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1. Introduction

It is well known that Gaudin models describe completely integrable classical and quantum long-
range interacting spin chains. Originally it was introduced by M. Gaudin for the simple Lie
algebra su(2) [1] and later generalized to arbitrary semi-simple Lie algebras [2,3]. This model attracted
considerable interest among theoretical and mathematical physicists, playing a distinguished role in
the realm of integrable systems. For example, classical Hamiltonian systems associated with Lax
matrices of the Gaudin-type in the context of a general group-theoretic approach [4], multi-Hamiltonian
formulations (see e.g., [5]) and their integrable discretizations through Bécklund transformations (see
e.g., [6]), separation of variables of the rational Gaudin models (see e.g., [7-10]).

The separation of variables for finite-dimensional integrable systems are important for constructing
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action-angle variables. Much work on the separation of variables for finite dimensional integrable
systems associated with hyperelliptic spectral curves was done(see e.g., [9-16]). It is worth noting
that Sklyanin gave an efficient way to construct separated variables for the classical integrable S L(3)
magnetic chain and sl(3) Gaudin model related to the non-hyperelliptic spectral curves [8]. After
this classical work, the general cases [17-19] and a sufficient condition to guarantee the “separation
polynomial” of Sklyanin under the corresponding r-matrix were provided in [20]. Action-angle
variables of the finite-dimensional integrable systems can be constructed by using separated variables
from the Liouville theorem and integration of Hamiltonian equations of motion. They were also
derived with the help of the scattering data for the first-order matrix differential operator [21], or
by finding real Darboux coordinates for scattering data [22, 23], or by using the algebraic-geometric
techniques [23-25]. Action-angle variables of the finite-dimensional integrable systems related to non-
hyperelliptic spectral curves can also be obtained in dealing with the stationary equations of soliton
hierarchies [24,25].

Based on the previous research on Gaudin models [8, 10], the motivation of this paper is to use
the gl;(C) rational Gaudin model governed by the Lax matrix to study the constraint systems associated
with the generalized TWRI system: [26,27]

Wikt = Ciilhiix + (Cot = Cont)Uimlics 1 < L k,m <3, (L.1)

where [, k,m are not equal to each other, the real constants ¢y, ¢, 13, €31, €23, €3 are six real
constants and uy,, uyy, U3, Us1, Uz, Uz are complex functions of two real independent variables x
and r. Also, as a basic integrable model in mathematical physics, which has important applications
in nonlinear optics, plasma physics, acoustics, fluid dynamics, solid-state physics and other fields,
many studies have been done on the TWRI system. For example, Zakharov and Manakov [28, 29]
and Kaup [30] considered the inverse scattering transformation of the TWRI equations. It is shown
that the TWRI equations can be reduced to the generic sixth Painlevé equation [31]. Some explicit
solutions of the TWRI system are obtained in [32-39], including soliton solutions, rational solutions,
rogue wave solutions and so on. The finite dimensional Hamiltonian system associated with the TWRI
system is proved completely integrable in the Liouville sense [26]. Based on the theory of trigonal
curves, explicit algebro-geometric solutions of the TWRI system have been achieved in [40] by using
the asymptotic properties of the Baker-Akhiezer functions and the meromorphic functions [41,42].

The outline is as follows. In Section 2, we review some basics about Lie-Poisson structure and
coadjoint representaive theory of Lie-algebra gl;(C). In Section 3, Lax matrix V) is introduced to study
the TWRI system (1.1) in the Lie-Poisson structure, the integrability of this restricted system and
the relation between the finite dimensional Hamiltonian system and the TWRI system (1.1) are also
discussed. In Section 4, the 9N dimensional Poisson manifold (gl;(C)*)" is reduced to 6N dimensional
symplectic manifold by making a restriction on 3N common level set of Casimir functions, from
which 3N pairs of separated variables are constructed on the 6 N dimensional symplectic manifold.
In Section 5, based on the Hamilton-Jacobi theory, the generating function to construct the canonical
transformation is obtained from separated variables to action-angle variables in implicit form. Further,
the functional independence of conserved integrals is proved in terms of the evolution of angle type
variables. In addition, the Jacobi inversion problems for the Lie-Poisson Hamiltonian systems related
to the TWRI system (1.1) are established.
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2. Preliminary

We start from a general definition of the Lie-Poisson structure [43]. Let G be a Lie group and g be
its Lie algebra. Let also g* be the dual of g with the natural pairing (A, B) between g and g*. Consider
the algebra of smooth function F € C*(g"), then its gradient VF € g is defined as

FOy+ex)—F(y)
&

(x,VF(y)) = £1_r)r01 , ), Xx€eqg".

For any smooth functions F and G € C*(g*), Lie-Poisson brakect is defined as

{F,GY(y) = 0 [VF(3), VGOD) 2.1)

When g is the matrix Lie-algebra gl;(C), we take the trace form (A, B) = tr(AB) as the pairing
between gl;(C) and gl;(C)* and fix the basis of gl;(C) as

Ekl = (6m16nk)mm 1< l»k < 3»
where ¢;; are the Kronecker delta functions, which satisfy the commutative relations
[Emna Ekl] = é‘nkE'ml - 6lmEkn-

Since the trace form (A, B) = tr(AB) is a non-degenerate pairing, we can make an identification
gl3(C) = gl5(C)*. In the sense of (E,,.,,, €x) = 0,,x0.1, one can find that the dual basis of {Ey;, 1 < k,[ < 3}
3
is {ey = Ex, 1 < m,n < 3}. Hereafter, we choose y = Y y¥e;; € gl3(C)* and y* are coordinates
Lk=1
on gl;(C)*. In these coordinates, the gradient VF' € gl5(C) is determined by

3
oF
VF = —Eu.
25y
The Lie-Poisson bracket (2.1) become
{F,G}(y) = 0 [VF(3), VGO = tG[VF(y), VG 2.2)
Specially, the brackets between the coordinates are
O™ = O Bk, Eun]) = 60y™ = ™, 1 < Lk,m,n <3, (2.3)

Using the cyclicity of the trace, the Hamiltonian vector field associated with (2.5) for a smooth function
F is represented as

Xr() = [VFO),y].
For any g € GL;(C) and X € gl3(C), the adjoint action of g € GL;(C) on its Lie algebra gl;(C) is

Ad X = gXg™.
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Then for any & € gl3(C)*, the coadjoint action Ad;‘, of GL;(C) in the dual space gl;(C)* is defined as
(Ady, X(= (v, Adg-1 X) = (, "' Xg) = tr(yg~' Xg) = tr(gyg~'X) = (gyg™". X).
It follows that Ad,y = gvg~' = Ad,y. The coadjoint orbit passing through any y € gl3(C)* is
O, = {Adyylg € GLy(C)} = {y = gyg~'Ig € GLy(C))

According to the representative theory of Lie group, we know that the coadjoint orbits of GL;(C) are
the symplectic leaves of the Lie-Poisson structure on gl;(C)*.
A smooth function & on gl3(C)* is a Casimir if an only if it is invariant under the coadjoint action

h(Adyy) = h(y) Vg e GL3(C), y € gl(C)".
Choose ﬁk(y) = tr(y"), where y € gl3(C)", k=1,2,3,---, we have
(AdLy) = tr((Ady)") = tr((gyg™)") = tr(gy*g™) = tr(y") = Tu(y).

Thus, we choose three Casimir functions as tr(y), Str(y*) and %tr(y3).
To study the Lie-Poisson Hamiltonian systems, we will use the direct product of N copies of gl;(C)*
which is denoted by (gl;(C)*)". The standard Lie-Poisson structure on (gl;(C)*)" is given by

N 3
(F.Gy =) (vu|V,FV,G]), V,F = Z g kl (2.4)
=1 k=1

where y; € gl3(C)", j=1,2,--- ,N.
The Hamiltonian vector field associated with Lie-Poisson bracket (2.4) for a smooth function F is

Xir(y) = |VFo.yi|. j=1....N (2.5)

and the 3N Casimir functions are tr(y;), 1tr(y ]) 1tr(y3) j=1,...,N.
3. The Lie-Poisson Hamiltonian systems
In this section, we shall use the gl;(C) rational Gaudin model governed by the Lax matrix

N

Vi=(Va(D)axz =B+
=1

to study the TWRI system (f; are different constants).
To obtain the Lie-Poisson Hamiltonian systems from the Lax matrix (3.1), we choose

Vi
A-4;

ﬁ = diag(ﬁl’ﬁ%ﬁ3) (31)

1 1
Fi(D) = Vs, Fa(d) = Etr(VE), F3(2) = gtr(Vb (3.2)

as the Hamiltonians. Let #;; be the variables of ¥;(1), according to Hamiltonian vector field (2.5), the
Lie-Poisson Hamiltonian systems for (1), k = 1,2,3 are

Yima = [V T, y)] = oyl i=1 N (3.3)

-4
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Proposition 3.1. The Lax matrix V, satisfies the Lax equations along the F(1)-flows:

d 1
—V,=|—V v |, k=23
dti, |:/1— l

with A, T are two different constant spectral parameters.

Proof. By making use of (3.3), one infers

N

d 1
— V. = - .
=

. Vk—lZN: Yi | 1 Vk—lZN: Yj
CA-T| G- AT A A
g v v = vy

Based on Proposition 3.1, for any A, 7, a direct calculation shows that

l A-71

{ﬁ(r),ﬂ(ﬂ)}-—?(r) —tr(ivl) ltr([ 1 Vﬁ-l,vi]):o, k=23,

da

Therefore, F;(1),k = 1,2, 3 can be regarded as the generating function of integrals of the Hamiltonian

systems generated from it. Using (3.1), we arrive at

N 00
1l
Fi) =g+ ) rﬂwz%p
j=1 J =0
hyj
+
Y ; (A= 2;)?

where

tr(yvi)
-

N
hy;=t(y)), Fi, = Z Ajhaj, Eyj = tr(By)) +

j=1 k=1
k#j

——tr(y) Fyy = ZAE1J+ZZ/U Uhy;, 1=0,1,.

j=1 j=1

(3.4)
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Similarly, we have

N N
E3 h3
Pl t Vi) = —t )+ § — g —
Fs,
e 3 2t
= 3tr(,B ) + IZEO = 3.5
where
N N
1 Z tr(y;yiyi + ¥yive)
1By + Zk:l Aj— A TBy i+ Bywyp) + — 3(A — A)
k#j ik j

. ZNZ tr(y;yeyi + ¥ ;Yive) . ZNl tr(}’i)’j‘)’?)’k)

— 34— A) P (A, — &)?
itk j k#j
(yzyk)
= tr(By?}) + Z T i tr(y?),
- J
oy
Fgl—Z/llE21+lZ/ll 'Es; + l(l— 1)21 2hy, 1=0,1,....
j=1

which implies {E};, Ey,} =0, [,k =1,2,3, jym=1,...,N and the following fact.

Corollary 3.1. Functions Fy;, F;, F5;(l > 1) are in involution in pairs with respect to the Lie-Poisson
bracket (2.4).

Now, we consider two Lie-Poisson Hamiltonian systems generated by the Hamiltonians

1
H =y, F; + Yl(tfﬁFu —Fy + E(Fl,o)Z) + v3P(B1)P(B2)

+72

1
Fai+ [(trﬂ) — (B 11 = tBFa + SUB(Fi0)” FLOFZO] (3.6)
+ y4P(B1)P(B3) + ysP(B2)P(B)

N N N
:Q/IZ/ljy;l+a22/ljy§2+a/32/l]y] +c122y Zy +013Zy Zy +c23Zy Zy
=1 J=1 =1

where

a1(Ba — BB + (B3 — BB + a3(B1 — B2)B3
(B1 = B2)(B2 = B3)(B1 — B3) ’

Yo =
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a1(B3 — B2)B1 + a2(B1 — B3)B2 + az(Br — B1)B3
B1 = B2)(B2 — B3)(B1 — B3) ’
a1(B2 — B3) + a2(B3 — B1) + a3 (B1 — B2)

2= B —B)Br— BB - By

_ @y — @ _ a; — a3
V3 B BB BB =B T B —BoBa— B Br - B
Vs B

" B -B)Bs — B Bi—B5)
1
PB;) = ﬁ?Fl,O —Bj(ttBF 1o — Fro) + F30 + g[(tfﬁ)z — tr(8*)|F10 — tfF2
and

(B2 = B3)*PX(B1) — (B = B3)*PX(B2) + (Bi — B2)*P2(B3)
2081 = B2)*(B1 — B3)* (B2 — B3)?

N N N N N N N N N
=B ) A B Y AR B ) AT Y YR I YR N I 3Ty R Ny,
P =1 =1 = = FETR FETR

H1:F2,1_

3.7
respectively, where @4, a,, a3 are different constants and ¢y, = %, 1 <L k<3, [+k.
The equations of motion for H and H, are
Vie = |[ViHy|, j=1,....N (3.8)
and
yj,l:[VjHlayj]a j: 19~--,N (39)

which are exactly the Lie-Poisson Hamiltonian systems associated with TWRI system (1.1).
In fact, the Lie-Poisson Hamiltonian systems (3.8) and (3.9) are generated respectively by the N
copies of adjoint representations of the spectral problems

@1 ag 0 0 0 Uip Uz
()Dx:U(p,()D: 902,U2/1A+U0:/l 0 [0%) 0 + | Ur 0 U3 (310)
¥3 0 0 a3 3 uzx 0
and
Bid  cipup ciai;
or =W, W=lcouy Bod co3un (3.11)
c3iuzr Cxpuzp  PBad
under the Bargmann constraint
N
ue=cit Y (< Lk<3,1#k). (3.12)
=1
Proposition 3.2. The Lie-Poisson Hamiltonian systems (3.8) and (3.9) admit the Lax representations
d
d_V/l = [U, Vil
X
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and
d
d—tVA:[W,VA],
respectively, where
ad up U Bid  cpup cpu
U=|un ad wus |, W=|cauy pod coun
uz  uzxn  azd c3iuzr Cxuzy Bl
with
0w wups 0 ch 2?1:1)’}-2 i Z?:])’;}
Up=|un 0 wu|=fOr,,yn) =|6 Z;\Izl)’? 0 53 Z?’:l)’? .
uz; uzxp 0 c;}Zﬂ-V:ly? 5 ?’:1)’?2 0

It follows that the integrals of motion of the Lie-Poisson Hamiltonian systems (3.8) and (3.9) are
provided by (1), k = 1,2,3.

Now we know that there are 3N Casimir functions of the Lie-Poisson structure (2.4):
tr(y;), ltr(y?), %tr(yj’.),j = 1,...,N and 3N involutive first integrals E ;, E»j, E3;,j = 1,---,N.
Hence, they are integrable.

The first two typical members of TWRI vector fields {X,,} are [26]

0 B —Burr  (Br — B3uiz
Xo = | (B2 — Br)uay 0 (B2 — B3)uxs |, (3.13)
Bz = Buzr (B3 — B2)uz; 0
0 Craltyoy + (€13 — C3)U3U3y  C13lty3xc + (€12 — €23)U12U3
Xi = | coupix + (C23 — €13) U3tz 0 C3Uzy + (€12 — c3)ugiugz | (3.14)
C31Uz1x + (€23 — Cr2)UupUzy €Uz + (€13 — Cr2)UiaUs) 0

The zero-curvature equation U, = W, — [U, W] leads to the TWRI system (1.1)
(U O)t = X.

From Corollary 3.1, it is not difficult to verify the involutivity {H, H;} = 0, which implies the
commutativity of Hamiltonian vector fields. The importance of Hamiltonians H, H,; are that the
differential f, maps [V;H,y;], [V;H,,y;] exactly into the TWRI vector fields X, X;

LAViH, y1],---  [VaH, yn]D) = Xo,  f([ViH,y1], -+, [VNH1, yn]) = X,

respectively. Thus solutions of TWRI system (1.1) can be obtained by solving two compatible Lie-
Poisson Hamiltonian systems with ordinary differential equations:

Proposition 3.3. Let y; be a compatible solution of the Lie-Poisson Hamiltonian systems (3.8)
and (3.9). Then

N
=il Y W 1< Lk<3,0#k
=1
solves TWRI system (1.1).
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4. Separation of variables

In this section, we will give the separated canonical coordinates on the common level set of the
Casimir functions to deal with the Lie-Poisson Hamiltonian systems.
Remark 1. Let (Cy;, C,j, Cs;) be regular values of the map defined by the Casimirs: y;, —
(tr(y,), Str(y? %), 1tr(y3)) Then restricted on the common level set of Casimir functions

1 1 .
D5y ynltey)) = Cuj, 5tr(yﬁ) = Cyj, gtr(yj’-) =Csj, j=1,...,N}, 4.1)

the 9N dimensional Poisson manifold (gl;(C)*)" is naturally reduced to a 6N dimensional symplectic
manifold, by which 3N pairs of canonical variables can be introduced.
In the following, we give the first 3N —2 pairs of separated variables y;, v; by Sklyanin’s method [8].
In fact, the characteristic polynomial of Lax matrix V, for the TWRI system (1.1) is a constant
independent of variables x and ¢ with the expansion

det(zl - V)) = 2 = F1 (D2 + (%Tf(ﬂ) — F2()z — (F3(D) = FaADF1 (L) + éﬁ(ﬂ)) =0, (42

which defines a non-hyperelliptic algebraic curve by introducing variable = a(1)z:

1 1
£ = a(HF(DE + a2(/1)(§7-12(/1) ~ F2(D) = @ ()(F3(D) = Fo(DF1(A) + 8?’13 (D)) =0

with

N
a) = [ J@a-ay.
j=1
Follow the method in [8], the canonical separated variables y; (i = 1,...,3N — 2) are defined by zeros
of some polynomial B(1) and the corresponding conjugate coordinates v; (i = 1,...,3N — 2) related
to u; by the equation

1 1
v; = Fil)v; + (57:12(/11') = Fa(u))vi — (F3(u) — Fou)Fr () + 69‘713(#i)) =0, (4.3)

It follows from (4.2) that v; are elgenvalues of the matrix V,,. Therefore, there must exists a similarity
transformation V,, — V = PV, P! for each i such that the matrlx V is block-triangular

Vi () = Va(uy) = 0 (4.4)
and v; 1s the eigenvalue of V,, splitted from the upper block,

vi = Vi (). (4.5)

Thus, the problem is reduced to determining the matrix P and polynomial B(1). Let P be of the form:

1 00
P=|p 1 0].
0 0 1
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Note that the matrix

V,=PV,P"!
V(D) = pVi2(D) Vi2(D) Viz()
=V + pVii(D) = p(pVi2(D) + Vo (1)) V(D) + pVia(d) Va3 + pVi3(AD)
V31() = pV3(d) V32 () Vi3(A)

depends on two parameters A and p. Hence, we can consider the condition (4.4) as the set of two
algebraic equations

Vai(D) = Vai() + pVia(D) = p(pVia() + Via (D) = 0, “6)
Vai() = Vai(D) = pVaa(D) = 0 '
for two variable A and p. Eliminating p from (4.6), one obtains the polynomial equation for A:
B() = Va(D)Vai1(D[V11(A) = V(D] + Vi (D)Var (D) = V3 (D)Vi2(A) = 0. 4.7
Based on (3.1) and (4.7), the polynomial B(1) of degree 3N — 2 can be denote as
N N ()
B() := (B — Ny : 4.8
W) = (B, ﬁz);y] ;y, 30 (4.8)
where
3IN-2 N N _
n) = [ A=) a = |@=2) = 3 ad", (@0 =1). (4.9)
i=1 j=1 =0

Expressing p from \73 1(A) = 0as p = —V31(1)/ V3,(4) and substituting it into Eq (4.5) of v;, we arrive at
Via(ui) Vi (i) i =
Va(u)

which produces 3N — 2 pairs of variables y;, v;. It is easy to see from (2.3) and the above expressions
that

vi= Vi) = Vin(u) - l,....,3N =2, (4.10)

1
{Vlk(T)’ an(/l)} = ﬁ[(vmk(T) - mG(/l))(sln - (Vln(T) - Vln(/l))(smk]a I< l’ ka m,n < 3 (411)

with A, 7 are two different constant spectral parameters. We have from (4.11) that

Vi (D)Vs (A
AQ) = V() - % (4.12)

which, together with B(1) defined by (4.7), B(1) and A(7) satisfy

{A(7), A(D} = 0,

{B(1), B()} = 0, .13)

2
{A@), BQ)) = % (v32u)

T \v2m B(7) - B(/l)) .
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Proposition 4.1. The canonical separated variables u; and v ; constructed from B(A) in (4.8) and A(u;)
in (4.10) satisfy the relations

i, it =0, {vi,vi} =0, {vi,u;} =6;;1 <i, j <3N - 2.

Proof. The commutativity of B in (4.13) implies the commutativity of u; (zeros of B(1)). The Poisson
brackets of v; can be calculated by using the definition of u;. From B(u;) = 0 for j =1,...,3N -2, it
follows that

0 = {F, B(u)} = {F, B}y, + B'Wu{F, p}}

that is (F. BOD)|
> A= j
(Fouj) = ———, (4.14)
B'(u;)
for any function F'. In the same way we have
i, FY = {A(u), F} = {A@), F}lr=py, + A" (u)ip, F}.
Now we turn to prove {v;, u;} = 6;;. Noting that
Wi, uit = {A@), willemy, + A" Wil i} = {A@), i le=ys
we obtain by using (4.14) and the third equation in (4.13) that
{A(D), B2 1 (V) 1
(Vi) = - , 2= ( 2 B(u) — B)) | ——- (4.15)
B (/'l/) Hj— Hi V32(/-li) B (/Jj)

which vanishes for u; # u; due to B(u;) = B(u;) = 0 and is evaluated via L’Hopital rule for y; = y; to
produce the proclaimed result. Similarly, the commutativity of v; (1 < i < 3N — 2) can be shown by
the first equation of (4.13). O

Apart from the 3N — 2 pairs of separated variables above, we should add 2 pairs of conjugate
variables to prove the canonical structure on the common level set of Casimir functions (4.1).
The last 2 pairs of conjugate variables can be defined as follows by direct calculation.

Proposition 4.2. Assume that the 2 pairs of additional canonical separated variables are defined by

N
(B2 + B3)Fr0 — F3
H3n-1 = anyil, V3N-1 =

£ (B = BB —B1)
N (4.16)
y —any32 S Go — (B1 +83)F2p
3N — i 3N — .
£ (B> = B(Bs — Bo)
Then on the common level set of Casimir functions (4.1), we have
{,u,‘,,l,lj} :0, {V,‘,Vj} :O, {/.l,‘,Vj} :6,']', i,j: 1,,3N (417)

It is shown that y;, v;, j=1,---,N are 3N pairs of conjugate variables.
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5. Action-angle variables and Jacobi inversion problems

In this section, the action-angle variables will be introduced by resorting to Hamilton-Jacobi theory.
As a by-product, the functional independence of conserved integrals for the Liouville integrability of
Lie-Poisson Hamiltonian systems (3.8) and (3.9) will be proved. Further, the Jacobi inversion problems
for systems (3.8), (3.9) and TWRI Eq (1.1) will be built by using the canonical transformation from
the separated variables to the action-angle variables

Let
+§ b L S
ﬁ a) B + A1
- By (D) Lg s Z
42— /l —A-42 a@)3 Pk
where

1
bz(/l) = EtrﬁzﬂN + I()/lN_1 + Il/lN_z + e+ IN—3/12 + Iy oA+ Iy,

(5.1
1
b3(d) = §trﬁ3/12N + IGN T Iy 4+ By d + Ly,
from which we can rewrite the generating functions 7;(1), 72(1), F3(1) as
R (1)
) =uf + =
Fi(A) = tp Zﬂ ol
by(A) G Gy R(W)
A= = —t + = , .
P2 a(d) Z (A-2? 2 B’ Z A+l Z (A- ;)7 a*() (5-2)

_ by Cs; o G
FO=20t Z(a A)*_Etﬂ +Zzl+l Z(z L)

with

The comparison of the coeflicients of /ll, [=0,...,N —1inequation
by(A) = a()( tr,B + Z 1)

and the comparison of the coefficients of A’, [ = 0,1,...,2N — 1 in equation

bs(A) = () tr,B + Z W
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respectively, yield
1 1
Iy = Ealtrﬁz +fo= Ealtr,Bz + (Bs = B1)Vvan-1 + (B3 — B2)van,

2 2
I; = galtf,33 + 8o = 5“1“[33 + (83 = BD)van-1 + (B3 — B3)Vaws

J
1
= Za,-fj_,- + Eaj+1trﬁ2, j: 1,...,N-1,

i=0
k+1 1
_ _ Y. X - _
Iy = ; (Z;a,-aj)gkﬂ_l + 3 Z; aajttf’, k=0,...,2N - 2.
B i-’#]_/';l i+_}'j:7<+2
Let a5
vi=—,i=1,...,3N =-2.
O

We obtain from (4.3) that the completely separated Hamilton-Jacobi equations:

(B R (o) (Ko b S0y Jas
O a(u;) \ou; 2a%(uy)  au;) (/li_/lj)z O,

J=1

b3(u) Cy___ (b VG (R | R |
{ﬂm Zm,ﬂﬁ wm+;wr@9wm+me‘Q

withi=1,...,3N — 2, from which we get an implicit complete integral of Hamilton-Jacobi equations
for the generating functions () and F3(A):

3N-2 3N-2

S = Z S i) =S, spuav-2s by s i) = Zf zdA4, (5.3)

where z satisfies (4.2).
Now let us consider a canonical transformation from the variables y;,v;,(i = 1,...,3N — 2) to
variables ¢; and I;, (i = 1,...,3N — 2), generated by the generating function S':

3N-2 3N-2

Vid/.ll' + Z ¢idli =dsS,

i=1 i=1

that satisfies
oS oS

i=—,¢;=—,i=1,--- ,3N-2. 54
14 o ¢ P (54)
Resorting to Eqgs (5.3), (5.4), (4.2) and (5.2), we arrive at
T (M (@z = R ()Y
- Zf 0 da, i=1,...,N—1,

HiH
i = Z f —d/l— A (5.5)

U
Zf dl, i=N,....3N -2,
ZiJy R
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where R(1) = 3d*()Z* - 2a(DR(Dz + 1R*(A) — Ry(1). From Egs (5.1) and (5.2), the generating
functions of integrals can be rewritten as

Fo) = i C»,) L LAY + LAV + AN 4+ Iy
(-4 a(d)
=KoLy, oo Iy-1, ),
i) = zN: Cy LB PN + AN+ Iy 4 Ly
L1 (-1, ()
= K3(Iy, ..., I3y-2, ).
Functions [y, -+ , iy, and ¢4, . . ., ¢3y_; are variables of action type and the corresponding variables of

angles, respectively. In the following, we will use these action-angle variables to discuss the equations
of motion for the Lie-Poisson Hamiltonian systems generated by the Lax matrix (3.1). The Hamiltonian
canonical equations for the generating functions #,(1) and ¥3(1) in terms of action-angle variables /;
and ¢;, j=1,...,3N -2, are as follows

N—j-1
O _ L7 cjen-
8Ij a(/l)
Pini = ok 0w : (5.6)
321 =0, N<j<3N-2
J
K>(A
jiaa = _aa%;) =0, 1<j<3N-2, (5.7)
J
I _ l<j<N-1
ol ’ /
¢j,t3,z = 6K3(/l) /13N—j—2 s (5.8)
= N<j<3N-2
ol a2 =J=
K5(A
Ljss, = —662 ) =0,1<j<3N-2. (5.9)
J

Let t,, and #3,; represent the variables of F; ;-flow and F3 ;-flow, respectively. According to the definition
of the Lie-Poisson bracket, one infers

- 1 > 1 dl
L, = Z 1 {1j, F3,} = Z B ?31
o~ | = | d<;) . j=1,...3N-2. (5.10)
_ _ J
b= D b Fad = D g
=0 1=0 >
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Proposition 5.1.

with

Wb e e (o)
dt,,”  Tdoyy- dny’ T diono 0 On)’
I A A AN 1 By B, -+ By
I A An I By -+ B
On = ' .t ], On= .o :
1 A 1 B
1 1
where A}’s are the coefficients in the expansion
AN i Ay
a() &

which could be represented through the power sums of A;, that is

1
Ag=1, A1 =51, Ay = E(Sz + S%)

with the recursive formula

Ay = %[sk + Z smAn], S = ZN:A".,
=1

m, nx1
m+n=k

and B,’s are obtained by comparing the coefficients of 1", r =0, 1,..., in equation

/12N

“ A B,
() :(Z /1_']:] =27

k=0 r=0

(5.11)

where By = A% =1, By =2Ay,---,B, = ) A,A, with the supplementary definition A_,=B_; = 0,

k=1,2,....

m,n=0
m+n=r

Proof. Using (5.6), (5.8) and (5.10), it is easy to see that

AIMS Mathematics

1
/UH

1

&

1

1

I+1

&~

1

s 2035 2Ds 2D g

<”3
P

10 Faub =

[+1{¢j’F3,l} :O,j: 1,

[y 1 ‘
U Fa) = ) gl Fad =0, j = 1. 3N =2,
=0
AV S A
= . I,...,N -1,

a) LT

’N_l’

{¢j,F2,l}:O,j:N,...,3N—2,

1 {¢j, F31} =

/13N—j—2 > Bk ‘
) kZ:;‘ e S =N

,3N = 2.

(5.12)
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By comparing the coefficients of A7"! in (5.12), we deduce the Poisson brackets

{ FZI} 0’ {Ij’F3,l}:0,j:19'~~,3N_2s
,Fr ) = nF3 =0, j=1,...,3N -2,
{9, Fou} =0, {¢), F3} J . (5.13)
{¢]’F21} Al J» {¢]’F3l} Oa le,---,N_l,
{

¢, Fry) =0, {¢j, F3;} = Byun-j-1, j=N,...,3N = 2.
Thus, the non-degenerate matrix takes on the form (5.11). O

Proposition 5.2. F,,, - ,Fan-1, Fzi1,--+,Fsoy-1 given in (3.4) and (3.5) are functionally
independent.

Proof. We need only prove the linear independence of the gradients: VF,,---,VFyy_y,
VF3’1, s VF3’2N_1 . Suppose
N-1 2N-1
Z ck VFy + Z CNim-1 VF3,, = 0.
k=1 m=1
It is easy to calculate that
N-1 2N-1
0= ck{¢ja FZ,k} + Z cN+m—l{¢ja F3,m}
k=1 m=1
-1 2N-1
kd N+m— 1df3m
k=1
which implies that ¢; = ¢; = --- = c3y—» = 0 because the coefficient determinant is equal to 1
by (5.11). |

Remark 2. From Corollary 3.1 and the above Proposition, it is proved that the Lie-Poisson
Hmailtonian systems (3.8) and (3.9) with the Hamiltonians (3.6) and (3.7) are complete integrable
in the Liouville sense because their 3N — 2 integrals F, 1, -+ , Fon-1, F3.1, -+ , F3,y-1 are involutive in
pairs and functionally independent.

For given values of the 3N Casimir functions in (4.1), Fy; = Z?’zl /lﬂ.C 1j are constants, which means
that {¢;, Fo;} = 0. Based on (5.13) and (3.6), the solution of the Lie-Poisson Hmailtonian system (3.8)
in terms of action-angle variables ¢; and I; is

¢;0) — (B +yDA_jx, j=L,...,N-1,

5.14
¢i(0) + y2By_x, j=N,...,3N = 2. (5.14)

Ij(x) = Ij(o), ¢j(x) = {

Thus, combining (5.5) with (5.14) give rise to the Jacobi inversion problem

3N-2 Ak (a(/l)Z _ Rl(/l))/lN_-i_l
$;(0) — (2B + yDA|_jx = da, j=1,...,N—1,
; 0 RQV
3N-2 /13N j-2

¢i(0) + y2By_jx = f ——dA, j=N,...,3N -2.
ST ; o R
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For the Lie-Poisson Hamiltonian system (3.9) with respect to Lie-Poisson bracket (5.13), we obtain
by using (3.7) that

$;0)+A_;t, j=1,...,.N-1,

¢(0), j=N,...,3N=2. (5.15)

I;(t) = 10), ¢;(r) = {
With the help of (5.5) and (5.15), we deduce the Jacobi inversion problem

M (a()z = R (D))
$;(0)+A_jt =Zf (@) R(l/g))) da, j=1,...,N—-1,

3N-2 ';sz
(0 = ———d4, j=N,...,3N-2.
?,0) kzlf RO

The compatible solution of Lie-Poisson Hamiltonian systems (3.8) and (3.9) in terms of action-angle
variables ¢; and /; is

Ii(x,1) = 1;0,0),

bt = {¢j<o,0>—(yztrﬁ+yl>A1_jx+A1_,-r, j=1....N-1,
J\As ) =

5.16
$,(0,0) + y2By_x, J=N....3N-2. (5.16)

Thus, by making use of (5.5) and (5.16), we arrive at the Jacobi inversion problem for the TWRI
Eq (1.1)

& (aDz = R ())AV!
$(0,0) = (natiB + YDA jx + A _jt = ) ( R(lﬂ WG j=1, N1,
~ Jo )

SN2~ 33N-j-2

(0,0 By ix =
6,(0,0) + y2By_jx ;fo T

di, j=N,...,3N -2.

6. Conclusions

In this paper, two finite dimensional Lie-Poisson Hamiltonian systems associated with a 3 X 3
spectral problem related to three-wave resonant interaction system are presented with the help
of nonlinearization method. In the framework of Lie-Poisson structure, it is easier to prove the
integrability for these finite-dimensional Lie-Poisson Hamiltonian systems in Liouville sense. 3N
pairs of separation of variables for these integrable systems with non-hyperelliptic spectral curves are
constructed and 3N — 2 pairs of them are proposed by using Sklyanin’s method. In addition, apart
from the variables yy, vi(k = 1,--- ,3N — 2), we add two pairs of conjugate variables. 3N — 2 pairs
of action-angle variables are introduced with the help of Hamilton-Jacobi theory. The Jacobi inversion
problems for the these Lie-Poisson Hamiltonian systems and three-wave resonant interaction system
are discussed. Furthermore, based upon the Jacobi inversion problems, we may use the algebro-
geometric method to get the multi-variable sigma-function solutions, which will be left to a future
publication. The methods in this paper can be applied to other systems of soliton hierarchies with 3 x 3
matrix spectral problems.
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