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1. Introduction

Limit theory is one of the important branches of probability theory. In recent years, the limitation of
classical limit theory which only applies to some deterministic models has been gradually highlighted.
In order to explain the uncertain phenomena in practical problems and to solve nonlinear probability
and distribution problems, many scholars began to study limit theory under sub-linear expectation.
Peng [1–3] was the first scholar to put forward the definition of sub-linear expectation space, and he
also constructed the relevant theoretical system. Sub-linear expectation space provides a more flexible
framework for solving sub-linear probability problems. On the basis of Peng’s research, Zhang [4–6]
obtained a series of important conclusions such as strong law of large numbers, exponential inequality,
Rosenthal’s inequality and so on under sub-linear expectations, which laid a foundation for the limit
theory research in sub-linear expectation space.

Complete convergence and complete moment convergence are two important parts of probability
limit theory. The concept of complete convergence was first proposed by Hsu [7]. As a more general
form of convergence, complete moment convergence was put forward later than complete convergence.
Chow [8] first proposed complete γ-order moment convergence. In probability space, the study
of complete convergence and complete moment convergence becomes mature relatively. Sung [9]
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proved the complete convergence for arrays of rowwise independent random, Wu [10,11] obtained the
complete convergence theorem of negatively dependent sequences and arrays of rowwise negatively
dependent random variables respectively, Bao et al. [12] expanded the range of random variables
and established the complete convergence of weighted sums of arrays of rowwise END random
variables and so on. Complete integral convergence in sub-linear expectation space corresponds to
complete moment convergence in probability space. In recent ten years, the results of complete
convergence and complete integral convergence in sub-linear expectations are increasingly abundant,
such as Deng and Wang [13], Li and Wu [14] obtained complete convergence and complete integral
convergence for extended independent random variables respectively, Lu et al. [15] proved complete
f -moment convergence for END variables, Zhong and Wu [16] extended the complete integral
convergence of weighted sum of END random variables, Xu and Cheng [17] got convergence theorems
for sum of i.i.d random variables, Ding [18] obtained a general form of precise asymptotics for
complete convergence, and Zhang [19] discussed sufficient and necessary conditions for convergence
of independent random variables, he also obtained the Lévy and Kolmogorov maximum inequalities
under sub-linear expectations.

There are a lot of conclusions about convergence properties of moving average process after the
notion of it was defined. For the study on limit theory of moving average process in classical
probability space, Ibragimov [20] first established the central limit theorem in 1962, and then Burton
and Dehling [21] obtained the large deviation theorem. Subsequently, Li et al. [22] proved that
the result of complete convergence of moving average process. Zhang [23] studied the complete
convergence of moving average process under dependent conditions. With the attention of scholars
in this field, many research results have been obtained. For example, Yang et al. [24] proved complete
convergence of moving average process based on AANA sequence, Yang and Hu [25] obtained
complete moment convergence of moving average process generated by PNQD random variables, Qiu
and Chen [26] investigated convergence of moving average process under END assumptions, and so
on. Recently, Tao et al. [27] studied complete convergence of moving average process generated by
WOD random variable sequence, Song and Zhu [28] studied complete convergence and complete
moment convergence of the maximum partial sum of moving average process based on ρ−-mixing
random variable sequence. Based on the above study, there are some research results on linear process
in sub-linear expectation space. For example, Liu and Zhang [29–31] got the central limit theorem for
linear processes generated by IID random variables, and investigated the law of the iterated logarithm
and large deviation principle for linear process based on stationary independent random variables.

In this paper, we aim to extend some convergence properties of Song and Zhu [28] from probability
space to sub-linear space and get corresponding results.

2. Preliminaries

We use the framework and notations of Peng [1–3]. Let (Ω,F ) be a given measurable space and
let H be a linear space of real functions defined on (Ω,F ) such that if X1, X2, . . . , Xn ∈ H then
ϕ(X1, . . . , Xn) ∈ H for each ϕ ∈ Cl,Lip(Rn), where Cl,Lip(Rn) denotes the linear space of (local Lipschitz)
functions ϕ satisfying

|ϕ(x) − ϕ(y)| ≤ c(1 + |x|m + |y|m)|x − y|, ∀ x, y ∈ Rn,
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for some c > 0, m ∈ N depending on ϕ. H is considered as a space of random variables. In this case
we denote X ∈ H .

Definition 2.1. A sub-linear expectation Ê on H is a function Ê : H → R̄ satisfying the following
properties: For all X,Y ∈ H , we have

(1) Monotonicity: If X ≥ Y then ÊX ≥ ÊY;

(2) Constant preserving: Êc = c;

(3) Sub-additivity: Ê(X + Y) ≤ ÊX + ÊY; whenever ÊX + ÊY is not of the form +∞−∞ or −∞ +∞;

(4) Positive homogeneity: Ê(λX) = λÊX, λ ≥ 0.

Here R̄ = [−∞,∞]. The triple (Ω,H , Ê) is called a sub-linear expectation space.
Given a sub-linear expectation Ê, let us denote the conjugate expectation ε̂ of Ê by

ε̂X := −Ê(−X), ∀X ∈ H .

From the definition, it is easily shown that for all X,Y ∈ H ,

ε̂X ≤ ÊX, Ê(X + c) = ÊX + c, |Ê(X − Y)| ≤ Ê|X − Y | and Ê(X − Y) ≥ ÊX − ÊY.

If ÊY = ε̂Y , then Ê(X + aY) = ÊX + aÊY for any a ∈ R. Next, we consider the capacities
corresponding to the sub-linear expectations. Let G ⊂ F . A function V : G → [0, 1] is called a
capacity if

V(∅) = 0, V(Ω) = 1 and V(A) ≤ V(B) for ∀A ⊆ B, A, B ∈ G.

It is called sub-additive if V(A∪B) ≤ V(A) + V(B) for all A, B ∈ G with A∪B ∈ G. In the sub-linear
space (Ω,H , Ê), we denote a pair (V,V) of capacities by

V(A) := inf{Êξ; I(A) ≤ ξ, ξ ∈ H}, V(A) := 1 − V(Ac), ∀A ∈ F ,

where Ac is the complement set of A. By definition of V and V, it is obvious that V is sub-additive,
and

V ≤ V, ∀A ∈ F .

If I(A) ∈ H , then V(A) = Ê (I (A)) , V(A) = ε̂ (I (A)).

If f ≤ I(A) ≤ g, f , g ∈ H , then Ê f ≤ V(A) ≤ Êg, ε̂ f ≤ V(A) ≤ ε̂g.

Definition 2.2. We define the Choquet integrals/expecations (CV,CV) by

CV =

∫ ∞

0
V(X ≥ t)dt +

∫ 0

−∞

[V(X ≥ t) − 1] dt,

with V being replaced by V andV respectively.
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Definition 2.3. In a sub-linear expectation space (Ω,H , Ê), a random vector Y = (Y1, . . . ,Yn) ,Yi ∈ H

is said to be independent to another random vector X = (X1, . . . , Xm) , Xi ∈ H under Ê if

Ê[ϕ(X,Y)] = Ê
[
Ê[ϕ(x,Y)]

∣∣∣
x=X

]
,∀ϕ ∈ Cl, Lip (Rm × Rn) ,

whenever ϕ̄(x) := Ê[|ϕ(x,Y)|] < ∞ for all x and Ê[|ϕ̄(X)|] < ∞.

Next, we introduce a definition that extends the concept of stationary sequence to sub-linear
expectation spaces.

Definition 2.4. {Yn, n ∈ N} is said to be a sequence of stationary random variables on the (Ω,H , Ê), if
for any a function φn ∈ Cl,Lip (Rn) : Rn → R, then

Ê
[
φn (Y1,Y2, . . . ,Yn)

]
= Ê

[
φn (Y1+k,Y2+k, . . . ,Yn+k)

]
, ∀n ≥ 1, k ∈ N

Definition 2.5. In a sub-linear expectation space (Ω,H , Ê), a sequence of random variables {Xn, n > 1}
is said to be stochastically dominated by a random variable X if there exists a positive constant c such
that

Ê ( f (|Xn|)) 6 cÊ( f (|X|)),∀0 6 f ∈ Cl,Lip(R).

Definition 2.6. (i) A sub-linear expectation Ê : H → R is called to be countably sub-additive if

Ê(X) ≤
∞∑

n=1

Ê (Xn) , where X ≤
∞∑

n=1

Xn, X, Xn ∈ H , X ≥ 0, Xn ≥ 0, n ≥ 1.

(ii) A function V : F → [0, 1] is called to be countably sub-additive if

V

 ∞⋃
n=1

An

 ≤ ∞∑
n=1

V (An) , ∀An ∈ F .

In this paper, the symbol c stands for a generic positive constant which may differ from one place to
another. Let an � bn denote that there exists a constant c > 0 such that an ≤ cbn for sufficiently large
n, and I(·) denote an indicator function.

To prove our results,we need the following lemmas.

Lemma 2.1. (Zhang [6]) (i) Markov inequality: ∀X ∈ H ,

V(|X| ≥ x) ≤
Ê(|X|p)

xp , ∀x > 0, p > 0,

(ii) Hölder inequality: ∀X,Y ∈ H , p, q > 1 satisfying p−1 + q−1 = 1,

Ê(|XY |) ≤
(
Ê (|X|p)

)1/p (
Ê (|Y |q)

)1/q
.

Lemma 2.2. (Zhong and Wu [16]) Suppose X ∈ H , p > 0, α > 0, and l(x) is a slowly varying function.
(i) Then for any c > 0,

CV [|X|αpl (|X|p)] < ∞ ⇔
∞∑

n=1

nα−1l(n)V
(
|X| > cn1/p

)
< ∞,
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taking l(x) = 1 and l(x) = log(1 + |X|) respectively, we can get that ∀c > 0,

CV (|X|αp) < ∞ ⇔
∞∑

n=1

nα−1V
(
|X| > cn1/p

)
< ∞, (2.1)

CV
[
|X|αp log (1 + |X|)

]
< ∞ ⇔

∞∑
n=1

nα−1 log (1 + n)V
(
|X| > cn1/p

)
< ∞. (2.2)

(ii) If CV [|X|αpl (|X|p)] < ∞, then for any θ > 1 and c > 0,

∞∑
k=1

θkαl
(
θk

)
V

(
|X| > cθk/p

)
< ∞,

taking l(x) = 1, CV [|X|αp] < ∞ implies

∞∑
k=1

θkαV
(
|X| > cθk/p

)
< ∞, (2.3)

and taking l(x) = log(1 + |X|), CV
[
|X|αp log(1 + |X|p)

]
< ∞ implies that

∞∑
k=1

θkα log(1 + θk)V
(
|X| > cθk/p

)
< ∞. (2.4)

Lemma 2.3. (Zhang [5]) Suppose that Xk is independent to (Xk+1, . . . , Xn) for each k = 1, . . . , n − 1,
and ÊXn ≤ 0 for n ≥ 1. Then

Ê
[(

S +
n
)r]
≤ Cr

 n∑
k=1

Ê
[
|Xk|

r] +

 n∑
k=1

Ê
[
|Xk|

2
]r/2 , for r > 2, (2.5)

here Cr is a positive constant depending only on r.

Lemma 2.4. (Xu and Cheng [17]) Let Y be a random variable under sub-linear expectation space
(Ω,H , Ê). Then for any α > 0, γ > 0 and β < −1,∫ ∞

1
uβÊ [|Y |αI (|Y | ≤ uγ)] du ≤ cCV

(
|Y |(β+1)/γ+α

)
,∫ ∞

1
uβ log (u) Ê [|Y |αI (|Y | ≤ uγ)] du ≤ cCV

(
|Y |(β+1)/γ+α log(1 + |Y |)

)
.

Lemma 2.5. (Zhang [5]) If Ê is countably sub-additive, then for X ∈ H ,

Ê (|X|) ≤ CV (|X|) .
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3. Main results

Theorem 3.1. Let 1 ≤ p < 2, α > 1. Assume {ai,−∞ < i < ∞} is an absolutely summable sequence
of real numbers. Suppose that

{
Xn =

∑∞
i=−∞ aiYi+n, n ≥ 1

}
is a moving average process generated by

a sequence
{
Y j,−∞ < j < ∞

}
of stationary independent random variables which is stochastically

dominated by a random variable Y. If Ê is countably sub-additive, CV (|Y |αp) < ∞ and ÊY j = ε̂Y j = 0,
then for any ε > 0,

∞∑
n=1

nα−2V
{
|S n| > εn1/p

}
< ∞. (3.1)

Theorem 3.2. Assume that the conditions of Theorem 3.1 are satisfied. Let r > 0, and
CV (|Y |αp) < ∞, if r < αp,
CV

(
|Y |αp log(1 + |Y |)

)
< ∞, if r = αp,

CV (|Y |r) < ∞, if r > αp,

then for any ε > 0,
∞∑

n=1

nα−2−r/pCV
{
|S n| − εn1/p

}r

+
< ∞. (3.2)

4. Proof of major results

4.1. Proof of Theorem 3.1

For fixed n ≥ 1 and for −∞ < j < +∞, denote

Y ′j := −n1/pI
(
Y j < −n1/p

)
+ Y jI

(∣∣∣Y j

∣∣∣ ≤ n1/p
)

+ n1/pI
(
Y j > n1/p

)
,

Y ′′j := Y j − Y ′j =
(
Y j + n1/p

)
I
(
Y j < −n1/p

)
+

(
Y j − n1/p

)
I
(
Y j > n1/p

)
.

Note that

n∑
k=1

Xk =

n∑
k=1

∞∑
i=−∞

aiYi+k =

∞∑
i=−∞

ai

i+n∑
j=i+1

Y j =

∞∑
i=−∞

ai

i+n∑
j=i+1

(Y ′j + Y ′′j ).

Thus,

∞∑
n=1

nα−2V
{
|S n| > εn1/p

}
=

∞∑
n=1

nα−2V


∣∣∣∣∣∣∣
∞∑

i=−∞

ai

i+n∑
j=i+1

(Y ′j + Y ′′j )

∣∣∣∣∣∣∣ > εn1/p


≤

∞∑
n=1

nα−2V


∣∣∣∣∣∣∣
∞∑

i=−∞

ai

i+n∑
j=i+1

Y ′′j

∣∣∣∣∣∣∣ > εn1/p

2

 +

∞∑
n=1

nα−2V


∣∣∣∣∣∣∣
∞∑

i=−∞

ai

i+n∑
j=i+1

Y ′j

∣∣∣∣∣∣∣ > εn1/p

2


:=I1 + I2.
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Let 2−
1
α < µ < 1, g(y) ∈ Cl,Lip(R), such that 0 ≤ g(y) ≤ 1 for all y and g(y) = 1 if |y| ≤ µ, g(y) = 0 if

|y| > 1. And g(y) is a decreasing function for y ≥ 0. Then,

I(|y| ≤ µ) ≤ g(|y|) ≤ I(|y| ≤ 1), I(|y| > 1) ≤ 1 − g(|y|) ≤ I(|y| > µ). (4.1)

Let g j(y) ∈ Cl,Lip(R), j ≥ 1 such that 0 ≤ g j(y) ≤ 1 for all y and g j

(
y

2 j/α

)
= 1 if 2( j−1)/α < |y| ≤ 2 j/α,

g j

(
y

2 j/α

)
= 0 if |y| ≤ µ2( j−1)/α or |y| > (1 + µ)2 j/α. Then,

I
(
2

j−1
α < |Y | ≤ 2

j
α

)
≤ g j

(
|Y |
2 j/α

)
≤ I

(
µ2

j−1
α < |Y | ≤ (1 + µ)2

j
α

)
, (4.2)

|Y |qg
(
|Y |

2k/α

)
≤ 1 +

k∑
j=1

|Y |qg j

(
|Y |
2 j/α

)
,∀q > 0, (4.3)

|Y |q
(
1 − g

(
|Y |

2k/α

))
≤

∞∑
j=k

|Y |qg j

(
|Y |
2 j/α

)
,∀q > 0. (4.4)

For I1, noting
∣∣∣Y ′′j ∣∣∣ ≤ ∣∣∣Y j

∣∣∣ I
(∣∣∣Y j

∣∣∣ > n1/p
)
, g(y) is a decreasing function for y ≥ 0 and

∞∑
i=−∞
|ai| < ∞,

then by (4.1) and countably sub-additive of Ê: Ê
(
∞∑

n=1
Xn

)
≤
∞∑

n=1
ÊXn for Xn ≥ 0, we have

I1 ≤ c
∞∑

n=1

nα−2−1/pÊ

∣∣∣∣∣∣∣
∞∑

i=−∞

ai

i+n∑
j=i+1

Y ′′j

∣∣∣∣∣∣∣
≤ c

∞∑
n=1

nα−2−1/p
∞∑

i=−∞

|ai|

i+n∑
j=i+1

Ê
∣∣∣Y ′′j ∣∣∣

≤ c
∞∑

n=1

nα−2−1/p
∞∑

i=−∞

|ai|

i+n∑
j=i+1

Ê|Y j|

(
1 − g

(
|Y j|

n1/p

))

≤ c
∞∑

n=1

nα−1−1/p
∞∑

i=−∞

|ai| Ê|Y |
(
1 − g

(
|Y |

n1/p

))
≤ c

∞∑
n=1

nα−1−1/pÊ|Y |
(
1 − g

(
|Y |

n1/p

))

= c
∞∑

k=0

2k+1−1∑
n=2k

nα−1−1/pÊ|Y |
(
1 − g

(
|Y |

n1/p

))

≤ c
∞∑

k=1

2k(α−1/p)Ê|Y |
(
1 − g

(
|Y |
2k/p

))
.

Thus, combined with (4.4), countably sub-additive of Ê and (2.3), we get

I1 ≤ c
∞∑

k=1

2k(α−1/p)Ê

 ∞∑
j=k

|Y |g j

(
|Y |
2 j/p

)
AIMS Mathematics Volume 7, Issue 6, 9694–9715.
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≤ c
∞∑

k=1

2k(α−1/p)
∞∑
j=k

Ê |Y | g j

(
|Y |
2 j/p

)

≤ c
∞∑
j=1

Ê|Y |g j

(
|Y |
2 j/p

) j∑
k=1

2k(α−1/p)

≤ c
∞∑
j=1

2 jαÊ

(
g j

(
|Y |
2 j/p

))

≤ c
∞∑
j=1

2 jαV
(
|Y | > µ2−1/p2 j/p

)
< ∞.

In the following, we prove I2 < ∞. First, we prove that

n−1/p

∣∣∣∣∣∣∣
∞∑

i=−∞

ai

i+n∑
j=i+1

ÊY ′j

∣∣∣∣∣∣∣→ 0 as n→ ∞.

Since
∞∑

i=−∞
|ai| < ∞, ÊY j = 0 and |ÊX − ÊY | ≤ Ê|X − Y |, noting α > 1 and αp > 1. By countably

sub-additive of Ê and Lemma 2.4, we know Ê (|Y |αp) ≤ CV (|Y |αp) < ∞, together with (4.1), we have

n−1/p

∣∣∣∣∣∣∣
∞∑

i=−∞

ai

i+n∑
j=i+1

ÊY ′j

∣∣∣∣∣∣∣ ≤ n−1/p
∞∑

i=−∞

|ai|

i+n∑
j=i+1

∣∣∣ÊY j − ÊY ′j
∣∣∣

≤ n−1/p
∞∑

i=−∞

|ai|

i+n∑
j=i+1

Ê
∣∣∣Y j − Y ′j

∣∣∣
≤ n1−1/pÊ|Y |

(
1 − g

(
|Y |

n1/p

))
≤ n1−1/pE|Y ||Y |

αp−1

n(αp−1)/p

(
1 − g

(
|Y |

n1/p

))
≤ cn1−αÊ|Y |αp → 0 as n→ ∞.

Therefore, for all n large enough, we obtain∣∣∣∣∣∣∣
∞∑

i=−∞

ai

i+n∑
j=i+1

ÊY ′j

∣∣∣∣∣∣∣ < εn1/p

4
. (4.5)

By (4.5), Markov inequality, Hölder inequality: Ê(|XY |) ≤
(
Ê (|X|p)

)1/p (
Ê (|Y |q)

)1/q
for p, q > 1

satisfying 1
p + 1

q = 1 and Cr inequality, taking v > max
{
αp, 2, 2p(α−1)

2−p

}
, we have that

I2 ≤

∞∑
n=1

nα−2V


∣∣∣∣∣∣∣
∞∑

i=−∞

ai

i+n∑
j=i+1

(
Y ′j − ÊY ′j

)∣∣∣∣∣∣∣ > εn1/p

4


AIMS Mathematics Volume 7, Issue 6, 9694–9715.



9702

≤ c
∞∑

n=1

nα−2−v/pÊ

∣∣∣∣∣∣∣
∞∑

i=−∞

ai

i+n∑
j=i+1

(
Y ′j − ÊY ′j

)∣∣∣∣∣∣∣
v

≤ c
∞∑

n=1

nα−2−v/pÊ

 ∞∑
i=−∞

|ai|

∣∣∣∣∣∣∣
i+n∑

j=i+1

(
Y ′j − ÊY ′j

)∣∣∣∣∣∣∣


v

= c
∞∑

n=1

nα−2−v/pÊ

 ∞∑
i=−∞

|ai|
1−1/v

|ai|
1/v

∣∣∣∣∣∣∣
i+n∑

j=i+1

(
Y ′j − ÊY ′j

)∣∣∣∣∣∣∣



v

≤ c
∞∑

n=1

nα−2−v/pÊ


 ∞∑

i=−∞

(
|ai|

v−1
v
) v

v−1


v−1

v
 ∞∑

i=−∞

(
|ai|

1
v
)v

∣∣∣∣∣∣∣
i+n∑

j=i+1

(
Y ′j − ÊY ′j

)∣∣∣∣∣∣∣
v

1
v


v

≤ c
∞∑

n=1

nα−2−v/p

 ∞∑
i=−∞

|ai|

v−1  ∞∑
i=−∞

|ai| Ê

∣∣∣∣∣∣∣
i+n∑

j=i+1

(
Y ′j − ÊY ′j

)∣∣∣∣∣∣∣
v

≤ c
∞∑

n=1

nα−2−v/p
∞∑

i=−∞

|ai| Ê


∣∣∣∣∣∣∣
 i+n∑

j=i+1

(
Y ′j − ÊY ′j

)
+

+

 i+n∑
j=i+1

(
Y ′j − ÊY ′j

)
−∣∣∣∣∣∣∣

v
≤ c

∞∑
n=1

nα−2−v/p
∞∑

i=−∞

|ai|

Ê

 i+n∑

j=i+1

(
Y ′j − ÊY ′j

)
+

v

+ Ê


 i+n∑

j=i+1

(
Y ′j − ÊY ′j

)
−

v .
Because of the fact that

{
Y ′j − ÊY ′j,−∞ < j < ∞

}
is independent, by (2.5) and Cr inequality, together

with
∣∣∣ÊY ′j

∣∣∣v ≤ Ê ∣∣∣Y ′j∣∣∣v, for all i and n, we have

Ê


 i+n∑

j=i+1

(
Y ′j − ÊY ′j

)
+

v

≤ c


i+n∑

j=i+1

Ê
∣∣∣Y ′j − ÊY ′j

∣∣∣v +

 i+n∑
j=i+1

Ê
∣∣∣Y ′j − ÊY ′j

∣∣∣2
v/2

≤ c
i+n∑

j=i+1

Ê
∣∣∣Y ′j − ÊY ′j

∣∣∣v + c

 i+n∑
j=i+1

Ê
∣∣∣Y ′j − ÊY ′j

∣∣∣2
v/2

≤ c
i+n∑

j=i+1

Ê
∣∣∣Y ′j∣∣∣v + c

 i+n∑
j=i+1

Ê
∣∣∣Y ′j∣∣∣2


v/2

. (4.6)

By ÊY j = ε̂Y j = 0, it shall be noted that
{
−Y j,−∞ < j < ∞

}
also satisfies the conditions of

Theorem 3.1. Considering −Y ′j instead of Y ′j in (4.6), then by (x + y)− ≤ x− + |y| and Cr inequality, for
all i and n, we can obtain

Ê


 i+n∑

j=i+1

(
Y ′j − ÊY ′j

)
−

v

=Ê


 i+n∑

j=i+1

(
Y ′j − ε̂Y ′j + ε̂Y ′j − ÊY ′j

)
−

v
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≤Ê


 i+n∑

j=i+1

(
Y ′j − ε̂Y ′j

)
−

+

∣∣∣∣∣∣∣
i+n∑

j=i+1

(
ε̂Y ′j − ÊY ′j

)∣∣∣∣∣∣∣


v

≤c

Ê

 i+n∑

j=i+1

(
Y ′j − ε̂Y ′j

)
−

v

+ Ê

∣∣∣∣∣∣∣
i+n∑

j=i+1

(
ε̂Y ′j − ÊY ′j

)∣∣∣∣∣∣∣
v

≤cÊ


 i+n∑

j=i+1

(
Y ′j − ε̂Y ′j

)
−

v

+ cÊ

 i+n∑
j=i+1

∣∣∣ε̂Y ′j − ÊY ′j
∣∣∣

v

≤cÊ


 i+n∑

j=i+1

(
Y ′j + Ê

(
−Y ′j

))
−

v

+ c

 i+n∑
j=i+1

∣∣∣ε̂Y ′j
∣∣∣

v

+ c

 i+n∑
j=i+1

∣∣∣ÊY ′j
∣∣∣

v

≤cÊ


 i+n∑

j=i+1

(
−Y ′j − Ê

(
−Y ′j

))
+

v

+ c

 i+n∑
j=i+1

∣∣∣∣−Ê (
−Y ′j

)∣∣∣∣
v

+ c

 i+n∑
j=i+1

∣∣∣ÊY ′j
∣∣∣

v

≤c
i+n∑

j=i+1

Ê
(∣∣∣∣(−Y ′j

)∣∣∣∣v) + c

 i+n∑
j=i+1

Ê
∣∣∣∣(−Y ′j

)∣∣∣∣2
v/2

+ c

 i+n∑
j=i+1

∣∣∣∣Ê (
−Y ′j

)∣∣∣∣
v

+ c

 i+n∑
j=i+1

∣∣∣ÊY ′j
∣∣∣

v

≤c
i+n∑

j=i+1

Ê
∣∣∣Y ′j∣∣∣v + c

 i+n∑
j=i+1

Ê
∣∣∣Y ′j∣∣∣2


v/2

+ c

 i+n∑
j=i+1

∣∣∣∣Ê (
±Y ′j

)∣∣∣∣
v

. (4.7)

By (4.6) and (4.7), we have

I2 ≤c
∞∑

n=1

nα−2−v/p
∞∑

i=−∞

|ai|

Ê

 i+n∑

j=i+1

(
Y ′j − ÊY ′j

)
+

v

+ Ê


 i+n∑

j=i+1

(
Y ′j − ÊY ′j

)
−

v
≤c

∞∑
n=1

nα−2−v/p
∞∑

i=−∞

|ai|

i+n∑
j=i+1

Ê
∣∣∣Y ′j∣∣∣v + c

∞∑
n=1

nα−2−v/p
∞∑

i=−∞

|ai|

 i+n∑
j=i+1

Ê
∣∣∣Y ′j∣∣∣2


v/2

+ c
∞∑

n=1

nα−2−v/p
∞∑

i=−∞

|ai|

 i+n∑
j=i+1

∣∣∣∣Ê (
±Y ′j

)∣∣∣∣
v

:=I21 + I22 + I23.

For I21, by (2.1), (4.2), (4.3) and v > αp, we have

I21 ≤ c
∞∑

n=1

nα−2−v/p
∞∑

i=−∞

|ai|

i+n∑
j=i+1

nv/pÊ

1 − g


∣∣∣Y j

∣∣∣
n1/p

 + Ê
∣∣∣Y j

∣∣∣v g

µ
∣∣∣Y j

∣∣∣
n1/p


≤ c

∞∑
n=1

nα−1−v/p

[
nv/pÊ

(
1 − g

(
|Y |

n1/p

))
+ Ê |Y |v g

(
µ |Y |
n1/p

)]
≤ c

∞∑
n=1

nα−1V
(
|Y | > µn1/p

)
+ c

∞∑
n=1

nα−1−v/pÊ|Y |vg
(
µ|Y |
n1/p

)
�

∞∑
n=1

nα−1−v/pÊ|Y |vg
(
µ|Y |
n1/p

)
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=

∞∑
k=0

2k+1−1∑
n=2k

nα−1−v/pÊ|Y |vg
(
µ|Y |
n1/p

)

≤

∞∑
k=1

2k(α−v/p)Ê|Y |vg
(
µ|Y |

2(k+1)/p

)

≤

∞∑
k=1

2k(α−v/p)Ê

1 +

k∑
j=1

|Y |vg j

(
µ|Y |

2( j+1)/p

)
≤

∞∑
k=1

2k(α−v/p) +

∞∑
k=1

2k(α−v/p)
k∑

j=1

Ê

(
|Y |vg j

(
µ|Y |

2( j+1)/p

))

�

∞∑
j=1

2 jv/pV
(
|Y | > 2 j/p

) ∞∑
k= j

2k(α−v/p)

≤

∞∑
j=1

2 jαV
(
|Y | > 2 j/p

)
< ∞. (4.8)

For I22, we consider the following two cases.

If 1 < αp < 2, noting Ê
∣∣∣Y ′j∣∣∣ ≤ Ê ∣∣∣Y j

∣∣∣, ∞∑
i=−∞
|ai| < ∞ and Ê (|Y |αp) ≤ CV (|Y |αp) < ∞, by v > 2,

α − 2 − (α − 1)v/2 < −1, we have

I22 ≤ c
∞∑

n=1

nα−2−v/p
∞∑

i=−∞

|ai|

 i+n∑
j=i+1

n(2−αp)/pÊ
∣∣∣Y ′j∣∣∣αp


v/2

≤ c
∞∑

n=1

nα−2−v/p
∞∑

i=−∞

|ai|

 i+n∑
j=i+1

n(2−αp)/pÊ
∣∣∣Y j

∣∣∣αp


v/2

≤ c
∞∑

n=1

nα−2−v/p+v/2
(
n(2−αp)/pÊ|Y |αp

)v/2

≤ c
∞∑

n=1

nα−2−(α−1)v/2

< ∞. (4.9)

If αp ≥ 2, it follows by v > 2p(α−1)
2−p , α − 2 − v/p + v/2 < −1, we have

I22 ≤ c
∞∑

n=1

nα−2−v/p
∞∑

i=−∞

|ai|

 i+n∑
j=i+1

Ê
∣∣∣Y j

∣∣∣2
v/2

≤ c
∞∑

n=1

nα−2−v/p
∞∑

i=−∞

|ai|
(
nÊ |Y |2

)v/2

≤ c
∞∑

n=1

nα−2−v/p
(
nÊ |Y |2

)v/2
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≤ c
∞∑

n=1

nα−2−v/p+v/2

< ∞. (4.10)

To prove I23 < ∞, we first estimate
∞∑

i=−∞
|ai|

(
i+n∑

j=i+1

∣∣∣∣Ê (
±Y ′j

)∣∣∣∣)v

. In view of Ê
(
±Y j

)
= 0 and∣∣∣ÊX − ÊY

∣∣∣ ≤ Ê |X − Y |. Noting
∣∣∣Y ′′j ∣∣∣ ≤ ∣∣∣Y j

∣∣∣ I
(∣∣∣Y j

∣∣∣ > n1/p
)
, and by Lemma 2.4, we obtain

∞∑
i=−∞

|ai|

 i+n∑
j=i+1

∣∣∣∣Ê (
±Y ′j

)∣∣∣∣
v

=

∞∑
i=−∞

|ai|

 i+n∑
j=i+1

∣∣∣∣Ê (
±Y j

)
− Ê

(
±Y ′j

)∣∣∣∣
v

≤

∞∑
i=−∞

|ai|

 i+n∑
j=i+1

Ê
∣∣∣∣(±Y j

)
−

(
±Y ′j

)∣∣∣∣
v

=

∞∑
i=−∞

|ai|

 i+n∑
j=i+1

Ê
∣∣∣∣(±Y ′′j

)∣∣∣∣
v

≤

∞∑
i=−∞

|ai|

 i+n∑
j=i+1

Ê
∣∣∣Y j

∣∣∣ 1 − g


∣∣∣Y j

∣∣∣
n1/p




v

≤ c
∞∑

i=−∞

|ai|

[
nÊ|Y |

(
1 − g

(
|Y |

n1/p

))]v

≤ c
[
nÊ|Y‖Y |αp−1

n(αp−1)/p

(
1 − g

(
|Y |

n1/p

))]v

� nv−αv+v/p. (4.11)

Noting v > max
{
αp, 2, 2p(α−1)

2−p

}
, such that α − 2 − (α − 1)v < −1, by (4.11), we have

I23 = c
∞∑

n=1

nα−2−v/p
∞∑

i=−∞

|ai|

 i+n∑
j=i+1

∣∣∣∣Ê (
±Y ′j

)∣∣∣∣
v

≤ c
∞∑

n=1

nα−2−v/p
(
nv−αv+v/p

)
�

∞∑
n=1

nα−2−(α−1)v

< ∞. (4.12)

From (4.8)–(4.10) and (4.12), it follows that I2 < ∞. Therefore (3.1) holds, the proof of Theorem 3.1
is completed.
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4.2. Proof of Theorem 3.2

For ∀ε > 0, we have by Theorem 3.1 that

∞∑
n=1

nα−2−r/pCV
(
|S n| − εn1/p

)r

+

=

∞∑
n=1

nα−2−r/p
∫ ∞

0
V

(
|S n| − εn1/p > x1/r

)
dx

=

∞∑
n=1

nα−2−r/p
∫ nr/p

0
V

(
|S n| > εn1/p + x1/r

)
dx +

∞∑
n=1

nα−2−r/p
∫ ∞

nr/p
V

(
|S n| > εn1/p + x1/r

)
dx

≤

∞∑
n=1

nα−2V
(
|S n| > εn1/p

)
+

∞∑
n=1

nα−2−r/p
∫ ∞

nr/p
V

(
|S n| > x1/r

)
dx

≤c
∞∑

n=1

nα−2−r/p
∫ ∞

nr/p
V

(
|S n| > x1/r

)
dx.

Hence, to prove (3.2), it suffices to show that

H :=
∞∑

n=1

nα−2−r/p
∫ ∞

nr/p
V

(
|S n| > x1/r

)
dx < ∞. (4.13)

Let x > nr/p, denote that

Y (1)
j := −x1/rI

(
Y j < −x1/r

)
+ Y jI

(∣∣∣Y j

∣∣∣ ≤ x1/r
)

+ x1/rI
(
Y j > x1/r

)
,

Y (2)
j := Y j − Y (1)

j =
(
Y j + x1/r

)
I
(
Y j < −x1/r

)
+

(
Y j − x1/r

)
I
(
Y j > x1/r

)
. (4.14)

For H, note that
n∑

k=1
Xk =

∞∑
i=−∞

ai

i+n∑
j=i+1

Y j, we have

H ≤
∞∑

n=1

nα−2−r/p
∫ ∞

nr/p
V


∣∣∣∣∣∣∣
∞∑

i=−∞

ai

i+n∑
j=i+1

Y (2)
j

∣∣∣∣∣∣∣ > x1/r

2

 dx +

∞∑
n=1

nα−2−r/p
∫ ∞

nr/p
V


∣∣∣∣∣∣∣
∞∑

i=−∞

ai

i+n∑
j=i+1

Y (1)
j

∣∣∣∣∣∣∣ > x1/r

2

 dx

≤

∞∑
n=1

nα−2−r/p
∫ ∞

nr/p
V


∣∣∣∣∣∣∣
∞∑

i=−∞

ai

i+n∑
j=i+1

Y (2)
j

∣∣∣∣∣∣∣ > x1/r

2

 dx

+

∞∑
n=1

nα−2−r/p
∫ ∞

nr/p
V

x−1/r

∣∣∣∣∣∣∣
∞∑

i=−∞

ai

i+n∑
j=i+1

(
Y (1)

j − ÊY (1)
j

)∣∣∣∣∣∣∣ > 1
2
− x−1/r

∣∣∣∣∣∣∣
∞∑

i=−∞

ai

i+n∑
j=i+1

ÊY (1)
j

∣∣∣∣∣∣∣
 dx

:=H1 + H2.

For H1, noting that g(y) is decreasing in y ≥ 0, by Markov inequality, (4.4), (4.2), (2.3) and (2.4),
we get

H1 ≤ c
∞∑

n=1

nα−2−r/p
∫ ∞

nr/p
x−1/rÊ

∣∣∣∣∣∣∣
∞∑

i=−∞

ai

i+n∑
j=i+1

Y (2)
j

∣∣∣∣∣∣∣ dx
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≤ c
∞∑

n=1

nα−2−r/p
∫ ∞

nr/p
x−1/r

∞∑
i=−∞

|ai|

i+n∑
j=i+1

Ê
∣∣∣∣Y (2)

j

∣∣∣∣ dx

≤ c
∞∑

n=1

nα−2−r/p
∫ ∞

nr/p
x−1/r

∞∑
i=−∞

|ai|

i+n∑
j=i+1

Ê|Y j|

(
1 − g

(
|Y j|

x1/r

))
dx

≤ c
∞∑

n=1

nα−1−r/p
∫ ∞

nr/p
x−1/rÊ|Y |

(
1 − g

(
|Y |
x1/r

))
dx

≤ c
∞∑

n=1

nα−1−r/p
∞∑

m=n

∫ (m+1)r/p

mr/p
x−1/rÊ|Y |

(
1 − g

(
|Y |
x1/r

))
dx

≤ c
∞∑

n=1

nα−1−r/p
∞∑

m=n

mr/p−1/p−1Ê|Y |
(
1 − g

(
|Y |

m1/p

))
= c

∞∑
m=1

mr/p−1/p−1Ê|Y |
(
1 − g

(
|Y |

m1/p

)) m∑
n=1

nα−1−r/p

≤


c
∞∑

m=1
mα−1−1/pÊ|Y |

(
1 − g

(
|Y |

m1/p

))
, if r < αp,

c
∞∑

m=1
mα−1−1/pÊ|Y |

(
1 − g

(
|Y |

m1/p

))
log(1 + m), if r = αp,

c
∞∑

m=1
mr/p−1−1/pÊ|Y |

(
1 − g

(
|Y |

m1/p

))
, if r > αp,

=



c
∞∑

k=0

2k+1−1∑
m=2k

mα−1−1/pÊ|Y |
(
1 − g

(
|Y |

m1/p

))
, if r < αp,

c
∞∑

k=0

2k+1−1∑
m=2k

mα−1−1/pÊ|Y |
(
1 − g

(
|Y |

m1/p

))
log(1 + m), if r = αp,

c
∞∑

k=0

2k+1−1∑
m=2k

mr/p−1−1/pÊ|Y |
(
1 − g

(
|Y |

m1/p

))
, if r > αp,

≤



c
∞∑

k=1
2k(α−1/p)Ê

(
∞∑
j=k
|Y | g j

(
|Y |

2 j/p

))
, if r < αp,

c
∞∑

k=1
2k(α−1/p)Ê

(
∞∑
j=k
|Y | g j

(
|Y |

2 j/p

))
log

(
1 + 2k

)
, if r = αp,

c
∞∑

k=1
2k(r−1)/pÊ

(
∞∑
j=k
|Y | g j

(
|Y |

2 j/p

))
, if r > αp,

≤



c
∞∑
j=1
Ê|Y |g j

(
|Y |

2 j/p

) j∑
k=1

2k(α−1/p), if r < αp,

c
∞∑
j=1
Ê|Y |g j

(
|Y |

2 j/p

) j∑
k=1

2k(α−1/p) log
(
1 + 2k

)
, if r = αp,

c
∞∑
j=1
Ê|Y |g j

(
|Y |

2 j/p

) j∑
k=1

2k(r−1)/p, if r > αp,
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≤



c
∞∑
j=1

2 jαV
(
|Y | > µ2−1/p2 j/p

)
, if r < αp,

c
∞∑
j=1

2 jα log
(
1 + 2 j

)
V

(
|Y | > µ2−1/p2 j/p

)
, if r = αp,

c
∞∑
j=1

2r j/pV
(
|Y | > µ2−1/p2 j/p

)
, if r > αp,

< ∞. (4.15)

In the following, we prove that H2 < ∞. First,we show that

sup
x≥nr/p

x−1/r

∣∣∣∣∣∣∣
∞∑

i=−∞

ai

i+n∑
j=i+1

ÊY (1)
j

∣∣∣∣∣∣∣→ 0 as n→ ∞.

By (4.14) and (4.1), we can imply

Ê
∣∣∣∣Y (1)

j

∣∣∣∣ � Ê [
|Y |g

(
µ|Y |
x1/r

)]
+ x1/rÊ

[
1 − g

(
|Y |
x1/r

)]
≤ Ê

[
|Y |g

(
µ|Y |
x1/r

)]
+ x1/rV(|Y | > µx1/r), (4.16)

Ê
∣∣∣∣Y (2)

j

∣∣∣∣ � Ê |Y | [1 − g
(
|Y |
x1/r

)]
. (4.17)

If r ≤ αp, by (2.1) and α > 1, we can get

∞∑
n=1

V
(
|Y | > µn1/p

)
≤

∞∑
n=1

nα−1V
(
|Y | > µn1/p

)
< ∞,

and V
(
|Y | > µn1/p

)
↓, so we get nV

(
|Y | > µn1/p

)
→ 0 as n→ ∞.

For x ≥ nr/p, note that
∞∑

i=−∞
|ai| < ∞, By (4.16), countably sub-additive of Ê and Lemma 2.4, we

have

sup
x≥nr/p

x−1/r

∣∣∣∣∣∣∣
∞∑

i=−∞

ai

i+n∑
j=i+1

ÊY (1)
j

∣∣∣∣∣∣∣ ≤ sup
x≥nr/p

x−1/r
∞∑

i=−∞

|ai|

i+n∑
j=i+1

∣∣∣∣ÊY (1)
j

∣∣∣∣
≤ sup

x≥nr/p
x−1/rn

(
Ê |Y | g

(
µ |Y |
x1/r

)
+ x1/rV

(
|Y | > µx1/r

))
≤ n1−1/pÊ|Y |g

(
µ |Y |
n1/p

)
+ nV

(
|Y | > µn1/p

)
≤ cn1−αÊ|Y |αp → 0 as n→ ∞.

If r > αp, since ÊY j = 0, by (4.17) and Lemma 2.4, we have

sup
x≥nr/p

x−1/r

∣∣∣∣∣∣∣
∞∑

i=−∞

ai

i+n∑
j=i+1

ÊY (1)
j

∣∣∣∣∣∣∣ ≤ sup
x≥nr/p

x−1/r
∞∑

i=−∞

|ai|

i+n∑
j=i+1

∣∣∣∣ÊY j − ÊY (1)
j

∣∣∣∣
≤ n−1/p

∞∑
i=−∞

|ai|

i+n∑
j=i+1

Ê
∣∣∣∣Y (2)

j

∣∣∣∣
AIMS Mathematics Volume 7, Issue 6, 9694–9715.
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≤ n1−1/pÊ|Y |
(
1 − g

(
|Y |

n1/p

))
≤ n1−1/pE|Y ||Y |

r−1

n(r−1)/p

(
1 − g

(
|Y |

n1/p

))
≤ cn1−r/pÊ|Y |r → 0 as n→ ∞.

It follows that for all n large enough, we get

sup
x≥nr/p

x−1/r

∣∣∣∣∣∣∣
∞∑

i=−∞

ai

i+n∑
j=i+1

ÊY (1)
j

∣∣∣∣∣∣∣ < 1
4
, (4.18)

which implies that

H2 ≤ c
∞∑

n=1

nα−2−r/p
∫ ∞

nr/p
V


∣∣∣∣∣∣∣
∞∑

i=−∞

ai

i+n∑
j=i+1

(
Y (1)

j − ÊY (1)
j

)∣∣∣∣∣∣∣ > x1/r

4

 dx.

By Markov inequality, Hölder inequality, Cr inequality and (2.5), similar to the proof of (4.6)
and (4.7), taking v > max

{
αp, r, 2, 2p(α−1)

2−p

}
, we have

H2 ≤c
∞∑

n=1

nα−2−r/p
∫ ∞

nr/p
x−v/rÊ

∣∣∣∣∣∣∣
∞∑

i=−∞

ai

i+n∑
j=i+1

(
Y (1)

j − ÊY (1)
j

)∣∣∣∣∣∣∣
v

dx

≤c
∞∑

n=1

nα−2−r/p
∫ ∞

nr/p
x−v/rÊ

 ∞∑
i=−∞

|ai|

∣∣∣∣∣∣∣
i+n∑

j=i+1

(
Y (1)

j − ÊY (1)
j

)∣∣∣∣∣∣∣


v

dx

=c
∞∑

n=1

nα−2−r/p
∫ ∞

nr/p
x−v/rÊ

 ∞∑
i=−∞

|ai|
1−1/v

|ai|
1/v

∣∣∣∣∣∣∣
i+n∑

j=i+1

(
Y (1)

j − ÊY (1)
j

)∣∣∣∣∣∣∣



v

dx

≤c
∞∑

n=1

nα−2−r/p
∫ ∞

nr/p
x−v/rÊ


 ∞∑

i=−∞

(
|ai|

v−1
v
) v

v−1


v−1

v
 ∞∑

i=−∞

(
|ai|

1
v
)v

∣∣∣∣∣∣∣
i+n∑

j=i+1

(
Y (1)

j − ÊY (1)
j

)∣∣∣∣∣∣∣
v

1
v


v

dx

≤c
∞∑

n=1

nα−2−r/p
∫ ∞

nr/p
x−v/r

 ∞∑
i=−∞

|ai|

v−1  ∞∑
i=−∞

|ai| Ê

∣∣∣∣∣∣∣
i+n∑

j=i+1

(
Y (1)

j − ÊY (1)
j

)∣∣∣∣∣∣∣
v dx

≤c
∞∑

n=1

nα−2−r/p
∫ ∞

nr/p
x−v/r

∞∑
i=−∞

|ai| Ê


∣∣∣∣∣∣∣
 i+n∑

j=i+1

(
Y (1)

j − ÊY (1)
j

)
+

+

 i+n∑
j=i+1

(
Y (1)

j − ÊY (1)
j

)
−∣∣∣∣∣∣∣

v dx

≤c
∞∑

n=1

nα−2−r/p
∫ ∞

nr/p
x−v/r

∞∑
i=−∞

|ai|

Ê

 i+n∑

j=i+1

(
Y (1)

j − ÊY (1)
j

)
+

v

+ Ê


 i+n∑

j=i+1

(
Y (1)

j − ÊY (1)
j

)
−

v dx.

≤c
∞∑

n=1

nα−2−r/p
∫ ∞

nr/p
x−v/r

∞∑
i=−∞

|ai|

i+n∑
j=i+1

Ê
∣∣∣∣Y (1)

j

∣∣∣∣v dx + c
∞∑

n=1

nα−2−r/p
∫ ∞

nr/p
x−v/r

∞∑
i=−∞

|ai|

 i+n∑
j=i+1

Ê
∣∣∣∣Y (1)

j

∣∣∣∣2
v/2

dx

+ c
∞∑

n=1

nα−2−r/p
∫ ∞

nr/p
x−v/r

∞∑
i=−∞

|ai|

 i+n∑
j=i+1

∣∣∣∣Ê (
±Y (1)

j

)∣∣∣∣
v

dx
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:=H21 + H22 + H23. (4.19)

For H21, from
∞∑

i=−∞
|ai| < ∞ and (4.16), we get

H21 ≤ c
∞∑

n=1

nα−2−r/p
∫ ∞

nr/p
x−v/r

∞∑
i=−∞

|ai|

i+n∑
j=i+1

xv/rÊ

1 − g


∣∣∣Y j

∣∣∣
x1/r

 + Ê
∣∣∣Y j

∣∣∣v g

µ
∣∣∣Y j

∣∣∣
x1/r

 dx

≤ c
∞∑

n=1

nα−1−r/p
∫ ∞

nr/p

∞∑
i=−∞

|ai| Ê

(
1 − g

(
|Y |
x1/r

))
dx + c

∞∑
n=1

nα−1−r/p
∫ ∞

nr/p

∞∑
i=−∞

|ai| x−v/rÊ|Y |vg
(
µ|Y |
x1/r

)
dx

≤ c
∞∑

n=1

nα−1−r/p
∫ ∞

nr/p
Ê

(
1 − g

(
|Y |
x1/r

))
dx + c

∞∑
n=1

nα−1−r/p
∫ ∞

nr/p
x−v/rÊ|Y |vg

(
µ|Y |
x1/r

)
dx

:= H211 + H212.

Noting that g(y) is a decreasing function for y ≥ 0, by (4.1), (2.1) and (2.2), we have

H211 ≤ c
∞∑

n=1

nα−1−r/p
∞∑

m=n

∫ (m+1)r/p

mr/p
Ê

(
1 − g

(
|Y |
x1/r

))
dx

≤ c
∞∑

n=1

nα−1−r/p
∞∑

m=n

Ê

(
1 − g

(
|Y |

m1/p

))
≤ c

∞∑
m=1

V
(
|Y | > µm1/p

) m∑
n=1

nα−1−r/p

≤


c
∞∑

m=1
mα−1−r/pV

(
|Y | > µm1/p

)
, if r < αp,

c
∞∑

m=1
mα−1−r/p log(1 + m)V

(
|Y | > µm1/p

)
, if r = αp,

c
∞∑

m=1
mα−1−r/pV

(
|Y | > µm1/p

)
, if r > αp,

≤


c
∞∑

m=1
mα−1V

(
|Y | > µm1/p

)
, if r < αp,

c
∞∑

m=1
mα−1 log(1 + m)V

(
|Y | > µm1/p

)
, if r = αp,

c
∞∑

m=1
m−1+r/pV

(
|Y | > µm1/p

)
, if r > αp,

< ∞. (4.20)

From v > αp ∨ r, by Lemma 2.4, we have

H212 ≤ c
∞∑

n=1

nα−1−r/p
∞∑

m=n

∫ (m+1)r/p

mr/p
x−v/rÊ|Y |vg

(
µ|Y |
x1/r

)
dx

≤ c
∞∑

n=1

nα−1−r/p
∞∑

m=n

mr/p−v/p−1Ê|Y |vg
(
µ|Y |
m1/p

)
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≤ c
∞∑

m=1

mr/p−v/p−1Ê|Y |vg
(
µ|Y |
m1/p

) m∑
n=1

nα−1−r/p

≤


c
∞∑

m=1
mα−v/p−1Ê|Y |vg

(
µ|Y |
m1/p

)
, if r < αp,

c
∞∑

m=1
mα−v/p−1 log mÊ|Y |vg

(
µ|Y |
m1/p

)
, if r = αp,

c
∞∑

m=1
mr/p−v/p−1Ê|Y |vg

(
µ|Y |
m1/p

)
, if r > αp,

≤


∫ ∞

1
xα−v/p−1Ê

[
|Y |vI

(
|Y | ≤ cx1/p

)]
dx, if r < αp,∫ ∞

1
xα−v/p−1 log xÊ

[
|Y |vI

(
|Y | ≤ cx1/p

)]
dx, if r = αp,∫ ∞

1
xr/p−v/p−1Ê

[
|Y |vI

(
|Y | ≤ cx1/p

)]
dx, if r > αp,

≤


cCV (|Y |αp) < ∞, if r < αp,
cCV

(
|Y |αp log(1 + |Y |)

)
< ∞, if r = αp,

cCV (|Y |r) < ∞, if r > αp.
(4.21)

Combing (4.20) and (4.21), we conclude H21 < ∞. Next, we prove H22 < ∞.
If 1 < αp < 2, noting Ê

∣∣∣∣Y (1)
j

∣∣∣∣ ≤ Ê ∣∣∣Y j

∣∣∣ and Ê (|Y |αp) ≤ CV (|Y |αp) < ∞, by v > 2, α − 2 − v(α−1)
2 < −1,

we can obtain

H22 ≤ c
∞∑

n=1

nα−2−r/p
∫ ∞

nr/p
x−v/r

∞∑
i=−∞

|ai|

 i+n∑
j=i+1

x
2−αp

r Ê
∣∣∣∣Y (1)

j

∣∣∣∣αp


v/2

dx

≤ c
∞∑

n=1

nα−2−r/p
∫ ∞

nr/p
x−v/r

∞∑
i=−∞

|ai|

 i+n∑
j=i+1

x
2−αp

r Ê
∣∣∣Y j

∣∣∣αp


v/2

dx

≤ c
∞∑

n=1

nα−2−r/p
∫ ∞

nr/p
x−v/r

(
nx

2−αp
r Ê|Y |αp

)v/2
dx

≤ c
∞∑

n=1

nα−2−r/p+v/2
∫ ∞

nr/p
x
−αvp

2r dx

≤ c
∞∑

n=1

nα−2− v(α−1)
2

< ∞.

If αp ≥ 2, by v > 2p(α−1)
2−p , α − 2 − v/p + v/2 < −1 and Lemma 2.5, we have

H22 ≤ c
∞∑

n=1

nα−2−r/p
∫ ∞

nr/p
x−v/r

∞∑
i=−∞

|ai|

 i+n∑
j=i+1

Ê|Y j|
2


v/2

dx

≤ c
∞∑

n=1

nα−2−r/p
∫ ∞

nr/p
x−v/r

∞∑
i=−∞

|ai|
(
nÊ|Y |2

)v/2
dx

≤ c
∞∑

n=1

nα−2−r/p
∫ ∞

nr/p
x−v/r

(
nÊ|Y |2

)v/2
dx
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≤ c
∞∑

n=1

nα−2−r/p+v/2
∫ ∞

nr/p
x−v/r dx

≤ c
∞∑

n=1

nα−2−v/p+v/2

< ∞.

Finally, we show H23 < ∞. For x > nr/p, noting
∞∑

i=−∞
|ai| < ∞, similar to the proof of (4.11), we get

∞∑
i=−∞

|ai|

 i+n∑
j=i+1

∣∣∣∣Ê (
±Y (1)

j

)∣∣∣∣
v

=

∞∑
i=−∞

|ai|

 i+n∑
j=i+1

∣∣∣∣Ê (
±Y j

)
− Ê

(
±Y (1)

j

)∣∣∣∣
v

≤

∞∑
i=−∞

|ai|

 i+n∑
j=i+1

Ê
∣∣∣∣(±Y j

)
−

(
±Y (1)

j

)∣∣∣∣
v

=

∞∑
i=−∞

|ai|

 i+n∑
j=i+1

Ê
∣∣∣∣(±Y (2)

j

)∣∣∣∣
v

≤

∞∑
i=−∞

|ai|

 i+n∑
j=i+1

Ê
∣∣∣Y j

∣∣∣ 1 − g


∣∣∣Y j

∣∣∣
x1/r




v

≤ c
[
nÊ|Y |

(
1 − g

(
|Y |

n1/p

))]v

≤


c
[

nÊ|Y‖Y |αp−1

n(αp−1)/p

(
1 − g

(
|Y |

n1/p

))]v
, if r < αp,

c
[

nÊ|Y‖Y |αp−1

n(αp−1)/p
log(1+|Y |p)

log(1+n)

(
1 − g

(
|Y |

n1/p

))]v
, if r = αp,

c
[

nÊ|Y‖Y |r−1

n(r−1)/p

(
1 − g

(
|Y |

n1/p

))]v
, if r > αp,

�


nv−αv+v/p, if r < αp,
nv−αv+v/p (

log(1 + n)
)−v , if r = αp,

nv−rv/p+v/p, if r > αp.
(4.22)

From (4.19) and (4.22), by v > max
{
αp, r, 2, 2p(α−1)

2−p

}
, such that α − 2 + v − αv < −1 and α − 2 + v −

rv/p < −1, we have that

H23 ≤ c
∞∑

n=1

nα−2−r/p
∫ ∞

nr/p
x−v/r

∞∑
i=−∞

|ai|

 i+n∑
j=i+1

∣∣∣∣Ê (
±Y (1)

j

)∣∣∣∣
v

dx

≤


c
∞∑

n=1
nα−2−r/p

∫ ∞
rr/p x−v/r

(
nv−αv+v/p

)
dx, if r < αp,

c
∞∑

n=1
nα−2−r/p

∫ ∞
nr/p x−v/r

[
nv−αv+v/p(log(1 + n)

)−v
]

dx, if r = αp,

c
∞∑

n=1
nα−2−r/p

∫ ∞
nr/p x−v/r

(
nv−rv/p+v/p

)
dx, if r > αp,
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≤


c
∞∑

n=1
nα−2−r/p+v+v/p−αv

∫ ∞
nr/p x−v/r dx, if r < αp,

c
∞∑

n=1
nα−2−r/p+v+v/p−αv(log(1 + n))−v

∫ ∞
nr/p x−v/r dx, if r = αp,

c
∞∑

n=1
nα−2−r/p+v+v/p−rv/p

∫ ∞
nr/p x−v/r dx, if r > αp,

≤


c
∞∑

n=1
nα−2+v−αv, if r < αp,

c
∞∑

n=1
nα−2+v−αv(log(1 + n))−v, if r = αp,

c
∞∑

n=1
nα−2+v−rv/p, if r > αp,

< ∞.

It follows that H2 < ∞, together with (4.15), we conclude that (4.13) holds. Therefore the proof of
Theorem 3.2 is completed.

5. Conclusions

We have obtained the new results of complete convergence and complete integral convergence for
moving average process under sub-linear expectations. Theorems of this paper are the extension of
convergence properties of moving average process under the classical linear expectation space.
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