
AIMS Mathematics, 7(6): 10180–10194. 

DOI: 10.3934/math.2022566 

Received: 20 December 2021 

Revised: 26 February 2022 

Accepted: 06 March 2022 

Published: 22 March 2022 

http://www.aimspress.com/journal/Math 

 

Research article 

The research of (G,w)-Chaos and G-Lipschitz shadowing property 

Zhanjiang Ji1,2,3,* 

1 School of Data Science and Software Engineering, Wuzhou University, Wuzhou, Guangxi 543002, 

China 
2 Guangxi Colleges and Universities Key Laboratory of Image Processing and Intelligent Information 

System, Wuzhou University, Wuzhou, Guangxi 543002, China 
3 Guangxi Colleges and Universities Key Laboratory of Professional Software Technology, Wuzhou 

University, Wuzhou, Guangxi 543002, China 

* Correspondence: E-mail: jizhanjiang1985@126.com; Tel: +18277405331. 

Abstract: In this paper, we introduce the concepts of ( , )G w −  Chaos and G−  Lipschitz shadowing 

property. We study the dynamical properties of ( , )G w − Chaos in the inverse limit space under group 
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1. Introduction 

Chaos and shadowing property are important concepts in dynamical systems. Many scholars have 

studied their dynamical properties. See [1–16] for relevant results. For example, Li [1] proved that if 

the self-map f is w−chaotic, then the shift map is w−chaotic; Shah, Das and Das [2] proved that if a 

uniformly continuous self-map of a uniform locally compact Hausdorff space has topological weak 

specification property, then it admits a topologically distributionally scrambled set of type 3; 

Kostic [3] introduced two different notions of disjoint distributional chaos for sequences of continuous 

linear operators in Frechet spaces; Wang and Liu [4] generalized the notion of the ergodic shadowing 

property to the iterated function systems and proved some related theorems; Wang and Zeng [5] studied 

the relationship between average shadowing property and q −  average shadowing property; for any

0k  and ( )f H X , Li [6] proposed that f is chaotic if and only if kf is chaotic; Li [7] proved that a 

chaotic semi-flow on a manifold M in the sense of Devaney with some assumptions is an expanding 

semi-flow; Li and Zhou [8] presented that if a continuous Lyapunov stable map f from a compact 

metric space X into itself is topologically transitive and has the asymptotic average shadowing property, 

then X is consisting of one point; Li [9] proved that if the set of all periodic points of   is dense in

X Y , then   is chaotic. 

According to the concept of w−Chaos [1], we introduced the definition of ( , )G w − Chaos. Let

( , )X d  be a metric −G  space and f  be a continuous map from X  to X  . We say that S  is an ( , )G w −

scrambled set if for any ,x y S  with x y  , the following three conditions are satisfied: (1)

( , ) ( , )G Gw x f w y f− is uncountable; (2) ( , ) ( , )G Gw x f w y f is nonempty; (3) ( , ) ( )G Gw x f P f . The map f is said 

to be ( , )G w − chaotic if there exists an uncountable ( , )G w − scrambled set. Then we proved that if the 

self-map is ( , )G w − chaotic, the shift map is ( , )G w − chaotic in the inverse limit space under  action 

group which generalizes the conclusion of w−Chaos given by Li [1]. 

Let ( , )X d  be a metric −G  space and f  be a continuous map from X  to X  . The map f  has G−

Lipschitz shadowing property if there exists positive constant 0L   and 0 0   such that for any

00     and ( , )G  −  pseudo orbit 0{ }i ix   of f  there exists a point x X  such that the sequence 0{ }i ix 

=  is

( , )G L −  shadowed by the point x  [17]. Finally, the dynamical properties of G−  Lipschitz shadowing 

property are studied under topological G−conjugate and iterative systems. We derive that (1) If f is 

topologically G−conjugate to g , then the map f has G−Lipschitz shadowing property if and only if the 

map g has G−Lipschitz shadowing property. (2) For any positive integer 2k  , the map f has the −G

Lipschitz shadowing property if and only if the iterative map kf  has the −G  Lipschitz shadowing 

property. These results enrich the theory of topological G−conjugate and iterative system. 

Next, I will give the proof of above three conclusions in sections 2–4. 

2. (G,w)-Chaos in the inverse limit space under group action 

Definition 2.1. [18] Let ( , )X d be a metric −G space, G be a topological group and be a continuous map 

from G X  to X  . The ( , , )X G orX  is called to be a metric −G  space if the following conditions are 

satisfied: 

(1) ( , )e x x = for all x X where e is the identity of G ; 

(2) 1 2 1 2( , ( , )) ( , )g g x g g x  = where for all x X and all 1g , 2g G . 

If X is compact, then X is also said to be a compact metric −G space. For the convenience, ( , )g x

https://scholar.cnki.net/home/search?sw=6&sw-input=Sejal%20Shah
https://scholar.cnki.net/home/search?sw=6&sw-input=Tarun%20Das
https://scholar.cnki.net/home/search?sw=6&sw-input=Ruchi%20Das
https://scholar.cnki.net/home/search?sw=6&sw-input=Marko%20Kosti%C4%87
https://scholar.cnki.net/home/search?sw=6&sw-input=Huoyun%20Wang
https://scholar.cnki.net/home/search?sw=6&sw-input=Qing%20Liu
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is usually abbreviated as gx . 

Definition 2.2. [19] Let ( , )X d be a metric space and f be a continuous map from X to X . We say that

fX is the inverse limit spaces of X if we write 

0 1 2 1{( , , ) : ( ) , 0}f i iX x x x f x x i+=  =   ,
 

Where let lim( , )X f denoted by the inverse limit spaces fX . 

The metric d in fX is defined by 

0

( , )
( , )

2

i i

i
i

d x y
d x y



=

= , 

where
0 1 2( , , ) fx x x x X=   and

0 1 2( , , ) fy y y y X=   . 

The shift map : f fX X → is defined by 

0 0 1( ) ( ( ), , )x f x x x =  . 

For every 0i  the projection map :i fX X →
 
is defined by 

( )i ix x = . 

Thus ( , )fX d is compact metric space and the shift map is homeomorphism. 

Definition 2.3. [19] Let ( , )X d be a metric −G space and f be equivariant map from X to X . Write 

{( , , ) : }G g g g g G=   and
0

i

i

G G




=

= ,

 

where , 0iG G i=  . 

The map : f fG X X  → is defined by 

0 1 2( , ) ( , , )g x g x gx gx gx =  =  , 

where ( , , )g g g g G=   and 0 1 2( , , ) fx x x x X=   . 

Then ( , ,  , )fX G d  is a metric −G space. 

Let ( , , , )X G d f and ( , ,  , )fX G d  are shown as above. The space ( , ,  , )fX G d  is called to be the inverse 

limit spaces of ( , , , )X G d f under group action. 

Definition 2.4. [20] Let ( , )X d be a metric −G space and f be a continuous map from X to X .We say that 

the map f is an equivariant map if we have ( ) ( )f px pf x= for all x X and all p G . 

Definition 2.5. [21] Let ( , )X d be a metric −G space and f be a continuous map from X to X . The point

x is called to be an −G periodic point if there exists positive integer m and g G such that ( )mgf x x= . 

Denoted by ( )GP f the −G periodic point set of f . 

Definition 2.6. [4] Let ( , )X d be a metric −G space and f be a continuous map from X to X . The point y

is said to be an −G limit point of the point x if there exists{ }in N+ and{ }ig G such that lim ( )in

i
i

g f x y
→

= . 

Denoted by ( , )Gw x f the −G limit point set of the point x . 

Definition 2.7. [21] Let ( , )X d be a metric space and f be a continuous map from X to X . If ( )f A A

then we say that the set A is invariant to the map f . 
Definition 2.8. [1] Let ( , )X d be a metric space and f be a continuous map from X to X . We say that S is 
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an w− scrambled set if for any ,x y S with x y the following three conditions are satisfied: 

(1) ( , ) ( , )w x f w y f− is uncountable; 

(2) ( , ) ( , )w x f w y f is not empty; 

(3) ( , ) ( )w x f P f . 

We say that the map f is w− chaotic if there exists an uncountable w− scrambled set. 

Remark 2.9. According to the definition of w−Chaos in metric space, we give the concept of ( , )G w −

Chaos in metric G− space. 

Definition 2.1. [1] Let ( , )X d be a metric −G space and f be a continuous map from X to X . We say that

S is an ( , )G w − scrambled set if for any ,x y S with x y the following three conditions are satisfied: 

(1) ( , ) ( , )G Gw x f w y f− is uncountable; 

(2) ( , ) ( , )G Gw x f w y f is not empty;  

(3) ( , ) ( )G Gw x f P f . 

We say that the map f is ( , )G w − chaotic if there exists an uncountable ( , )G w − scrambled set. 

Definition 2.11. [22] Let ( , )X d be a metric space and f be a continuous map from X to X . The set A is 

said to be a minimal set if for any x A we have ( , )orb x f A= . 

Lemma 2.12. [21] Let ( , ,  )fX G d, be the inverse limit space of ( , , , )X G d f under group action, f be an 

equivariant homeomorphism map from X to X  and 0 1 2( , , ) fx x x x X=   . Then we have 

0( , ) lim( ( , ), )G Gw x w x f f = . 

Lemma 2.13. [21] Let ( , )X d be a metric −G space, f be an equivariant homeomorphism map from X to

X and x X . Then we have that ( , )Gw x f is closed and 

( ( , )) ( , )G Gf w x f w x f= . 

Lemma 2.14. [21] Let ( , ,  )fX G d, be the inverse limit space of ( , , , )X G d f under group action and f be 

an equivariant homeomorphism map from X  to X . Then we have 

( ) lim( ( ), )G GP P f f = . 

Theorem 2.15. Let ( , ,  )fX G d, be the inverse limit space of ( , , , )X G d f under group action and f be an 

equivariant homeomorphism map from X to X . If the self-map f is ( , )G w − chaotic, then the shift map

 is ( , )G w − chaotic. 

Proof. Suppose that the self-map f  is ( , )G w −  chaotic. Then there exists an uncountable ( , )G w −

scrambled set S . Write 

1

0{ : ( ), }D x x x x S − =   . 

Thus D is an uncountable set in fX . Next, we will show that D is an ( , )G w − scrambled set in fX . Let 

0 1 2( , , )x x x x D=   and 0 1 2( , , )y y y y D=   with yx  . 

According to that f is an homeomorphism map, the point 0x and 0y are two different points in S . By the 

definition of ( , )G w − scrambled set S , we have the following three conditions: 

(1) 0 0( , ) ( , )G Gw x f w y f− is uncountable; 

(2) 0 0( , ) ( , )G Gw x f w y f is not empty;  
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(3) 0( , ) ( )G Gw x f P f . 

Firstly, we will show that ( , ) ( , )G Gw x w y − is uncountable. Let 

0 0 0( , ) ( , )G Gs w x f w y f − . 

By Lemmas 2.12 and 2.13, we have that 

0( , ) lim( ( , ), )G Gw x w x f f = . 

( ( , )) ( , )G Gf w x f w x f= . 

Hence there exists ( , )Gs w x  such that 0 0( )s s = . If ( , )Gs w y  then there exists positive integer 

sequence 0{ }i in 

= and ( , , )i i i ig g g g G=   such that 

lim ( )in

i
i

g y s
→

= . 

Thus
0 0lim ( )in

i
i

g f y s
→

= . So 0 0( , )Gs w y f which is absurd. Hence ( , )Gs w y  . Thus, we have that  

( , ) ( , )G Gs w x w y  − . 

That is,  

0 0 0( ) ( ( , ) ( , ))G Gs s w x w y   =  −  

Then we can get that  

0 0 0( , ) ( , ) ( ( , ) ( , ))G G G Gw x f w y f w x w y  −  − . 

According to that the set ( , ) ( , )G Gw x f w y f− is uncountable, we can get that the set  

0 ( ( , ) ( , ))G Gw x w y  −
 

is uncountable. Hence the set ( , ) ( , )G Gw x w y − is uncountable. 

Secondly, we will show that ( , ) ( , )G Gw x w y  is not empty. By Lemma 2.12, we have that 

0 0( , ) ( , ) lim( ( , ), ) lim( ( , ), )G G G Gw x w y w x f f w x f f  =  

          0 0lim( ( , ) ( , ), )G Gw x f w x f f= . 

Since 0 0( , ) ( , )G Gw x f w x f is a nonempty closed invariant subset and X is compact metric space, there 

exists a minimal set M in 0 0( , ) ( , )G Gw x f w x f . Hence, we can get that 

0 0lim( , ) lim( ( , ) ( , ), )G GM f w x f w x f f   . 

So, we have that 

( , ) ( , )G Gw x w y    . 

Finally, we will show ( , ) ( )G Gw x P  . Suppose ( , ) ( )G Gw x P  . By Lemmas 2.12 and 2.14, we 

have that 

0( , ) lim( ( , ), )G Gw x w x f f = . 
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( ) lim( ( ), )G GP P f f = . 

Hence, we can get that 

0lim( ( , ), ) lim( ( ), )G Gw x f f P f f . 

So, we have that 

0 0 0(lim( ( , ), )) (lim( ( ), ))G Gw x f f P f f  . 

That is 

0( , ) ( )G Gw x f P f . 

Thus, the assumption is absurd. So ( , ) ( )G Gw x P   . Hence the set D  is an uncountable ( , )G w −

scrambled set in fX . So, the shift map is ( , )G w − chaotic. Thus, we complete the proof.  

3. G-Lipschitz shadowing property under topological G-conjugate 

Definition 3.1. [16] Let ( , )X d be a metric space and f be a continuous map from X to X . The map f is 

said to be a Lipschitz map if there exists a positive constant L such that for all ,x y X implies 

( ( ), ( )) ( , )d f x f y Ld x y . 

Definition 3.2. [17] Let ( , )X d be a metric −G space and f be a continuous map from X to X . The map f

has −G  Lipschitz shadowing property if there exists positive constant L  and 0  such that for any

00    and ( , )G  − pseudo orbit 0{ }i ix  of f there exists a point x X such that the sequence 0{ }i ix 

= is

( , )G L − shadowed by the point x . 

Definition 3.3. [18] Let ( , )X d and ( , )Y d be a metric −G space, f be a continuous map from X to X and g

be a continuous map from Y  to Y  . We say that f  is topological G−  conjugate to g  about :h X Y→  if

h f g h= and h is an equivariant homeomorphism map from X toY . 

Theorem 3.4. Let ( , )X d  be metric −G  space, ( , )Y d  be metric −G  space and f  be topologically G−

conjugate to g about the map :h X Y→ . If h is a Lipschitz map with Lipschitz constant 1L from X toY and
1h−
 is a Lipschitz map with Lipschitz constant 2L  from Y  to X  , then the map f  has G−  Lipschitz 

shadowing property if and only if the map g has G−Lipschitz shadowing property. 

Proof. Suppose that the map f  has the −G  Lipschitz shadowing property. Then there exists positive 

constant 0 0L   and 0 0   such that for any 00     and ( , )G  −  pseudo orbit 0{ }i ix   of f  there exists a 

point x X such that the sequence 0{ }i ix  is 0( , )G L  − shadowed by the point x . Let 

3 0 1 2L L L L= and 0
1

2L


 = . 

For any 10    , let 0{ }i iy +

= be ( , )G  − pseudo orbit of g . Then for any 0i  there exists it G satisfying 

1( ( ), )i i id t g y y +  . 
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According to that
1h−
is a Lipschitz map with Lipschitz constant 2L , we can get that 

1 1

1 2 1 2( ( ( )), ( )) ( ( ), )i i i i i id h t g y h y L d t g y y L − −

+ +  . 

According to that h is an equivalent map and h f g h= , for any 0i  we have that 

1 1

1 2 0( ( ( )), ( ))i i id t f h y h y L − −

+   . 

Thus 1( )ih y− is 2( , )G L  − pseudo orbit of f . According to that f has the −G Lipschitz shadowing property, 

there exists x X such that for any nonnegative integer 0i  there exists ip G satisfying 

1

0 2( ( ), ( )) .i

i id f x p h y L L−   

Since h is a Lipschitz map with Lipschitz constant 1L , we can obtain that 

1 1

1 0 1 2( ( ( )), ( ( ))) ( ( ), ( )) .i i

i i i id h f x h p h y L d f x p h y L L L − −   

According to that h is an equivalent map and h f g h= , for any 0i  we have that 

0 1 2 3( ( ( ), ) .i

i id g h z p y L L L L  =  

Hence the map g has G−Lipschitz shadowing property. 

The method is the same as above and the proof is omitted here. Thus, we complete the proof.  

4. G-Lipschitz shadowing property of iterative map 

Definition 4.1. [23] Let ( , )X d  be a metric −G  space. The metric d  is said to be invariant to the 

topological group G provided that ( , ) ( , )d x y d gx gy= for all ,x y X and g G . 

Definition 4.2. [24] Let G be topological group. G is said to be commutative provided that p g g p = 

for all ,p g G . 

Theorem 4.3. Let ( , )X d be a compact metric −G space, :f X X→ be an equivalent Lipschitz map with 

Lipschitz constant L and the metric d be invariant to the topological group G where G is commutative. 

Then the map f has the −G Lipschitz shadowing property if and only if for any positive integer 2k

the iterative map kf has the −G Lipschitz shadowing property. 

Proof. Suppose that the map f  has the −G  Lipschitz shadowing property. Then there exists positive 

constant 0 0L   and 0 0   such that for any 00     and ( , )G  −  pseudo orbit 0{ }i ix   of f  there exists a 

point x X  such that the sequence 0{ }i ix   is 0( , )G L  −  shadowed by the point x  . Let 0{ }i iy +

=  be ( , )G  −

pseudo orbit of kf and ( )j

ki j ix f y+ = where 0i  and 0 1j k  − . Thus 0{ }i ix 

= is ( , )G  − pseudo orbit of f . 

According to that f  has the −G  Lipschitz shadowing property, there exists x X  such that for any 

nonnegative integer 0i  there exists ig G satisfying 

0( ( ), )i

i id f x g x L  . 

Hence for any 0i  we have that  

0( ( ), )ki

ki kid f x g x L  . 

That is, 
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0(( ) ( ), )k i

ki id f x g y L  .
 

So, the iterative map kf has the −G Lipschitz shadowing property. 

Suppose that the iterative map kf has the −G Lipschitz shadowing property. Then there exists 1 0L 

and 1 0   such that for any 10     and any ( , )G  −  pseudo orbit 0{ }i ix   of kf  there exists a point z X

such that the sequence 0{ }i ix  is 1( , )G L  − shadowed by the point z . 

Case1. When 1L  . Write 

1 2

2 1k kL L L L− −= + + + + . 

For any 1

2

0
L


   ,let 0{ }i ix 

=  be ( , )G  −  pseudo orbit 0{ }i ix   of f  .Then for any 0i   there exists it G

satisfying 

1( ( ), )i i id t f x x +  .          (1) 

Hence for any 0i  we have that 

1( ( ), )ki ki kid t f x x +  . 

1 1 2( ( ), )ki ki kid t f x x + + +  . 

2 2 3( ( ), )ki ki kid t f x x + + +  . 

 

2 2 1( ( ), )ki k ki k ki kd t f x x + − + − + −  . 

1 1( ( ), )ki k ki k ki kd t f x x + − + − +  . 

According to that f is an equivalent Lipschitz map with Lipschitz constant L , we can get that 

1 1

1( ( ), ( ))k k k

ki ki kid t f x f x L − −

+  . 

1 2 2

1 1 2( ( ), ( ))k k k

ki ki kid t f x f x L − − −

+ + +  . 

2 3 3

2 2 3( ( ), ( ))k k k

ki ki kid t f x f x L − − −

+ + +  . 

 

2

2 2 1( ( ), ( ))ki k ki k ki kd t f x f x L+ − + − + −  . 

1 1( ( ), )ki k ki k ki kd t f x x + − + − +  . 

Since d is invariant to the topological group G and G is commutative, we can obtain that 

1 1

1 2 1 1 2 1 1( ( ), ( ))k k k

ki ki ki ki k ki ki ki ki k kid t t t t f x t t t f x L − −

+ + + − + + + − +    . 

1 2 2

1 2 1 1 2 1 2( ( ), ( ))k k k

ki ki ki k ki ki ki k kid t t t f x t t f x L − − −

+ + + − + + + − +   . 

2 3 3

2 3 1 2 3 1 3( ( ), ( ))k k k

ki ki ki k ki ki ki k kid t t t f x t t f x L − − −

+ + + − + + + − +   . 
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2

2 1 2 1 1( ( ), ( ))ki k ki k ki k ki k ki kd t t f x t f x L+ − + − + − + − + −  . 

1 1( ( ), )ki k ki k ki kd t f x x + − + − +  . 

Let , 0i kiy x i=  . Thus, for any 0i  we have that 

1 2 1 1 1 2 1( ( ), ) ( ( ), )k k

ki ki ki ki k i i ki ki ki ki k ki ki kd t t t t f y y d t t t t f x x+ + + − + + + + − +   =    

1

1 2 1 1 2 1 1( ( ), ( ))k k

ki ki ki ki k ki ki ki ki k kid t t t t f x t t t f x−

+ + + − + + + − +  +  

1 2

1 2 1 1 2 1 2( ( ), ( ))k k

ki ki ki k ki ki ki k kid t t t f x t t f x− −

+ + + − + + + − +  +  

2 3

2 3 1 2 3 1 3( ( ), ( ))k k

ki ki ki k ki ki ki k kid t t t f x t t f x− −

+ + + − + + + − +     +  

 

2

2 1 2 1 1( ( ), ( ))ki i ki k ki k ki k ki kd t t f x t f x+ − + − + − + − + − +  

1 1( ( ), )ki k ki k ki kd t f x x+ − + − +   

1 2 3 4k k k kL L L L L     − − − −+ + + + + + =  

1 2

2 1( 1)k kL L L L  − −+ + + + =  . 

Hence 0{ }i iy 

= is 2( , )G L  − pseudo orbit 0{ }i ix  of kf . According to that kf has the −G Lipschitz shadowing 

property, there exists z X such that for any nonnegative integer 0i  there exists ip G satisfying
 

1 2(( ) ( ), )k i

i id f z p y L L . 

That is, for any 0i  , we have that  

1 2( ( ), )ki

i kid f z p x L L .         (2) 

By Eq (1) for any 0 1j k  − and 0i  we can get that  

1( ( ), )ki ki kid t f x x +  . 

1 1 2( ( ), )ki ki kid t f x x + + +  . 

2 2 3( ( ), )ki ki kid t f x x + + +  . 

 

2 2 1( ( ), )ki j ki j ki jd t f x x + − + − + −  . 

1 1( ( ), )ki j ki j ki jd t f x x + − + − +  . 

According to that f is an equivalent Lipschitz map with Lipschitz constant L , we can get that 

1 1

1( ( ), ( ))j j j

ki ki kid t f x f x L − −

+  . 
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1 2 2

1 1 2( ( ), ( ))j j j

ki ki kid t f x f x L − − −

+ + +  . 

2 3 3

2 2 3( ( ), ( ))j j j

ki ki kid t f x f x L − − −

+ + +  . 

 

2

2 2 1( ( ), )ki j ki j ki jd t f x x L+ − + − + −  . 

1 1( ( ), )ki j ki j ki jd t f x x + − + − +  . 

Since d is invariant to the topological group G and G is commutative, we can obtain that 

1 1

1 2 1 1 2 1 1( ( ), ( ))j j j

ki ki ki ki j ki ki ki ki j kid t t t t f x t t t f x L − −

+ + + − + + + − +   . 

1 2 2

1 2 1 1 2 1 2( ( ), ( ))j j j

ki ki ki j ki ki ki j kid t t t f x t t f x L − − −

+ + + − + + + − +   . 

2 3 3

2 3 1 2 3 1 3( ( ), ( ))j j j

ki ki ki j ki ki ki j kid t t t f x t t f x L − − −

+ + + − + + + − +   . 

 

2

2 1 2 1 1( ( ), ( ))ki j ki j ki j ki j ki jd t t f x t f x L+ − + − + − + − + −  . 

1 1( ( ), )ki j ki j ki jd t f x x + − + − +  . 

By Eq (2) and according to that f is an equivalent Lipschitz map with Lipschitz constant L and d is 

invariant to the topological group, we can obtain that 

1

1 2 1 1 2 1 1 2( ( ), ( ))ki j j j

ki ki ki ki j i ki ki ki ki j kid t t t t p f z t t t t f x L L L − +

+ + + − + + + −   . 

Hence, we have that 

1

1 2 1( ( ), )ki j

ki ki ki ki j i ki jd t t t t p f z x− +

+ + + − +   

1

1 2 1 1 2 1( ( ), ( ))ki j j

ki ki ki ki j i ki ki ki ki j kid t t t t p f z t t t t f x− +

+ + + − + + + −  +  

1

1 2 1 1 2 1 1( ( ), ( ))j j

ki ki ki ki j ki ki ki ki j kid t t t t f x t t t f x−

+ + + − + + + − +  +  

1 2

1 2 1 1 2 1 2( ( ), ( ))j j

ki ki ki j ki ki ki j kid t t t f x t t f x− −

+ + + − + + + − +  +  

2 3

2 3 1 2 3 1 3( ( ), ( ))j j

ki ki ki j ki ki ki j kid t t t f x t t f x− −

+ + + − + + + − +  +  

 

2

2 1 2 1 1( ( ), ( ))ki j ki j ki j ki i ki jd t t f x t f x+ − + − + − + − + − +  

1 1( ( ), )ki j ki j ki jd t f x x+ − + − +   

1 2 3

1 2

j j j jL L L L L L L     − − −+ + + + + +   

1 2 1 2( ) ( )k K KL L L KL L L K L +  + . 

That is, 
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1

1 2 1 1 2( ( ), ) ( )ki j K

ki ki ki ki i i ki jd t t t t p f z x L L K L − +

+ + + − +  + .     (3) 

By Eqs (2) and (3) for any 0i  there exists is G satisfying 

1 2( ( ), ) ( )i K

i id f z s x L L K L  + . 

So, when 1L  , the map f has the −G Lipschitz shadowing property. 

Case2. When 0 1L  . For any 10
k


  , let 0{ }i ix 

= be ( , )G  − pseudo orbit 0{ }i ix  of f . Then for any 0i 

there exists it G satisfying 

1( ( ), )i i id t f x x +  .         (4) 

Hence, for any 0i  we have that 

1( ( ), )ki ki kid t f x x +  . 

1 1 2( ( ), )ki ki kid t f x x + + +  . 

2 2 3( ( ), )ki ki kid t f x x + + +  . 

 

2 2 1( ( ), )ki k ki ki kd t f x x + − + + −  . 

1 1( ( ), )ki k ki k ki kd t f x x + − + − +  . 

According to that f is an equivalent Lipschitz map with Lipschitz constant L , we can get that 

1 1

1( ( ), ( ))k k k

ki ki kid t f x f x L − −

+  . 

1 2 2

1 1 2( ( ), ( ))k k k

ki ki kid t f x f x L − − −

+ + +  . 

2 3 3

2 2 3( ( ), ( ))k k k

ki ki kid t f x f x L − − −

+ + +  . 

 

2

2 2 1 1( ( ), ( ))ki k ki k ki k ki kd t f x t f x L+ − + − + − + −  . 

1 1( ( ), )ki k ki k ki kd t f x x + − + − +  . 

Since d is invariant to the topological group G and G is commutative, we can obtain that 

1 1

1 2 1 1 2 1 1( ( ), ( ))k k k

ki ki ki ki k ki ki ki ki k kid t t t t f x t t t f x L − −

+ + + − + + + − +    . 

1 2 2

1 2 1 1 2 1 2( ( ), ( ))k k k

ki ki ki k ki ki ki k kid t t t f x t t f x L − − −

+ + + − + + + − +   . 

2 3 3

2 3 1 2 3 1 3( ( ), ( ))k k k

ki ki ki k ki ki ki k kid t t t f x t t f x L − − −

+ + + − + + + − +   . 

 

2

2 1 2 1 1( ( ), ( ))ki k ki k ki k ki k ki kd t t f x t f x L+ − + − + − + − + −  . 
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1 1( ( ), )ki k ki k ki kd t f x x + − + − +  . 

Write i kiy x= where 0i  . We have that  

1 2 1 1 1 2 1( ( ), ) ( ( ), )k k

ki ki ki ki i i i ki ki ki ki k ki ki kd t t t t f y y d t t t t f x x+ + + − + + + + − + =    

1

1 2 1 1 2 1 1( ( ), ( ))k k

ki ki ki ki k ki ki ki ki k kid t t t t f x t t t f x−

+ + + − + + + − +  +  

1 2

1 2 1 1 2 1 2( ( ), ( ))k k

ki ki ki k ki ki ki k kid t t t f x t t f x− −

+ + + − + + + − +  +  

2 3

2 3 1 2 3 1 3( ( ), ( ))k k

ki ki ki k ki ki ki k kid t t t f x t t f x− −

+ + + − + + + − +     +  

 

2

2 1 2 1 1( ( ), ( ))ki k ki k ki ki k ki kd t t f x t f x+ − + − + + − + − +  

1 1( ( ), )ki k ki k ki kd t f x x+ − + − +   

1 2 3 4k k k kL L L L L k      − − − −+ + + + + +  . 

Hence 0{ }i iy 

= is ( , )G k − pseudo orbit 0{ }i ix  of kf . According to that kf has the −G Lipschitz shadowing 

property, there exists z X such that for any nonnegative integer 0i  there exists ip G satisfying 

1(( ) ( ), )k i

i id f z p y L k . 

That is, for any 0i  , we have that  

1( ( ), )ki

i kid f z p x L k .         (5) 

By Eq (4), for any 0 1j k  − and 0i  we can get that 

1( ( ), )ki ki kid t f x x +  . 

1 1 2( ( ), )ki ki kid t f x x + + +  . 

2 2 3( ( ), )ki ki kid t f x x + + +  . 

 

2 2 1( ( ), )ki j ki j ki jd t f x x + − + − + −  . 

1 1( ( ), )ki j ki j ki jd t f x x + − + − +  . 

According to that f is an equivalent Lipschitz map with Lipschitz constant L , we can get that 

1 1

1( ( ), ( ))j j j

ki ki kid t f x f x L − −

+  . 

1 2 2

1 1 2( ( ), ( ))j j j

ki ki kid t f x f x L − − −

+ + +  . 

2 3 3

2 2 3( ( ), ( ))j j j

ki ki kid t f x f x L − − −

+ + +  . 
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2

2 2 1 1( ( ), ( ))ki j ki j ki j ki jd t f x t f x L+ − + − + − + −  . 

1 1( ( ), )ki j ki j ki jd t f x x + − + − +  . 

Since d is invariant to the topological group G and G is commutative, we can obtain that 

1 1

1 2 1 1 2 1 1( ( ), ( ))j j j

ki ki ki ki j ki ki ki ki j kid t t t t f x t t t f x L − −

+ + + − + + + − +   . 

1 2 2

1 2 1 1 2 1 2( ( ), ( ))j j j

ki ki ki j ki ki ki j kid t t t f x t t f x L − − −

+ + + − + + + − +   . 

2 3 3

2 3 1 2 3 1 3( ( ), ( ))j j j

ki ki ki j ki ki ki j kid t t t f x t t f x L − − −

+ + + − + + + − +   . 

 

2

2 1 2 1 1( ( ), ( ))ki j ki j ki j ki j ki jd t t f x t f x L+ − + − + − + − + −  . 

1 1( ( ), )ki j ki j ki jd t f x x + − + − +  . 

By Eq (5) and according to that f is an equivalent Lipschitz map with Lipschitz constant L and d is 

invariant to the topological group, we can obtain that 

1

1 2 1 1 2 1 1( ( ), ( ))ki j j j

ki ki ki ki j i ki ki ki ki j kid t t t t p f z t t t t f x L L k− +

+ + + − + + + −   . 

Thus, we have that  

1

1 2 1( ( ), )ki j

ki ki ki ki j i ki jd t t t t p f z x− +

+ + + − +   

1

1 2 1 1 2 1( ( ), ( ))ki j j

ki ki ki ki j i ki ki ki ki j kid t t t t p f z t t t t f x− +

+ + + − + + + −  +  

1

1 2 1 1 2 1 1( ( ), ( ))j j

ki ki ki ki j ki ki ki ki j kid t t t t f x t t t f x−

+ + + − + + + − +  +  

1 2

1 2 1 1 2 1 2( ( ), ( ))j j

ki ki ki j ki ki ki j kid t t t f x t t f x− −

+ + + − + + + − +  +  

2 3

2 3 1 2 3 1 3( ( ), ( ))j j

ki ki ki j ki ki ki j kid t t t f x t t f x− −

+ + + − + + + − +  +  

 

2

2 1 2 1 1( ( ), ( ))ki j ki j ki j ki j ki jd t t f x t f x+ − + − + − + − + − +  

1 1( ( ), )ki j ki j ki jd t f x x+ − + − +   

1 2 3

1 1 1( 1)j j j jL L k L L L L L k k k L        − − −+ + + + + +  + = + . 

That is, 

1

1 2 1 1( ( ), ) ( 1)ki j

ki ki ki ki i i ki jd t t t t p f z x k L − +

+ + + − +  + .     (6) 

By Eqs (5) and (6) for any 0i  there exists is G satisfying 

1( ( ), ) ( 1)i

i id f z s x k L  + . 
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Hence, when 0 1L   , the map f  has the −G  Lipschitz shadowing property. Thus, we complete the 

proof.  

5. Conclusions 

Firstly, we study the dynamical properties of ( , )G w − Chaos in the inverse limit space under group 

action in the paper. We obtained that the self-map f is ( , )G w − chaotic, the shift map is ( , )G w − chaotic. 

The conclusion generalizes the corresponding results of −w  Chaos given in Li [1]. Secondly, the 

dynamical properties of G−Lipschitz shadowing property are studied under topological G−conjugate 

and iterative systems. The following conclusions are obtained. (1) If f is topologically G−conjugate to

g  , then the map f  has G−  Lipschitz shadowing property if and only if the map g  has G−  Lipschitz 

shadowing property. (2) For any positive integer 2k   , the map f  has the −G  Lipschitz shadowing 

property if and only if the iterative map kf  has the −G  Lipschitz shadowing property. These results 

enrich the theory of topological G−conjugate and iterative system. It provided the theoretical basis and 

scientific foundation for the application of various shadowing property in computational mathematics 

and biological mathematics. 
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