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Abstract: In this article, we obtain some operator mean inequalities of sectorial matrices involving
operator monotone functions. Among other results, it is shown that if A, B € M,,(C) are such that
W(A),W(B) € S,, f,g h € m are such that g’(1) = A’(1) = ¢t for some ¢t € (0,1) and 0 < ml, <
‘RA, RB < MI,, then

R(O(f(A)T,D(f(B))) < sec’(@)KRO(f(AT,B)),

where M, m are scalars and m is the collection of all operator monotone function ¢ : (0, c0) — (0, o)
satisfying ¢(1) = 1. Moreover, we refine a norm inequality of sectorial matrices involving positive
linear maps, which is a result of Bedrani, Kittaneh and Sababheh.

Keywords: sector matrices; operator monotone function; operator mean; numerical radius; positive
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1. Introduction

Let B(H) denote the C* algebra of all bounded linear operators acting on a Hilbert space . When
the dimension of H is finite, we identify B(H) with M[,,(C), denoting the set of n X n complex matrices.
I denotes the identity operator in B(H), while I, denotes the identity matrix in M,(C). For A € M,(C),
the conjugate transpose of A is denoted by A*, and the matrices RA = %(A +A*) and JA = %(A -A")
are called the real part and imaginary part of A, respectively ( [6, p.6] and [12, p.7]). Moreover, A is
called accretive if 'RA > 0. For two Hermitian matrices A, B € M,,(C), we write A > B (resp. A > B)
if A — B is positive semidefinite(resp. positive definite). A linear map @ : M,(C) — My (C) is called
positive if it maps positive semi-definite matrices in M,,(C) to positive semi-definite matrices in M (C)
and is said to be unital if it maps the identity matrix in M,(C) to the identity matrix in M;(C). We
reserve M, m for scalars.
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The operator norm of A € M,,(C) is defined by
IAll = max {|(Ax, y) | : x,y € C", ||x]| = |yl = 1}.

A € M, (C) is contractive if ||A]| < 1. Let || - ||, denote any unitarily invariant norm on M,,(C), which
satisfies ||[UAV||, = ||A||, for any unitary matrices U, V € M,,(C) and all A € M,(C).
For a € [0, 3), S, denotes the sectorial region in the complex plane as follows:

S,=1{z€eC:Rz>0,|3z < (Rp)tana}.

If W(A) C Sy, then A is positive definite, and if W(A), W(B) C S, for some a € [0, ), then W(A+ B) C
S «» A is nonsingular and R(A) is positive definite. Moreover, W(A) C S, implies W(X*AX) C S, for
any nonzero n X m matrix X, thus W(A™!) € §,. Recently, Tan and Chen [20] also proved that for
any positive linear map ®, W(A) C S, implies that W(®(A)) € §,. Recent developments on sectorial
matrices can be found in [3,4,9, 10,16, 18,22, 23].

The numerical range of A € M,,(C) is defined by

W(A) = {{Ax,x) : x € C", ||x|]| = 1}.

The numerical radius of A is defined by w(A) = sup{|1| : 1 € W(A)}. We note that if A > 0, then
w(A) = ||A||. The following inequality holds true

w(RA) < w(A) < Al (1.1)

for A € M,,(C).
For two positive definite matrices A, B € M, (C) and 0 < ¢ < 1, the weighted geometric mean,
weighted harmonic mean and weighted arithmetic mean are defined respectively as follows:

A#B = A2(A2BA 1) Az,
ALB=((1-DA"+tB™H,

AV,B=(1-1A +1B.

In particular, when r = % we denote the geometric mean, harmonic mean and arithmetic mean by A4B,
A!B and AVB, respectively. Another interesting operator mean is the Heron mean, which is defined
by F(A, B) = t(AVB) + (1 — t)(A#B) for positive definite matrices A, B € M,(C) and 0 < 7 < 1. The
weighted arithmetic-geometric-harmonic mean inequalities states that

Al,B < A},B < AV,B. (1.2)

For two accretive matrices A, B € M,(C), Drury [9] defined the geometric mean of A and B as
follows

00 -1
AﬁB:(%f (tA+1'B)! ﬂ) . (1.3)
T 0 t
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This new geometric mean defined by (1.3) possesses some similar properties compared to the
geometric mean of positive matrices. For instance, A§B = Bf#A, (AB)™' = A~'#§B~!. Moreover, if
A, B € M,(C) with W(A), W(B) C S, then W(A#B) C S .

Later, Raissouli, Moslehian and Furuichi [19] defined the following weighted geometric mean of
two accretive matrices A, B € M,(C),

in A « dt
AfB =2 ”f AT BT (1.4)
n 0

where 4 € [0,1]. If A = % then the formula (1.4) coincides with the formula (1.3).

We say a real valued continuous function f : (0, c0) — (0, o0) operator monotone (increasing) if for
any two positive operators A, B, A > B implies f(A) > f(B). If f(A) < f(B) whenever A > B > 0, we
say f is operator monotone decreasing.

For the sake of convenience, we will need the following notation.

m = {f(x), where f : (0, 0) — (0, c0) is an operator monotone function with (1) = 1}.

Lately, Bedrani, Kittaneh and Sababheh [3] defined a more general operator mean for two accretive
matrices A, B € M[,(C),

1
Ao B = f (1= )A™ + 5B dvy(s), (1.5)
0

where g: (0,00) — (0, c0) is an operator monotone function with g(1) = 1 and v, is the probability
measure characterizing o,. We note that |, < o, < V, for positive matrices if g € m are such that
g'(1) =t forsomer e (0,1).

In the same paper, they also characterize the operator monotone function for an accretive matrix:
let A € M,,(C) be accretive and f € m,

1
f(A) = f (1 = I+ sA™ ) dv(s), (1.6)
0

1
where vy is the probability measure satisfying f(x) = f (1 =)+ sx ! dv(s). This is because
0

Ac,B = Az g(A‘%BA‘%)A% for accretive matrices A, B.
Ando [1] proved that if A, B € M,,(C) are positive definite, then for any positive linear map @,

D(Ac;B) < D(A)o ;D(B). (1.7)

Ando’s formula (1.7) is known as a matrix Holder inequality.
The famous Choi’s inequality [5, p.41] states that if @ is a positive unital linear map and A > 0,
then

D'(A) < DAY, te[-1,0]. (1.8)

D'(A) > O(A"), t€[0,1]. (1.9)
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A general situation of inequality (1.9) is the following one [1]:
D(f(A)) < f(DP(A)), f is operator monotone. (1.10)

In a recent paper [13], The authors obtained some inequalities involving operator monotone
(increasing) functions and operator monotone decreasing functions for positive operators: Let A €
B(H) be such that 0 < ml < A,B< MI, !, < oy,0 < V,and t € [0, 1]. Then for every positive unital
linear map @,

O(f (Ao, P(f(B)) < KO(f(Aow B)), (1.11)
8(@(Ac,B)) < K(g(D(A))o i g(D(B))), (1.12)
(8(@(A))owg(P(B))) < Kg(P(Ao,B)), (1.13)

here the operator means o7, 0 are defined for positive semidefinite matrices, f : (0,00) — (0, c0)
is operator monotone and g : (0,00) — (0, c0) is operator monotone decreasing, K denotes the
Kantorovich constant K(%) = %&’22 throughout the paper. Since (1.11)—(1.13) are inequalities for
positive operator, whether we can obtain the accretive version of these inequalities partially triggers
the motivation of this article.

From [2] we know that for a continuous nonnegative function f on (0, c0), f is operator monotone
if and only if %(or 1) is operator monotone decreasing. Thus we can treat f~! as operator monotone
decreasing function when f is an operator monotone function.

In [3], the authors gave an comparison for sector matrices: Let A, B € M,, with W(A), W(B) C S,
and 0 < ml, < R(A), R(B) < MI,. If g,h € m are such that g’(1) = #’(1) = ¢t for some ¢ € (0, 1), then
for every positive unital linear map P,

[eR A YO (RAd,B)|| < sec’(@)k. (1.14)

Very recently, the authors in [11] gave the definition of Heron mean of sector matrices A, B €
M.,,(C)(in particular, positive definite matrices): F;(A, B) = t(AVB) + (1 — t)(A#iB), t € [0, 1]. They also
gave numerical radius inequalities for Heron mean of two sector matrices: Let A, B € M,,(C) be such
that W(A), W(B) C S, and t € (0, 1). Then

COSzH—Z(Q)Q)(AﬁB) < (.U(FZ(A, B)) < SCC4(C¥)(1 — lSlnz(a’)a)(AVB) (115)

In this paper, we intend to give some refinements of inequalities (1.11)—(1.15). Furthermore, we
shall present more operator mean inequalities for sector matrices.

2. Main results

We begin this section with several lemmas which will be necessary for achieving our goals.

Lemma 2.1. (see [3]) Let A € M,,(C) with W(A) C S,. If f € m, then

F(RA) < R(f(A)) < sec’(a)f(RA).
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Lemma 2.2. (see [3,14,19,21]) Let A, B € M,,(C) be such that W(A), W(B) € S, and f € m. Then
RAcRB < R(AcB) < sec’(@)(RAc;RB).
Lemma 2.3. (see [4]) Let A € M, be such that W(A) C S,. Then
cos(@)w(A) < w(RA) < w(A).

The following lemma is a well-known result.

Lemma 2.4. (see [13], Lemma 2.2) If f : (0,0) — (0, ) is operator monotone, then f(at) < af(t)
for @ > 1. The inequality is reversed when 0 < a < 1.

Lemma 2.5. (see [24]) Let A € M,,(C) with W(A) C S, and let || - ||, be any unitarily invariant norm
on M,,(C). Then

cos(a)llAll, < IRAIl, < llAll,.
Lemma 2.6. (see [10,15]) Let A € M,,(C) with W(A) C S,. Then
RA™) < RA <sec?(@)R(A™).

Lemma 2.7. (see [7]) Let A, B € M,,(C) be positive semidefinite. Then
1
lIAB||< ZIIA + B|I*.

Theorem 2.1. Let A, B € M,,(C) be such that W(A), W(B) € S, and 0 < ml, < RA,RB < MI,. If
f,g,h € mare such that g'(1) = h'(1) = t for some t € (0, 1), then for every positive unital linear map
o,

R(O(f(A)oy@(f(B))) < sec*(@KRO(f (Ao, B)).
Proof. We have the following chain of inequalities

sec’ (@) RD(f(A))o, RD(f(B)) (by Lemma 2.2)
sec*(@)D(f(RA)T,®(f(RB)) (by Lemma 2.1)
sec*(@)KO(f(RAc,RB)) (by inequality (1.11))
sec*t (@) KD( f(R(Ac,B))) (by Lemma 2.2)
sec4(a)K‘RCD(f(A0'gB)), (by Lemma 2.1)

R(D(f(A)oD(f(B)))

IAIA

IANIA A

which completes the proof.
Note that when A, B > 0 in Theorem 2.1, we get inequality (1.11).

Theorem 2.2. Let A, B € M,(C) be such that W(A), W(B) C S, and 0 < ml, < RA,RB < MI,. If
f,g € mare such that g'(1) = t for some t € (0, 1), then

Ilf (Ao, f(Bll.
A Bl

f(Ao,B)

< sec’ (@)K '
Ao ,B

u
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Proof. Compute

Ilf (Ao, f(Bll. IR(f(A)aef(B)Il

< sec(a) (by Lemma 2.5)
A Bl A0 Bl g
R(f(Ao,B))ll,
< secs(cx)K” (Ao B) (by Theorem 2.1)
Ao Bll.
Ao ,B)||.
< sec> (@)K M (by Lemma 2.5)
Ao Bll,
Ao ,B
< secs(oz)K' fAoB) ,
AO'gB u

which completes the proof.

Theorem 2.3. Let A, B € M,,(C) be such that W(A), W(B) C S, and 0 < ml, < RA,RB < MI,. If

f,g,h € mare such that g'(1) = h'(1) = t for some t € (0, 1), then for every positive unital linear map
o,

Rf™ (©(A0,B)) < sec*(@)KR(f(@(A))of~ (D(B)).
Proof. We have

Rf™ (®(Ac,B)) (R f(®(AT,B)))”"  (by Lemma 2.6)

IA

(f (9%(<D(AagB)))_1 (by Lemma 2.1)

IA

(f@®RAc,RB))  (by Lemma22)

Kf ' (®RA)o,f(@(RB)) (by inequality (1.12))
sec’ (@) KR f(D(A)o, R~ f(D(B)) (by Lemma 2.1)
sect(@KRf (@A), Rf(P(B)) (by Lemma 2.6)
sec'(@)KR(f(D(A))o,f (®(B)), (by Lemma 2.2)

INIA TN A

which completes the proof.
Note that when A, B > 0 in Theorem 2.3, we get inequality (1.12).

Theorem 2.4. Let A, B € M,(C) be such that W(A), W(B) C S, and 0 < ml, < RA,RB < MI,. If
f,& h € mare such that g’'(1) = h'(1) = t for some t € (0, 1), then for every positive unital linear map
o,

R(f (@A) f(D(B))) < sec*(@)KRf™ (D(Ar,B)).
Proof. Compute

R(F (@A) of (D(B))) sec’(@)R(f(@(A))o R(f~(@(B))) (by Lemma 2.2)
sec’ (@) R (F(P(A)))o, R (F(@(B))) (by Lemma 2.6)
sec’(@)f T (R(PA))ouf ' (R(D(B))) (by Lemma 2.1)

sec’ (@)K f ' (D(RAc,RB)) (by inequality (1.13))

IANIANCIA A
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sec’ (@)K f ' (cos*(@)D(R(Ac,B))) (by Lemma 2.2)
sec'(@)Kf(D(R(Ac,B))) (by Lemma 2.4)
sec6(a)K"R_1(f((D(A(TgB))) (by Lemma 2.1)
sec’(@KRf (®(AcB)), (by Lemma 2.6)

IANIA IA

IA

which completes the proof.
Note that when A, B > 0 in Theorem 2.4, we get inequality (1.13).

Theorem 2.5. Let A € M,,(C) be such that W(A) € S, and f € m. Then for any positive unital linear
map O,

F(@(A§AY)) = cos*(@)R (Df(A)) .

Proof. Compute

F(O(R(ASAM))

O f(R(A#A™)) (by inequality (1.10))
Of(RARA") (by Lemma 2.2)
Df(RA)

cos’ ()R (®f(A)), (byLemma?2.1)

J(D(A$A")

v v

v

which completes the proof.

Corollary 2.1. Let A € M,,(C) be accretive. Then
AfA" > RA.
Corollary 2.2. Let A € M,,(C) be contractive. Then
I, —A"A < (I, - A", + DI, + AT, — A).

In particular, if A = U is unitary, then 0 < (U — U#(U* - U).

In [17], the authors obtained that (1, — A*B){(I, — B*A) > (I, — A*A)(I, — B*B) for contractions
A, B € M,,(C). Imposing @ on both sides implies ®((, — A*B)i(I, — B*A)) > ®((I, — A*A)4(I, — B*B)).
We note that a stronger result holds ®((1, — A*B)§(I, — B*A)) > ®(I, — A*A)RD(I, — B*B).
Theorem 2.6. Let A € M,,(C) be such that W(A) C S, and f € m. Then for any positive unital linear
map O,

[ (DABA")) < sec* (@R (DS (A)).

Proof. We have

(D_l(f(AﬁA*)) (by inequality (1.10))
(D(f_l(AﬁA*)) (by inequality (1.8))
O(f'(RA)) (by Corollary 2.1)
sec’(@)®(R'f(A)) (by Lemma 2.1)
sec’(@)R(@f'(A)), (by Lemma 2.6)

fH(@(AfAM)

IANIA A

IA A

which completes the proof.
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Theorem 2.7. Let A, B € M,,(C) be such that W(A), W(B) € S, and 0 < ml, < RA,RB < MI,. If
femandt € (0,1), then for every positive unital linear map @,

R(D(f(A!,B))) < sec’(@)R(f(D(A)!,f(D(B))).
Proof. Compute

R(D(f(A!;B))) sec’ (@)@ f(R(A!,B)) (by Lemma 2.1)

sec’(a)® f(sec’(@)RA!RB) (by Lemma 2.2)

sec* (@)D f(RA!,RB) (by Lemma 2.4)

sec* (@) f(D(RA!,RB)) (by inequality (1.10))

sec’(a) f(D(RA)!,®(RB)) (by inequality (1.7))

= sec (@) f(R(D(A)), R(D(B)))

sect(@) f(R(DA))), F(R(D(B))) (by Theorem 4 in [8])
sec’(@)R fF(D(A)!, Rf(D(B)) (by Lemma 2.1)
sech @) R (F(O(A)!, f(D(B))), (by Lemma 2.2)

IANIAN N IN A

IANIA IA

which completes the proof.

Theorem 2.8. Let A, B € M,,(C) be such that W(A), W(B) C S, and 0 < ml, < RA,RB < MI,. If
femandt e (0,1), then

RfH(AV,B) < secH @R(f™ (A f7'(B)).
Proof. Compute

(Rf(AV,B))"! (by Lemma 2.6)
f'(RAV,RB) (by Lemma 2.1)
F'RA,f(RB) (by Remark 2.6 in [2])
sec’ (@R (FANLRI(f(B)) (by Lemma2.1)
sect(@)R (A, RfF(B) (by Lemma 2.6)
sec'(@)R(f'(A),f'(B)), (byLemma2.2)

Rf'(AV,B)

IANIA IA AN IN A

which completes the proof.

Theorem 2.9. Let A, B € M, with W(A), W(B) € S, and 0 < ml, < R(A),R(B) < MI,. Ifg,h e m
are such that g’'(1) = h’(1) = t for some t € (0, 1), then for every positive unital linear map O,

|oR Ao BO (Rar,B)|| < seci(@)K. 2.1)
Proof. From 0 < ml, < R(A), R(B) < MI, we have

(1 =M - R(A)(m - RAA™ <0,

AIMS Mathematics Volume 7, Issue 6, 10778—10789.
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which is equivalent to
(1 =DHRA) + (1 - )yMmR(A) < (1 = (M + m)I,. (2.2)
Similarly, we have
1R(B) + tMmR ™ (B) < t(M + m)I,. (2.3)
Summing up inequalities (2.2) and (2.3), we get
R (AV,B) + Mm(R ' (A)V,R(B)) < (M + m)I,. (2.4)

By computation, we have

sec%a)Mm@(%(AagB))cD-‘(%(Am,B))H

< % O(R(Ac,B)) + sec2(a)Mmq>-‘(%(AahB))H2 (by Lemma 2.7)
si O(R(Ac,B)) +secz(a)Mm(D(‘R‘l(AO'hB))Hz (by inequality (1.8))
< i O(R(AcB)) + secz(a/)Mm(D((‘RAO'h‘RB)_l)H2 (by Lemma 2.2)
< }‘ O(R(Ac,B)) + sec2(a)MmcD((a%A!ﬂ%B)*)H2
- 411 O(R(Ac,B)) + secz(a)MmQ(%—lAv,%—lB)H2
< % sec2(a)D(R(AV,B)) + secz(a)MmcD(%-‘Avm-‘B)H2 (by Theorem 5.2 in [3])
= % sec2(@)D(R(AV,B) + Mm(‘R‘lAV,‘R‘lB))HZ
< % sec’(@)(M +m)*.  (by inequality (2.4))
That is,

|oR Ao BYO (R, B))|| < seci(@)K.

This completes the proof.
We remark that Theorem 2.9 is an improvement of inequality (1.14).

Theorem 2.10. Let A, B € M,,(C) be such that W(A), W(B) C S, and t € (0, 1). Then for every positive
unital linear map @,

RE; 1 (D(A), D(B)) < sec*(@)RF, (q)(A—l), (D(B‘l)),
Proof. We have the following chain of inequalities

R(tD(A)VDO(B) + (1 — HDAMD(B))™
R (tDAWVD(B) + (1 — HDAED(B)) (by Lemma 2.6)

RF,' (D(A), D(B))

IA

AIMS Mathematics Volume 7, Issue 6, 10778—10789.
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(tO(RAVD(RB) + (1 — HR(OAHD(B))) ™!

HD(RAVVD(RB)) ™! + (1 — H R (DA)ED(B))

tO(RAVRB)™) + (1 — H(RDPAPRD(B))™'  (by Lemma 2.2 and (1.8))
O(RAVRB)™) + (1 - HO ' (RAMD(RB)

tO(RAVRB)™) + (1 = H®(RTABD(R'B)  (by (1.8))

tO(RAVRB)™) + (1 — ) sec’ (@) D(RAHED(RB™") (by Lemma 2.6)
tO(RITAVRIB) + (1 — 1) sec’(@)R(PA HED(B™Y))  (by Lemma 2.2)
tsec’(@)P(RAHVRB™) + (1 - 1) sec’ (@) R(PAHED(B™))  (by Lemma 2.6)
tsec’(@)R(PAHVDB™)) + (1 — 1) sec’ (@) R(PA HED(B™))

= sec’(@RF, (0A™), D(B™),

INIA

INIA CIA A

which completes the proof.
We note that by letting ®(X) = X for every X € M,,(C) in Theorem 2.10, we get the right hand side
of inequalities in Theorem 3 in [11].

Theorem 2.11. Let A, B € M,,(C) be such that W(A), W(B) C S, andt € (0,1). Then
cos” ! (@)w(AlB) < w(F (A, B)) < sec’(@)(1 — tsin*(@)w(AVB).
Proof. Compute

w(A#B) IA#B|| (by inequality (1.1))

sec(a)||R(A#B)|| (by Lemma 2.5)
sec”™ (@) RF.(A, B)]| (by Theorem 1 in [11])
sec ! (@)w(RF,(A, B))

sec”*!(@)w(F,(A, B)) (by inequality (1.1))

IANIA A

IA

and

w(F,(A, B)) IF,(A, B)]| (by inequality (1.1))

sec(@)||R(F (A, B))|| (by Lemma 2.5)

sec’(@)(1 — tsin®(@))|R(AVB)|| (by Theorem 1 in [11])
sec(@)(1 — tsin*(@))w(R(AVB))

sec’(a)(1 — tsin*(a))w(AVB), (by inequality (1.1))

INIA A

IA

which completes the proof.
We remark that Theorem 2.11 is an improvement of inequality (1.15) when taking the bound on
both sides into consideration.
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