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1. Introduction

Limit theory is one of the important branches of probability theory. In recent years, the limitation of
classical limit theory which only applies to some deterministic models has been gradually highlighted.
In order to explain the uncertain phenomena in practical problems and to solve nonlinear probability
and distribution problems, many scholars began to study limit theory under sub-linear expectation.
Peng [1-3] was the first scholar to put forward the definition of sub-linear expectation space, and he
also constructed the relevant theoretical system. Sub-linear expectation space provides a more flexible
framework for solving sub-linear probability problems. On the basis of Peng’s research, Zhang [4-0]
obtained a series of important conclusions such as strong law of large numbers, exponential inequality,
Rosenthal’s inequality and so on under sub-linear expectations, which laid a foundation for the limit
theory research in sub-linear expectation space.

Complete convergence and complete moment convergence are two important parts of probability
limit theory. The concept of complete convergence was first proposed by Hsu [7]. As a more general
form of convergence, complete moment convergence was put forward later than complete convergence.
Chow [8] first proposed complete y-order moment convergence. In probability space, the study
of complete convergence and complete moment convergence becomes mature relatively. Sung [9]
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proved the complete convergence for arrays of rowwise independent random, Wu [10, 11] obtained the
complete convergence theorem of negatively dependent sequences and arrays of rowwise negatively
dependent random variables respectively, Bao et al. [12] expanded the range of random variables
and established the complete convergence of weighted sums of arrays of rowwise END random
variables and so on. Complete integral convergence in sub-linear expectation space corresponds to
complete moment convergence in probability space. In recent ten years, the results of complete
convergence and complete integral convergence in sub-linear expectations are increasingly abundant,
such as Deng and Wang [13], Li and Wu [14] obtained complete convergence and complete integral
convergence for extended independent random variables respectively, Lu et al. [15] proved complete
f-moment convergence for END variables, Zhong and Wu [16] extended the complete integral
convergence of weighted sum of END random variables, Xu and Cheng [17] got convergence theorems
for sum of 1.i.d random variables, Ding [18] obtained a general form of precise asymptotics for
complete convergence, and Zhang [19] discussed sufficient and necessary conditions for convergence
of independent random variables, he also obtained the Lévy and Kolmogorov maximum inequalities
under sub-linear expectations.

There are a lot of conclusions about convergence properties of moving average process after the
notion of it was defined. For the study on limit theory of moving average process in classical
probability space, Ibragimov [20] first established the central limit theorem in 1962, and then Burton
and Dehling [21] obtained the large deviation theorem. Subsequently, Li et al. [22] proved that
the result of complete convergence of moving average process. Zhang [23] studied the complete
convergence of moving average process under dependent conditions. With the attention of scholars
in this field, many research results have been obtained. For example, Yang et al. [24] proved complete
convergence of moving average process based on AANA sequence, Yang and Hu [25] obtained
complete moment convergence of moving average process generated by PNQD random variables, Qiu
and Chen [26] investigated convergence of moving average process under END assumptions, and so
on. Recently, Tao et al. [27] studied complete convergence of moving average process generated by
WOD random variable sequence, Song and Zhu [28] studied complete convergence and complete
moment convergence of the maximum partial sum of moving average process based on p~-mixing
random variable sequence. Based on the above study, there are some research results on linear process
in sub-linear expectation space. For example, Liu and Zhang [29-31] got the central limit theorem for
linear processes generated by IID random variables, and investigated the law of the iterated logarithm
and large deviation principle for linear process based on stationary independent random variables.

In this paper, we aim to extend some convergence properties of Song and Zhu [28] from probability
space to sub-linear space and get corresponding results.

2. Preliminaries

We use the framework and notations of Peng [1-3]. Let (Q2, ) be a given measurable space and
let H be a linear space of real functions defined on (Q,F) such that if X|,X,,...,X, € H then
o(Xi,...,X,) € H foreach ¢ € C;1;,(R,), where C,;,(R,) denotes the linear space of (local Lipschitz)
functions ¢ satisfying

lo(x) = (I < c(1 + X" + [y")Ix —yl, V X,y € R,
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for some ¢ > 0, m € N depending on ¢. H is considered as a space of random variables. In this case
we denote X € H.

Definition 2.1. A sub-linear expectation E on % is a function E : H — R satisfying the following
properties: For all X, Y € H, we have

(1) Monotonicity: If X > Y then EX > EY;

(2) Constant preserving: e = ¢;

(3) Sub-additivity: E(X + Y) < BEX + EY; whenever EX + EY is not of the form +oco — co or —oo + co;
(4) Positive homogeneity: B(1X) = AEX, 1 > 0.

Here R = [—o0, o]. The triple (Q, H,E) is called a sub-linear expectation space.
Given a sub-linear expectation E, let us denote the conjugate expectation & of i by

&X = —B(=X), VX € H.
From the definition, it is easily shown that for all X, Y € H,
EX<BX, BEX+c)=EX+c¢, [BX-Y) <BX-Y| and B(X-Y)>EX-EY.

If BY = &Y, then B(X + aY) = EX + aBY for any a € R. Next, we consider the capacities
corresponding to the sub-linear expectations. Let G € F. A function V : G — [0,1] is called a
capacity if

V(@) =0, V(Q)=1and V(A) < V(B)forVAC B,A,B€G.

It is called sub-additive if V(AU B) < V(A)+ V(B) for all A, B € G with AU B € G. In the sub-linear
space (Q, H, E), we denote a pair (V, V) of capacities by

V(A) := inf{BE; I(A) < & € € H}, V(A) = 1 — V(AY), VA € F,

where A° is the complement set of A. By definition of V and V, it is obvious that V is sub-additive,
and

V<V,VAe¥F.
If I(A) € H, then V(A) = E(1 (A)), V(A) = £ (A)).
If f<I(A)<g f.geH, thenEf <V(A) <Bg, &f <V(A) <ég.
Definition 2.2. We define the Choquet integrals/expecations (Cvy, Cq/) by
oo 0
Cy= f V(X > t)dt+f [V(X > 1) - 1]dt,
0 —0
with V being replaced by V and “V respectively.
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Definition 2.3. In a sub-linear expectation space (Q2, H, ), a random vector ¥ = (Y;,...,Y,),Y; e H
is said to be independent to another random vector X = (X, ..., X,,), X; € H under B if

Ble(X, V)] = B[ Ble(x, V]| _, | Ve € Crip R X R,),

whenever o(x) := E[|<p(x, Y)|] < oo for all x and E[lg‘p(X)l] < 0.

Next, we introduce a definition that extends the concept of stationary sequence to sub-linear
expectation spaces.

Definition 2.4. {Y,,n € N} is said to be a sequence of stationary random variables on the (Q, H, E), if
for any a function ¢, € C;1;, (R") : R" — R, then

E[¢H(Y1’Y27'-',Yn)] :E[¢H(Y1+k’ Y2+k7"-7Yn+k)]’ vn 2 17k€N

Definition 2.5. In a sub-linear expectation space (Q, H, E), a sequence of random variables {X,,,n > 1}
is said to be stochastically dominated by a random variable X if there exists a positive constant ¢ such
that

B (f (X)) < cB(f(X1), Y0 < f € Cruip(R).

Definition 2.6. (i) A sub-linear expectation E : { — R is called to be countably sub-additive if

E(X)sZE(Xn), where XsZXn, XX, eH, X>0,X,>0, n>l1.

n=1 n=1

(ii) A function V : ¥ — [0, 1] is called to be countably sub-additive if

V{OAn} < i V(A,), VYA, eF.
n=1 n=1

In this paper, the symbol ¢ stands for a generic positive constant which may differ from one place to
another. Let a, < b, denote that there exists a constant ¢ > 0 such that a, < ¢b, for sufficiently large
n, and I(-) denote an indicator function.

To prove our results,we need the following lemmas.

Lemma 2.1. (Zhang [6]) (i) Markov inequality: VX € H,

E(X1?)
xr

V(X| > x) < Vx> 0,p>0,

(ii) Holder inequality: VX,Y € H, p,q > 1 satisfying p™' +q' =1,
. . 1/p /a 1/
Bxy) < (Bax1n) " (Eavm) .
Lemma 2.2. (Zhong and Wu [16]) Suppose X € H,p > 0,a > 0, and l(x) is a slowly varying function.
(i) Then for any ¢ > 0,
Cy IXI”LIXP)] < 00 & > 0" M)V (1X] > en'”?) < oo,

n=1
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taking l(x) = 1 and I(x) = log(1 + |X|) respectively, we can get that ¥c > 0,

Cy (XI) < 00 & > 0 'V (1X] > en'’?) < oo, 2.1)
n=1
Cy [IXI% log (1 + |X])] < o0 & Z n*log (1 +m) V (|X| > en'’?) < oo, 2.2)
n=1

(ii) If Cy [|1X|*P1(|X]P)] < oo, then for any 8 > 1 and ¢ > 0,

i 6 1(6") V (1X] > c6"'7) < o,
k=1

taking I(x) = 1, Cy [|X|*P] < oo implies
D16V (X1 > c67) < o0, (2.3)
k=1
and taking I(x) = log(1 + |X|), Cy [|X]|*? log(1 + |X|”)] < oo implies that
D60 log(1 + 69V (IX] > c67) < oo. (2.4)
k=1

Lemma 2.3. (Zhang [5]) Suppose that X, is independent to (X1, ...,X,) foreachk = 1,...,n—1,
and EX, < 0 forn > 1. Then

n

n r/2
El(s)<C {Z BIx'] +[ E [|Xk|2]] } forr>2, (2.5)
k=1 1

k=
here C, is a positive constant depending only on r.

Lemma 2.4. (Xu and Cheng [17]) Let Y be a random variable under sub-linear expectation space
(Q,H,E). Then for any a >0,y > 0and B < -1,

f WPENYIPI(Y] < w?)]du < cCy (|Y|<ﬁ+1)/7+a) ’
1
f l/l’B lOg (M) E [lYlO‘I (|Y| < u?’)] du < CCV (lyl(ﬂ+l)/'y+a 10g(1 " |Y|)) .
1
Lemma 2.5. (Zhang [5]) If B is countably sub-additive, then for X € H,

E (X)) < Cy (1X]).
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3. Main results

Theorem 3.1. Let 1 < p < 2, > 1. Assume {a;, —00 < i < oo} is an absolutely summable sequence
of real numbers. Suppose that {X, = Y _,
a sequence {Y;,—oco < j < oo} of stationary independent random variables which is stochastically
dominated by a random variable Y. If B is countably sub-additive, Cv (|Y|*?) < oo and BY i =&Y;=0,
then for any € > 0,

a;Yiin,n > 1} is a moving average process generated by

i no 2y {lS,,l > anl/”} < oo, (3.1)

n=1

Theorem 3.2. Assume that the conditions of Theorem 3.1 are satisfied. Let r > 0, and

Cv (|Y]*?) < oo, ifr <ap,
Cy ([YI"Plog(1 + YD) < co, ifr = ap,
Cv (IY]") < oo, ifr>ap,
then for any € > 0,
Z ne2-rirc,, {lSnl _ Snl/p}: < oo, 32)
n=1

4. Proof of major results
4.1. Proof of Theorem 3.1

For fixed n > 1 and for —o0 < j < +00, denote

Y= —n"?1(Y; < =n'""P)+ VI (|Y,] < n'P)+ 071 (Y; > n'7),
Y/ =Y =Y = (Y +n ) 1(Y; < =n'P) + (Y, = n'?) 1(Y; > n''7).

Note that
n n ) ) i+n ) i+n
IR WA
k=1 k=1 i=—co i=—o0  j=itl i=—co  j=itl
Thus,

i n“_2V{|Sn| > snl/”}

00 o i+n
= Z n*y Z a; Z Y+ Y| > en'l?
n=1 i=—oco0  j=i+l
00 o i+n 1/p 0 I i+n 1/p
En &en
<Ser]|Sa Sl ) S|S0 Sl
‘ o 2 ‘ £ 2
n=1 i=—oc0  j=i+l n=1 i=—oco  j=i+l
=L+
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Let2 @ < u<1,g0u) € Cip(R),suchthat 0 < g(y) < 1forall yand g(y) = 1if |[y| < u, g(y) = 0if
[y] > 1. And g(y) is a decreasing function for y > 0. Then,

Iyl <) <glyD < Iyl < 1), I(yl>1D) <1-=g(yD) < Iyl > w). 4.1)

Let g;(y) € Ci1ip(R), j > 1 such that 0 < g;(y) < 1 forall y and g; (2,}7) = 1if 2U-Dle < |y| < 27/,
gi(55) = 0if [yl < 29"/ or [y| > (1 + £)2/'*. Then,

i i Y
I(znl <Yl < zn)Sg,(zl/l ) <1(ﬂ2 T <Y < (1+p)2e ) (4.2)

Y'g (Zk/a) 1+Z|Y|‘1 (2]/0) Vg > 0, (4.3)

|Y|‘1(1— (zkm)) ZIYIq (21/0) Vg > 0. (4.4)

Y”
J

For I, noting

|Y |I(|Y | > n”f’) g(y) is a decreasing function for y > 0 and Z la;| < oo,

i=—0o0

then by (4.1) and countably sub-additive of F: E( 3 X,,) < ¥ BX, for X, > 0, we have
n=1

n=1
I, < CZ a=2-1/pf

i+n

Za,ZY"

n=1 i=—co0  j=i+l

(o] i+n
ceSr S 5 ey

n=1 i=—o00 Jj=i+l

(o] i+n |
DOYCPWIDIL ( (o)

n=1 i=—o00 Jj=i+l

[ (69 R Y
<cy amtr |al~|E|Y|(1 - g('l—'))

- ) n /p
n= 1=—00

IA

Mg

c

) Y|
(i)
1
1 n /p
2k+l_1
) Y|
a-1-1/p |
n ElY| (1 - g(—))
= nl/p

k(a=1/p)f: _ (Y
o)

Thus, combined with (4.4), countably sub-additive of B and (2.3), we get
1 <cizk<“-1/P>E im (1
o k=1 i=k 5 2/l
= ]:
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Err gl
3 Y] ka-1/p)
BlY|g (m 22

1 k=1

- Y]
ja o
1 2 . (gj (2]/p ))

jayy (|Y| > u2" 1/p21/p)

Mz

J

IA

.Mg

C

J

.Mg

1l
—

J

< 00,

In the following, we prove I, < oco. First, we prove that

) i+n
n/p E a; E EY)| -0 asn— co.
= j=irl

Since ) l|a;| < oo, EYj = 0 and [EX - BY| < BIX - Y], noting @ > 1 and ap > 1. By countably

j=—00

sub-additive of & and Lemma 2.4, we know E (|Y|*?) < Cy (|Y]®?) < oo, together with (4.1), we have

i+n i+n

n'r Za, D By <n ”PZ il )" |BY; - BY]|
i=—co  j=i+l i=—00 Jj=i+l
i+n
<n -1/p Z |ail Z
i=—00 Jj=i+l

. Y|
1-1/p [
< n'"Urg)y) (1 g(nl/p))

ap—1
< - BT (1 _ g(ﬂ))
n(a’P—l)/P nl/P
en'E|Y|” -0 asn — oo.

Therefore, for all n large enough, we obtain

i+n

4.5)

a;

i=—oc0  j=i+l

A A 1 A 1
By (4.5), Markov inequality, Holder inequality: B(XY]) < (2(x1")"" (B(¥1)" for p.g > 1

2p<a 1)}

satlsfymg + - =1 and C, inequality, taking v > max {cxp, 2, we have that

Sin i a; i Y EY' 4 )
n=1 i=—oo  j=i+l
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v

o0 o0 i+n
seSmre[$a 5 r-2n)
n=1 i=—co  j=i+l

<c i n® > vIrg { i |ai| iﬁ (YJ' - EY;) }
=1 im0 |j=itl

i+n

2, (v;-81)

Jj=i+l

NgE

c

)

] { Z |ai|1—1/v [|Cl |l/v
[=—00

n

I/\

=L ) i+n v % !

sCZn“v/PE{[Z (|al-|"?‘)”:’] [Z (lail*) Z (v;-EY) J }

n=1 i=—co i=—co Jj=i+l

co S Sui] | e[S -2

n=1 Jj=i+l

00 i+n + i+n 1Y

Z @ V/pZ|a|E[ i(y;—EY]’.)] +[2(Y1’.—EY1’.)) ]

n=1 j=itl j=i+l

R Z a |{ []ZI (v;- EY;)T]V X E[(jzl (¥; - EY;)]]V}.

Because of the fact that {Y = EY}’., —00 < j< oo} is independent, by (2.5) and C, inequality, together

with |EYJ’ "<B |YJ’ v, for all i and n, we have
i+n Y i+n i+n v/2
E[[Z (Y;.—Ey;.)] ] <c ZE|¥;—EY]'.”+ Z Ay

Jj=itl Jj=it+l j=itl

i+n i+n v/2
<c Z £ c Z B
j=itl j=itl
i+n i+n v/2
¢y By + C{Z E|Y;.|2J . (4.6)

Jj=i+l Jj=i+1

By EY = &Y; = 0, it shall be noted that {—Y —00 < j< 00} also satisfies the conditions of
Theorem 3.1. C0n51der1ng Y " instead of Y’ in (4.6), then by (x + y)~ < x~ + |y| and C, inequality, for
all i and n, we can obtain

E( 2 (v —Ey;))_)v

AIMS Mathematics Volume 7, Issue 6, 9694-9715.



9703

<B [[Z (v;- gy)] > (eY; - BY)) )
J=i+l Jj=i+l
<c [(( Y éYj)] +B 2 (éYj’.—EYJ’.) ]
Jj= t+l

j=i+l

i+n
<ck Y - &Y’) ]] +cE[Z|§Y}—EY}|
Jj= z+1 Jj=i+l
i+n - i+n
<cE Z(Y +E ]]+C(Z|8 |] +c[
j=i+1 J=i+l
i+n Y i+n
[ 5 (_y;_E(_y;))]] +c[ 3 2 (-
Jj=i+1 Jj=i+l
i+n ; i+n 5 v/2 i+n
< 5 8((-n) )+C(Z 8|(n) ] +C[Z
j=i+1 Jj=i+1 Jj=i+l
i+n i+n v/2 i+n
SCZE|Y}|V+C(Z Ele’|2) +C[Z‘E(i
j=itl j=itl j=itl

By (4.6) and (4.7), we have

=5 awzm{ [

Z QZWZWZEV

n=1 Jj=i+l

Z“””’Zlal[

2—121 + 122 + 123.

i+n

> (v —EY;)TJV

Jj=i+l

i+n

|

Jj=i+l

For I, by (2.1), (4.2), (4.3) and v > ap, we have

i+n v Y:
eSS $5 avs(1-of ) 2o )
n=1 i=—00 Jj=i+l

Y|

C
nl/p

Mg

IA

i s i o[ W) 21

n=1

I/\

uMg

=1

a—1—-v, v |Y|
<<Z 1- /pEl Y| (ﬂl/p

|
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Y;)\J -
(|3

S S
n=1

"'V (|| >,un1/p)+c n* PRy (

i+n

> [By; |]

Jj=i+l

]l+1

Z|E]

Jj=i+l

A

E(-

Z B

J

4.7)

+n
2, (v;-2r)

i+n

> B

j=i+l

)v}

v/2

(# Y]

nl/p

)]

Y|
1/p

|
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oo 2K+
-3 X e i

k=0 n=2k

N oty [ Y]
< Z 2 ElYl g(2<k+1)/p
< Z oka=v/Pf |1 + Z |Y|v ,u|Y|
2(J+1>/p
Y|
ka-v/p) ka—v/p) M
2 + Z 2 Z ( (2<,+1>/p ))

[

< ]V/PV |Y| > 2J/P Z yk(a=v/p)

J=

Z 207 (|y| > 2/7)
j=1

IN
s T

8

—_—

k=j

8

(4.8)

A
8

For I,,, we consider the following two cases

If1 < ap < 2, noting E|Y’ |a| < oo and E(|Y|??) < Cy ([Y]*?) < oo, by v > 2,

a—-2—(a-1)w/2 < -1, we have

) oo i+n v/2
W DWW,
n=1 i=—00 Jj=i+l
) oo i+n v/2
) _ ap

<oy n i Sl 3y

n=1 i=—00 j=i+1

A 1%

<c Z p@2-vIp+v/2 (n(Z—a/p)/pEl Yl(yp)

n=1

(o]
<c Z p-2-(a=1y/2

n=1
< 00. 4.9)

2p(a 1)

If ap > 2, it follows by v > ,ax—2—-v/p+v/2 <—1,we have

+n 2
122302 azv/pZ|a|(2 |]

i=—00 Jj=i+l

(o)

¢ > e Z il (nB17P)"

n=1 i=—00

IA

(o9

c Z n®=2vip (nE |Y|2)V/2

n=1

IA
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(o)
<c Z na—Z—v/p+v/2
n=1

< oo (4.10)

To prove I3 < oo, we first estimate Z |a|( > (+Y’)|) . In view of E(J_rY,) = 0 and

Jj=i+l

|Ex -EY| < E <) I(|YJ| > n”P) and by Lemma 2.4, we obtain
S S [een] - 3w 3 er)-2en)|
Jj=i+l i=—00 Jj=i+l
< Z lai 2 B |(£y)) - (+Y’))
i=—00 Jj=i+1
00 i+n v
- S 352l
i=—oo  \j=i+l
0 [ v\
< S| g1

<c Z ai [nElYl(1 - (l_lp))]

_ [yt
= e T E e

< p TP, 4.11)

Noting v > max {a'p 2, 2‘”(“ 1)} such that @ — 2 — (@ — 1)v < —1, by (4.11), we have

In=c azv/pZICll[i‘E )

Jj=i+l

I/\

Mg ”M8

a—2—v/p ( v—av+v/p)

n® 2—(a-1)v

A
M :

< o0, (4.12)

From (4.8)—(4.10) and (4.12), it follows that I, < co. Therefore (3.1) holds, the proof of Theorem 3.1
is completed.
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4.2. Proof of Theorem 3.2
For Ve > 0, we have by Theorem 3.1 that

[ee)

|
S, (5.1

n=1

:Zn"_z_r/”f V(lS,,l —en'/? > xl/r)dx
0

n'lp
= n“‘z_’/”f V(lSnl > en'/P + xl/’ dx + Z a=2- ’/”f (ISnI > en'/? + xl/’) dx
0 n'/P

1

03

0 00

ne ZV |S | > gnl/P) Zna—Z—r/Pf
=1 wi

ne ’/Pf V(lSnl > x”’) dx.
=1 nl'p

Hence, to prove (3.2), it suffices to show that

IA

Mg

V(IS,,| > x”r) dx

n

1l
Sr—t

I/\

H:= i ne =2l fjo V (1S4l > x'7) dx < oo, (4.13)
n=1 n'lp
Let x > n'’?, denote that
YV = —xI (v < =)+ I (v < 5+ 5T (1> 2,
YD =¥, =¥V = (v + 2 1Yy < =x"7) + (v = ) 1 (Y > 7). (4.14)
For H, note that Z X = Z a; ’f Y;, we have
i=—co0  j=i+l
H<Z a=2- ’/Pj;/p Z_Z;oaljili y?| s 2 ]dx+z a=2- r/pj,;/,, iiaijgl Y](.l) > %/r]dx
o 00 i+n )Cl/r
< Z 2-r/p j;,/p l;o a; ];;] Yj_z) > ]dx
i+n i+n
a-2-r/p l Y(l) Y(l) , Y(l)
i Z f t—Z—ooa ]21 1——o<>a j=i+l ]

=H, + H,.

For H, noting that g(y) is decreasing in y > 0, by Markov inequality, (4.4), (4.2), (2.3) and (2.4),

we get
[} i+n
ngWWI*WZmZW
n=1 i=—co  j=i+l
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aZr/pf —1/rzla|ZE'Y(2)'dx
n’p i=—0c0 J=i+l1
i+n Y|
- r/pf Z jail ) E|Y|( ( 1jr))dx
n'p i=—0c0 j=i+l1

. Y
ntl/p xHr
0 (m+1)"7P Y]
a—1-r/p —1/r _
2 BRI e B

m

o0 . Yl
—l—r/p r/p=1/p-1 _ |
Zm By (1 g(ml/p))

NgE ng ”M8 ”M8

3

S
I
—_

Mg

n=1 m=n

Sty - o L))o

m=1 n=1

cmizl m*1=V/ry) (1 - g(%)), if r < ap,

cmii‘,l me VPRI (1 - g (1)) log(1 +m), if r = ap,
5 Cm _

cmZ:]lm/f’ 1- 1/f’ElYl(l (m )) if r > ap,
oo 0k+l

ckgozzz: me ey (1 - g (05)), if r < ap,
co 2krl_

¢y ? 1m@—l—l/l’fauq (1-g(H5))log(1 +m), ifr=ap,

k=0 m 2k

) 2k
cy Z m'/P=1= ””E|Y|(1 g(%)), if r > ap,
k=0 m=2

¢ %, 2k ”l’)E(Z Y|g; Z'L)) if r < ap,

A
e[S ms (2

ckZl Zk(r_l)/pE(Zk|Y|gj (ZIJLL)), if r > ap,
- =
X L J
c ), ElYlg; (zlli/lﬁ) )y 2ka@=1/p) if r < ap,
J=1 k=1
X A J
¢ ¥ BlYlg; (&) 5 24 log (1 +24), ifr = ap,
J=1 k=1
RPN J
¢ 3 BIYlg, (575) X 2400 if r > ap,
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—_
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il jeyy (|Y| > 10" l/pzj/p) if r < ap,
o
< f}l 2 log (1 +27)V(|Y] > u2710207), if r = ap,
e
f}l 297 (Y] > p2-V/r2il), if r > ap,
J=
‘o 4.15)

In the following, we prove that H, < oco. First,we show that

i+n

Sa S Ry

i=—co  j=i+l

sup x /"

x>n'lP

— 0asn — oo,

By (4.14) and (4.1), we can imply
. Y . Y
xl/r XU
. " Y
Blv?| < ElYl[l —g( " )] (4.17)
x r

If r <ap,by (2.1)and @ > 1, we can get

iv(m > un'’?) < i "V (1Y) > un''?) < oo

n=1 n=1

]E|Y(1)' < E

+ X"V (Y] > uxtn), (4.16)

and V(IYI > un””) L, so we get nV(IYI > ,un””) — 0asn — .
For x > n'/?, note that _Z la;| < oo, By (4.16), countably sub-additive of [ and Lemma 2.4, we

have

i+n

(1) (D)
sup x~ a; EY < sup x~ |a;| ']EY '
x=n'lp Z_Z_Oo 121 x>n'lP Zoo ]Z_:]
< ,U| | 1/r 1/r
< sup x~ E|Y| +x V(|Y| > ux )
xn'lp

n'~VrRy|g (“' |)+nV(|Y| > un'’?)
cen' T BlY|? -0 asn — .

If r > ap, since EY; = 0, by (4.17) and Lemma 2.4, we have

i+n

sup x /" Z a; Z EY(D < sup x " Z |a;| Z |]EY EY(D‘
x=n'lp i=—co  j=i+l xzn'lp i=—o0 Jj=i+1
00 i+n
<rn 5l 58]
i=—00 j=i+1
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which implies that

Y|

n'~Vrhy| (1 - g(—
n

1/p

)

L, By Y|
1-1/p _ -
Sh o (L8
<cen'PHIY > 0 asn — oo.
It follows that for all n large enough, we get
S 1
sup x~ Z Z Byl < T (4.18)
x>n'lp =i
00 i+n 1/
H, < cZn“‘z_’/"f Z a; Z Y(l) Y(l) e dx.
n=1 n'lp i=—co0  j=i+l

By Markov inequality, Holder inequality, C, inequality and (2.5), similar to the proof of (4.6)
and (4.7), taking v > max {a/p, 7,2, 2"2(%;1)}, we have

[ee)

H, <c Z n®=2rle f

=1 r/p

[ee)

(o]
<c Z na—Z—r/p f
nrlp

n=1

(o)

00
:C§ na—2—r/pf
nrlp

n=1

n=1

(o)

<c Z na—Z—r/p f

=1 nrl'p

n® 2— r/pf
nrl'p
<C n® 2— r/pf

(o]

+c aZr/pf Zlal

AIMS Mathematics

P Zai Y - ]EY(” dx
i=—co  j=i+l
—”/’E{i| 2 Y“LEY;”)} dx
=—00 J=i+l
oS e[ -
=—00 J=i+l
2w i+n Na N
x"/rﬁ{[Z(mﬂ')*] [Z(miﬁ)v 2( » EY<”)] dx
i=—00 i=—00 Jj=i+l
x‘”’[i ] [Z la;| B HZH Y(l)—EY;D) ]dx
i=—00 i+1
00 i+n o + i+n i
oy |a,~|E( D (Y;D_EY;D)) +{Z (v EY;D)) ]dx
i=—00 Jj=i+l Jj=i+l

+\V
“guf{(Ser-sm]
i=—00 j=i

Z|a|ZE'Y“>' drtey ‘”r/l’f Zlal

i=—00 Jj=i+l i=—00

(Z1E ey |] i
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(5008 e
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’ v/2
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::Hg] + H22 + H23.

For H,;, from ), |a;| < oo and (4.16), we get

(4.19)

Yjvg

[ﬂ|Y/‘|

a

(%Y

RY g (“' rl)dx

+n
H21<C a2r/pf Z|a|Z[V/rE( (| J|])
i=—00 Jj=i+l
<c alr/pf a[IAE(l— (l |))dX+C alr/pf a: x—v/rEYv (lul |)
;' | Z ja x"EY|
<c ) n*- r/”f E(l - ( dx+c Y n* -1/
= Hyy1 + Hy.

Noting that g(y) is a decreasing function for y > 0, by (4.1), (2.1) and (2.2), we have

S

(“g(%))

Y|

(m+1)f/P
H211<C "lr/pi 1
r/p X

()

1/r

=1 en
<c i \'% (|Y| > yml/") i n®1-rip
m=1 n=1
c 21 me~1=riry (|Y| > ym”p) , if r < ap,
<<!c il m®1="'Plog(1 + m)V (|Y| > ,uml/p) , ifr=ap,
p i me 1y (1Y) > um! 7). it r> ap,
p i mIV (1Y) > pm! /7)), if r < ap,
<! c il m®1log(1 + m)V (|Y| > ,um”p), if r = ap,
c il m~ 1Py (IYI > ,uml/f’) , if r > ap,
< 0. ) (4.20)

From v > ap V r, by Lemma 2.4, we have

00 00 (m+1)"1P
e )y [ s
n=1 m=n M7

<

n=1 m=n
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< czmr/p v/p— lEl |v

m=1

IA

IA

IA

cCy (1Y) < oo,

cy ma—v/p—lE|Ylvg (%) ,
m=1

cy mr/p—v/p—lfalnvg (’/:llll//]l)) )
m=1

|Y| N a—-1-r/p
( l/p Zn

n=1

ml/p

floo xa—v/p—lE [|Y|VI (|Y| < cxl/p)] dx,
f]m xVr~log xB [|Y|VI (|Y| < cx””)] dx, ifr=ap,
floo xr/p—v/p—lE [lYlVI (|Y| < Cxl/p)] dx,

cCy (IY]"P) < oo,
cCy (1Y]*? log(1 + |Y])) < oo,

if r < ap,
if r = ap,
if r > ap.

if r < ap,
c Y m*r 1 ogmB|Y|'g (M), if r = ap,
m=1

if r > ap,

if r < ap,

if r > ap,

(4.21)

Combing (4.20) and (4.21), we conclude H,; < co. Next, we prove Hy, < oo.
If 1 < ap <2, noting E‘Y}”‘ <BE|v)|and E(Y7) < Cy (1Y]°P) < oo, by v > 2, @ =2 — X&D < —,

we can obtain

i+n

H22 < C a 2= r/pf —v/r Z |a| Z x@E
n=1 n'lp i=—c0 j=i+1
00 00 ) i+n
<Y et f S ] Y et
n=1 n'le i=—eo  \j=itl

Ifap >2,byv>
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= a=2 o0 2-ap A V/2
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S

_wa-1)
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< 00.

2p(a 1)
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a=2-r/p+v/2 f
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00

—avp
X 2

dx

i=—00 Jj=i+l

i=—00

XV (nfElY |2)V/2 dx

S lal ()

v/2
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e

v/2
B Y; ap] dx

,ax—2—-v/p+v/2 <—1and Lemma 2.5, we have
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IA
)
gk

(o)
na—2—r/p+v/2 f x—v/r dx
nl'p

a—2-v/p+v/2

S
Il
—_

IA
)
gk

n

S
Il
—_

Finally, we show Hy; < co. For x > n'/?, noting Y |a;| < oo, similar to the proof of (4.11), we get

|a|(li ‘E (x1) |] - i il 2 ’E _B +Y§l))']v
,-_oo = N o
< 5[5 2leer)- (o)
S
- S 5 el
e
< Zi, i ]Zl By |[ g[xmm

.\ Y\
o 2)
nE|y|yer-! Y .
c[nl((,ﬂfll)/p(l—g '—/l))], if r <ap,
nBY1Y[*P~! log(1+Y[P) Y .
<\ | TR (e (R))] L ifr=ap,
nk| -1 .
c[ nl(fJIIY)/IP (1 - (L/))] , ifr > ap,
n'—vHip, if r < ap,
< { nmP (log(1 +n))”", ifr=ap, (4.22)
n’=vipvip, if r > ap.

From (4.19) and (4.22), by v > max {ap, .2, 2”2(‘_’;”}, suchthate —2+v—av<-landa—2+v-—
rv/p < —1, we have that

Hy<cd n*> ’/”f Z |a|[lz+n: 'E £y ‘) dx

Jj=i+l

- Z a2 ,/pf _v/r( v cw+v/p) dx, if r <ap,

cznaZr/p
nl

IA

[, x VI [nv—av+V/P(10g(1 + n))—v] dx, ifr=ap,

CZHQZr/p
n=1

_v/r (nv—rv/p+v/p) dx, ifr > ap,

nr! 17
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00

(o]
a=2-r/p+v+v/p-av —v/r :
cnz_ll n fnr/l, X7V dx, if r < ap,
[Se]
—2—r/p+v+v/p— v [ - ST
<dc 2‘1 n=2rlptvivip=av(log(1 + n)) an,/px vrdx, ifr=ap,
E 2-r/p+v+v/ /p [ /
a—2-r/p+v+v/p-rv/p —v/r :
cg‘l n fn,_/p xV" dx, if r > ap,
(o8]
c Z I’la_2+v_(w, ifr < ap,
n=1
(o]
<{ ¢ Y n " (Iog(1 +n))™, ifr=ap,
nozol
c Y nervmip, if r > ap,
n=1
< 0.

It follows that H, < oo, together with (4.15), we conclude that (4.13) holds. Therefore the proof of
Theorem 3.2 is completed.

5. Conclusions

We have obtained the new results of complete convergence and complete integral convergence for
moving average process under sub-linear expectations. Theorems of this paper are the extension of
convergence properties of moving average process under the classical linear expectation space.
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