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1. Introduction

The motion of incompressible non-isothermal nematic liquid crystal flows can be governed by the
following simplified version of the Ericksen-Leslie equations (see [12, 13])

p; + div(pu) =0,

(ou); + div(ou ® u) — uAu + Vp = —div(Vd © Vd),

o [(p0); + div(pub)] — kA8 = 2u|D(u)|* + |Ad + |Vd|*d|?, (1.1)
d,+u-Vd =Ad+|Vd*d, |d =1,

divu =0,

which is equipped with the following initial conditions

(0, u, 6, d)(x,0) = (0o, o, by, do)(x) for x € R>. (1.2)
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Here, p, u, 6 and d, p are the density, velocity, absolute temperature, macroscopic average of the
nematic liquid crystal orientation field and pressure respectively. The Vd © Vd denotes a matrix whose
ij-thentry (1 <i,j< N)is d,d-0,,d. Indeed, Vd© Vd = (Vd)"Vd, where (Vd)" denotes the transpose
of the 3 X 3 matrix Vd. D(u) denotes the deformation tensor given by

D(u) = %(Vu + Vul).

The constant u > 0 is the viscosity coeflicient. The positive constants ¢, and « are respectively the
heat capacity and ratio of the heat conductivity coefficient to the heat capacity.

The full Ericksen-Leslie model and the simplified version are macroscopic continuum descriptions
of the time evolution of the materials, under the influence of both the flow velocity field u and the
microscopic orientation configurations d of rod-like liquid crystals. Mathematically, system (1.1) is
a strongly coupled system between the nonhomogeneous incompressible Navier-Stokes equations of
fluid dynamics and the transported heat flows of harmonic maps. When d is a constant vector and
|d| = 1, (1.1) reduces to the nonhomogeneous heat-conducting Navier-Stokes equations, which have
been discussed in numerous studies on the global well-posedness of strong solutions(please see [1, 3,
14-16, 18-20] and references therein). Due to the strong coupling terms and strong nonlinear terms,
the system (1.1) the well-posedness is harder to study than Navier-Stokes equations.

If we don’t take into account (1.1);, the system (1.1) becomes the classical inhomogeneous
incompressible nematic liquid crystal flows. In the presence of a vacuum, under the following
compatibility condition

—uAug — Vpo — Adiv(Vdy © V) = +Jpog (1.3)

for some (py,g) € H' x L?, Wen-Ding [17] first established the local existence and uniqueness of
a strong solution. Later, Li [4] and Ding et al. [2] respectively investigated the global existence of a
strong solution to the 3D initial boundary value problem and to the 3D Cauchy problem with reasonably
small data; they extended Wen-Ding’s result [17] to the global one. At the same time, Li [4] considered
the case in 2D-bounded domains (see also [5]). It should be pointed out that the crucial techniques of
proofs in [2,4,5] cannot be directly adapted to the situation for the Cauchy problem of the 2D equations.
One reason is that when Q = R? becomes unbounded, the standard Sobolev embedding inequality is
critical, and it seems difficult to bound the L"-norm (r > 2) of the velocity u just in terms of || y/ou||2r2)
and ||Vul|;22). Motivated by [10], by introducing a weighted function to the density, as well as the
Hardy-type inequality proposed in [7] by Lions, the ||o%ul|.- (r > 2, @ > 0) could be controlled in terms
of || yjoull;2r2) and ||Vul|;2g2). Thus, Liu et al. [6, 8] generalized the results of [4, 5] to the whole space
R2.

Very recently, the author of [9] applied global well-posedness to the 2D Cauchy problem with a
vacuum and large initial data. However, it is rather difficult to investigate the global well-posedness and
dynamical behaviors of non-isothermal incompressible nematic liquid crystal flows with large initial
data in R? using the same method. Since the Sobolev embedding inequality is critical, we cannot derive
the a priori estimates for the strong solutions with large initial data, which is the key to extending the
global strong solution by Lemma 2.1. Fortunately, motivated by [4], the global strong solutions of the
systems (1.1) and (1.2) can be established using some small norm of the initial. But the priori estimates
of [4] depend on the boundness of the domain due to the Poincaré inequality, which fails to deal with the
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situation here. On the other hand, there are also other interesting studies on the large time behavior of
solutions, which is absent in [2,4]. Thanks to [3], which established the global existence and large time
behavior of strong solutions to the 3D Cauchy problem of Navier-Stokes equations using exponential
time-weighted energy estimates. However, due to the strong coupling terms and strong nonlinear terms
VdoVd, u-Vd and |Vd|*d in the system (1.1), we cannot directly adapt their method to our case. Thus,
the main purpose of the present study was to investigate the global existence and large time behavior
of strong solutions with large oscillations and a vacuum to the problems (1.1) and (1.2), provided that
the scaling invariant quantity is properly small which generalized the corresponding results [3,4] to the
Cauchy problem of non-isothermal incompressible nematic liquid crystal flows.

Before formulating our main results, we will first explain the notations and conventions used
throughout this paper. For simplicity, we set

ffdx:ffdx, u=c,=«=1.
R3

For 1 < r < o0, k > 1, the Sobolev spaces are defined in a standard way.

L' =L®R»), D" =DMR))={veL R)DYveL R,
Wk,p — Wk’p(R3), Hk — Wk,2’ Dk — Dk,2'
Our main results in this paper are listed in the following Theorem 1.1.
Theorem 1.1. Assume that the initial data (py, uy, 6y, do) satisfies
0<po<p, po€Ll NH' AW, (uy,6)eD2ND*2 VdyeH, |do=1, (1.4)

and the compatibility condition

{—Auo + Vpo + div(Vdy © Vdy) = \Jpogi,

5 5o (1.5)
—Aby = 2|D(up)|” — |Ady + [Vdo|“do|” = +/p0g2,

with po € H' and g\, g, € L*. Let K be the following constant

Ko = (Ilvhatollz. + IVdollz. )(IVuoll3. + IV>doll}, ). (1.6)
Then, there is a positive constant €,, which depends only on p and initial data, such that if

Ky < e, (1.7)

then the problems (1.1) and (1.2) have a unique global solution (p, u, 6, d) on R? x (0, o) satisfying
0<peC(0,00);L2 NH NnW'), p, e L>([0,00); L* N L3),
(u, 0) € C(0, 00; D> N D*?) N L*(0, co; D*9),
(ur,6;) € L*(0,00; D), (+pus, 8, € L=(0, 00; L?),
Vp € C([0, 00); L?) N L*(0, 00; L?),
Vd € C([0, 00); H*) N L*([0, c0); H?),
d, € C([0, 00); H") N L*([0, o0); H?).

(1.8)
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Moreover; there exists some positive constant C depending only on p and initial data such that for all
t>1,

Il pull2, + I VpbI2, < Cr 3,

IVul?, + VO3, < Cr3,

| vVoully, + 1Veoill7, < Crs, 19
IV2ull2, + IV pIE, + V2611, < Crs,

IV2dI2, + ld,|I?, < Ct ™,

IV3d|i2, + V4,2, < Cr2.

Remark 1.1. When temperature field 6 = 0, System (1.1) reduces to the classical incompressible
nematic liquid crystal flows. Compared to [4] for the 3D-bounded domain, some new difficulties occur.
First, Poincare’s inequality fails for 3D Cauchy problem, which is key to estimating ||ul|;2; one way
to overcome this is to estimate || \joull;2 and ||Vull;2. Furthermore, the higher-order estimates of the
smooth solution is independent on T, which is different from [4]. Since the corresponding estimates
in [4] depend on T, we have improved the priori estimates of [4]. In particular, we also extend the
priori estimates of [4] to the non-isothermal case. To the best of our knowledge, Theorem 1.1 is the
first result on global well-posedness for a model of multi-dimensional non-isothermal incompressible
nematic liquid crystal flows in a vacuum.

Remark 1.2. Using the time-weighted a priori estimates, we extend Zhong’s corresponding
result [19] to incompressible nematic liquid crystal flows by studying the global well-posedness of the
Cauchy problem of inhomogeneous heat-conducting Navier-Stokes equations. Moreover, we derive
the algebraic decay estimates of the solution, which is lacking in [19].

Remark 1.3. As mentioned above, He et al. [3] obtained the exponential decay-in-time property for
the 3D Cauchy problem of inhomogeneous Navier-Stokes equations with a vacuum [that is, (1.1) with
d =1 and 0 = 0]; however, it seems impossible to derive such a decay property due to the sructural
characteristics of (1.1), especially given that py € L2 (R3) is required. Thus, the the macroscopic
average of the nematic liquid crystal orientation field acts as some significant roles on the large time
behaviors of velocity and the temperature.

Remark 1.4. It should be noted that (1.6) is independent of the temperature. The results indicate
that the global existence for inhomogeneous incompressible heat conducting models of viscous media
is similar to the nonhomogeneous incompressible nematic liquid crystal flows,and therefore does not
depend on further sophistication of the heat conducting model.

The framework of the proof of Theorem 1.1 is the continuation argument (see [4]). We should point
out that the crucial techniques used in [4] cannot be adapted to the situation treated here, since their
arguments depend heavily on the boundedness of the domains. Moreover, compared to [3,19], the proof
of Theorem 1.1 is much more involved due to the strong coupling terms and strong nonlinear terms
Vd © Vd, u - Vd and |Vd|*d. To overcome the difficulties stated above, we need some new ideas. First,
we attempted to get time-in-uniform (weighted) estimates on the L*(0, T; L?)-norm of the gradient
of velocity, absolute temperature and the gradient of the macroscopic average of the nematic liquid
crystal orientation field. We found that the key way to control the terms f [u>|V2d|*dx, f IVd|*|Vu|*dx
and f [Vd|*|V?d|*>. Thus, we need to achieve higher integrability of the macroscopic average of the
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nematic liquid crystal orientation field. Motivated by [3, 19], we assume the priori hypothesis (3.1).
Hence, the key step is to complete the proof of the a priori hypothesis, that is, to show (3.2). Based on
the regularity properties of the Stokes system and elliptic equations, we can obtain the desired bounds,
provided that (1.7) is suitably small. Next, the crucial dissipation estimate of the form fOT ||V9||i2df (see
Lemma 3.5) is important to derive the time-weighted estimate of || \//_)9,”22. However, this argument
fails for the situation here, since their estimates dependent on 7. To overcome this difficulty, we
multiply the momentum equation(1.1), by u6 to recover good bounds for the temperature 6 [see (3.81)].
Once these key estimates are obtained, we can obtain the desired global high-order a priori estimates
of the solution.

The rest of this paper is organized as follows. In Section 2, we collect some elementary facts and
inequalities that will be used later. Section 3 is devoted to the a priori estimates. Finally, we will give
the proof of Theorem 1.1 in Section 4.

2. Preliminaries

We begin with the local existence and uniqueness of strong solutions whose proof can be performed
by using standard energy methods (see [1, 17]).

Lemma 2.1. Assume that (po, ug, 6y, do) satisfies (1.4) and (1.5). Then there exists a small time Ty > 0
and a unigue strong solution (p, u, 6, d, p) to the problems (1.1) and (1.2) in R® x (0, T) satisfying (1.8).

Next, we have some regularity results for the Stokes equations, which have been proven in [3].

Lemma 2.2. Forr e (1,00), if F € L3 N L', there exists some positive constant C depending only on r
such that the unique weak solution (u, p) € D' x L? to the following Stokes system

—divQu®(u)) + Vp = F, inR?,

divu = 0, in R?, (2.1)
u(x) — 0. as |x[ — oo,
satisfies
IVull> +Ipll> < CUIF] g (2.2)
and
IV ullr + 11V pller < ClIFIL. (2.3)

Next, the following Gagliardo-Nirenberg inequalities will be stated(see [11] for the detailed proof).

Lemma 2.3. Assume that f € H' and g € LY N\ D' with ¢ > 1 and r > 3. Then for any p € [2,6],
there exists a positive constant C, depending only on p, q and r, such that

6-p 3p—6

Ifllr < CIALZIVALS (2.4)
q(r=3)

3r
lgllz= < Cligll ™ IVell (2.5)
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3. A priori estimates

In this section, we will establish some necessary a priori estimates, which together with the local
existence (cf. Lemma 2.1) will complete the proof of Theorem 1.1. To this end, we let (o, u, d, 6, p) be
a strong solutions of (1.1) and (1.2) in R?® x [0, T]. For simplicity, we use the letters C, ¢; and C;(i =
1,2,...) to denote some positive constant that is dependent on p and initial data, but are independent
of T. We also sometimes write C(«) to emphasize the dependence on «.

We first aim to get the following key a priori estimates on (p, u,d, 6, p).

Proposition 3.1. Assume that
Ko < e,

there exists some small positive constant €, depending only on p and initial data such that if
(o, u,d, 0, p) is a smooth solution of (1.1) and (1.2) on R x (0, T] satisfying

1
sup (Il vioullz. + IVI7)(IVull;. + IV?d|l7,) < 2K, (3.1

0<t<T

then the following estimate holds

sup (| Voull?, + IVdI2)AIVull?, + IV3dIl7,) < K2, (3.2)
0<t<T
Moreover, we have
sup (IVull2, + IV?d|[},) + f (I Vouliy, + IV3dIE, + IVdI7,)dt < C. (3.3)
0<t<T

Proof of Proposition 3.1. (1) Multiplying the transport equation (1.1); by go?"! for Vg > 1, integrating
by parts and using (1.1)s, we have

d
—|lo(O||Z, = 0.
7 tllp( )11
It derives
llollzs = llpollra- (3.4)

(2) Multiplying (1.1), by u, and integrating by parts over R*, we have

3% olul dx+f|Vu| dx

2
— f [Ad-Vd+V(|Vd| f (u-V)d-Ad

< C”””L"”Vd”L3”Vzd”Lz

ZIIVuII » + ClIVAI IV, 3.5)
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Using the fact that |[d| = 1 and integrating by parts, we infer from (1.1), and Holder’s and Gagliardo-

Nirenberg inequalities that

d
- f \Vd|*dx + f (Id,]> + |V?d|*)dx
= f d, — Ad*dx = f lu - Vd — |Vd|*d|*dx
< Cllull3lIVd|l3; + ClIVdll},
< VI (IVully, + 11V},
which together with (3.1) and (3.5) yield

d (1 3
wr (§p|u|2+|Vd|2)dx+ f (Zqu|2+|d,|2+|V2d|2)dx

< CIIVI(IVull7, +11V2dIl7.)
< CIIVll IV dll 2 (IVull7, + 1VdII7,)

i 2 2 2
< GEKGIVullz + 1IVadliy.).
This gives rise to

1d

1 3
57\l Voullz, + IVdll7,) + ZIIVulliz + Iy, + ZI|V2dIIiz <0,

provided

Ky < e = min{l, ﬁ}

Then, integrating (3.8) with respect to ¢, we arrive at
f (plul® + [Vd|)dx + fo | f (IVul* + [V2dP)dxdt < C(l| Vpouollj> + IV oll}2)
(3) Multiplying (1.1), by u,, and integrating by parts over R, it follows that
%dit f \VulPdx + f plu,*dx
= —fpu~Vu-utdx+de®Vd:Vutdx
= %de@Vd : Vudx — f(VdOVd), :Vu— fp(u-V)u-utdx
< % Vd © Vd : Vudx + CllullsIVullps || Vousllzz + ClIVAll sVl Vull s

d
< 7 de@ Vd : Vudx + C||Vu||zz||v2u||Lz + (|| \/ﬁut”iz + ”th”iz)

+ ClIVZ|ILIVall 21V ull 2

(3.6)

(3.7

(3.8)

(3.9)

(3.10)
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(4) Multiplying (1.1), by —VAd and then integrating by parts over R?, it follows from Holder’s and
plymng 4 DY g goyp

Gagliardo-Nirenberg inequalities that

1d
Ed—t||V2d||L2+||V3d||2 f V(u - Vd) - VAddx — f V(IVdl*d)VAddx

2=

3
= f (Vu-Vd)- VAddx+ " f 10,0 ,d - 8,07 ddx — f V(VdPd) - VAddx

ijk=1

3
= f(Vu-Vd)-VAddx+ Z f@kuié)i@jd-aiﬁkddx— fV(llezd)-VAddx

ijk=1

<C f |Vu||Vd||VAd|dx + C f |Vu||V2d|*dx + C f IVd||V2d||VAd|dx

4
+C f IVdP|VAd|dx 2 Z I
i=1

It follows from Holder’s, Young’s and Gagliardo-Nirenberg inequalities that

Iy < ClIVull 5|1Vl oIV Ad]| 2

< CIVullIVullIVdl 2 IVl

< SIV3 I, + COIVull IV ul 2 IVdIE.
I, < CIVull IV,

< CIVUllIVul}, IVdl 21Vl

< SIV3 I, + COIVullAIVulIVdI.
I5 < CIVdl IVl IV Ad2

< CIV*I, IVl

< SIV*dIE, + COIVdIS,.
Iy < CIVAR IVl < CINdI IV dl,»

< SIV3dll7, + COIIV3dIS,.

(5) Notice that (p, u, d) satisfies the following Stokes system

~Au+Vp =—pu, — p(u-Vyu—div(Vd © Vd), x e R3,
divu =0, xeR3,

u(x) — 0, |x| = oo.
Applying the standard L”-estimate to the above system ensures that for any p € (1, ),
IV2ulley + IV pllr < Cllowdlr + Cllow - Vully + Clldiv(Vd © Va)|.»,
from which, after using (3.1), (3.17), and Gagliardo-Nirenberg inequality, we have

IV2ull2 + 11V pllz < Cllowlz + Cliow - Vull 2 + Clidiv(Vd © V)2

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
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1 1 1 1

< CliVpu 2 + Cllull sl Vull L1IVull s + CIIVAll s IV IVl
3 1 3 1
< CliVpu i + ClIVull - IV?ull ), + ClIVZdI LIV,

< CIIVZdII,%ZIIV3dIIfz + %IIVZuIILz + CllVoullz2 + ClIVull,. (3.18)
that is
IV2ull2 + IVpll2 < CIIVZdIIiIIWdIIfz + Cll Voullz2 + ClIVull},. (3.19)
Applying the gradient operator to (1.1),, we get
Vd, - VAd = —V(u - Vd) + V(|Vd|*d). (3.20)
It follows from (3.20) that
IVdiIZ, = f IV(Ad + |VdPd — u - Vd)[dx
<2 f (IVAd)* + |V(VdPd + u - Vd)[*)dx
<2 f IVAd|*dx + C f (IVd|® + |Vd[*|V2d|*)dx

+C f (uPIV?dP + |Vul*|Vd»)dx
< 2|V3d|l;, + CIIVdIl}, + CIIVA[;IV2d][;,
+ Cllul2IVdll7; + ClIVull7 IVl
< 2[V3d|l7, + CIIVZd|l}, + CIIVZdI]. IVl
+ ClIVull2,IVdl| 21V dll 2 + ClIVull2 |V ull 2V d] 7
< R+ 0IVdI. + IVull},) + CONIV3IS, + COVullLIVdL.. (3.21)

12

By assumption, it follows from Holder’s and Young’s inequalities that
‘ f VdoVvd : Vudx' < }1||Vu||iz +|Vdlly.. (3.22)
(6) Multiplying (3.20) by 4|Vd[*Vd and integrating by parts yields
% f \Vd|*dx + 4 f (VAP |\V2d)?* + 2|VdP |V (Vd)|»)dx
=4 f \Vd*Vd(=V(u - Vd) + V(Vd|*d))dx
<C f (IVd|*|Vu| + |VdP|V?d|lul + |Vd*|V?d| + |Vd|®)dx

< f \Vd]*|V2d|*dx + C f (IVulIVdP + [u*|V?d|* + |Vd|®)dx,
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and hence
d
- f IVd|*dx + 3 f IVd*|V2d|*dx
<C f IVul?|Vd]?* + [ul*|V?d* + |Vd|°dx

< S(IV2dIIE, + IV2ull7,) + COIVZIS, + C@OIVully IVl (3.23)

Thus, by choosing some constant ¢, suitably large such that

1 1
E|Vu|2 —-VdoVd : Vu+ ¢, |Vd* > Z(IVulz +|Vd, (3.24)

then applying (3.10) + (3.11) + (3.21) + (3.23) X ¢; and using (3.22), (3.19) and (3.24), and Young’s
inequality, we then obtain
% f (IVul* + |V2dI* + |Vd|")dx + f (plu* + IV?df* + |Vd,[*)dx
< ClIVullyL IV2ull 2 + &ll Vioud 7. + CIIVZANL IVl |V ul 2
+6l[V3dl[7, + COIVull2|[V2ull 21V?d][7, + COIIVI[S,
+6[V2ull7, + CO)IVull.lIVdl[;.
< &l Vw7, + ClIVull}, + CIVull LIVl + CIIVd|[S,
+6l[V3dll;, + CIIV2dIl|IVull;, + CIVZdIIL|Vull;,
< &ll Voull7, + IIV3dll7. + C(IVully, + IVZlL)AIVully, + IV2dll7.)%. (3.25)
By using the Gronwall inequality, (3.9), and choosing ¢, & suitably small, and noticing that

I PotollZs + VoI, < sup (| ypullZ, + IVdIL,), we have

0<s<t

T
sup ([Vull}, + IV?dI7, + c1lIVdlly,) + f (I Voulz, + 1IVdIl7, + IV,7,)dt
0

0<t<T

T
< eXP{f (IVull7, + IIVzdlliz)zdt}(lquolliz +1IV2doll7.)
0

< exp {C(II Voouoll7, + IIVdolliz)OilthT(lqulliz + IIVzdlliz)}(IIVuolliz +1IV2doll}.)

1
< exp {CKJ(IVuoll7, + [IV2dol2.) < CIVuoll7, + IV>doll7), (3.26)

provided K, < €. Thus, we have

T
sup (IVull}, + IV?dI[7,) + f (I Voully, + IVdII7, + 1VdlI7,)dr
0

0<t<T

< C(IVugll7, +11VdolI7,)- (3.27)
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(7) Combining (3.8) and (3.27), we have

1
sup (Il Voully, + IVAIZ)IVully, + IV?dlI},) < CoKo < K,

0<t<T

provided

Ko <g:= min{el, E}
2

As a consequence, we directly obtain (3.2). The proof of Proposition 3.1 is finished.

Lemma 3.1. Under the conditions of Proposition 3.1, it holds that for i € {0, 1}

T
sup 7[V2dll, + f t(IVdiIE, + IVl ) dr < C,
0

0<t<T

T
sup (12| voully,) + f 2 |Vullh,de < C,
0

0<t<T

T
sup #[|Vull7, + f 1l Vioull7.dt < C.
0

0<t<T

Proof. 1) Using Holder’s and Gagliardo-Nirenberg inequalities, we have

d%nvzdniz IV, +IVdIl,
< ClIV(u - V)|, + CIV(VdPa)R,
< C(IVulR, + VI, ) VIR + IVl IVdll,
+ C ([l + 19I2,) 192,
< C(IVulR, + V%I, ) IV%dIl IV dll2 + CIV2dE IV,

1
< SIV%dI, + C (IVullf, + IV2dI}.) V2

12

which yields

d t
= (AIVdIE,) + AV, + SUVdI, < IVd, + C (1Nl + IVl ) (V).

This along with Gronwall’s inequality, (3.9) and (3.27) yields the desired (3.29).
2) It follows from (3.5) that

d
7! Voullz, + IVull7, < CIVAIILIIVdIl,.

Multiplying the above inequality by 12 and integrating it over [0, T'], we have

T
sup (t2||\/,5u||iz)+f l§||VM||izdf
0

0<t<T

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)
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T 1
sCf 2|V IV2d) 2 dr + C sup || vpull, ff%dz
0 0<t<T 0

T
+C f IVull2,dt
1

1
< C sup ||Vd||,2 sup t||V2d|| ’ f IV2dl)7,dt + C

0<t<T 0<t<T

<C. (3.33)

Multiplying (3.25) by ¢, we obtain the desired (3.31) after using Gronwall’s inequality. Then, we
completed the proof of Lemma 3.1. O

Lemma 3.2. Under the assumption of Theorem 1.1, it holds that for i € {1, 2}

T

sup (| Vou i, + IVdill>,) + f ' (IVull7, +IV2dilI7,)de < C, (3.34)
0<t<T 0

T
sup 1|, + f flIVd,|2.dt < C, (3.35)
0<t<T 0
sup £(IV2ull?, + IVplly, + IV3dIE,) + f 2 (IVully, + IIVpll;,)de < C. (3.36)
0<t<T 0

Proof. (1) Differentiating (1.1), with respect to the time variable ¢ gives
puy + pu - Vu, — Au, + Vp, = —p,(u; + u - Vu) — pu, - Vu — div(Vd © Vd),. (3.37)

Multiplying the above equality by u, and integrating the resulting equality by parts over R?, we
deduce after using (1.1), that

1d
2dt

= f[(Vd oVd), : Vu, — p(u; - Vyu - u, + div(ou)(u; + u - Vu) - u,]dx

plu*dx + f \Vu,|>dx

= f{(Vd ovVd), : Vu, — p(u, - Vyu - u, — pu - V(lu>) + ou-Vu-Vu-u)ldx

< Cfplul(lulqulquzH IV |uay| + Iulleullutl)dX+Cfplulquzlluzldx

+ Cfplu,l |Vuldx + CfIVdIIthIIVutldx = Z[Z, (3.38)

i=1
The terms on the right-hand side of (3.38) can be bounded as follows. It follows from Holder’s,

Young’s and Gagliardo-Nirenberg inequalities that

2
Ly < Cllullps(Vull 21V ullgslloellze + lleall sV =0l 221l )
2
+ Clluel 7/ Vel s [Vl 2
2 2
< ClIVull1IV-ull 2Vl 2
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< énwtuiz + CIVallIVul
I + s < Cllypudl 2 (19l ludll i + el o1Vl )
< Cll VPl 1Vl 1Vl 9l
< énwtniz + IVl IVl 21 ol
Ly < CIVA/l2 I Vall2 IVl -
< CIVA 2 IVu i IV IV I,

1
< glqutlliz + ClIVA IV dll 21V dll 2.

Substituting I — I4 into (3.38), we have

1d

1
| VioudllZ, + =11V,
2 dt L= 9 L

< ClIVull 2 IVl 2l Voudl 7, + CIVUIILIVully, + CIVATIVZd 2V dll 2.

(2) Differentiating (3.20) with respect to the time variable 7 gives
Vd, — AVd, = =V(u - Vd), + V(|Vd|*d),.

Multiplying (3.40) by Vd,, and integrating the resulting equality over R?, we find that
1d
EE”th”iz +IV2dlI7,
<C f IVu,||Vd||Vd,|dx + CfquIIVa’tlzdx +C f |u,||V*d||\Vd,|dx

+C f \VdP|d,||[V?d,|dx + C f \Vd||Vd,||V?d,|dx

5
A
i=1

Applying Holder’s and Gagliardo-Nirenberg inequalities, and (3.27), we have
Iy < CIVu 2Vl Vs
< ClIVul IV IV IVl
< %||Vut||iz " i||v2dt||iz + CIVA LIV,
Lo < CIVulls IV L2V s
< CIIVullZ,IVul VA2V,
< 1—16||v2d,||iz + CIVUll IVl 21V s,
Iy < CliullIVdl2 1V

(3.39)

(3.40)

(3.41)
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1 1

< ClIVull IVl 2V IV
1 1

< ZIIVuzIIiz + EIIVzdtlliz + CIIV2dlI},|IVd|I7

L2°

Ly < CIIVAlljlld| oIV dil 2

< CIVIE IV 1V,
< %6||v2d,||iz + CIVAILIVAE,,
Is < CIVd12 IVl 1Vl

< CIV?&I% IV IVl

1
< EIIV%IIiz + CIIVAI2. IV}
Inserting the estimates of I,;(i = 1,...,5) into (3.41), it follows that
d 2 2 7112 1 2 2 514 2 2
- tlly2 thlp2 = = tll2 12 L? L? t
dtIIVdII + [V, < 4IIVM I + CAIV=dll}, + [IVull 2 [[Voull DIV

Now, the inequality of (3.42) added to (3.39) , we infer that

d
7 Voullz, + IVl + IV, + IV,
< CUIVully, + IV2dII7, + 1IV2ully, + IV dI2) AV, + || Voull;.)

4 2112
+ ClIVull [V ull .

(3) It follows from (3.20) and Holder’s and Gagliardo-Nirenberg inequalities that

IV2ullz, + IV Pl < Cllow i}, + Clipw - Vull7, + Clldiv(Vd © Va)|I7,

< CliNpu iy, + Cllul 76l Vull 2[1V2ull 2 + CIIVd|l7[IVdIl7

< CliNpu i}, + CIIVully, IV?ull2 + CIVZdIIV3dll 2

1
< E”Vzu”iz + CllVpull7, + ClIVully, + CIV?dILIIVdll2,

that is
IV2ull2, +1IVpliz, < Cllvioudl2, + ClIVullS, + CIIVZdI, 1V dll2,

which given (3.9), (3.3), (3.29) and (3.55) yields

T T
f (IV2ully> + IV pll7.)dr < Cf (I Voullz, + 11Vully, + IV2dI. IV dll 2)dt
0 0

T
< Cf IVully, + IV?dIZ, +IV2dII7,)dr + C
0
<C

2

(3.42)

(3.43)

(3.44)

(3.45)
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and
T 3
f £ (IV2ully, + IV, )dt
0 -
< Cfo 2 Voully, + 1Vulld, + V2|1, IV dl|2)dt

T 1 T 1
< C sup 4|Vl f IV2dIiz.dr)*( f (IV3dlly,dr)’
0 0

0<t<T

T
+C sup £2[[Vull?, f IVull2,dr + C
0

0<t<T

<C. (3.46)

Thus, multiplying (3.43) by # and using Gronwall’s inequality, by (3.9), (3.27) and (3.45), we
immediately arrive at

0<t<T

T
sup 7'l vou iy, + IVl7,) + f £ (V7 + IV?dill7,)de < C. (3.47)
0

(4) We infer from (3.20), Holder’s and Gagliardo-Nirenberg inequalities and |d| = 1 that

IV3dlIZ, < CUIVAT + WIVullVallZ, + V2, +IVdPIZ, + IVdIVdll7.)
< C(IV 3, + CIIVUllL VAl + lullZIV2dllZ; + IVdllGs + IV2dIZ:1IVdllZe)
< ClIV, + CIVUIlL IVl 2NV dll + CIIVUllLIIVdll 21V dll 2
+ CIIV2dllj, + CIIVdIIL, |V dll2

1
< 5||V3dlliz + CIIVd,|;, + ClIVull,IV?dll}, + ClIVullIIVdIl7,

+ C|IV2d][S,.
that is
IV3d|l;. < IV, + CIIVull.IVdll}, + ClIVullLIIVZdll;. + CIIVdIl},, (3.48)
which together with (3.9), (3.29), (3.55) and (3.60) yields that
sup 7|V7d|12,) < C. (3.49)

0<t<T

(5) Differentiating (1.1), with respect to ¢, multiplying the resulting equality by d, and then
integrating by parts over R?, we arrive at

1d
o f |d,[dx + f |Vd,|*dx

<C f u\IVdlld/|dx + C f IVd,|IVd|ld|dx + C f \VdP|d,*dx
3

4 Z L. (3.50)
i=1
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Applying Holder’s and Gagliardo-Nirenberg inequalities, we derive
Ly < Clid Iz llutfl 6|1Vl s
< Clld I IVl =NV I, V3,
1
< Z”V”z”iz + Clld|I;.,

Ly + Ly < CIIVl 21Vl =il + Clidill 2l 1Vl

1 1
< CIVA I IV AL IV AL e + Clldill 2V 1IVdll7,

1
< EIIdelliz + C(IVZdIl}, + IV2dll 21V dll )l
Hence, one gets

d 1
d—tlldzlliz +IVdill7, < 7

Multiplying it by # and applying Gronwall’s inequality, we have

T
sup ;|2 + f 1V, |Z.dr < C.

0<t<T 0

IVu iy, + CUVZdly + IV2dl 2V dll )l 7.

(3.51)

(3.52)

(3.53)

(3.54)

Finally, combining (3.46), (3.49) and (3.47), we have the desired (3.36). Thus, we finished the proof

of Lemma 3.2.
Lemma 3.3. Under the assumption of Theorem 1.1, it holds that

T
3 2 3 2
sup #2[Vull;, +f 12| Vpull;»dt < C,
0

0<t<T

T
s 2 S 2
sup 22| Vpu I, + f 21Vu,l},dt < C,
0

0<t<T

T
5 El
sup 13(IV2ullZ, + IV pl2.) + f BVl + IV plR.)dr < C.

0<t<T 0

Proof. 1) Given (3.25), one obtains from (3.44) that

SV + 1Bl
< dit f Vd © Vd : Vudx + C|lulls|Vull 31| Voull 2
+ ClIVA|| IVl 2Vl o
< d% deO Vd : Vudx + %u Voud2, + 8lIV2ull?, + ClIVull},
+ C|\Vd|| 21V dl 2V}

d 1
< de@ Vd : Vudx + (4—1 +8)ll Vpudl, + ClIVullS,

O

(3.55)

(3.56)

(3.57)
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+ CIIVZd|IL IV dl 2 + ClVAll2 [V dll 2 1V (3.58)

Multiplying it by 1, integrating it over [0, 7'] and then choosing ¢ reasonably small, we derive

T
3 3
sup (t2||Vu||iz)+f 2| Vw7, dt
0

0<t<T

T
< C sup £2||Vull2 ||Vl Vdlle + C f £2||Vul %, dt
0

0<t<T

T T
+C f 12 |\Vull 2V ell| 31Vl odt + C f 21|Vl dr
0 0

T T
+C f BIV2dIE, IV3dl| 2dt + C f £2(IV2d|| 2|V d, |12, dt
0 0

0<t<T 0<t<T 0<t<T

1 : i T
< 5 sup EIVul?, + C sup £2|[V2dI, + C sup 2[[Vd],2 f IV2d|%,dt
0
T

T
+C sup |Vull}, f £2|\Vul,dt + C sup 12][V2d]|,2 f 1V, di+
0 0

0<t<T 0<t<T

T
+C sup (A]|V3d||217||V?d||2) f IV2dll7,dt + C
0<t<T 0

<C. (3.59)

2) Multiplying (3.39) by 1> and using Gronwall’s inequality, we infer from (3.39) that

T
3 3
sup (211 voudl) + f ClIVuldr
0

0<t<T

T T
<C f £l VpulR.dt + C f £ (IVull V20l dt
0 0
T 5
+Cf 2V |, 1V*dl 21V dl| 2 dt
0
, T
< C sup (£2|Vull?A|Vul, ) f IV2ull2dt + C
0<t<T 0

1 T
+C sup (AIVdRAVIE)’ f IV, di
0

0<t<T
<C. (3.60)
Combining (3.60), (3.59) and (3.44), we have the desired (3.57). O
Lemma 3.4. Under the assumption of Theorem 1.1, it holds that
T
sup (I90ll2nze + llorllznce) + f (BUV2ul, + FIVpIE, + AIVdIR)de < €. (B.61)
0<i<T 0

Proof. (1) It follows from Lemma 2.2 and Gagliardo-Nirenberg and Holder’s inequalities that for r €
(3.,6),

IV2uller < Clipusler + Cllou - Vullzr + Clidiv(Vd © Vd)li»
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<CI|\/_ut| II\/_utII +CIIMIIL6IIVMII s + CIIVd||=|Vdl|
-6 3 2r=3
< Cll\/ﬁuzll IIVuzll i3 +C||Vu|| = IIVMIIS"G + ClIV2dl.IV3dll, |

whr

<l \/Eutllgllvlhllf + CIIVulle ”Vzu”L’ + CIIV2d||L2||V3dII
which directly deduces that

6-r 3r=6 2r=3
IV2ullr < CllVoull 5 IVull, 7 +C||Vu|| " CIvd; V3l

L2|

On the one hand, it follows from (3.9), (3.3) and (3.56) that for 0 < 7 < 1,
1 1
f IVull~dt < Cf (IVullz + IV2ull )dt
0 0
2 6—r 3r—6 ! 2r %
< C sup (7]l vpulip,) 7 ( f HIVul.de) 7 ( f £ dr)
0 0

0<t<1

+C sup (IVul2) ™™ f IVull,dt + C f IV3dl2,dt + C

0<z<1

<C.

On the other hand, using (3.56), (3.36), (3.29) and (3.55), we obtain that
T ! &r e 2 3
f 22|[Vaullpr < Cf (I Voudl Z IVull 3 + CIIVMII S v dllellV dll )dt
1

0
5 2 r 5 2 2;6 r _3r=6 %
< C sup @l ypull)( | BIVullid) (| 7 dr)
1 1

1<t<T

T 1 T
+C sup {(t||V2d||i2)5(IZIIVSdlliz)%}( fl HIV3dldr)*( fl r

1<t<T

T
3 6r=6 8r-9
+C sup (2|[Vul?,)5 f 5 dt
1<t<T 1

<C,

which leads to

fIIVulledt<Cf IIVMII IIVZMII”‘"dt

T 3r 2r-6

3 2r-6 1 6 _6r-9 =

< C sup (12| Vul[2,) o f e |V2ull )" (£ R de) T
1<t<T 0

<C.

Combining (3.63) and (3.65), one obtains

T
f IVul|~dt < C.
0

>’

8=

(3.62)

(3.63)

(3.64)

(3.65)

(3.66)
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(2) Differentiating the continuity equation (1.1), with respect to x; gives rise to

(x): + Vo, -u+Vp-u, =0.

Multiplying (3.67) by slo..[* 0., (s = {2,6}) and integrating the resulting equation over R? gives

d
ZIVPlzas < ClIVull=lVollnzs.
It follows from Gronwall’s inequality and (3.66) that

IVollzars < ClIVpollrzas-

Noticing the following facts

llolzzars < Cllulls(IVollzs + [IVpollzs)
< ClIVull2lIVpllzas < ClIVpollz2azs-

(3) Taking V operator to (1.1),, we get
~V?Ad = V*(\Vdl’d - u - Vd - d,).
Using the L*-estimates of an elliptic system, we derive
IV¥dll> < CUIVZd 2 + IV (u - V)2 + IV (IVd Pl 2)
< ClIV?dlI2 + CIIV?ullVdlll 2 + CIIVullV2dlll2 + ClllulV3dlll 2
+ CIIVAPIV2d|l 2 + CIIVZdPIl 2 + CIIVAIV3dlll 2
< CIIVdll> + ClIVdll=lIV?ull2 + ClIVull 2Vl

+ CllullslIVdlls + CIIVIlZ|IV2dlls + ClIVdl|=IIV2dll 2
+ CIIVd||slIV3dll

2 3 3 anE o2 3 o213 o3
< CIIVII LIV LIV ull 2 + ClIVull LIV ull L1V dll 2
1
+ C(||VM||iz + ||V2d”i2)||v3d”L2 + C|IV2d I + §||V4d||L2,
which yields to

IV¥dIl7, < CIIV2dll NIV dll IV ully, + ClIVull 2 V2l 2)IV3dll
+ C(IVully, + IV )V, + CIV2,,

(3.67)

(3.68)

(3.69)

(3.70)

(3.71)

(3.72)

(3.73)

multiplying #* by (3.73), and integrating the resultant in (0, T'), and using (3.3), (3.21),(3.31), (3.34)and

(3.36), one obtains

T
f £IVid|[},dt < C.
0

(4) According to (3.17), we have

IV2ullys + 11V pllzs < Cllowll7s + Cliou - Vullz + Clidiv(Vd © V),

(3.74)
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< Cllugd2 + CllullzIVull}e + ClIVA|[}|IV>d][3

< ClIVull7, + ClIVull 2 IV2ully, + CIVZdll 2(IV3d]l3,.

This together with (3.34), (3.36), (3.36) and (3.3) gives

T
f P(IV?ullz + 11V pli7)dt
0
T
< Cf PVl + 1Vull 2NVl + 1192l )t
0

<Csup(z IIVzulle)f UIVully, + 1Vull7,)dt

0<t<T

+C sup ([IV7d][},) f (IV2dIlz, + IV2dli7,)de + C
0<t<T 0

<C,

and
T 5
f 2 (IVullys + IV plls)dt
0 .
SCf 2 (IVudl2, + IVull2lIVull}, + IV2dl2 1V d],)dt

< C sup (12|[V2ul? 2)f (IVully, + IV2ull},)dt

0<t<T

1 T 1
+C sup (P[IV°d|%)( f IV2d|l7.dt)*( f 1V d|dt)" + C
0 0

0<t<T
<C.

This ends the proof of Lemma 3.4.

Lemma 3.5. Under the assumption of Theorem 1.1, it holds that for i € {0, 1},
i T i
sup (1| Vbll2.) + f IVOIZ.dr < C,
0<i<T 0

i T 3i
sup (12 [|V6I[2,) + f 12 || \poill;.dt < C.
0<t<T 0

Proof. 1) Multiplying (1.1); by 6 and integrating by parts, one obtains

1d

o plofdx + f Vo> dx

= f |D(w)|*0dx + f (Ad + |Vd|*d) - (Ad + |Vd|*d)od x

<C f IVul|*6dx + C f \Vd||V3d|odx + f |Vd|*0dx

(3.75)

(3.76)

(3.77)

(3.78)

(3.79)
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+C f IVO||Vd||V?d|dx + C f IVd|*|V2d|0d x

_. ZS“ R. (3.80)
i=1

In fact, multiplying (1.1), by u6 and integrating the resulting equation over R* gives

R, < Cfplutllullé?ldx+Cfplulleulleldx+CflulquIIVHldx
+C f plullVoldx + C f \Vd|*|Vullfldx + C f \Vd|*|ul|V6|dx
< %nveniz + CllVpull?, + C f ul*|Vul*dx + C f plull6Pdx
+C f |pllul*dx + C f \Vd*|Vullfldx + C f \Vd|*|ul|V|dx
< %IIVGIIEZ + Cllull; 1V ull7 s + Cll vpull 2 llull 5116117

+ ClipllZ:lullys + Cll Vpudlly, + CIVAll=IVdll 3 llull sl VOl 2
+ ClIVd||= IVl [V ull 2116 s

1
< %valliz + CIIVull}, 1V ull2 + Cll Voull 2V ull 2V,

+ Cllvpudlz, + CliplizpllslVully, + CIVdll 21V dII | Vull2

1 1
< (55 *+ CIg IV + ClplalIV plloalIVuy: + Cll o,

2
+ CIIVulliz + CIIVZdlliz + C||V2M||iz||VM||Zz + C”V3d”izllv2d”L2
1 i 2 2 2 12 % $
< (2—0 + C3K0)||V9||Lz + Cllvoudl, + CIVZullIVull, + ClVull
+ C||V3d||iz||V2d||L2 + C||V2d||iz + C||V2d|| 2| Vull? (3.81)

12

where we have used the following fact that

1PNVl < Clloudl s + llow - Vull ¢ + |ldiv(Vd © Vd)l| ¢)
“(lousl| 2 + llou - Vull2 + [|div(Vd © Vd)||;2)
< C(ll Vpullpz + I Vou - Vullpz + [IVdll2IVdll2)
“(loulz + llow - Vullz + [IVdlls[IVdll2)
< Cllvpully> + CllulllIVull?s + CIVAILL IV,
+ CIIVdI|3|IV3dL,
< Clivpullz. + ClIVull,IVull2 + CIIV2dL;,
+ CIV2d|, + CIIVZd]},
< CllVpullz, + CIV?ullLL|[Vull}, + ClIVull }, + CIIVZdIl7,
+ CIIVd|I%,IV2dll2 + ClIVullS, + CIIVZd]P,. (3.82)
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It follows from (3.9) , (3.3), Holder’s inequality and the Gagliardo-Nirenberg inequality that
Ry < CIIV?dl| 21Vl 5116

1
< %IIVHIIiz + CIIV2d|| 2 IV d]l

12
Rs < Clifll IVl IVaPl 2
< CIIVOl 2NVl IVl

1 2 2 1116
< %”VQ”Lz + ClIV7dl[,,

Ry < CIIVOIl 2 1V2dl| ]V elll 2
1
< %IIVHIIiz + ClIVdIIL IVl 2,
Rs < ClI0ll oIVl ll 11Vl
< ClIVOll IVl IVl 2
1
< %valliz + CIIVdIIIVdl| 2.
Collecting the above estimates, choosing ¢ to be reasonably small and applying
4
Ko< g := min{ez, (ﬁ) }, we get that

d
7! Vooli7, + IV,

< C”\/_ 2 212 % 3 2 2
< puddly> + ClIVoull L lIVull, + ClIIV LIVl

16
+ ClIVull ), + CIIVZdII}, + ClIVdl| 2 Vull7,. (3.83)

Integrating the above inequality with respect to ¢, after using (3.9), (3.3) and (3.45) one obtains that

T
sup || vpdllZ, + f IVéI7,dt < C. (3.84)
0

0<t<T

(2) Multiplying (3.83) by t%, we derive from (3.3), (3.55), (3.56), (3.29), (3.45), (3.31) and (3.84)
that

0<t<T

T
sup (72| vpolI2,) + f £2(IV6|12,dr
0

2

T T T
1 1 1 2
<cC f 2| pblZdt + C f 2| vioudlZdt + € f (V2% IV ull;, dt
0 0 0

T 16 T T
+C f £2|[Vull bdr + C f (V2|2 dt + C f 2 (IV2dl| 21 Vul e
0 0 0

1 T 1
< C sup ||\/,39||§2f f%dt+cf ||V9||§2dr+cf | Voudll»dt
0 1 0

0<t<T

T T
+C f X Vil ,)de + C sup (83 [[Vull2,)3 f IV2ul,dt
1 0

0<t<T
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T
1 8
+C sup (¢2||VulZ,)* sup [IVull;, f IVull2,dr
0

0<t<T 0<t<T

T
+C sup ([IV2d|2,)? sup [IV2d|S, f IV2d|1,dt
0

L
0<t<T 0<t<T
3 1 T

+ C sup (12[[Vull},)3 f IV2ull7,dt

0<i<T 0

<C. (3.85)
(3) In view of the standard estimate for an elliptic system, one obtains

V26117, < CUl Vbillz. + llpw - VOII7, + IVully, + lAd + [Vddlll}.)

< CliNpu iy, + CllullZlIVOIZ s + ClIVull 2IVull3,
+ CIVZd|2NIV3dll, + ClIVdllz-IVdll}

1
< EIIVZHIIEZ + VPO 2> + CIIVull,IVOI7, + ClIVull 2l VZull,
+ CIIVZdIILZIIVSdIIiz + CIIVZdIIZzIIV3d||iz,
which leads to

V26117, < I VRbilly, + CIVullLNIVOIT, + ClIVull 2IV2ull;,

+ ClIVZdl| 2IIV3dIl3, + CIIV2IR IV dIlZ,. (3.86)

(4) Multiplying (1.1); by 6, and integrating by parts, we have

1d
o f IVOI*dx + f 0|6, dx

=— f pu - Vé0,dx + 2 f |D(u)[*6,dx + f |Ad + |Vd|*d|*6,dx
=K + K, +Kj;. (3.87)

By using (3.4), (3.86) and Holder’s, Young’s and the Gagliardo-Nirenberg inequalities, we have

Ky < Cllullz=ll Vool 21Vl 2
1 1
< ClIIVUll LIVl N Vobl 2 V6l 2
< Sl VPbill7. + CUIVOIILIVull 21Vl 2
< Sl Vpbill7, + CIIVOIl,, + ClIVull2lIV2ull;

120

d
K, = 2d_t f |D(w)*0dx — 2 f (1D(w)|?),0dx
d 2
< 2@ ID(W)"0dx + ClIVul| 21V ull 311611 s

d
=2 fID(u)IZde + ClIVu Iy, + ClIVull 2NV ull 2 IV
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12°

d
d
K3 = = f|Ad +|Vd|Pd|*6dx - f(|Ad + [Vd|dP),0dx

d
<= f Ad + |VdPdP6dx + Cll6ll=(I[V?dll .2 + IVdll7.)
~(IV2dill2 + il IVl 211Vl + 1Vl o] V)
d , , .
< f |Ad + [VdPd|6dx + CI[VO|IL V6112, (I1Vdll 2 + [IV*d]2,)

-(IV2dll2 + IIthIILzllvzdllfz + V2|21V d,l.2)

< % f |Ad + |VdPd*6dx + C|[V6|2(IV>6ll2|V>d] [
+ ClIV2d)|I;. + ClIVdi|| 21Vl 2

< % f |Ad + [VdldP*6dx + 5|IV6II2, + CIIVEIILIIVd]l;
+ CIIV?d,I7. + CIIVA|[;.IIV?d]| 2

d
= fIAd + |V d6dx + 8\ \pbll7. + ClIVull V67,

+ ClIVull2IV?ully, + CIVZdll NIV, + ClIVZIR IV,
+ CIIVAI NIV, + CIV?IZ, + CIVA LIVl

Inserting K;(i = 1, 2, 3) into (3.87) and choosing ¢ suitably small, we get
d
—(IVI5 = w (@) + 1 Vpo,
< CIIVOIl;, + ClIVUllLNIVZully, + ClIVuliy, + ClIVullL V67,

+ ClIVull 2 [V2ully, + CIVdll IV dl, + CIVZdIR IVl
+ CIIVOI IV, + CIV?IZ, + CIVAILIIVdl2, (3.88)

where
w(r) =4 f |D(w)|*0dx + 2 f |Ad + |Vd|*d|*6dx (3.89)
satisfies
() < ClONs(IVull 2 Vulls + IVl 2NVl s + VP sVl 2)
< CIIVGIILz(IIVullfzIIVzulle + IIVZdIIiIIWdIILz + CIIVZdIIi)
< %nveniz + ClIVull>, IV2ull?, + CIVZAIR IV, + CIVZdL,. (3.90)

Then, the desired (3.79) follows from Gronwall’s inequality, (3.29), (3.36), (3.34), (3.85), (3.86),
(3.88) and (3.90). O
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Lemma 3.6. Under the assumption of Theorem 1.1, it holds that

T
5 5
sup (13| VpiI2) + f £IV6,.dr < C,
0

0<t<T

T
sup £2||V24)1%, + f IV, + £3[V26)2,)dr < C.
0

L
0<t<T

Proof. (1) Applying the operator 9, to (1.1); and a series of direct computations yields

pgtt + pu * V@t - Aet
= div(pu)d, + div(pu)u - VO — pu, - VO + 2(Dw)[*), + (Ad + |Vd[*d|),.

Multiplying (3.93) by 6, in L? and integrating by parts over R? yields
1d
2dt

=-2 fpu -V6,0,dx — fpu -V(u-V06,)dx — fpu, - V60,dx

pl6,2dx + f VO, dx

+2 f (1Dw)),0,dx + f (|Ad + |Vd|*d)?),0,dx

=: ZS:Zi.

i=1

It follows from (3.4), Holder’s inequality and the Gagliardo-Nirenberg inequality that

Zy < Cllullz=ll Vool 21Vl 2
1 1
< CIIVUllL IVl VPO IVl 2
< SIVOLIIT, + ClIVall 2NV ull 21| VB I
< SIVOLIIT, + CIVullLIV2ully, + ClIVPOI;.,

Z, < Cf(plulqullVHII@I + plul’ (V26116 +,0|u|2|V9||V9t|)dx

< Clldll=|1Vull 1| VPO VOl + Clladl 7 IV>6ll 2116, o
+ Cllull7s|IVE1.21IV6ll o

< CIVUllL VUl | Vool IV LI,
+ CIVUIV0 196,

< ClIVull2 9l + ClIROILIVOlIV0l 2
+ SlIVO 2, + ClIVulL IV,

< ClIVullIVull, + ClIVROIL, + IVOIEIV26IE,
+ SIIVOIZ, + CIVul IVl

12°
Zy < ClI POl lluael |2V Ol 2

(3.91)

(3.92)

(3.93)

(3.94)
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< ClIVPUI N VRO V212 17601,

< ClIVul%, + ClNBOILVO VI,

< SIVOIE, + IV, + Cll VROV,
Zy < CIVulls V212101

1 1
< CIVUllL IV ull LIVl 2 VO 2
< SIVOLIIT, + CIVull 2NV ull 2V

120

Zs < Cf|9t|(|V2d”V2dt| +|V2d|[Vd||Vd,| + IV |V*d)

+ \V2d||\VdPld| + [Vdl'Vd,| + Vdl'|d,|)dx

< CIVOI(IVdllsNIVdil2 + IV dll 2 IV dll ol Vo
+IV2d I IV, + IV V2l slidille + IVAlIZ6 ]IV
+ VIR IV s + Il s NIVl IV Pl

< SIIVOIIZ + VARV 2V, + CIVZILIVAdT
+ CIV2AIRL IV LIV + CIVZS IV

L L L

+ CIIV2d|I3, IV, + CIV NIV},

Substituting Z;(i = 1,2, ---,5) into (3.94) and choosing ¢ suitably small, we have
d
- pl6)2dx + f |VO,°dx
< ClIvpbillsz + CIIVullNIVull?, + ClIVull 2]V ull),
+ CIIVOIL V2617, + ClIVullLIV26ll7.
+ CIIVu 2, + Cll VPO IV, + ClIVull 21Vl 21 Vil 17
+ Cl\Vdl| 21V d|l 2 V2|17, + CIIVdIl LIVl
+ VIR IV LIV, + CIIVdIS. IV
+ CIV?dIS,IV2d |2, + CIV %IV,
< ClIvpbill; + CIIVUllNIVull;, + ClIVull 2]V ull},
+ C(IVOI, + IVull; )l VobilI7. + ClIVO IVl
+ C(IVOIIL, + IVl )WVl 21V I, + 1V 1V d7-)
+ CIIVu 2, + Cll VPO IV, + ClIVull 21Vl 2 Vi1
+ Cl\Vdl| 2 IV d|l 2 V2|17, + CIIVdIlL IVl
+ CIIV2dIL VIV, + CIVZIS. IV,
+ CIIV2d|I%IIV?d)I7. + CIIVA L. IIV2d].. (3.95)

(2) Multiplying the above inequality by £, integrating the result with respect to ¢ and using
Gronwall’s inequality, we have

T
5 5
sup (12| vptili7.) + f 2|V6,| 2. dt
0

0<t<T
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<C f 21 VpilZdt + C sup (12(IVull?,) f 2 IV2ull2,dt
0

1<t<T

0<t<T

+C sup (&3] IVzulle)f (IV2ully, + IVull7,)dr

+C sup (r[[Vull%.)? sup ||V9||sz IV}, dt

1<t<T 1<t<T

+C sup (¢ ||V3d||L2)f IV3dI, + 1IVdII7,)dt

0<t<T

+C SUP(IIIVZdIILsz IIV3dIIdet+Cf IV |I7,dt

0<t<T

+Cf BVugl2dt + C Sup(tIIVHIILz)f 21| VpB,| 2 dt
1

0<t<T

+C sup (| VullZ,)* sup (I2IIV2u||iz)5f IV, dt
0

0<t<T 0<t<T

T
+C sup {(IIIV3dlliz)i +(t||V2d||iz)2}f 2IV2d,|;.dr
0

0<t<T

+C sup (fIIV2d%,)* sup (1 IIdelle)f IVdll7dt

0<t<T 0<t<T

0<t<T 0<t<T

+ C sup (*[|Vd,l17,) sup (tlledlliz)éf IV2dI[7.d1
0

T
+C sup (|V2dI,)? f fIVd,|>,dt + C
0

0<t<T

<C.
(3) It follows from (3.9), (3.55), (3.29), (3.36), (3.31), (3.78) and (3.79) that

sup (1[[V?6]12,) < C + C sup (£3[[Vull2,) sup (tl|Vull?,)

0<t<T 0<t<T 0<t<T

+C sup (IV2ull2,)* sup (AIV2ul)

0<t<T 0<t<T

+C sup (fIV3d|%)* sup (PIVd]%)

0<t<T 0<t<T

+C sup (IV2dI%)? sup (PlIV3d],)

0<t<T 0<t<T

<C,

and

T T T
f 2IV26),dr < C f 21| VpbilZ.dt + C sup (12 ||V6II%,) f Va2, dt

0 0 0<t<T

+C sup tzlleullef (IVull7, + 1V2ullf,)dt

0<t<T

(3.96)

(3.97)
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T
+ C sup (t|V*d|I},)>C sup (t2||V3dlliz)2f IV3dlf;.dt
0

0<t<T 0<t<T

T
+C sup (IV3dI,) sup (IV3d|2,)? f IV3d|,dt
0<t<T 0<t<T 0

<C. (3.98)

Additionally,

L2

T T
fo B11V26)3,dr < C fo B (06,2 + llou - VOIR, + IVulll,, + IAd + [VdPdllIL,)dr

T

<C f EAVOIE, + ul2NIVOIE, + IV dIV3dIIE, + IV2dIIVdP) 2, )dr
0T 5 T s

<C f 2 |Vull 2)1Vull 2|IV2617.dr + C f 2V2d|| 21V dll 2|1V dt
0 , 0

+C fo t%||V2d||i2||V3d||izdt+ C

T T
< C sup (P|IV2ull%,)? f B(IV2612,dt + C sup (IIV>d|1%,)*? f 2IV*d,dt
0 0 0

0<t<T <t<T

T
+C sup ((IVdIZ) (IV2dIE) fo AVl + C

0<t<T

<C. (3.99)

Thus, we completed the proof of the lemma. O
4. Proof of Thorem 1.1
Based on Lemma 2.1, there exists a 7y > 0 such that the magneto-micropolar systems (1.1) and (1.2)

have a unique local strong solution (p, u, ,d, p) in R* x [0, Ty]. To prove Theorem 1.1, it suffices to
show that the local solution can be extended to be a global one. To do this, we assume from now that

Ky < g holds.
Set
T" =sup{T | (o, u, 6,d, p) is a strong solution on [0, T]}. “4.1)
We claim that
T" = oo. 4.2)

Otherwise, assume that 7" < co. By virtue of Lemmas 3.1 and 3.6 and Proposition 3.1, it holds that
(o, u,0,d, p)l=r- satisfies (1.4) and (1.5). Thus, Lemma 2.1 implies that there exists some 7 > T,
such that (o, u, 6, d, p) can be extended to a strong solution of (1.1) and (1.2) in R? x [0, T**), which
contradicts (4.1). Hence, (4.2) holds.
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5. Conclusions

In this study, we were concerned with an initial value problem related to non-isothermal
incompressible nematic liquid crystal flows in R*. Using some time-weighted a priori estimates, we
have  proven the  global existence of a  strong solution provided that
(|| Vootioll7, + ||Va’0||iz)(||VuO||i2 + ||V2d0||i2) is suitably small. Furthermore, we have also obtained the
large time behavior of the solutions.
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