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1. Introduction

Fractional calculus consists of fractional differentiation and integration with a described value of
undetermined functions at more than one point in the solution domain. This is a more precious tool
in technology such as electrical network analysis, population models, economics and engineering,
medicine, etc. Nowadays, numerical analysis has been used widely to approximate the solutions of
the system. For existing theoretical work, we can refer [3,6,7,11, 12,14, 15,20, 24,25,29,35-38] and
monographs [1,9,13,17,22,23,40].
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Generalized fractional derivatives that contain Caputo and R-L derivatives as particular cases were
introduced by Hilfer [9, 10]. Also, the additional parameter introduced in the above-said model
provides more degrees of freedom. The results on Hilfer derivative with initial conditions were
discussed by several authors [8, 21, 26, 30-32]. In particular, Furati [S] and Gu [8] discussed the
existence, nonexistence, and stability of nonlinear problems with HFD.

Controllability is a qualitative property and being an essential tool in mathematical modeling. It
deals with problems on pole assignment, stability, optimal control that the respective system is
controllable. = Many authors contributed their research work on controllability with dense
Co—semigroup operator [15, 18, 19,34]. Practically, some problems occur in non-dense domain that
are explained in [4,27,28,36].

In the year 2020, Wang [30] exhibited the approximate controllability of HFD. Continuation of
this in 2020, Lv and Yang [18] published an article in Hilfer fractional equation deals with
approximate controllability. At the same time, Vikram Singh [27] extended the results to non-dense
HFD. In 2021, Zhou [39] discussed the results on controllability of fractional evolution system. Also
in the year 2020, Kumar [16] discussed the numerical approach to the controllability for fractional
differential equations. To the best of our knowledge, we have no discussions exists on the numerical
approach on controllability for fractional derivatives in nondense domain.

Here we discussed HNFD of the model as:

0
D57[3(0) - (6, 3(0), fo e(6,1,3(0)dt)| = A3(6) + Bu(6)

0
+ h(6.3(0), f £(0,1.3(t)d), (1.1)
0
I P30) =30, €T =[0,da]. (1.2)

Here 3(6) is state variable and u(¢) be a control variable. Z)gf refers Hilfer derivative of order
a in (0,1) and type S in (0,1]. Also A : D ¢ X — X, the non-densely closed linear operator in
the Banach space X, and the domain D € X. Here q,h, f, e are appropriate functions defined as
q:[0,al x XXX >DcCcX, h:[0,a] xXxX—>DcCX, f:[0,a] x[0,a]xX —> D c X and
e:[0,a] x[0,a] x X - D c X.

For certain sub-classes for the function h, the above problem can be solved explicitly [2]. However,
for even slightly less amenable right-hand sides, there are no existing methods for constructing explicit
solutions. In such cases it is of interest to study approximations to the solution of the initial value
problem (1.1) and (1.2). In the present paper we show that for such initial value problems, we can
construct a sequence of successive approximations which converge to the solution in the uniform norm
of the space of continuous functions on an interval. This result generalizes the result of [33] to the
fractional case of a € (0, 1).

The results are obtained as:

(7)) A mild solution of the system (1.1) and (1.2) has been obtained using Laplace transform
technique.

(if) We enriched the idea of controllability for the system using the Monch fixed point theorem.

(7ii) Hilfer derivative and its particular cases are discussed graphically.
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2. Basic facts

Consider a space of continuous functions C(7, X) is defined on 7 that satisfies ||y|| = sup||[y(®)|l.
teT

Cio(T,X) ={y: X > X : t'7%y(t) € C(T, X)}, a Banach space with ||yllc,, = sup [t'"?y(¢)|, where

0<t<a
= a + B — af. Define
dn
LDy = 200 * gy (1), (2.1)
dn
COb y(1) = ﬁy(t) % @u_p(), n-1<p<n. (2.2)

Equation (2.1) refers Riemann-Liouville (R-L) derivative as well as (2.2) refers Caputo derivative.

Definition 2.1 ( [9]). For k € N, we define HFD for a € (k — 1, k),

a a(k— d —a)(k—, a(k—, an—Ba
DELRO) = 1P oy " P h@) = P DL o).

Lemma 2.2 ([5]). Ifh € C’f_ﬂ[rl, 2] is such that Z)g+h € Ci_slr1, 1] then,

LD h=18,D% and DY 10.h = DN'"h.

Lemma 2.3 ([5]). If h € C,_y[r, 2] and I&;ﬂh € C119[r1, r] then,

1y."h(ry)

I3 DY h() = h(H) - T

CE rl)ﬂ_l, forall 6 € (r,r],

where a € (0,1),% € [0, 1).

Lemma 2.4 ( [7]). Let S and M be subsets of a metric space (X,d) and € > 0. Then, S is called an
e-net of M in X if for every x € M there exists s € S such that d(x, s) < €. Further, if the set S is finite,
then the e-net S of M is called a finite e-net of M, and we say that M has a finite e-net in X.

Let M, denotes the collection of all bounded subsets of metric space (X,d) and V € M,. Then the
Hausdorff measure of the set V is defined as p (V) = inf {€ > 0,V has finite € — net in X}, and meets:

(1) foreachy € X, p({y} U V) = p(V), where V C X is nonempty;

(2) p(Vy) < p(V,), for all bounded subsets V,V, of X provided V| C V,;
3) p(V) =0iffV is relatively compact in X;

4) p (V1 U Vy) <maxf{p(Vy),p(V2)}.

(5) forany A € R, p(AV) < | p(V);

0) p(Vi+V2) <p(V1)+p(Vy), where Vi + Vo = {y; + y2551 € Vi, 12 € Vo)

Lemma 2.5. [8] Let T be the set [0, al, and fort € T with n > 1 the Bochner’s sequence {z,},. | from
T to X fulfills |z, ()] < m(6), where m € L(T",R"). Also, G(t) = p({z,()}:2,) in L(T", R") satisfies

0 0
p({f zn(s)ds:nZI})SZf G (s)ds.
0 0
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Consider X, = D and A, be the characteristic element of A in X, defined as
Dy, ={y € D: Ay € Xo}, Aoy = Ay.

Proposition 2.6. Let Ay C A generates {R(0)}gs0 on Xy with Xy = D satisfies Agy = Ay.
Consider the following assumptions:
(H1) Forevery n > 1 and A > k, and for the constants k € R, .# with (k, +o0) C i(A),

Mo

Al —A)™ D —
1A =47l < o

(H2) For some constant ., > 1 with sup |R(0)| < .#,.

0€[0,+0]

Also, we define for 6 > 0,

T,(6) = a f ) v, (VRO V)dv, Po(0) = 0°7'To(0),  Sap(®) = T Py(6).
0

For v € (0, o0),
v,(v) = )l(v(_]_)lz)WX(v_xl) >0,
W) = —Z( 1ty LD Gy,

Lemma 2.7 ( [8]). From (H2),

(i) For 6 >0,

-1 -1

I and |P,(0)| < T

1S 0 p(O)] <

(i) For3 € Xo, 0 < 6, < 6, < a, {S,5(0)} and {P,(0)} satisfies

1S 08(01)3 — S o5(02)31 = 0 and |P,(6,)3 — Po(62)3l — 0 as 6, — 0.

(iii) {T,(6)}g=0 is uniformly continuous.

Lemma 2.8 ( [5]). For 6 € T, the system (1.1) and (1.2) reduces to,

[ Q(O 3(0) O)] 19 1 - a—1
3(0) = @) 0 3(0), f e(0,1, %(t))dt +r( ) f (CRl))

X [A3(1) + h(£,3(1), f £t 5,3())ds) + Bu()]dt
0

(2.3)
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Definition 2.9. For all 6 € X and h € X, integral solution of (1.1) and (1.2) defined as
0 9
3(0) = S o p(0)[30 — a(0,3(0), 0)] + a(6. 3(6). f e(8.1,3(t))dr) + lim f Po(0 - DB,
0 —*Jo

x [Aa(t, 30, f et s, 3(5))ds) + Bu(t) + h(t,3(0), f t (e, 5,3(s))ds) |at, (2.4)
0 0

where B, = A(A — A)~" such that B3 =3as 1 — .

Definition 2.10. The system (1.1) and (1.2) is said to be controllable on T~ = [0, a] if for any 30,3, € X
and fixed a, there exists a control u € U such that the corresponding solution 3(-) of the system (1.1)
and (1.2) satisfies 3(a) = 3.

3. Controllability results

The following hypotheses are introduced for further analysis:

(H3) A function h : 7 X X x X — X fulfills:
(1) 3 € X, h(-,31,32) : X — X is strongly measurable and for every 8 € 7, h(6,-,) : T — X is
continuous and
(ii) For every n > 0, and for u, € L'(0, a) such that for each § € T,

sup |h(6,3,y] < w,(0).

[3ll.lyl<n

(iii) For g € (0,@),m; € Lé(‘]’ ,R"), and for a continuous and nondecreasing function .%}, :
[0, oo] — (0, 00),

18(6, 31(0), 32(O)| < m1(6).Z,(0"~" (131Dl + 1132(O)1])).
Moreover lim £ = 2, forall (6,3,y) € T x X x X and m] = max{m,(6)}.

(H4) For %, %, > 0 and for 3, w € X, we have
176, 3,y1) = h(0, w, )l < Zill3 = wil + Ll = yall.
(HS5) For a constant /" > 0 and bounded sets D;, D, C X then
p (h(8, D1, D)) < 10" [p(D1) + p(Dy)],
ae. 0eT.

(H6) q satisfies Lipschitz continuous, i.e., for some constants m, > 0, .Z, € (0, 1) that fulfills

(6 3(6), Y(ODIl < my(6).2,6' " (3Ol + ly(@)II)) and
1a(8, 31(0), y1(0)) — (6, 32(0), 2Nl < Z (131 — 3ol + lly1 = yal), YV OeT.

(H7) For a constant /," > 0 and bounded sets D, D, C X,
p (a(8, Dy, D)) < 1,"60' " (o(Dy) + p(Dy)),

almost everywhere 8 € 7.
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(H8) We define W : L*(7,U) — X is by:

Wu = lim fPa(a — $)BBu(s)ds,

A—+00 0

and the inverse operator W~! assumes values in L*(7", U)/ ker W also for M,, M,, > 0, provided
IBIl < My, [W7H]| < M,,.

(H9) For some [,* > 0, such that for any bounded z € Y, &(u(z, 1)) < L q'"v(z, )é(z(u)), almost

everywhere u € 7~ with sup foe v(@,p)ds = v* < oo.
aeT

The control term can be defined as,
u(6.3) = W34 — S ap@I30 — 0(0.3(0), 0)] - oz, 3(a), f: e(6.1,3()d1)
- lim f Po(a— B[ Aq(t, 3(1), f e(t, 5.3(5))ds) + h(t.3(0), f £(t. 5.3(s))ds) |dt] ()
—*Jo 0 0

with the norm

[|ee(6, 3)]
91 <
< //W[lBaH ey (30 = (0, 3(0), O]l - Hq(a, 3(a),f0 e(0,t, S(I))dt)H
3 %aa—l -~ fa Bl[Aq(t’ S(t)’ fl e(t, s, s(s))ds) " h(t, 3(t)’ ft f(t’ S, 3(5))ds)]dtH]
IN'a) M- 0 0
" . Ma* M
< .///W[ugan =R~ ML 5 + alls(s)) -

(X) f Al (s)Lp(a' =" (B3I + all3()ID) + mi()Lala' " (3(s)Il + alls(S)II))]dS]
0

Ma'
< ]Il - r(aﬁ) M = my(s)Ly(a (1 + a)l3())
% (1% * *
_ %[IlAllmg(s)Lp(al—m +a)lz)) + (1 + aym| %L, ]]
< M,C;,

where C; = [l3ll = 4 A — my()Ly(a'~" (1 + @)3()]) = Lo | Allmy ()L (@' (1 +@)lI3(s)I) + (1 +

a)ym;.Z;"] and M = 130 — q(0, 3(0), 0)||. Construct a space with the uniform convergence topology as
S={:3€C[7T,X]}.

Theorem 3.1. If (H1)—(H6) hold, then (1.1) and (1.2) has a unique solution such that

% v-1 R ~ % a%
r(" g+ M@+ Dl + ﬁ

X [lAllmg()Ly(@' ™" (1 + @)l3($)I) + A, Cp + (1 + @)m L1 < L, (3.1
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and

//a"///o
I'(a)

X | L + 1AL, + (G + D]+ (1 + a(( G + 2] < 1. (3.2)

(1+a), +

|1+ DAL, + Myt (1 + )

Proof. Consider B,(0,8) = {3 € X, |3l < ¢}. Hence B,(0,S) c C[7,X] is convex, bounded, and
closed. Define I, : 8,(0,S) — B,(0,S) forn > 0, as

0 0
[,G3(0)) = S o p(0)[30 — a(0, 3(0),0)] + q(é), 3(0), f e(0,1, s(t))dt) + }Lm f Py(0—1)
0 *Jo
xBA[Aq(t, 3(1), f e(t, s, a(s))ds) + Bu(?) +h(r, 3(1), f f(t,s, 3(s))ds)]dt.
0 0

Step 1: For 3 € B,(0,S),
T, G@)I
0 0
S 5(0)[30 = a(0,3(0), 0)] + a6, 3(6), f e(0,1,3(1)dr) + lim f Po(0 - 1)
0 —>Jo

<

x B[ Aa(1. 3(0), fo et s, 3(5))ds) + But) + h(t,3(0), fo t (e, 5,3(s))ds) |dt

91 @
< C 7 ms)Ly(a 1 + ol + 2L

=T (@)
X [lAllmg(s)L,y(a'~"(1 + @)3(N) + Ayt Cyy + (1 + @Ym; L]
<l

. T, maps 8,(0, S) into B,(0, S).
Step 2: For any w, 3 € 8,(0,S),

I, ((0) = (W@l

Ao

I'(a)
X |+ IAIL, + (G + 2|+ (1 + a)( % + Z)

<(I+a)Zllz—wll + (1 +alAIL, + A, M,(1 + a)

13 = wll

o

<(+a)%,+ ///F"(—a)///o[(l + DAL, + Myt (1 + a)

X [ +IAILZ, + (G + 2|+ (L + a)(Z + Z) I —

and y* = (1+0).L+ 2| (1 + Q)AILL, + Myt (1 + @) L, + 1AL+ ( Lo+ L) |+ (1 +a)( L+ 2) |-

I'(e)
Hence I';, is contraction. Using Banach contraction principle, I';, has a unique solution on C[7, X]. O

Lemma 3.2. Let (H1)—-(H9) hold, then T, : 3 € 8,(0,8) is equicontinuous.

AIMS Mathematics Volume 7, Issue 6, 10079-10095.
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Proof. It is evident that S, 3(6) is strongly continuous on 7~ by Lemma 2.7.
For 3 € 8,(0,8),6,,0, € 7 and € > 0 such that 0 < € < 0; < 6, < a and there exists a ¢ > 0 provided if
0 <16, — 6] < 0, then

I(T3)(62) = (T3 (O]

h 01
< ||[a(6 3602, f e(62.1,3(0)dr) = a(61. 361). fo e(0r.1,3(0)dr)]

6 !
+1im 637" | (0= "' Ta(62 - DBA[ a1, 3(0). f e(t, 5.3(s))ds) |dt
g 0 0

—00
0

-t |6 - 07 T - 0BAa(e 50 fo e, s, 3())ds) |
+ || tim 67" fo 60— 00 - 0B (50, fo (5.5
01 t
-6 fo (O = 0" o6 = DB, [h(1, 30, fo £, 5,3(s)ds) ||
+ [ 1im 67 f " s = 00T (62 — DBABu(O
—® 0
! f "0 Ta(6, - OBl Bu()d|
0
< (1 + @£ 16, - 61l + | 1im 67 f “O - 90 - )
me
x By Aa(1. 3(0). fo et s, 3(s))ds) + h(t,3(0), fo £(t,5,3())ds) + Bu(o)|ds|
+ | 1im f | G G (I Ll y ()
A= Jo
x By Aa(1. 3(0). fo e(t, 5, 3(s)ds) + h(t, 3(0), fo F(t,5,3())ds) + Bu(o)|di
01 —€
+ | 1im 67 fo (6 = )| Tal62 = 1) = Tol61 — )]
x By|Aa(t, 300, fo e(t, 5, 3(s))ds) + h{t, 3(0), fo F(t,5,3())ds) + Bu(o)|di
+|| tim 67 fe " 0070~ 0 - 70 - 0]

€

x B[ Aa(t, 300, fo et s, 3(s))ds) + h(t,3(0), fo s, 3(5))ds) + Bu(o)|ds|

By Lebesgue theorem, we conclude for e sufficiently small, ||(I',3)(62) — (I',3)(6)l] — 0 as 6, — 6.
Hence I';, is equicontinuous. o

Lemma 3.3. Let (HI)-(H9) hold, then T, : y € 8,0, S) is continuous as well as

kz[[//a AMo(1 + a) M a //o///b//w]] <1

(@) (@) (3-3)

ALZ, + mi 21+ (1 + a).Z,||1 +

AIMS Mathematics Volume 7, Issue 6, 10079-10095.
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Proof. Step 1: I',(8,(0,8)) C 8,(0,8).
Assume contradictory, for each ¢ > 0, 3* € 8,(0,S8), ¢ € 7 yields ¢ < [|I';3)()llc.
Consider 0 < < ¢ such that lim < =k}, [[3'llx < ¢*, we get

¢ < I3l

Ma? A+ olAl\Aa oLy (| +a)Ma® Mo m: L
o) M+ (1 +a) Ly + @) + @)
///a“///o///b//lw %Clﬂ_l A .
Ty Ll + gy + (L + 0L
%aaﬁ(ﬂ* * *
W[(l +a)llAllZ, + (1 + a)ym| Z)]

Divide by ¢ and take ¢t — oo,

1<k ///aafg)l YD ang, ¢ mi 2+ (4 02+ L “”/F/g/’b///w
< a2+ LDz, 42y
R L [P O
H ] L
< ][ D, i+ 1+ 0.2+ L |

leads the contradiction to (3.3). Then for ¢ > 0, I',(8,(0,8)) € B,(0,S).
Step 2: Consider 3,3 in B,(0,8), forall 6 € 7,k = 1,2, ... such that %im I3 — 3/ = 0 and

]}im 3k(6) — 3(6). Therefore

lim Hh(g, 3(6), fo t F(0. 5.3:(5)ds) — h(6.3(6), fo l [0, s, s(s))ds)H — 0.

By (H1),

(0, 30), fo 6,5, 5()ds) — (6, 56), fo ' fo, 5 3())ds)|

< (O@-9""'m()(1 + )L ls —3ll| ae s € (©,6).

(9 _ s)a—l

For 0 € [0,a], s € (0,6) (6 — s)*'m, (s)(1 + a).i”h[llgk _ 3||] is integrable. Also

9
f (6_ S)a/—l
0

AIMS Mathematics Volume 7, Issue 6, 10079-10095.
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Hence
I(T;3:)(0) — (T3 (@)

9
< a”-l” lim f O —0*'B,T.(0 1)

A—00

x | Ala(t, 30, fo elt,s, 3(5)ds) = a(1,3(0), fo elt,s, 3(5))ds)]
(. 30(0), f s, 3k(s))ds) — h(1. 300, fo s, 5))ds)| + Bluy, - u,1]d|

L (9 t)‘” t’3k(t)» te(t,s,sk(S))ds — a{z, 3(), tf(t,s,s(S))ds
F(a) 0 0

(1. 30(0), fo ft.s, 3k(s))ds) ~ k(1. 300, j; s, 3(5))ds)| + Blu, - u;] s (3.5)

By (3.4) and (3.5)
I(T;3:)(0) — (T,3)(O)l = 0 as n — co.

Therefore I',, is continuous on 5,(0, S).

O
Theorem 3.4. Let (HI)—(H9) hold, then (1.1) and (1.2) is controllable on T such that
1,0'(1 + a)p(S) + 2?/? ‘/)/l Y1+ a)(l," + 1,97
X [1 ; 2////?/%4’ ] fﬂ (a— 0" p(S)ds < r. (3.6)

Proof. Construct S of 8,(0, S) be a countable subset and S C co({0}UTI,(S)), and we show that p(S) = 0.
Consider S = {3,}2,. I',{3,};~, is equicontinuous on 7~ by Lemma 3.2. Also S C co({0} UT,(S)) is also
equicontinuous on 7 .

SCCAT )
< p{W_l[Sa — S ap(@I30 — a(0,3(0), 0)] - a(a, 3(a), f e(O,1, (3a($)hdt)
0

]

—lim [ Pyla—DBa|Aq(t, GuO),, fo e(t, 5, (3a($)h )ds)

A—o0 0

+ h(t, D)}, fo t fa,s, {Sn(S)}ff_l)ds)]dt]}

2 My M, ([ _ !
szu*vw)Tof) fo (a—0""p(Aa(t, 3a(ON2, fo e(t, 5, (3a($)l )ds)

+ h(t’ {3n(t)};o:1, f f(t, S, {3n(S)};.l<>:1)dS))dt
0

2 MM, ([ _ o 7 e It ®
szu*v(e))Ta‘; fo (a=""'A+a)l," + 1) (1), )ds

AIMS Mathematics Volume 7, Issue 6, 10079-10095.
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Moreover, by Lemma 2.6,

(T, (3uO)52)))

=p{Sa,ﬁ(9>[ao—q<0, 3(0), 0)] + a(6. (3 (O) 52, fo et 5, (N > )ds)

+ lim f g(e—t)“‘chy(e—t)BA[Aq(r, EXO) fo et (a1 )

+ Bu(®) + h(t, (30}, fo s {an<s>}::;1)ds)]dr}

Sp(q(e,{a,,w)};;‘;l, fo e, s, (3a(9)2)ds) + lim fo 0060~ 08,

x [Aa(t, G O)2, fo s, Bk )ds) + h(t GaOy,, fo s (Bu($)}y2)ds) |dr

A—00

0
+ lim f (e—wa—‘T@(e—t)&[Bu(z, {sn<r>};:‘;1)]dr)

<1,6'""(1 +a)p({3n(9)}211)+ F( ) fg( -0 1+ a)(l," + 1 ({?m(t)}n 1)

2M My M,

<1001 + (3,12, + 22 r() f (a=0""'A+a)l," + I (D)2, )dt

2%,//0%1,,// a—1 « %«%0
@) f (a-1) lu (1) @)

X f (a—9""'A+a)l,” + 1) (1)l )ds|dr
0

< 1,'0""(1 + a)p(S) + 24 M 21+ a)l," + 1,197

['(a)
y [1 N 2M My My M, lu*v*] f(a —*'p(S)ds.
I'(a) 0
By Monch theorem,

p(S) < co({0} U T (8)) = p(I(S))

< 1,'60"""(1 + a)p(S) + 2?/? ‘/)/10

X 1+2////f%4’ ] f (a—0""p(S)ds.

(A +a)l,” + 19"

Grownwall’s inequality leads to the conclusion p(S) = 0. Evidently (1.1) and (1.2) has a fixed point
satisfies 3(a) = 3. O
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4. Numerical analysis

In this section, we have used Python3 language for numerical estimation and Mathematica-ver12.2
for graphical representation.
Consider the problem

o [3(1‘) ! f [ ezs_ta(t)dt] = A3(1) + L f [ szcos(@)ds +e”'sint 4.1)
0+ 8 0 12 0 s s .
1050y = 1, teT =[0,1]. 4.2)

Let D = {3 € C*([0,1],R) : 3(0) = 3(1) = 0}, A3 = 3”. Here H : C([0, 1], R) equipped with the
uniform topology and A : D c H — H.
A successive approximation of (4.1) and (4.2) is

tgl 1 ' 25— 1 ' a—1 t2 ) 2 3n—1(T) _t .
3.(0) = o) g‘[o fa 1(t)dt+m (t-s) [ELTCOS( . )dT+etsmt]ds,

and n varies from 1 to 6 with initial approximation 3, = 1. Also by the boundedness of % and ¢,

[3.(0)] < ‘;9 ] ft o (dt + —— ft(f— )™
F(H) (@) Jo
(X)[ﬁ j: Tzcos(sn_;(T))dT+ |e"sint]ds|,
te_l 1 ' 25—t a-1
:@+§f0 e 3n_1(t)|dt+l_( )f(t 5)

(X)'[% fsfzco (3" 1@ ‘d‘r+ 'e sint ‘ds
0
=k, k>0,

implies the sequence 3,;(¢) are well defined and uniformly bounded on [0, 1]. Now, lim sup,,_, . {3,(¢) —
3,-1()} = 0. This problems is approximated as (1.1) and (1.2) which satisfies (H1)-(H9). Then by
Arzela- Ascoli’s theorem and the closeness of the derivative operator, we conclude the sequence {3,(?)}
converges uniformly to the continuous functions 3 on [0, 1] when n — co.

We have analyzed the controllability of the system (4.1) and (4.2) via numerical approximation.

Figures 1-6 represents the solutions in Hilfer, R-L and Caputo’s derivatives for the different values
of « = 0.1,0.6 and 8 = 0,0.3, 1. This figures gives the comparison among the differential operators.
Figures 1 and 2 shows the numerical approximation for x(¢) for the values @ = 0.1,0.6; = 0,0.3, 1.
Figures 3—6 shows the numerical approximation for u(¢) for the values @ = 0.1,0.6; 8 =0,0.3, 1.

1.5 a=0.1, g =1 - Caputo derivative
1.0 i —
a=0.1, g =0.3 - Hilfer derivative
0.5 a=0.1, g =0 - R L derivative
0.2 0.4 III:E -J:E '_:C

Figure 1. Numerical approximation for x(#) « = 0.1, = 0,0.3, 1.
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o =0.6, g =1 - Caputo derivative

a =0.6, g =0.3 - Hilfer derivative
a=0.8, g =0 - R L derivative

0.2 04 06 08 10O
Figure 2. Numerical approximation for x(t) = 0.6, = 0,0.3, 1.

2.0
15 \_. a=0.1, 2 =0 - R L derivative
1.0 \\P/____’_——— a =0.1, g =0.3 - Hilfer derivative

0.5 e —— a=0.1, g =1 - Caputo derivative

I:'.IE Dii I:le l:IiE- lil}
Figure 3. Numerical approximation for u(t) « = 0.1, = 0,0.3, 1.

1.0

Dot a =0.6, =0 - R L derivative
0.8E

0.7k a =0.6, g =0.3 - Hilfer derivative

0.6F

I}.IE D:i EI:E II':B 1.0
Figure 4. Numerical approximation for u(t) = 0.6, = 0,0.3, 1.

a =0.6, g =1 - Caputo derivative

Figure 5. Numerical approximation for u(z).
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Figure 6. Numerical approximation for u(¢).

5. Conclusions

This article we discuss the results on controllability of nondensely defined HNFD via
fundamentals of fractional calculus and fixed point technique. Initially, we discussed the
controllability results using suitable concepts. We discussed some numerical approaches for different
criteria of parameters. Further, we can extend the theory with different fixed point approaches.
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