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1. Introduction

Let (¢, x) € RxR". Define D and By to be the open disk and open polydisk of radius R, respectively.
Let T and R, be positive real numbers and 2 be an open subset of R". Consider the equation

tou=F(t,x,ud.u), (1.1)

where F(t, x, u,v) is a continuous function on [0, 7)) X Q X Dg, X Bg, and holomorphic in Dg, X Bg, for
each fixed (¢, x) € [0,T) x Q.

Equation (1.1) is a generalization to partial differential equations (PDEs) of the singular nonlinear
ordinary differential equation (ODE) studied by Briot and Bouquet [4] in 1856. Gérard and Tahara [6]
thoroughly studied this singular equation under the assumption that the right-hand side is holomorphic
with respect to all its variables, and formulated existence and uniqueness theorems for both first order
and higher order equations [6-8].

In 1973, Baouendi and Goulaouic [2] introduced singular linear PDEs that they consider to be
natural generalizations to PDEs of Fuchsian ODEs. Their unique solvability result was extended by
Lope [11,12] by introducing the concept of weight functions. Although Baouendi and Goulaouic also
considered nonlinear equations in [3], their formulation can be improved by using weight functions.
This was done by Roque, Lope, and Tahara [13] on first order singular equations. In particular, they
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showed that under some growth conditions on the coefficients on the partial Taylor expansion of F, the
unique solution of (1.1) also satisfies a growth order condition. This was extended by Bacani, Lope
and Tahara [1] to the higher order case. A technique used in [1, 13] is by the method of Nishida and
Nirenberg [15, 16] together with estimates of Nagumo type [14].

In 2016, Tolentino, Bacani and Tahara [19] considered the Cauchy problem for nonsingular,
nonlinear PDEs and proved the unique existence of a C*-solution that is uniformly analytic. They
used the method of majorants, formal norms, and the Fixed Point Theorem. Lope and Ona [17] also
used formal norms in proving the unique solvability of a first order singular PDE of totally
characteristic type.

In this paper, we consider the singular equation (1.1) using almost the same framework and
machinery as in [19], thus obtaining a C*-solution of the equation considered in [13].

The remaining parts of the paper are outlined as follows. In the next section we will state our
assumptions and the main result. In Section 3, we will discuss the preliminary concepts which will be
essential throughout the paper together with some important estimates. In Section 4, we will prove a
unique solvability result for a semilinear equation. The final sections of the paper include the proof of
our main result and the references cited.

2. Statement of the main theorem

Denote 9, = (0,,)\_, and fora e N", |a| = @y + @2 + ... + @, and 0% = 04} 0% ... 0%
Let u(t) : [0,T] — R be a weight function; that is, a function which is continuous, nonnegative and

increasing on [0, T'], with fOT u(s)/sdt < co. Some common examples of weight functions are #* and
(—log t)~'=“ for some a > 0. Moreover, define 6 : [0,T] — R as

ot) = f H) 4.
0 S

It follows that lim,_,o u(f) = 0 and 6'(t) = u(t)/t. Functions that are similarly defined are mentioned
in [9, 18], where they have been referred to as Dini functions.

Definition 2.1. Let Q be an open subset of R”.

(1) A C* function f(x) is said to be uniformly analytic on Q if there exist C > 0 and & > 0 such that
sup |07 f(x)| < Ch|a|! 2.1)
xeQ

for any @ € N”. We denote the totality of uniformly analytic functions on Q by A(Q).
(2) A function u(t, x) said to belong to C°([0, T), A(Q)) if for all @ € N,
(i) O%u(r, x) € C°([0,T) x Q),
(i1) forany 0 < Ty < T, there exist C; > 0 and &; > 0 such that
sup [0%u(t, x)| < C Aol (2.2)
[0,T1)xQ

Moreover, if ¢ is a continuous increasing function on [0, 7] satisfying (0) = 0, we say that
u(t, x) € C°([0, T), A(Q)) is of growth order O(y (1)) if there exist C, h > 0 such that for all @ € N"
and forall r € [0, T),

sup [0%u(t, x)| < Cy(t)h™|al!. (2.3)

xeQ
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(3) A function g(t, x, ) is said to belong to C°([0, T), A(Q), O(By)) if for all (@, 8) € N" x N,
(i) 0964g(t, x,0) € C°([0, T) X Q),
(i1) g(t, x, z) is holomorphic in By for each fixed (¢, x) € [0, T) x Q,
(i1) for any 0 < T} < T, there exist C; and h; > O such that

sup [028°g(t, x,0)| < —h'“IaI‘LBI' (2.4)

[0,T71)xQ

As F(t, x,u,v) is holomorphic in Dg, X Bg,, we can expand it as

F(t,x,u,v) = a(t,x) + A(t, x)u + Z bi(t,x)v + f(t, x,u) + G(t, x,u,v), (2.5)
i=1
where a(t, x) = F(t,x,0,0), A(¢, x) = 0,F(t,x,0,0), bi(t,x) = 0,,F(t,x,0,0) (i = 1,2,...,n), f(t,x,u)
consists of the nonlinear terms of F which do not depend on v while G(z, x, u,v) consists of the
remaining nonlinear terms which depend on v.

Let g € [0, 1] and u(f) be a weight function. We shall study (1.1) under the following assumptions.
First, a(t, x), A(t, x) and b(t, x) are in C°([0,T), A(Q)) for i = 1,2,...,n of growth orders O(u(t)?)
and O(u(?)), respectively for each i = 1,2,...,n. In particular, there exist A, B, 2 > 0 such that for all
aeNtandi=1,2,...,n,

(A1) sup|0%a(t, x)| < Au()?h|a|!
xeQ
(A2) sup [0%bi(t, x)| < Bu(Hh|a]!.

xeQ)
We also have assumptions on A(t, x) and f(¢, x,u). Particularly, there exist A; and ¢ € (0, 1] such
that foralla e N" and m > 1,
A
(A3) sup|d*d"F(t, x,0,0)| < R‘ H e m!

xeQ
(A4) for all x € Q, Re A(t, x) < —2c.

As we are interested in obtaining a local solution, we can assume throughout the paper that Ry < 1
and R| < A;.
Finally, assume the following growth condition:

(A5) There exists M > 0 such that foreach 1 < i, j<nandt € [0,T),

sup 0902, F(t, x,u,v)| < Mu()'~1h"a)!,

X T Uuv;
QXDRl ><BR1
sup 1090, F (1, x,u,v)| < Mu()'~hja]!.
QXDRleR1

The main result is as follows.

Theorem 2.1. Suppose that (A1)—(AS) hold. If ¢ € (0, 1] and T is taken small enough, or if g = 0 and
T and A are taken small enough, then (1.1) has a solution in C°([0, T), A(Q)) of growth order O(u(?)?).
Moreover, there exists a positive constant C* such that following estimate holds for all 7 € [0, T):

{sup lu(t, x)|, sup |0, u(t, x)l} < AC*u(n)1. (2.6)

x€Q xeQ
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In addition, if there is another solution v(z, x) satisfying the same properties, then there exists 7" €
(0,T)such that u = vin [0, T*] X Q.

The above result says that under some assumptions on the coefficients of F, our unique solution
also satisfies some growth conditions. One important observation in this result is that our estimate for
the solution depends on the estimate of the constant term in the Taylor expansion of F'.

3. Preliminaries

In this section we introduce the majorants and formal norms that we will use throughout the paper.
One can also refer to [17, 19] for these concepts.

3.1. Lax’s majorant function

Let f(p) = 3, fip* and g(p) = X, gio* be two formal power series with g, > 0. We say that g
majorizes f, denoted by f < g, provided |f;| < g for all .

Throughout the paper, we will use a modification of Lax’s majorant function in [10], which we will
denote by ¢(X) defined as the power series

1 x*
X =15 kZ;; (k+ 1)2

where S = 72/6. Some properties of ¢(X) are stated below.

Lemma 3.1. The function ¢(X) satisfies the following properties:

(1) ¢(X) converges on |X| < 1;
(2) ¢(X)* < p(X);
(3) Forany 0 < & < 1, there exists K, > 0 such that

T ex < K. 0(X). 3.1

Note thatif 0 < gy < 1, the constant K, will satisfy (3.1) for any 0 < € < &. In particular, gy = 1/2
will be used in the later discussions.

3.2. Formal norms

For an open set Q € C, and a C* function f(x) on €2, define the formal norm of f, denoted by |[|f]ll,,
as the formal power series given by

SUPeq [0 (O] 4,
i, = | ===l (3.2)
5 |a|!
In addition, for a function u(t, x) € C°([0, T) x Q) which is of class C* in x, define its formal norm as
SUP g l0Su(t, x)| |,
llucoll, = ), =< ===p". (3.3)
aeN" :

which is again a power series in p. The formal norm satisfies some majorant properties which are
almost similar to usual norms.
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Lemma 3.2 ([17,19]). Suppose p(x), f(¢, x), and g(t, x) are continuous in all the variables and of class
C* in x and z;, 7, € C. Then the following hold:

(1) p(x) € A) if and only if [||plll, < C/(1 — nhp) for some C > 0, where C and h are defined in
(1) of Definition 2.1;

@) lllz f(1) + 228, < Lzl - FO, + 2] - g @I

3) lllfF@gOIl, < lF O, Ig@Ill,;

(4) For any € N", |||62 f(t)|||p < NI,

Lastly, under certain conditions, we can compare formal norms of integrals.

Lemma 3.3. Let H(t, x, 0) be a function satisfying the following conditions for any @ € N":

(a) 07H(t,6, x) € C°([0,T) x [0, 1] x Q);
(b) Forany 0 < T, < T, there are Cy, h; > 0 such that

sup  |02H(t,6, x)| < CiAMal.
[0,71)x[0,1]xQ

1
f H(t, x,0)do
0
3.3. The space Z (T,R)

Definition 3.1. Let 7 > 0 and R > 0.

Then foreach r € [0,T),

1
< f A, O)Il,d6.
p 0

(1) A function u(z, x) is said to belong in the space 2 (T, R) if

(@) 0%u(t, x) € C°([0,T) x Q) for any & € N", and
(b) there exists a positive constant A such that

llu@lll, < A¢ (% + R) forany r € [0, 7). 3.4)

Here, 6(r) = [ u(s)/s ds.
(2) Let ¥(r) : [0,00) — R be a continuous, increasing function satisfying (0) = 0. A function
u(t, x) € 2 (T, R) is said to be of growth order O(y/(¢)) if the constant in (3.4) is of the form Ay(¢).

The following lemma gives us a relationship between the spaces 2" (T, R) and C°([0, T), A(Q)).

Lemma 3.4. 2 (T, R) is a subspace of C°([0, T), A(X)). Moreover, suppose that u € C°([0, T), A(Q))
is of growth order O(u(¢)?), i.e., for some C,h > 0 and ¢g € [0, 1],

sup [0%u(t, x)| < Cu(t)?ha|!  forany ¢ € [0, T). (3.5)
xeQ
If 0 < nhR < 1/2,then u € 2 (T, R) and is of growth order O(u(#)?). Furthermore,
llu@lll, < CKu@®)'¢ ( 9((T)) ) forany 7 € [0, T), (3.6)

for some K > 1.

AIMS Mathematics Volume 7, Issue 6, 10400-10421.



10405

Proof. The proof of the first claim may be found in [19] but will be reproduced here for completeness.

It can be easily shown that Z°(T, R) is a vector space over R. Now, let u(t, x) € 2 (T, R) and take
0< T, <T. Then ( 9((7})) R) is a holomorphic function on {z € C: |z| < R(1 — 6(T)/6(T))}. By
Cauchy’s estimate, for any k € N,

e O(T)/6(T))| < Coh*k!,

for some Cy and h, both positive. From the assumptions on u(¢, x), there exists M > 0 such that

oT
llu(oll, < Mcp( 9((,;)) + %)

for any ¢ € [0, T). Taking the Taylor series of the right-hand side about p = 0 implies that the majorant
relation is equivalent to

Sup,eq 07u(t, X)| |, 2 (h\f
Z 9| i o <« MCOZ - ok (3.7)
aeN? al: k=0
As

SuprQ |a M(t X)l |a| [ SuprQ |83§u(l’ X)l] k
) 3.8
Z |a]! Z Z |a! p (3.8)

aeN" k=0 |al=k

then the majorant relation implies that for all @ € N”,

sup [0%u(t, x)| < MCo(h/R)™|al!.
xeQ

The above inequality holds for all # € [0, T';). Hence, it follows that

sup 0%u(t, x)| < MCo(h/R)|a.
[0,T1)xQ

For the second claim, using (1) of Lemma 3.2 we have

ol < 45 < cRutyo (§) < CKu(t)qfﬁ( o 1;).
Here, K = K(R) is the constant obtained when (3) of Lemma 3.1 is applied. O

As was stated in a previous remark, if we limit 0 < nhR < 1/2, we can find K > 0, independent of
R, such that (3.6) holds. Henceforth, for brevity, the arguments for ¢ and u will be omitted and will be
written only if necessary.

4. Some estimates

In this section, we will discuss the solvability of the equation Lu = g(t, x) in 2 (T, R), where the
operator £, dependent on A, is defined as

L =10, — Ay(t, x).

Here, Ao(t, x) is a function such that for some Ay > 1 and ¢ € (0, 1],

AIMS Mathematics Volume 7, Issue 6, 10400-10421.
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(B1) forall @ € N*, sup [0, x)| < Aoh|a!
[0,7)xQ
(B2) for all (¢, x) € [0,T) X Q, Re Ay(t, x) < —2¢¢ < 0.
The next lemma will give estimates which will be helpful in our later computations.

Lemma 4.1. Set H(Ap;t, 7, x) = exp ( f: Ao(s, x)s~'ds). Then for all @ € N, we have

4Aohn |
C‘; ") lal!. 4.1

(9“H(/lo,trx)| ( ) (

Proof. Take f(x) = e* and g(t,7,x) = fT Ao(s, x)s~'ds. By the multivariate Fad di Bruno formula [5],

we have
0/ g1k
0 H(Ap; 1,7, x) = Z f(r) [g(t, 7, %)] Z 1_[ (k[')(i]')k/

1<r<m pla.r) J=1

where m = ||, a! = a;! - a,!...@,! and p(a,r) = {(kl,...,km),(fl,...,t’m): Forsome 1 < s <m,k; =
0,6 =0forl1 <i<m-s,ki>0form—-—s+1<i<mand0 < &, <... <&, with X7 k; =

r, Zﬁl k,‘f,’ = Of}.
Here, we write @ < g if for @ = (ay,...,a,) and 8 = (B4, ...,B.), one of the following holds:

(D) lal < 6],
(2) la| = |8l and a; < By, or
() lal =1B8l, a1 =B1, ..., ax = Br and @y < Piyr for 1 <k <m.

One important note to also take into consideration is that

D kiti=a implies > kiltl=m
i=1 i=1
Under our assumptions on Ay(¢, x) we have that for any x € Q,

i. 10%g(t, 7, x)| < Aghla|!(~ In(7/1)), for any @ € N,
ii. [f®(e(, 7, x))| < (x/07%, for any k € N.

Using these estimates, we have

2¢0 " AGKHENE N(=1 )
o H ol Y (5 o [T ('kf_l!)(([_!r)l,ff/ V)

1<r<m pla,r) j=1

. . (|5|')k (T/f)“’( 1H(T/t))k)
S(g) ol Z Ao Z 1—[ : (k;)(E;Nk

1<r<m pla,r) j=1

e 5 4T Z10)

1<r<m pla,r) j

Here, we used the fact that [y°(=Iny)| < (k/ecy)* < l/c’g - k!, forany y € (0,1) and k € N. By a
consequence of the multinomial theorem, for each j,

61t ;1! ( 15! ) 1)
&) a0 00 bty b)) T
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Therefore, for any x € Q with the assumption that Ay > 1,

co [ Aohn\" -
05 H st 0l < (1) (2 ”) alt ) (’"” 1)

o 1<r<m r
7\ ( Aghn\" 2m
Eye
t Co m

< (I)CO 4A0hl’l) !,

t Co
O
Lemma 4.2. If g(t, x) € C°((0,T], A(Q)) is of growth order O(u(t)?), then the equation Lw = g(t, x)
has the unique solution
! ! d d
w(t, x) = f exp( f s, x)—s) ot . 4.2)
0 T s T
Moreover, if there exists A > 0 for which sup |0]g(z, x)| < Au(H)?ha|! for all @ € N”, and if R > 0 is
xeQ)
chosen small enough such that
4Aon 1
nhR|(1 + <=, (4.3)
Co 2
then for any ¢ € [0, T),
K 01 p
D, <« —Au(®)ip| — + =], 4.4
liw@lll, < o u() ¢(0(T) R) (4.4)

where K = K|, is the constant obtained in the application of (3) of Lemma 3.1.
Proof. Set F(t,7,x) = H(t,7,x)g(t,x), where H(t,7,x) = H(Ay;t,7,x) is the function defined in
Lemma 4.1. By (1) of Lemma 3.2 and Lemma 4.1, we have for all 7 € [0, 7],

1
1 — n(dAohn/cy)p’

e, o, < (5)°

Au(r)?
lls@lll, < 7= '
As(1-x)'1-y'<A-x-y)!, forall T € [0,1],
T\% Au(r)? T\%
IF e oll, < (=) o ——— < (%) - akurye. (4.5)
1 — (nhR) (1 + )(p/R)
Co
Moreover, if we expand ¢ around p = 0, then the above majorant relation implies that for all @ € N”
AK (T\%
supld F(t, 7,01 < 2o (5] g Do o).

lal=k €

Therefore, by the increasing property of u, # and ¢©, we obtain

!
Sup . 0% (f F(t,T, x)d%-)
0
w(oll, = > 0 P

aeN"
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<

o
k!

> e [ ]

keN

) o(t)
<<Z(f — T )q ¢ (Q(T)) )

K (1)
< —A (t)q¢(9(T) R)'

Remark 4.1. If instead of a Cauchy type estimate, g(z, x) satisfies the majorant relation |||g(t)|||}O <
Aplé, then |||F(z, 7)|||, can be estimated instead as follows:

T\¢0 T\€0
IF DIl < (;) A - . -) AK 4,

1
1= n@Aghm)p (r

which can use the same constant K = K;,,. Thus, applying the same arguments, we have the similar
result ||lw(@)|l], < KAc; 'ui¢ on [0, T).

The next lemma will aid in finding majorants for the derivative of the solution of Lw = g(t, x),
where the right-hand is of growth order O(u(#)'*9) .

Lemma 4.3. Let g(t,x) € 2 (T,R) be of growth order O(u'*7) and let A > 0 for which |||g(t)|||p <
Aulti¢. If Lw = g(t,x) and R > 0 is chosen small enough such that (4.3) holds, then for all ¢ € [0, T)

andi=1,...,n,
AKO(T) g
U

R

Proof. The proof for the estimate |||w(t)|||p is the same as in Remark 4.1 and so we only prove the
second majorant relation. Let H(¢,7,x) = H(Ay;t,7,x). By the same arguments in Remark 4.1 to
estimate |||H(z, T)g(7)lll,, we can differentiate under the integral sign, and together with (4.2), we obtain

lowol], <> f > sup

keN lo|=k *€

K
Iw@lll, < A/.t“% and [0, w@||, <

k

dr F

89, (H(tr - 8% x))

Note that the integrand is exactly the coefficient of p*/k! in |||<9x,- (H(t,7)-g(1)/ T)|||p.
Again, by Lemma 3.2 (1), we have for all 7 € [0, 7],

1
1 — n(d4Aohn/cy)p’

e, o, < (5)°

Thus, under assumption (4.3),

oo €0
T

co 1+
(I) K-A/J(T) q¢(9(r) +/_))_
L \1 T oT) R

Since (7/1)° < 1 and 8'(7) = u(r)/7, by (4) of Lemma 3.2,
o foo 22 <
T

AIMS Mathematics Volume 7, Issue 6, 10400-10421.
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Expanding ¢’ at p = 0, we see that

[ 600)  p) ¢ DO /6(T))\ (p
(i) 2T (&)

Hence, (4.6) implies that
- (D)0 ()" (0(1) 16(T)).

g(t, x))
T

sup Rk+1

070, (H (t,1,x)-
A xeQ

|al=

Therefore, we obtain

V% Do) /0T
6x,w(t)||| <<— (t)qu (M¢ ((T)/( )) (R)

keN

AKO(T)
R wig

S. Semilinear estimates
In this section we first solve a semilinear equation which is simpler as in (1.1). This will aid us in

the proof of Theorem 2.1.
Consider the semilinear equation

(t0, — A(t, x))u(t, x) = a(t, x) + f(t, x,u), (5.1

where a(t, x) can be in either C°([0, T), A(Q)) or .2 (T, R), both of growth order O(u). Moreover,
A(t, x) and f(¢, x, u) are the same as in Eq (2.5). As f(¢, x, u) is holomorphic in u for each fixed ¢ and x,

we can expand it as follows:
orF(t,x,0,0)
u

R e

m>2

We have the following result.
Proposition 5.1. Let g € (0, 1] and suppose A(t, x) and f(¢, x, u) satisfy (A3) and (A4). If A,h > O for

which a(z, x) satisfies either

(C1) sup,.q10%a(t, x)| < Au?h|a|! for all @ € N”, or

(C2) llla@lll, < Api¢ ont € [0,T),

then 7, R > 0 can be chosen small enough such that (5.1) has a unique solution in 2" (T, R) of growth
order O(u(t)?) which satisfies the following estimate:

K
wi¢ forallte[0,T). (5.2)

llu(@lll, <
To prove this result, we first have the following lemma that will deal with the collection of nonlinear

terms f(t, x, u).
Volume 7, Issue 6, 10400-10421.
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Lemma 5.2. If ||lu(®)|l|, < Jug for all t € [0,T), and R and T satisfy 0 < R < Ry, 0 < 2nhR < 1/2 and
Ju(T)? < Ry/2, then there exists C; > 1, independent of 7" and ¢ such that for all i = 1,2,...,n and
te[0,7),

(D) f @ wlll, < C1I2ug,
2) 18/ @ wlll, < C1Iug.
3) |05 f @ wl]|, < C1u9.

Proof. We will only estimate (2) and (3) as the proof for (1) is similar.
Since R is chosen such that 0 < 2nhR < 1/2, by assumption (A3) and Lemma 3.4 we see that
OVF (1,0, O)|||p < A‘K’" =27 ¢. Thus, using the Taylor series expansion of f at u = 0, we get

el ™

10uf il < Y ll0 e, 0.0, 2=
m>2 )
AK \"
< —Juqq) Z(m + 2)( a )
m>0
6A K 9.
1
To prove (3), note that by (A3),
A h|<1|+1 1 1 |
sup 889,81 F (1, x,0,0)] < 2ol + Dim!,
[0,7)xQ) Ry

and so

AR (la] + DHm!

||

0,0 F(®0,0)| < >

aeN" RT
A hm
(hp)(la| + 1).

Using the fact that 2" > n + 1 and (1 — x)™ < (1 — nx)~! we get

. < .
RY  1-2nhp RY

0,07 F2.0.0)|, <

Thus,
||| III'"
lloxfc. wl, < Z || 0,
m>2
oK’ Z(l/zy" :
m>0
2A1hK
= T,
R

The claim is proved by taking C; > 1 to be the maximum of all the obtained constants. O
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Remark 5.1. Throughout the proof and the proceeding section we will make use of the following
observation. If a function f(z, x) satisfies [|lw(?)|l|, < M¢ for all [0, T) X €, then |w(z, x)| < M. This is
because the majorant relation implies that

Sup,cq 105w(t, x)| ¢®O(1)/0(T)) (p

from which the result is obtained by comparing coefficients at k = 0 and the fact that ¢(1) < 1.

We now finally present the proof of Proposition 5.1.

Proof of Proposition 5.1. We will solve (5.1) by successive approximations. Define the approximate
solutions as follows:

Luo(t, x) = a(t, x),
Lu(t, x) = a(t, x) + f(t, x, up),

Lu,(t,x) = a(t,x) + f(t, x,u,_1).

Also define d,(t, x) = u,(t, x) — u,—1(t, x) where u_;(t, x) = 0. We will prove that if we choose R and T
small enough such that

4A 1
nhR(l + 1”) <z (5.3)
1C 2
4AK? c R
T)? <min§—, — 5.4
. ,u()<m1n{cl,2}, (5.4)
where C| is the constant obtained in the application of Lemma 5.2, then u, and d, satisfy
AK (1Y 2AK
lld,Dlll, < - (5) u'¢ and |l (0lll, < - u'e, (5.5)

for all » € N and ¢ € [0,7T). We take note that it is enough to prove the claim by proving only the
estimates for d, since for any n > 0, u,(t, x) = Z?:o d;(t, x).

Suppose a(t, x) satisfies (C1). Since A(z, x) satisfies (B1) and (B2) with A = A;/R; and ¢y = c.
Thus, under assumption (5.3) and Lemma 4.2 we have

AK
lido@lll, = Mo @ll, < ——p¢

ont € [0,T). If a(, x) satisfies (C2), then we instead use Remark 4.1. This proves the case when k = 0.
For the case k = 1, observe that by Lemma 5.2,

2

AK
£,z uoll, < €1 (=) w9,
Since d, (¢, x) satisfies Ld(t, x) = f(t, x, up), by Remark 4.1,

ACK?
c2

AK
(0l < T( ,u(T)q) 0,

AIMS Mathematics Volume 7, Issue 6, 10400-10421.
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Thus, if (5.4) holds, then d,(z, x) satisfies |||d (1], < %,uqu which is what we wanted. For k > 2, we
proceed by induction. Observe that for k > 1, d; satisfies Ld;1 = f(t, x, ur) — f(t, x, ur—1). Now,

1
f(l', X, un) - f(t’ X, un—l) = dn(ta X) X f 8uf(t’ X, {dn + un—l)dg'
0

For any ¢ € [0, 11, |||{d, + Mn—1|||p < %/ﬂ(ﬁ. Hence, by the choice of T and Lemmas 3.3 and 5.2, we

have

1

AK (1Y’ 3AC K
I x, ) = % w-lll, < == - (5) ) ( cl ),qu)

n 2
<A (%) (3AC1K ,u(T)‘I) wie

2
1 n+l
<A (E) wio.
By an application of Lemma 4.2, we finally conclude that

A n+1
1D, < — (5) wi¢p  ontel0,T).

The estimate for ||[ug (9], follows from (2) of Lemma 3.2. This proves the existence of a solution
u(t, x) € C°([0, T), A(Q)).

To prove uniqueness, suppose that u and v are two distinct solutions of (5.1) and set w(¢,x) =
u(t, x) —v(t, x). Then, w(t, x) satisfies the equation Lw = f(¢, x, u) — f(t, x, v) and consequently satisfies

1
(ra, — At x) - f Ouft,x,ov+ (1 - g)u)dg) w(t, x) = 0. (5.6)
0

Since for any ¢ € [0, 11, [lI{v + (1 = Dulll, < “TK,u%, by Lemma 5.2 and Remark 5.1,

4AC K
c

10uf (2, x, {v + (1 = Du)l <

(T < % <e.

This means that Re (1 + fol 0.f(t,x,{v + (1 = Du)dl) < —c < 0 and the operator on the left-hand side
of (5.6) is invertible. This will imply that w = 0. O

6. Proof of main result

To begin this section, we first prove an estimate involving the function G(¢, x, u, d,u). Recall that G
is the collection of nonlinear terms in the expansion of F which contain d,u.

Lemma 6.1. Suppose that for any ¢ € [0, T),
eI v} < Tute.

Then there exists C3 > 0 such that for 1 <i < n and for all (¢,u,v) € [0,T) X Dg, X Bg,,

(6.6, u )l

AIMS Mathematics Volume 7, Issue 6, 10400-10421.
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Proof. Recall that G(t, x, u, v) has the expansion

G(t, x,u,v) = Z ﬁiaiF(t, x,0,0)u'v.

i+ji=2)jl=1

Note that for all 1 < i < n, &, F = 4,,G and 8;, F = 4;,G. Thus, by assumption (A5) and
Lemma 3.4, ‘ '
(i cewoll, .
o

for any (t,u,v) € [0, T) X Dg, X Bg, and for 1 <1, j < n.
Since the lowest power of v in the expansion of 9,G is 1, then 0,G(t, x, u, 0) = 0. Therefore,

32, Git,u, v)|Hp} < MKy,

0,G(t, x,u,v) = 0,G(t, x,u,v) — 0,G(t, x,u,0)

n 1
= Z vi(t, X) f 0w, G(t, x,u, sv)ds
i=1 0

and so
n 1
18.G (2,1, W), < D~ il f 10, G ., sv)||| s
i=1 0
< nJulep- MKu'™¢
< nJMKug.
, can similarly be obtained. Taking C; to be the maximum of the
obtained constants, the claim is proved. m]

Lastly, we present the following lemma which will be used to deal with operators involving
derivatives.
Lemma 6.2. Let F/T(v; t,x) = At,x) + 9,f(t,x,v). Suppose that 1 and f satisfy (A3) and (A4). If
Ilv(®lll, < J1¢ such that
Ji <min{c/Cy,R,/2},

then (B1) and (B2) are satisfied with Ag = 5A4;/R; and ¢y = ¢/2.

Proof. By (2) of Lemma 5.2, we have [l|0,f(z,v)lll, < CiJ1¢. Consequently, by Remark 5.1,
|0,.f(t,v)] < CiJy < ¢ which implies that Re z(v; t,x) < —c for any (¢, x) € [0,T) x Q. Moreover, for
any (£,x) € [0,7T) x Q and @ € N",

|80‘6’"F(t x,0,0)|
- D!

| |m71

050, f (6, x| <

m>2
Z A h""lal'm' (R] )m !
R'(m —1)!

A . m
= o lal! Y om+2)(1/2)

m=>0
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3A
=~ Lpllgl,
R,

Thus, sup [8%A(t, x)| < 4A,R; H|a/!. O
[0,T)xQ

Remark 6.1. If we replace d,f(t, x, v) in the definition of A with fol 0.f(t, x,v)d{, where v = v({, t, x),
then the result will still hold if |||v(Z, )||| , < J1¢ for any ¢ € [0, 1]. This result follows from Lemma 3.3.

We require the following to hold:

nhR(l + SAlc") <1/2, 6.1)
1
4AKQ . C R1
" wu(T)? < min {C—l, 7} , (6.2)
Pi(T,R) < 1/2, (6.3)

where n(T, R) = max {u(T),0(T)/R} and P, Q are constants such that

2KC 4K AK?
24K  and P=nBK-— +16C;(n+ 1) Q
C

0=0C + (6.4)

c2

Here, C; is chosen sufficiently large such that forall t € [0, T) and i = 1,2,...,n,
|||6x,.a(t)|||p < ACu'¢p and |||c9x,./l(t)|||p < Cro.

We note that condition (6.1) will enable us to use Proposition 5.1 and Lemma 4.2. Condition (6.2)
ensures that the approximate solutions are within the domain of definition of both f and G and would
allow us to apply Lemma 6.2. On the other hand, (6.3) guarantees the convergence of both {u(¢, x)}
and {0,,u,(t, x)}. Note that we must choose R small enough so that (6.1) will be satisfied.

If g € (0,1], we have to choose a small 7 > 0 so that (6.2) and (6.3) hold. If ¢ = 0, we must
also have to choose A > 0 to be small as to satisfy (6.2). Finally, observe also that as K < Q, (6.2)
implies (5.4) so that we can impose this condition in the proof of Proposition 5.1.

6.1. Proof of existence

We again use the method of successive approximations. Define the approximate solutions as
follows:

Luy = a(t, x) + f(t, x,up), (6.5)

Luy = a(t,x) + Z bi(t, x)0uo + f(t, x,u1) + G (¢, X, u, 0,uo) , (6.6)
i=1

Lun = Cl([, )C) + Z b,‘(t, x)ax;un—l + f([, X, un) +G (t, X, Up—1, axun—l) . (67)
i=1
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Furthermore, set d, := u, — u,_1, with u_;(¢, x) = 0. Again, it suffices to prove the convergence of the
partial sums of d;.
By Proposition 5.1, (6.5) has a unique solution u(t, x) € C°([0, T), A(L)) that satisfies the estimate

2AK
c

lldoll, = llluo(Ill, < u'¢  onte[0,T).

To find an estimate for |

3y, do (0

- we differentiate (6.5) with respect to x; which is given by
(10, — AL, x) — 0, f (2, x, up)) O,up = 0y,a(t, x) + ug0y, A(t, x) + 0, f (1, x, uo).

We first estimate the right-hand side. By (3) of Lemma 5.2 and (6.2), we get

This means that the formal norm of the right-hand side is majorized by

K\
,uq) ¢ < AKu'¢.

2A
%ﬂwﬂm<a(0

2AKC,

(ACZ + + AK) W < AQuig,

where Q is the constant described in (6.4).
Under condition (6.1) and Lemma 6.2, we can apply Lemma 4.2 with ¢y = ¢/2 to have

2
ool < 2AKQuto,

Thus, for the case k = 0, we have the following estimates:

2AKQ
(Ol []95 100} < == 1?9 (6.8)
For the case k > 1, recall that u; satisfies
L = a(t, x) + f(t, x, w) + P(ug_1), (6.9)

where i
D(w) = " bilt, 3w + G(t, X, w, Ow).
i=1
With that, we have the following result for all k > 1.
Proposition 6.3. The following hold for k > 1 and forall 1 <i < nand forall 7 € [0,T):

24KQ0 (1)}
(el o). [|ax diol],} < == G)M@
4AK
(el 0, [} ]|} < CQM¢

on [0,7T) x Q.
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Proof. We start with the case k = 1. Recall that by assumption (A2), we have

sup |02b;(t, x)| < Bu®h™al!.

xeQ

Thus, by Lemma 3.4, |||b;(¢)|l|, < BKu¢ foreachi=1,2,...,nand for 7 € [0, T),

‘ Zb (D010

i=1
Also, as G(t, x, ugy, 0up) = G(t, x, ug, 0,up) — G(t, x,0,0), by Lemma 6.1,

< nBK -

o

KQ 1+
c q¢

1
NG (2, uo, dxuo)lll, < |||uo|||pf 110.G(t, {u, £Axuo)lll,dd
0

n 1
e 3ol [
i=1

2
< C(n+1) (%) u' .

8, G(t, x, du, d.uo)|| d¢

Therefore, |[|@(uo)ll|, < APQu'*1¢, where P is the constant defined in (6.4). Since K < Q, by (6.3),
llla(?) + Ouo)lll, < (AK + AQ)u?¢ < 2A0u¢.

Applying Proposition 5.1, we have

4AKQ
C

ey Ill, < wi¢  ontel0,7).

Note that d; = u; — uy satisfies the equation

(tat - /l(t’ -x))dl = f(t9 X, ul) - f(t9 X, MO) + (D(MO)'

Expressing the difference f(¢, x,u;) — f(t, x, up) as an integral and transferring this expression to the
left-hand side, the above equation becomes

1
(tat—/l(t,X)—f O f(t, x, fuy + (1 —é)uo)dé)dl = O (uo).
0

Since |||{u; + (1 - Ouolll, < SAKQ/J‘J(;S for any ¢ € [0, 1], then under condition (6.1) and Lemma 6.2,

we can apply Lemma 4.2 with ¢y = ¢/2 to have
2AKPQ
lldilll, = MMl — uolll, < TN”%

Moreover, since ®(u) is of growth order O(u'*9), we can apply Lemma 4.3 to obtain

KPQ

lo.ar o], < 22522 ar ),
o
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10417

Thus under condition (6.3), it is shown that

2AKQ

(s Ol [loxar ] } < ( ) u¢  ontel0,1), (6.10)

AKQ

(s Il [|0m ]} < p'¢  ontel0,T) (6.11)

which concludes the case k = 1.
Now, assume the claim holds for k = 1,2,...,m. We will show that the claim still holds for
k = m + 1. Recall that u,,,, satisfies

(10, — A(t, X)yyy = a(t, x) + f(t, X, Upi1) + D).

Using similar arguments, we can show that

< nBK - KO u'tig,
C

o

Z bi(1)0 1 (1)

1+(J¢

NG, wm, O um)lll, < C3(n + 1)( KQ)

By (6.3), we have |[la(?) + ©(un)lll, < (AK+APQuplp < 2AQ0u’¢. Consequently, by Proposition 5.1,
U1 (2, x) satisfies

et DI, << Wé  ontel0,T).

4AKQ
c
In addition, d,,,;1 = U1 — U, satisfies

1
(tat - /l(t, X) - f auf(t’ X, {um-#l + (1 - g)um)dg) dm+] = (D(um) - (D(um—l)- (612)
0
Let
H, = G(t’ X, U, axum) - G(t, X, Up—1, axum—1)~
Since forany £ € [0,1],and i =1,...,n,

4AKQ
uie,

(g2t + (1 = Dtteally 605100 + (1 = DBt} <

c

then

IE N, < lid + (1= Dty1, £00tt + (1 = OOtt-1)||| 2

+ (1= Dtty1, L0t + (1 = OBt -)||| A2

X;“Y%m
i o

2 m
< 8C3(n+1)(@) (1) Wy onte[0,T).
c 2
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Hence, we conclude that

APQ (1\"
NIPn) = Clunm-DIll, < TQ (5) p'*i¢  onte(0,T). (6.13)

Since |||upiq + (1 — {)umlllp < wu% for any ¢ € [0,1], then under condition (6.1) and
Lemma 6.2, we can apply Lemmas 4.2 and 4.3 with ¢y = ¢/2 to prove our claim. O

Furthermore, by Remark 5.1, this proves the existence of a solution u(t, x) in C°([0, T), A(Q)) of
growth order O(u(1)).

6.2. Proof of uniqueness

Suppose u and v are two distinct solutions to (1.1). By our recently proved result, we can assume
they satisfy the following estimate:

4AK
(el []2 2l i@ losvol]l,} < — Cip on[0.7). (6.14)
Set w = u — v. Under assumption (6.14), we have
8AK
{Iwil,, lowal| } < €19, (6.15)
Cc
Choose T* € (0, T'] such that the following holds on [0, 77):
8AC1KQ c R
bt < 6.16
(1) { ) } (6.16)

Moreover, by our choice of T and 7" € [0, T), it follows that Pp(T*,R) < 1/2. Again, (6.16) implies
that w(¢, x) is in our domain of definition of f and G and will allow us to use Lemma 6.2. We have

1
(tat - At, x) — f 0. f(t,x,lu+ (1 - {)v)dg’) w(t, x) = O(u) — O(v). (6.17)
0
Since | 8xiw(t)|||p < | M - we have
Z bi(1)0,,w(0)||| < nBK - KQ u'*tig onte[0,T").
i=1 p

Moreover, since for all £ € [0, 1],

4AK
(g + (1 = vl [|¢05ut) + (A = DA VO| | < = Q0g, (6.18)
by (6.14), together with (6.1), we have
64A%C5K
G, u, B, — Gt x,v, D), < C—Q< + Dyt*ig,
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Consequently, we have

lle@) = @), < D MBIl |[|0w|], + G u, d.a0) = G, v, )N,
i=1
AK*Q
c2

2K
< 4AQ(nBK~ = +16Ci(n+ 1) )u”qu
C

< 4APQu't¢.

Since (6.18) holds for any ¢ € [0, 1] together with (6.16), the operator on the left-hand side of
Eq (6.17) satisfies Lemma 6.2. Hence, we conclude that

8AKQ

1
{liw i, flowal| } < (5) pi¢  ontel0,T. (6.19)

Repeating our arguments, but replacing (6.14) with (6.19), it can be shown that

1Dw) — PW)Ill, < 4APQ - (1/2)u' ¢

and {[Iw(®)ll, 0w @[] } < 4AKQ/c - (1/2)*u’¢. Proceeding inductively, we can show that [Iw(»)ll,
and | Gx,.w(t)|||p satisfy the following estimate for any k > O:
8AKQ (1\' )
{Iwil,, lowal| ) < (5) p'¢  onte[0,T). (6.20)

As the above estimate holds for all k € N, if we let k — oo, we conclude that [[[w(?)|||, = 0 and so
u =von [0, T*)xQ. This proves that the solution is unique, which completes the proof of Theorem 2.1.

7. Conclusions

In this paper, we proved an existence and uniqueness theorem for a class of first order nonlinear
singular partial differential equations. The obtained solution is continuous in the ‘time’ variable and
uniformly analytic in the ‘space’ variable, and satisfies the same growth order as the inhomogeneous
term. The proof made use of formal norms and Lax’s majorant function.
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