F
(2$1 + Rελ,ρ($2 −$1)

2

)
−

σ

($1 + Rελ,ρ($2 −$1))σ −$1
σ

$1+Rελ,ρ($2−$1)∫
$1

F (s)dσs

∣∣∣∣∣∣∣∣∣∣
≤

Rελ,ρ($2 −$1)

($1 + Rελ,ρ($2 −$1))σ −$1
σ

{
H

1− 1
q [H∗∗1 (|F ′($1)|q + |F ′($2)|q)]

1
q

+Kη
1− 1

q [Kη
∗∗

1 (|F ′($1)|q + |F ′($2)|q)]
1
q
}
,

where

H∗∗1 :=
(2$1 + Rελ,ρ($2 −$1))σ+1

2σ+1
(
Rελ,ρ($2 −$1)

)2
(σ + 1)

−
$1

σ

2
−

$1
σ+1

Rελ,ρ($2 −$1)(σ + 1)
, (2.29)

Kη
∗∗

1 :=
($1 + Rελ,ρ($2 −$1))σ

2
−

($1 + Rελ,ρ($2 −$1))σ+1

Rελ,ρ($2 −$1)(σ + 1)

+
(2$1 + Rελ,ρ($2 −$1))σ+1

2σ+1Rελ,ρ($2 −$1)(σ + 1)
. (2.30)

(III) If we take γ(ϑ) = ϑs in Theorem 2.2, we obtain

AIMS Mathematics Volume 7, Issue 8, 13633–13663.



13646

∣∣∣∣∣∣∣∣∣∣F
(2$1 + Rελ,ρ($2 −$1)

2

)
−

σ

($1 + Rελ,ρ($2 −$1))σ −$1
σ

$1+Rελ,ρ($2−$1)∫
$1

F (s)dσs

∣∣∣∣∣∣∣∣∣∣
≤

Rελ,ρ($2 −$1)

($1 + Rελ,ρ($2 −$1))σ −$1
σ

×
{
H

1− 1
q [H?

1 |F
′($1)|q +H?

2 |F
′($2)|q]

1
q +Kη

1− 1
q [Kη

?
1 |F

′($1)|q +Kη
?
2 |F

′($2)|q]
1
q
}
,

where

H?
1 :=

(
Rελ,ρ($2 −$1)

)σ
B 1

2
(1 + σ, 1 + s), (2.31)

H?
2 :=

(
Rελ,ρ($2 −$1)

)σ
2σ+s+1(σ + s + 1)

, (2.32)

Kη
?
1 :=

1∫
1
2

[
($1 + Rελ,ρ($2 −$1))σ − ($1 + ϑRελ,ρ($2 −$1))σ

]
(1 − ϑ)sdϑ, (2.33)

Kη
?
2 :=

1∫
1
2

[
($1 + Rελ,ρ($2 −$1))σ − ($1 + ϑRελ,ρ($2 −$1))σ

]
ϑsdϑ. (2.34)

(IV) If we choose γ(ϑ) = ϑ−s in Theorem 2.2, we have∣∣∣∣∣∣∣∣∣∣F
(2$1 + Rελ,ρ($2 −$1)

2

)
−

σ

($1 + Rελ,ρ($2 −$1))σ −$1
σ

$1+Rελ,ρ($2−$1)∫
$1

F (s)dσs

∣∣∣∣∣∣∣∣∣∣
≤

Rελ,ρ($2 −$1)

($1 + Rελ,ρ($2 −$1))σ −$1
σ

×
{
H

1− 1
q [H??

1 |F
′($1)|q +H??

2 |F
′($2)|q]

1
q +Kη

1− 1
q [Kη

??
1 |F

′($1)|q +Kη
??
2 |F

′($2)|q]
1
q
}
,

where

H??
1 :=

(
Rελ,ρ($2 −$1)

)σ
B 1

2
(1 + σ, 1 − s), (2.35)

H??
2 :=

(
Rελ,ρ($2 −$1)

)σ
2σ−s+1(σ − s + 1)

, (2.36)

Kη
??
1 :=

1∫
1
2

[
($1 + Rελ,ρ($2 −$1))σ − ($1 + ϑRελ,ρ($2 −$1))σ

]
(1 − ϑ)−sdϑ, (2.37)

Kη
??
2 :=

1∫
1
2

[
($1 + Rελ,ρ($2 −$1))σ − ($1 + ϑRελ,ρ($2 −$1))σ

]
ϑ−sdϑ. (2.38)
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Theorem 2.3. Let $1, $2 ∈ R
+ with 0 < Rελ,ρ($2−$1), and let F : P → R be a differentiable function

on P◦ for σ ∈ (0, 1]. If Dσ(F ) ∈ L1
σ(P), and |F ′|q is γ-convex function on P, for q ≥ 1, then∣∣∣∣∣∣∣∣∣∣F

(2$1 + Rελ,ρ($2 −$1)

2

)
−

σ

($1 + Rελ,ρ($2 −$1))σ −$1
σ

$1+Rελ,ρ($2−$1)∫
$1

F (s)dσs

∣∣∣∣∣∣∣∣∣∣
≤

Rελ,ρ($2 −$1)

($1 + Rελ,ρ($2 −$1))σ −$1
σ

[
H

∣∣∣∣∣∣F ′
(
C1

H

)∣∣∣∣∣∣ +Kη

∣∣∣∣∣∣F ′
(
C2

Kη

)∣∣∣∣∣∣
]
,

where

C1 :=
(2$1 + Rελ,ρ($2 −$1))2

4(σ + 2)Rελ,ρ($2 −$1)

 (2$1 + Rελ,ρ($2 −$1))σ − 2σ−1$1
σ(σ + 2)

2σ

 (2.39)

−
σ$1

σ+2

2Rελ,ρ($2 −$1)(σ + 2)
, (2.40)

C2 :=
(2$1 + Rελ,ρ($2 −$1))2

4(σ + 2)Rελ,ρ($2 −$1)

 (2$1 + Rελ,ρ($2 −$1))σ − 2σ−1($1 + Rελ,ρ($2 −$1))σ(σ + 2)

2σ


−
σ($1 + Rελ,ρ($2 −$1))σ+2

2Rελ,ρ($2 −$1)(σ + 2)
, (2.41)

andH , Kη are defined as in Theorem 2.2 with the assumption that γ(1 − ϑ) + γ(ϑ) = 1.

Proof. By power mean integral inequality and generalized γ-convexity of |F ′|q, we have

(γ(1 − ϑ)|F ′($1)| + γ(ϑ)|F ′($2)|)q ≤ γ(1 − ϑ)|F ′($1)|q + γ(ϑ)|F ′($2)|q

≤ |F ′($1 + Rελ,ρ($2 −$1))|q,

which shows that |F ′| is also generalized γ-convex.
By using Lemma 2.1 and property of the modulus, we get∣∣∣∣∣∣∣∣∣∣F

(2$1 + Rελ,ρ($2 −$1)

2

)
−

σ

($1 + Rελ,ρ($2 −$1))σ −$1
σ

$1+Rελ,ρ($2−$1)∫
$1

F (s)dσs

∣∣∣∣∣∣∣∣∣∣
≤

Rελ,ρ($2 −$1)

($1 + Rελ,ρ($2 −$1))σ −$1
σ


1
2∫

0

(
($1 + ϑRελ,ρ($2 −$1))σ −$1

σ
)
|F ′($1 + ϑRελ,ρ($2 −$1))|dϑ

+

1∫
1
2

(
($1 + Rελ,ρ($2 −$1))σ − ($1 + ϑRελ,ρ($2 −$1))σ

)
|F ′($1 + ϑRελ,ρ($2 −$1))|dϑ

 .
Applying Jensen’s integral inequality for convex functions, we have
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1
2∫

0

(
($1 + ϑRελ,ρ($2 −$1))σ −$1

σ
)
|F ′($1 + ϑRελ,ρ($2 −$1))|dϑ

≤


1
2∫

0

(
($1 + ϑRελ,ρ($2 −$1))σ −$1

σ
)

dϑ



×

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
F ′



1
2∫

0

(
($1 + ϑRελ,ρ($2 −$1))σ −$1

σ
)

($1 + ϑRελ,ρ($2 −$1))dϑ

1
2∫

0

(
($1 + ϑRελ,ρ($2 −$1))σ −$1

σ
)

dϑ



∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= H

∣∣∣∣∣∣F ′
(
C1

H

)∣∣∣∣∣∣ .
Similarly,

1∫
1
2

(
($1 + Rελ,ρ($2 −$1))σ − ($1 + ϑRελ,ρ($2 −$1))σ

)
|F ′($1 + ϑRελ,ρ($2 −$1))|dϑ

≤


1∫

1
2

(
($1 + Rελ,ρ($2 −$1))σ − ($1 + ϑRελ,ρ($2 −$1))σ

)
dϑ



×

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
F ′



1∫
1
2

(
($1 + Rελ,ρ($2 −$1))σ − ($1 + ϑRελ,ρ($2 −$1))σ

)
($1 + ϑRελ,ρ($2 −$1))dϑ

1∫
1
2

(
($1 + Rελ,ρ($2 −$1))σ − ($1 + ϑRελ,ρ($2 −$1))σ

)
dϑ



∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= Kη

∣∣∣∣∣∣F ′
(
C2

Kη

)∣∣∣∣∣∣ ,
which completes the proof. �

Remark 2.1. If we take Rελ,ρ($2 − $1) = $2 − $1 and γ(ϑ) = ϑ, 1, ϑs, ϑ−s, respectively, then we
get the results for classical convex functions (see [39]), P-convex functions, s-convex functions, and
Godunova–Levin convex functions.

Remark 2.2. If we set σ = 1 in Theorems 2.1–2.3, then we get inequalities for classical integral.
Moreover, several new results can be found using Hölder–İşcan, Hölder–Power Mean, Chebyshev,
Markov, Young and Minkowski inequalities. We omit here their proofs and the details are left to the
interested reader.

AIMS Mathematics Volume 7, Issue 8, 13633–13663.



13649

3. Applications

In this section, we discuss several applications for the results obtained in the previous section.

3.1. Applications to special means

We begin, this subsection by considering some particular means for arbitrary positive real numbers
$1, $2 such that $1 < $2.

(1) The arithmetic mean:
A($1, $2) :=

$1 +$2

2
.

(2) The generalized logarithmic (σ, r)-th mean:

L(σ,r)($1, $2) :=
[
σ($r+σ

2 −$r+σ
1 )

($σ
2 −$

σ
1 )(r + σ)

] 1
r

, r , 0, −σ; r ∈ R, σ ∈ (0, 1].

Now, by making use of the results obtained in Section 2, we give some applications to special means
of different positive real numbers.

Proposition 3.1. Let 0 < $1 < $2, r > 1 and σ ∈ (0, 1], then∣∣∣Ar($1, $2) − Lr
(σ,r)($1, $2)

∣∣∣
≤

r($2 −$1)
$σ

2 −$
σ
1

{
$σ

2

8
[$r−1

1 + 3$r−1
2 ] + ($2 −$1)$r−1

1

[
11$σ−1

1 + 5$σ−1
2

192

]
+($2 −$1)$r−1

2

[
5$σ−1

1

192
+
$σ−1

2

64

]
−
$σ

1

8

[
$r−1

1 +$r−1
2

]
+
$1$

σ−1
2

24
[2$r−1

1 +$r−1
2 ] −

$σ
2

24

[
2$r−1

1 + 7$r−1
2

]}
.

Proof. Under the assumptions of Theorem 2.1, if we take Rελ,ρ($2 − $1) = $2 − $1, γ(ϑ) = ϑ and
F (ϑ) = ϑr for ϑ > 0, we have the desired result.

For numerical verification if we take $1 = 0, $2 = 1, σ = 1 and r = 2, then we have 0.08333 ≤
0.1979. �

Proposition 3.2. Let 0 < $1 < $2, r > 1, q ≥ 1, and σ ∈ (0, 1], then∣∣∣Ar($1, $2) − Lr
(σ,r)($1, $2)

∣∣∣
≤

r($2 −$1)
$σ

2 −$
σ
1

{
iH

1− 1
q [H∗∗1 $

q(r−1)
1 +H∗∗2 $

q(r−1)
2 ]

1
q +K ∗µ

1− 1
q [Kµ

∗∗

1 $
q(r−1)
1 +Kµ

∗

2$
q(r−1)
2 ]

1
q
}
,

where

iH :=
($1 +$2)σ+1 − (2$1)σ+1

2σ+1($2 −$1)(σ + 1)
−
$1

σ

2
,

H∗∗1 :=

1
2∫

0

[((1 − ϑ)$1 + ϑ$2)σ −$1
σ] (1 − ϑ)dϑ,

AIMS Mathematics Volume 7, Issue 8, 13633–13663.



13650

H∗∗2 :=

1
2∫

0

[((1 − ϑ)$1 + ϑ$2)σ −$1
σ]ϑdϑ,

K ∗µ :=
($2)σ

2
−

(2$1 + 2($2 −$1))σ+1 − (2$1 + ($2 −$1))σ+1

2σ+1(σ + 1)($2 −$1)
,

Kµ
∗∗

1 :=

1∫
1
2

[($2)σ − ((1 − ϑ)$1 + ϑ$2)σ] (1 − ϑ)dϑ,

Kµ
∗∗

2 :=

1∫
1
2

[($2)σ − ((1 − ϑ)$1 + ϑ$2)σ]ϑdϑ.

Proof. Under the assumptions of Theorem 2.2, if we choose Rελ,ρ($2 −$1) = $2 −$1, γ(ϑ) = ϑ and
F (ϑ) = ϑr for ϑ > 0, we get the desired result.

For numerical verification if we take $1 = 0, $2 = 1, σ = 1 and q = r = 2, then we have
0.08333 < 0.3484. �

3.2. Applications to quadrature formula

Let U be the partition of the points $1 = µ0 < µ1 < . . . < µn−1 < µn = $1 + Rελ,ρ($2 −$1) of the
interval P for fixed λ, ρ > 0, and ε = {ε(0), ε(1), . . . , ε(k), . . .} and be a bounded sequence of positive
real numbers. Now, we consider the following quadrature formula:

$1+Rελ,ρ($2−$1)∫
$1

F (s)dσs := Mσ(F ,U) + Rσ(F ,U),

where

Mσ(F ,U) :=
n−1∑
i=0

F

(2µi + Rελ,ρ(µi+1 − µi)

2

) [(µi + Rελ,ρ(µi+1 − µi))σ − µσi
σ

]
is the midpoint version and Rσ(F ,U) denotes the associated approximation error. Here, we are going
to derive some new error estimates for the midpoint formula.

Proposition 3.3. Let $1, $2 ∈ R
+ with 0 < Rελ,ρ($2 − $1), and let F : P → R be a differentiable

function on P◦ for σ ∈ (0, 1]. If Dσ(F ) ∈ L1
σ(P), and |F ′| is generalized γ-convex function on P, then

|Rσ(F ,U)| ≤
n−1∑
i=0

Rελ,ρ(µi+1 − µi)

σ

{
|F ′(µi)|

[
A

(i)
1 +A

(i)
2 +A

(i)
3

]
+ |F ′(µi+1)|

[
B

(i)
1 + B

(i)
2 + B

(i)
3

]}
,

where

A
(i)
1 :=

1
2∫

0

µσ−1
i (µi + ϑRελ,ρ(µi+1 − µi))γ2(1 − ϑ)dϑ −

1∫
1
2

µσi γ
2(1 − ϑ)dϑ,
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A
(i)
2 :=

1
2∫

0

µσ−1
i+1 (µi + ϑRελ,ρ(µi+1 − µi))γ(ϑ)γ(1 − ϑ)dϑ −

1∫
1
2

µσi+1γ(ϑ)γ(1 − ϑ)dϑ,

A
(i)
3 := −

1
2∫

0

µσi γ(1 − ϑ)dϑ +

1∫
1
2

(µi + Rελ,ρ(µi+1 − µi))σγ(1 − ϑ)dϑ,

B
(i)
1 :=

1
2∫

0

µσ−1
i+1 (µi + ϑRελ,ρ(µi+1 − µi))γ2(ϑ)dϑ −

1∫
1
2

µσi+1γ
2(ϑ)dϑ,

B
(i)
2 :=

1
2∫

0

µσ−1
i (µi + ϑRελ,ρ(µi+1 − µi))γ(ϑ)γ(1 − ϑ)dϑ −

1∫
1
2

µσi γ(ϑ)γ(1 − ϑ)dϑ,

B
(i)
3 := −

1
2∫

0

µσi γ(ϑ)dϑ +

1∫
1
2

(µi + Rελ,ρ(µi+1 − µi))σγ(ϑ)dϑ.

Proof. Applying Theorem 2.1 on the subintervals [µi, µi + Rελ,ρ(µi+1 − µi)] (i = 0, 1, 2, . . . , n − 1) of the
partitionU, we have∣∣∣∣∣∣∣∣∣∣F

(2µi + Rελ,ρ(µi+1 − µi)

2

) [(µi + Rελ,ρ(µi+1 − µi))σ − µσi
σ

]
−

µi+R
ε
λ,ρ(µi+1−µi)∫
µi

F (s)dσs

∣∣∣∣∣∣∣∣∣∣
≤
Rελ,ρ(µi+1 − µi)

σ

{
|F ′(µi)|

[
A

(i)
1 +A

(i)
2 +A

(i)
3

]
+ |F ′(µi+1)|

[
B

(i)
1 + B

(i)
2 + B

(i)
3

]}
.

Summing up with respect to i from 0 to n − 1 and using the properties of the modulus, we get the
desired result. �

Proposition 3.4. Let $1, $2 ∈ R
+ with 0 < Rελ,ρ($2 − $1), and let F : P → R be a differentiable

function on P◦ for σ ∈ (0, 1]. If Dσ(F ) ∈ L1
σ(P), and |F ′|q is generalized γ-convex function on P, for

q ≥ 1, then

|Rσ(F ,U)| ≤
n−1∑
i=0

Rελ,ρ(µi+1 − µi)

σ

×

{(
H (i)

)1− 1
q [H (i)

1 |F
′(µi)|q +H

(i)
2 |F

′(µi+1)|q]
1
q +

(
Kη

(i)
)1− 1

q [Kη
(i)
1 |F

′(µi)|q +Kη
(i)
2 |F

′(µi+1)|q]
1
q

}
,

where

H (i) :=
(2µi + Rελ,ρ(µi+1 − µi))σ+1 − (2µi)σ+1

2σ+1Rελ,ρ(µi+1 − µi)(σ + 1)
−
µσi
2
,
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H
(i)
1 :=

1
2∫

0

[
(µi + ϑRελ,ρ(µi+1 − µi))σ − µσi

]
γ(1 − ϑ)dϑ,

H
(i)
2 :=

1
2∫

0

[
(µi + ϑRελ,ρ(µi+1 − µi))σ − µσi

]
γ(ϑ)dϑ,

Kη
(i) :=

(µi + Rελ,ρ(µi+1 − µi))σ

2
−

(2µi + 2Rελ,ρ(µi+1 − µi))σ+1 − (2µi + Rελ,ρ(µi+1 − µi))σ+1

2σ+1(σ + 1)Rελ,ρ(µi+1 − µi)
,

Kη
(i)
1 :=

1∫
1
2

[
(µi + Rελ,ρ(µi+1 − µi))σ − (µi + ϑRελ,ρ(µi+1 − µi))σ

]
γ(1 − ϑ)dϑ,

Kη
(i)
2 :=

1∫
1
2

[
(µi + Rελ,ρ(µi+1 − µi))σ − (µi + ϑRελ,ρ(µi+1 − µi))σ

]
γ(ϑ)dϑ.

Proof. Using the same technique as in Proposition 3.3 but applying Theorem 2.2, we obtain the desired
result. �

3.3. Applications to hypergeometric functions

From relation (1.1), if we set ρ = 1, λ = 0 and σ(k) =
(φ)k(ψ)k

(η)k
, 0, where φ, ψ and η are parameters

may be real or complex values and (m)k is defined as (m)k =
Γ(m+k)
Γ(m) and its domain is restricted as

|x| ≤ 1, then we have the following hypergeometric function

R(φ;ψ; η; x) =

∞∑
k=0

(φ)k(ψ)k

k!(η)k
xk.

Lemma 3.1. Let $1, $2 ∈ R
+ with 0 < R(φ;ψ; η;$2 − $1), and let F : P → R be a differentiable

function on P◦ for σ ∈ (0, 1]. If Dσ(F ) ∈ L1
σ(P), then

F

(
2$1 + R(φ;ψ; η;$2 −$1)

2

)
−

σ

($1 + R(φ;ψ; η;$2 −$1))σ −$1
σ

∫ $1+R(φ;ψ;η;$2−$1)

$1

F (s)dσs

=
R(φ;ψ; η;$2 −$1)

($1 + R(φ;ψ; η;$2 −$1))σ −$1
σ

∫ 1
2

0

(
($1 + ϑR(φ;ψ; η;$2 −$1))2σ−1 −$1

σ ($1

+ϑR(φ;ψ; η;$2 −$1))σ−1
)

Dσ(F )($1 + ϑR(φ;ψ; η;$2 −$1))ϑ1−σdσϑ

+

∫ 1

1
2

(
($1 + ϑR(φ;ψ; η;$2 −$1))2σ−1 − ($1 + R(φ;ψ; η;$2 −$1))σ($1 + ϑR(φ;ψ; η;$2 −$1))σ−1

)
×Dσ(F )($1 + ϑR(φ;ψ; η;$2 −$1))ϑ1−σdσϑ

]
.

Theorem 3.1. Let $1, $2 ∈ R
+ with 0 < R(φ;ψ; η;$2 −$1), and let F : P → R be a differentiable

function on P◦ for σ ∈ (0, 1]. If Dσ(F ) ∈ L1
σ(P), and |F ′| is generalized γ-convex function on P, then
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∣∣∣∣∣∣∣∣∣F
(
2$1 + R(φ;ψ; η;$2 −$1)

2

)
−

σ

($1 + R(φ;ψ; η;$2 −$1))σ −$1
σ

$1+R(φ;ψ;η;$2−$1)∫
$1

F (s)dσs

∣∣∣∣∣∣∣∣∣
≤

R(φ;ψ; η;$2 −$1)
($1 + R(φ;ψ; η;$2 −$1))σ −$1

σ
{|F ′($1)|[A1 +A2 +A3] + |F ′($2)|[B1 + B2 + B3]} ,

whereA1,A2,A3,B1,B2 and B3 are given by (2.1)–(2.6), respectively.

We now discuss some special cases of Theorem 3.1.

(I) If we take γ(ϑ) = ϑ in Theorem 3.1, we have∣∣∣∣∣∣∣∣∣F
(

2$1 + R(φ;ψ; η;$2 −$1)
2

)
−

σ

($1 + R(φ;ψ; η;$2 −$1))σ −$1
σ

$1+R(φ;ψ;η;$2−$1)∫
$1

F (s)dσs

∣∣∣∣∣∣∣∣∣
≤

R(φ;ψ; η;$2 −$1)
($1 + R(φ;ψ; η;$2 −$1))σ −$1

σ

{
($1 + R(φ;ψ; η;$2 −$1))σ

8
[|F ′($1)| + 3|F ′($2)|]

+R(φ;ψ; η;$2 −$1)|F ′($1)|
[
11$1

σ−1 + 5$2
σ−1

192

]
+R(φ;ψ; η;$2 −$1)|F ′($2)|

[
5$1

σ−1

192
+
$2

σ−1

64

]
−
$1

σ

8
[
|F ′($1)| + |F ′($2)|

]
+
$1$2

σ−1

24
[2|F ′($1)| + |F ′($2)|] −

$2
σ

24
[
2|F ′($1)| + 7|F ′($2)|

]}
.

(II) If we choose γ(ϑ) = 1 in Theorem 3.1, we get∣∣∣∣∣∣∣∣∣F
(

2$1 + R(φ;ψ; η;$2 −$1)
2

)
−

σ

($1 + R(φ;ψ; η;$2 −$1))σ −$1
σ

$1+R(φ;ψ;η;$2−$1)∫
$1

F (s)dσs

∣∣∣∣∣∣∣∣∣
≤

R(φ;ψ; η;$2 −$1)
($1 + R(φ;ψ; η;$2 −$1))σ −$1

σ

{
[|F ′($1)| + |F ′($2)|]

×

[
$1$2

σ−1 −$2
σ −$1

σ + ($1 + R(φ;ψ; η;$2 −$1))σ

2
+
R(φ;ψ; η;$2 −$1)($1

σ−1 +$2
σ−1)

8

]}
.

(III) If we take γ(ϑ) = ϑs in Theorem 3.1, we obtain∣∣∣∣∣∣∣∣∣F
(

2$1 + R(φ;ψ; η;$2 −$1)
2

)
−

σ

($1 + R(φ;ψ; η;$2 −$1))σ −$1
σ

$1+R(φ;ψ;η;$2−$1)∫
$1

F (s)dσs

∣∣∣∣∣∣∣∣∣
≤

R(φ;ψ; η;$2 −$1)
($1 + R(φ;ψ; η;$2 −$1))σ −$1

σ

{
|F ′($1)|[A∗1 +A∗2 +A∗3] + |F ′($2)|[B∗1 + B∗2 + B∗3]

}
,

whereA∗1,A
∗
2,A

∗
3,B

∗
1,B

∗
2 and B∗3 are given by (2.7)–(2.12), respectively.

(IV) If we choose γ(ϑ) = ϑ−s in Theorem 3.1, we have
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∣∣∣∣∣∣∣∣∣F
(

2$1 + R(φ;ψ; η;$2 −$1)
2

)
−

σ

($1 + R(φ;ψ; η;$2 −$1))σ −$1
σ

$1+R(φ;ψ;η;$2−$1)∫
$1

F (s)dσs

∣∣∣∣∣∣∣∣∣
≤

R(φ;ψ; η;$2 −$1)
($1 + R(φ;ψ; η;$2 −$1))σ −$1

σ

{
|F ′($1)|[A∗∗1 +A∗∗2 +A∗∗3 ] + |F ′($2)|[B∗∗1 + B∗∗2 + B∗∗3 ]

}
,

whereA∗∗1 ,A
∗∗
2 ,A

∗∗
3 ,B

∗∗
1 ,B

∗∗
2 and B∗∗3 are given by (2.13)–(2.18), respectively.

Theorem 3.2. Let $1, $2 ∈ R
+ with 0 < R(φ;ψ; η;$2 −$1), and let F : P → R be a differentiable

function on P◦ for σ ∈ (0, 1]. If Dσ(F ) ∈ L1
σ(P), and |F ′|q is generalized γ-convex function on P, for

q ≥ 1, then∣∣∣∣∣∣∣∣∣F
(
2$1 + R(φ;ψ; η;$2 −$1)

2

)
−

σ

($1 + R(φ;ψ; η;$2 −$1))σ −$1
σ

$1+R(φ;ψ;η;$2−$1)∫
$1

F (s)dσs

∣∣∣∣∣∣∣∣∣
≤

R(φ;ψ; η;$2 −$1)
($1 + R(φ;ψ; η;$2 −$1))σ −$1

σ

{
H

1− 1
q [H1|F

′($1)|q +H2|F
′($2)|q]

1
q

+Kη
1− 1

q [Kη1|F
′($1)|q +Kη2|F

′($2)|q]
1
q
}
,

whereH ,H1,H2,Kη,Kη1 and Kη2 are given by (2.19)–(2.24), respectively.

We now discuss some special cases of Theorem 3.2.

(I) If we take γ(ϑ) = ϑ in Theorem 3.2, we have∣∣∣∣∣∣∣∣∣F
(

2$1 + R(φ;ψ; η;$2 −$1)
2

)
−

σ

($1 + R(φ;ψ; η;$2 −$1))σ −$1
σ

$1+R(φ;ψ;η;$2−$1)∫
$1

F (s)dσs

∣∣∣∣∣∣∣∣∣
≤

R(φ;ψ; η;$2 −$1)
($1 + R(φ;ψ; η;$2 −$1))σ −$1

σ

{
H

1− 1
q [H∗1 |F

′($1)|q +H∗2 |F
′($2)|q]

1
q +Kη

1− 1
q

× [Kη
∗

1|F
′($1)|q +Kη

∗

2|F
′($2)|q]

1
q

}
,

whereH∗1 ,H
∗
2 ,Kη

∗

1 and Kη
∗

2 are given by (2.25)–(2.28), respectively.
(II) If we choose γ(ϑ) = 1 in Theorem 3.2, we get∣∣∣∣∣∣∣∣∣F

(
2$1 + R(φ;ψ; η;$2 −$1)

2

)
−

σ

($1 + R(φ;ψ; η;$2 −$1))σ −$1
σ

$1+R(φ;ψ;η;$2−$1)∫
$1

F (s)dσs

∣∣∣∣∣∣∣∣∣
≤

R(φ;ψ; η;$2 −$1)
($1 + R(φ;ψ; η;$2 −$1))σ −$1

σ

{
H

1− 1
q [H∗∗1 (|F ′($1)|q + |F ′($2)|q)]

1
q +Kη

1− 1
q

× [Kη
∗∗

1 (|F ′($1)|q + |F ′($2)|q)]
1
q

}
,

whereH∗∗1 and Kη
∗∗

1 are given by (2.29) and (2.30).
(III) If we take γ(ϑ) = ϑs in Theorem 2.2, we obtain
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∣∣∣∣∣∣∣∣∣F
(

2$1 + R(φ;ψ; η;$2 −$1)
2

)
−

σ

($1 + R(φ;ψ; η;$2 −$1))σ −$1
σ

$1+R(φ;ψ;η;$2−$1)∫
$1

F (s)dσs

∣∣∣∣∣∣∣∣∣
≤

R(φ;ψ; η;$2 −$1)
($1 + R(φ;ψ; η;$2 −$1))σ −$1

σ

×

{
H

1− 1
q [H?

1 |F
′($1)|q +H?

2 |F
′($2)|q]

1
q +Kη

1− 1
q [Kη

?
1 |F

′($1)|q +Kη
?
2 |F

′($2)|q]
1
q

}
,

whereH?
1 ,H

?
2 ,Kη

?
1 and Kη

?
2 are given by (2.31)–(2.34), respectively.

(IV) If we choose γ(ϑ) = ϑ−s in Theorem 2.2, we have∣∣∣∣∣∣∣∣∣F
(

2$1 + R(φ;ψ; η;$2 −$1)
2

)
−

σ

($1 + R(φ;ψ; η;$2 −$1))σ −$1
σ

$1+R(φ;ψ;η;$2−$1)∫
$1

F (s)dσs

∣∣∣∣∣∣∣∣∣
≤

R(φ;ψ; η;$2 −$1)
($1 + R(φ;ψ; η;$2 −$1))σ −$1

σ

×

{
H

1− 1
q [H??

1 |F
′($1)|q +H??

2 |F
′($2)|q]

1
q +Kη

1− 1
q [Kη

??
1 |F

′($1)|q +Kη
??
2 |F

′($2)|q]
1
q

}
,

whereH??
1 ,H??

2 ,Kη
??
1 and Kη

??
2 are given by (2.35)–(2.38), respectively.

Theorem 3.3. Let $1, $2 ∈ R
+ with 0 < R(φ;ψ; η;$2 −$1), and let F : P → R be a differentiable

function on P◦ for σ ∈ (0, 1]. If Dσ(F ) ∈ L1
σ(P), and |F ′|q is γ-convex function on P, for q ≥ 1, then∣∣∣∣∣∣∣∣∣F

(
2$1 + R(φ;ψ; η;$2 −$1)

2

)
−

σ

($1 + R(φ;ψ; η;$2 −$1))σ −$1
σ

$1+R(φ;ψ;η;$2−$1)∫
$1

F (s)dσs

∣∣∣∣∣∣∣∣∣
≤

R(φ;ψ; η;$2 −$1)
($1 + R(φ;ψ; η;$2 −$1))σ −$1

σ

[
H

∣∣∣∣∣∣F ′
(
C1

H

)∣∣∣∣∣∣ +Kη

∣∣∣∣∣∣F ′
(
C2

Kη

)∣∣∣∣∣∣
]
,

where C1 and C2 are given by (2.40) and (2.41) and H , Kη are defined as in Theorem 2.2 with the
assumption that γ(1 − ϑ) + γ(ϑ) = 1.

3.4. Applications to Mittag–Leffler functions

Moreover if we take σ = (1, 1, 1...), λ = 1 and ρ = φ with <(φ) > 0 in (1.1), then we obtain
well-known Mittag–Leffler function:

Rφ(x) =

∞∑
k=0

1
Γ(1 + φk)

xk.

Lemma 3.2. Let $1, $2 ∈ R
+ with 0 < Rφ($2 −$1), and let F : P → R be a differentiable function

on P◦ for σ ∈ (0, 1]. If Dσ(F ) ∈ L1
σ(P), then
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F

(
2$1 + Rφ($2 −$1)

2

)
−

σ

($1 + Rφ($2 −$1))σ −$1
σ

∫ $1+Rφ($2−$1)

$1

F (s)dσs

=
Rφ($2 −$1)

($1 + Rφ($2 −$1))σ −$1
σ

×

∫ 1
2

0

(
($1 + ϑRφ($2 −$1))2σ−1 −$1

σ($1 + ϑRφ($2 −$1))σ−1
)

×Dσ(F )($1 + ϑRφ($2 −$1))ϑ1−σdσϑ

+

∫ 1

1
2

(
($1 + ϑRφ($2 −$1))2σ−1 − ($1 + Rφ($2 −$1))σ($1 + ϑRφ($2 −$1))σ−1

)
×Dσ(F )($1 + ϑRφ($2 −$1))ϑ1−σdσϑ

]
.

Theorem 3.4. Let $1, $2 ∈ R
+ with 0 < Rφ($2 −$1), and let F : P → R be a differentiable function

on P◦ for σ ∈ (0, 1]. If Dσ(F ) ∈ L1
σ(P), and |F ′| is generalized γ-convex function on P, then∣∣∣∣∣∣∣∣∣F

(
2$1 + Rφ($2 −$1)

2

)
−

σ

($1 + Rφ($2 −$1))σ −$1
σ

$1+Rφ($2−$1)∫
$1

F (s)dσs

∣∣∣∣∣∣∣∣∣
≤

Rφ($2 −$1)
($1 + Rφ($2 −$1))σ −$1

σ
{|F ′($1)|[A1 +A2 +A3] + |F ′($2)|[B1 + B2 + B3]} ,

whereA1,A2,A3,B1,B2 and B3 are given by (2.1)–(2.6), respectively.

We now discuss some special cases of Theorem 3.4.

(I) If we take γ(ϑ) = ϑ in Theorem 3.4, we have∣∣∣∣∣∣∣∣∣F
(
2$1 + Rφ($2 −$1)

2

)
−

σ

($1 + Rφ($2 −$1))σ −$1
σ

$1+Rφ($2−$1)∫
$1

F (s)dσs

∣∣∣∣∣∣∣∣∣
≤

Rφ($2 −$1)
($1 + Rφ($2 −$1))σ −$1

σ

{
($1 + Rφ($2 −$1))σ

8
[|F ′($1)| + 3|F ′($2)|]

+Rφ($2 −$1)|F ′($1)|
[
11$1

σ−1 + 5$2
σ−1

192

]
+Rφ($2 −$1)|F ′($2)|

[
5$1

σ−1

192
+
$2

σ−1

64

]
−
$1

σ

8
[
|F ′($1)| + |F ′($2)|

]
+
$1$2

σ−1

24
[2|F ′($1)| + |F ′($2)|] −

$2
σ

24
[
2|F ′($1)| + 7|F ′($2)|

]}
.

(II) If we choose γ(ϑ) = 1 in Theorem 3.4, we get

AIMS Mathematics Volume 7, Issue 8, 13633–13663.



13657

∣∣∣∣∣∣∣∣∣F
(
2$1 + Rφ($2 −$1)

2

)
−

σ

($1 + Rφ($2 −$1))σ −$1
σ

$1+Rφ($2−$1)∫
$1

F (s)dσs

∣∣∣∣∣∣∣∣∣
≤

Rφ($2 −$1)
($1 + Rφ($2 −$1))σ −$1

σ

×

{
[|F ′($1)| + |F ′($2)|]

[
$1$2

σ−1 −$2
σ −$1

σ + ($1 + Rφ($2 −$1))σ

2

+
Rφ($2 −$1)($1

σ−1 +$2
σ−1)

8

]}
.

(III) If we take γ(ϑ) = ϑs in Theorem 3.4, we obtain∣∣∣∣∣∣∣∣∣F
(
2$1 + Rφ($2 −$1)

2

)
−

σ

($1 + Rφ($2 −$1))σ −$1
σ

$1+Rφ($2−$1)∫
$1

F (s)dσs

∣∣∣∣∣∣∣∣∣
≤

Rφ($2 −$1)
($1 + Rφ($2 −$1))σ −$1

σ

{
|F ′($1)|[A∗1 +A∗2 +A∗3] + |F ′($2)|[B∗1 + B∗2 + B∗3]

}
,

whereA∗1,A
∗
2,A

∗
3,B

∗
1,B

∗
2 and B∗3 are given by (2.7)–(2.12), respectively.

(IV) If we choose γ(ϑ) = ϑ−s in Theorem 3.4, we have∣∣∣∣∣∣∣∣∣F
(
2$1 + Rφ($2 −$1)

2

)
−

σ

($1 + Rφ($2 −$1))σ −$1
σ

$1+Rφ($2−$1)∫
$1

F (s)dσs

∣∣∣∣∣∣∣∣∣
≤

Rφ($2 −$1)
($1 + Rφ($2 −$1))σ −$1

σ

{
|F ′($1)|[A∗∗1 +A∗∗2 +A∗∗3 ] + |F ′($2)|[B∗∗1 + B∗∗2 + B∗∗3 ]

}
,

whereA∗∗1 ,A
∗∗
2 ,A

∗∗
3 ,B

∗∗
1 ,B

∗∗
2 and B∗∗3 are given by (2.13)–2.18), respectively.

Theorem 3.5. Let $1, $2 ∈ R
+ with 0 < Rφ($2 −$1), and let F : P → R be a differentiable function

on P◦ for σ ∈ (0, 1]. If Dσ(F ) ∈ L1
σ(P), and |F ′|q is generalized γ-convex function on P, for q ≥ 1, then∣∣∣∣∣∣∣∣∣F

(
2$1 + Rφ($2 −$1)

2

)
−

σ

($1 + Rφ($2 −$1))σ −$1
σ

$1+Rφ($2−$1)∫
$1

F (s)dσs

∣∣∣∣∣∣∣∣∣
≤

Rφ($2 −$1)
($1 + Rφ($2 −$1))σ −$1

σ

{
H

1− 1
q [H1|F

′($1)|q +H2|F
′($2)|q]

1
q +Kη

1− 1
q

×[Kη1|F
′($1)|q +Kη2|F

′($2)|q]
1
q
}
,

whereH ,H1,H2,Kη,Kη1 and Kη2 are given by (2.19)–(2.24), respectively.

We now discuss some special cases of Theorem 3.5.
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(I) If we take γ(ϑ) = ϑ in Theorem 3.5, we have∣∣∣∣∣∣∣∣∣F
(
2$1 + Rφ($2 −$1)

2

)
−

σ

($1 + Rφ($2 −$1))σ −$1
σ

$1+Rφ($2−$1)∫
$1

F (s)dσs

∣∣∣∣∣∣∣∣∣
≤

Rφ($2 −$1)
($1 + Rφ($2 −$1))σ −$1

σ

{
H

1− 1
q [H∗1 |F

′($1)|q +H∗2 |F
′($2)|q]

1
q

+Kη
1− 1

q [Kη
∗

1|F
′($1)|q +Kη

∗

2|F
′($2)|q]

1
q
}
,

whereH∗1 ,H
∗
2 ,Kη

∗

1 and Kη
∗

2 are given by (2.25)–(2.28), respectively.
(II) If we choose γ(ϑ) = 1 in Theorem 3.5, we get∣∣∣∣∣∣∣∣∣F

(
2$1 + Rφ($2 −$1)

2

)
−

σ

($1 + Rφ($2 −$1))σ −$1
σ

$1+Rφ($2−$1)∫
$1

F (s)dσs

∣∣∣∣∣∣∣∣∣
≤

Rφ($2 −$1)
($1 + Rφ($2 −$1))σ −$1

σ

{
H

1− 1
q [H∗∗1 (|F ′($1)|q + |F ′($2)|q)]

1
q

+Kη
1− 1

q [Kη
∗∗

1 (|F ′($1)|q + |F ′($2)|q)]
1
q
}
,

whereH∗∗1 and K ∗∗1 are given by (2.29) and (2.30).
(III) If we take γ(ϑ) = ϑs in Theorem 3.5, we obtain∣∣∣∣∣∣∣∣∣F

(
2$1 + Rφ($2 −$1)

2

)
−

σ

($1 + Rφ($2 −$1))σ −$1
σ

$1+Rφ($2−$1)∫
$1

F (s)dσs

∣∣∣∣∣∣∣∣∣
≤

Rφ($2 −$1)
($1 + Rφ($2 −$1))σ −$1

σ

×
{
H

1− 1
q [H?

1 |F
′($1)|q +H?

2 |F
′($2)|q]

1
q +Kη

1− 1
q [Kη

?
1 |F

′($1)|q +Kη
?
2 |F

′($2)|q]
1
q
}
,

whereH?
1 ,H

?
2 ,Kη

?
1 and Kη

?
2 are given by (2.31)–(2.34), respectively.

(IV) If we choose γ(ϑ) = ϑ−s in Theorem 3.5, we have∣∣∣∣∣∣∣∣∣F
(
2$1 + Rφ($2 −$1)

2

)
−

σ

($1 + Rφ($2 −$1))σ −$1
σ

$1+Rφ($2−$1)∫
$1

F (s)dσs

∣∣∣∣∣∣∣∣∣
≤

Rφ($2 −$1)
($1 + Rφ($2 −$1))σ −$1

σ

×
{
H

1− 1
q [H??

1 |F
′($1)|q +H??

2 |F
′($2)|q]

1
q +Kη

1− 1
q [Kη

??
1 |F

′($1)|q +Kη
??
2 |F

′($2)|q]
1
q
}
,

whereH??
1 ,H??

2 ,Kη
??
1 and Kη

??
2 are given by (2.35)–(2.38), respectively.
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Theorem 3.6. Let $1, $2 ∈ R
+ with 0 < Rφ($2 −$1), and let F : P → R be a differentiable function

on P◦ for σ ∈ (0, 1]. If Dσ(F ) ∈ L1
σ(P), and |F ′|q is γ-convex function on P, for q ≥ 1, then∣∣∣∣∣∣∣∣∣F

(
2$1 + Rφ($2 −$1)

2

)
−

σ

($1 + Rφ($2 −$1))σ −$1
σ

$1+Rφ($2−$1)∫
$1

F (s)dσs

∣∣∣∣∣∣∣∣∣
≤

Rφ($2 −$1)
($1 + Rφ($2 −$1))σ −$1

σ

[
H

∣∣∣∣∣∣F ′
(
C1

H

)∣∣∣∣∣∣ +Kη

∣∣∣∣∣∣F ′
(
C2

Kη

)∣∣∣∣∣∣
]
,

where C1 and C2 are given by (2.40) and (2.41) and H , Kη are defined as in Theorem 2.3 with the
assumption that γ(1 − ϑ) + γ(ϑ) = 1.

3.5. Applications to bounded functions

In this last section, we discuss applications regarding bounded functions in absolute value of the
results obtained from our main results. We suppose that the following condition is satisfied:

|F ′| ≤ M.

Applying the above condition, we have the following results.

Corollary 3.1. Under the assumptions of Theorem 2.1, the following inequality holds:∣∣∣∣∣∣∣∣∣∣F
(2$1 + Rελ,ρ($2 −$1)

2

)
−

σ

($1 + Rελ,ρ($2 −$1))σ −$1
σ

$1+Rελ,ρ($2−$1)∫
$1

F (s)dσs

∣∣∣∣∣∣∣∣∣∣
≤

MRελ,ρ($2 −$1)

($1 + Rελ,ρ($2 −$1))σ −$1
σ
{A1 +A2 +A3 + B1 + B2 + B3} .

Corollary 3.2. Under the assumptions of Theorem 2.2, the following inequality holds:∣∣∣∣∣∣∣∣∣∣F
(2$1 + Rελ,ρ($2 −$1)

2

)
−

σ

($1 + Rελ,ρ($2 −$1))σ −$1
σ

$1+Rελ,ρ($2−$1)∫
$1

F (s)dσs

∣∣∣∣∣∣∣∣∣∣
≤

MRελ,ρ($2 −$1)

($1 + Rελ,ρ($2 −$1))σ −$1
σ

{
H

1− 1
q [H1 +H2]

1
q +Kη

1− 1
q [Kη1 +Kη2]

1
q
}
.

4. Conclusions

In this paper we obtain a new integral identity and associated bounds essentially using the concept
of generalized γ-convex functions. We also discussed special cases of the main results which shown
that the obtained results are quite unifying one. Moreover, we also presented several applications
for particular special means with arbitrary positive real numbers, hypergeometric functions, Mittag–
Leffler functions, differentiable functions of first order that are in absolute value bounded, and some
error estimations of the quadrature formula as well. Since the class of generalized γ-convex functions
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have large applications in many mathematical areas, they can be applied to obtain several results in
convex analysis, special functions, quantum mechanics, related optimization theory, and mathematical
inequalities and may stimulate further research in different areas of pure and applied sciences. Studies
relating convexity, partial convexity, and preinvex functions (as contractive operators) may have useful
applications in complex interdisciplinary studies, such as maximizing the likelihood from multiple
linear regressions involving Gauss–Laplace distribution. For more details, see [40–45]. We hope that
our ideas and techniques of this paper will inspire interested readers working in this field.

Acknowledgments

The authors are thankful to the editor and the anonymous reviewers for their valuable comments
and suggestions. This research is supported by Project number (RSP-2021/158), King Saud University,
Riyadh, Saudi Arabia.

Conflict of interest

The authors have no conflicts of interest to declare.

References

1. W. W. Breckner, Stetigkeitsaussagen fiir eine Klasse verallgemeinerter convexer funktionen in
topologischen linearen Raumen, Pupl. Inst. Math., 23 (1978), 13–20.
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