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Abstract: We consider the following quasi-linear Schrodinger equation.

iaa_f + Ay + YAyl + Py = 0,x eRP, D > 1, ©

where ¢ : R x R — C is the wave function, p = 3 + %. It is known that the set of standing waves is
stable for 1 < p < 3 + £ and it is strongly unstable for 3 + £ < p < 3222 In this paper, we prove that
the standing waves are strongly unstable for p = 3 + %. Moreover, a property on the set of the ground

states of (Q) is investigated.
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1. Introduction

This note is concerned with the quasi-linear Schrodinger equation

i(;_f+A1//+1//A|zﬁ|2+|1//|p_]t//:O,x€RD,DZ L, 1)

where ¢ : R* x R? — C is the wave function, A is the Laplacian operator on R”, 1 < p < 22* -1
2 = o0, if D =1,2; 2" = % if D > 3). Quasi-linear equations of the form (1.1) come from a
superfluid film equation in plasma physics, which was introduced in [3,9].

Due to the focusing nature of the power nonlinearity [/|”~'¢ in (1.1), there exists a standing wave
solution given by

Y(t, x) = e“u(x),
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where u is a nontrivial solution of the semi-linear elliptic problem

(1.2)

—Au — ul|ul* + wu = |ulP~'u in RP,
u(x) » 0 as|x| — oo.

The stability and instability of standing waves of (1.1) has been studied in [7]. Similar to [7], we
introduce the following notations.
Notation.

e | -|l, and || - [+ denote the norms in L? := LY(RP) and Sobolev space H*(RP) = W' (RP),
respectively.

e E(a) denotes the integer part of a.

e The natural working space for (1.2) is X¢, defined by

Xc :={ue HRP): f|u|2|V|u||2 < oo}

The local and global well-posedness of the Cauchy problem to (1.1) have been studied by
Poppenberg in [11] for smooth initial data, precisely belonging to the space H*. On the local
well-posedness for the Cauchy problem to (1.1) in H*, we make the following assumptions.
Assumption (Al). LetD > 1, s = 2E (%) +2. Then, the Cauchy problem for (1.1) is locally well-posed
in H*(RP), that is, for any , € H***(RP) there exists a positive T and a unique solution ¥ (f) of (1.1)
with ¥(0, x) = ¥(x) satisfying

y(t) € L0, T; H**(RP)) N C([0, TT; H (RP)).
Moreover, it has the conservation laws of the mass

(2, )l = lloll2 (1.3)

and the energy
EW (1) = EW(0)) (1.4)
for every t € [0, T), where

1 1 1
EW) = §f|Vw|2+ A—LflVILDIZI2 - mfll/flp”- (1.5)

Remark 1.1. In view of Theorem 1.1 in [7], the assumption (A1) is verified provided that
p € (1,22* — 1) is an odd integer or p € (4E(§) +9,22* — 1). We also refer the readers to [5] for some
other results on the local well-posedness for the Cauchy problem to (1.1).

It is known that a solution u € X¢ of (1.2) is essentially a critical point of the variational functional
S.: Xc — R, defined by

1 1 w 1
Sov) = EfIVVI2+ZfIVIVI2|2+EIIVI2—p+1fIVI"“. (1.6)

The ground states of (1.2) is defined as follows.
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Definition 1.1. Let X, be the set of the solutions of (1.2); namely,
Xy ={ueXc:S,(u)=0,u+0},
and let G, be the set of the ground states of (1.2); that is
Go={veX,:S5,0v) <S,u),Yu e X,}.

Remark 1.2. The existence of ground states for (1.2) was proved in [6,7, 10, 13]. It is shown that G,
is not empty for any w > 0 and 1 < p < 22*— 1. When w is large enough, the uniqueness of the ground
state is studied in [1].

Under the assumption (A1), it is proved in [7] that the standing wave e’Q,,(x) with Q,, € G,, is
strongly unstable by blowup for 3 + % < p < 22" — 1 and stable in some sense for I < p <3 + % (See
Theorem 3.1 for detail). Hence, the power p = 3 + % is the critical exponent of the nonlinearity for the
stability and instability of standing waves. As we can see, for the critical case p = 3 + 4/D, it is still
unknown whether or not the standing wave of Eq (1.1) is stable.

The main objective of this note is to prove the instability of the standing wave for Eq (1.1) with
p = 3+4/D. Moreover, our argument can give a simpler proof of the instability result for p > 3+4/D,
which has been established in [7]. More precisely, we establish and prove the following theorem.

Theorem 1.2. Assume (Al). Let w > 0, s = 2E(§) +2,3+4<p<22"—1and Q, € G, Then the
standing wave €' Q,,(x) of equation (1.1) is strongly unstable by blowup. More precisely, for all € > 0,
there exists Yy € H***(RP) such that |y — Qullgn < € and the solution y(t) of (1.1) with y(0) =
satisfies

lim [|Y(D)llg = oo with Ty, < co.

1—>Ty,

Remark 1.3. The assumptions of Theorem 1.2 hold for
p=Torp>9whenD =1, p=5"79o0rp>13if D =2,
p=579ifD=3 and p=5if D = 4.
We note that for the case p = 3 + %, the assumptions of Theorem 1.2 hold if the space dimension is
limited to D = 1, 2.

As in many previous works [2, 8, 12], the arguments of Theorem 1.2 is based upon a minimization
problem related to the ground states which are used to define appropriate invariant sets and to further
derive the blow-up solutions with initial data near the ground states. In [7], to prove the instability of
the standing waves of Eq (1.1) with p € 3+ %, 22* —1) the authors introduce the minimization problem

inf{S,(v) : P(v) =0,N(v) <0}, (1.7)

where the functionals P(-) and N(-) are defined by (2.4) and (2.5) respectively in the next section. Then,
it is proved for p > 3 + %, the minimization problem (1.7) is equivalent to the minimizing problem

inf{S ,(v) : N(v) = 0}, (1.8)

which has been solved in [10]. However, such an argument fails when p = 3 + %. In the present paper,
to overcome this difficulty, we replace the minimization problem (1.7) with

inf{S,(v) : P(v) = 0}. (1.9)

By establishing the equivalence between the minimization problems (1.9) and (1.8), we manage to
prove the instability of the standing waves of Eq (1.1) with p > 3 + %.
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2. Proof of Theorem 1.2

In view of the result of [7], we have the following properties on the ground states of (1.2).

Proposition 2.1. [Theorem 1.3 in [7]] For 1 < p <22*—1and w > 0, G,, is nonempty and any u € G,,

is of the form
u(x) = “lu(x), xeRP,

for some 6 € S'. In particular, the elements of G, are unique up to a constant complex phase,
real-valued and non-negative. Furthermore, any real nonnegative ground state u € G, satisfies the

following properties.

(i) u>0,inRP,
(i1) u is a radially symmetric decreasing function with respect to some point,

(iii) u € C*(RP),
(iv) for all @ € NP with |a| < 2, there exists (cy,04) € (Rj)2 such that
|Du(x)| < Cpe M, forall x € RP.

To prove that a solution blows up in finite time, we need the following virial identities for the
solution of Eq (1.1).

Lemma 2.1. (Lemma 3.2 in [7]) Let Yo € H', |x*¢y € L?* and y(t) be the solution of Eq (1.1) with
W(0) = . Then the function J(t) := f Ix*|y? is C* and

J (@) = 43 f (x- V)b,

J'(t) = 8P(Y), (2.1)
where P(u) is defined by (2.4).

Similar to [7], we know that the solution u of Eq (1.2) satisfies two identities.

f Vul + f uf +4 f PVl - f ! = 0, (2.2)
D-21 1
D (Ef 'V”'2+f '”'Z'V'””z”%f = f ! = 0. (2.3)

The above identities lead to the following lemma.

Lemma 2.2. For any solution u of Eq (1.2), we know

Pu)=0 and N@u)=0,

where P(u) and N(u) are defined by

PO) = f VVP + (D +2) f |v|2|V|v||2—12)((]’;—+_11)) f e, 24

N©) = f Vv + w f V> + 4 f V2V VI)? - f [P+, (2.5)
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Let
N ={veXc;Ny)=0,v+0}
M ={veXcPWv)=0,v+0}

and then we consider the minimization problems
dy = in}\f/Sw(v), (2.6)

dp = inf . 2.7
m = Inf §,(v) 2.7)
It is clear that
— +
where the functional S is defined by

S50 =S40 — 52 PY)

_ Dp-1—4 2, w 2, D(p-3)-4 2 2
= 3oy JIVVP + 4 [P+ 252250 [PV,

We introduce the following minimizing problem
dpyy = inf{S7(v) : P(v) <0,v € Xc}. (2.8)
From Lemma 3.4 in [7], we have the variational characterization of the ground state solutions of
Eq (1.2).
Lemma 2.3. For3 < p < 22" — 1, it holds that the set of minimizer of problem (2.6) is exactly the set
Go
Now we investigate the behavior of the functionals S, («) and P(«) under the scaling.

Lemma 24. Letv € H' \ {0}, w > 0, P(v) = 0 and assume that p > 3 + %. Let A > 0 and define
W = A2v(Ax). Then it holds that

S <S,(v) forde(0,1)U(l, ).

Proof. For the case p > 3 + %, the result is proved by Lemma 3.3 in [7].
Letp=3+ %. Set f(1) = S, (). Direct computation leads to

fQ) =S,
= & [IVvP + 2[RV - o5 [1*5) + ¢ [P,
PO =22 [IVvP + 222D + 2)([IVPIVIVIP? - é [y,
'@ = (%Sw(v/l)
= 4 [IVvP + 2244(D + 2)([ PRIV - é [i*5) = Lpey,
/) = 25,01
19V + 42D +2)D + ([ WPV = 7= [ i),

The fact P(v) = 0 implies that

1
(D+2)(IIVI2|VIVII2 e fIVI‘”?’) = —fIVVI2 = -6 <0.
D
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Thus, f”(4) is positive for small values of A, and tends to —oco as 4 — 400, and is strictly decreasing.
Hence, there exists 4, > 0 such that

f7(A) =0and f"(A)(A — ) >0 for A # A,. (2.9)

Since f” is increasing for 4 < A, and f’(0) = 0, f” takes positive values at least for 4 < A,. For 4 > A,,
f’ decreases, and tends to —co. Thus, there exists 4; > A, such that

F(4) =0and £/ (D), =) > 0for A # A,. (2.10)

Therefore, A; is the unique critical point of f on (0, +c0). Noticing f'(1) = %P(vﬁ) and P(v) = 0, we
infer that 4; = 1, and f(A) attains maximum at 4 = 1. O
Using Lemma 2.4, we get the following lemma.

Lemma 2.5. Forw >0and p >3 + %, it holds that
dy =dpy =d. (2.11)

Proof. We prove the result in two steps.

Step 1. dy < dy. Let f € H' be a solution to (2.6). By Lemma 2.3, it is a ground state of (1.2); and
by applying the Pohozaev identity (2.3) to a standing solution we immediately deduce P(f) = 0. By
definition N(f) = 0, we have f € M. Hence dp( < dy, since S ,(f) = du.

Step 2. dy < dp. On the other hand, for any & € M, setting h' = A2 h(Ax), we have

NY) = A2 f VA + w f |h* + 42P+2 f |h|2|V|h||2—/lD(”{“ f |h|P+!. (2.12)

It is obvious that

N(Y — wf|h|2 >0as A1 — 0. (2.13)
On the other hand, for p > 3 + zi)’ we claim that
N(hY) < 0as A — +oo. (2.14)

When p > 3 + %, one get w > D + 2. Hence (2.14) follows from (2.12).
When p =3 + %, (2.12) reduces to

NY) = A2 f VA + w f Ih? + AP+ (4 f ||V - f ||+ D). (2.15)

As P(h) = 0, it follows from (2.4) with p = 3 + % that

D 1
f|h|2|V|h||2 “ID+D flhl”+1 =T+ fth|2 <0,

from which we get that
4 f AP |VIA))? - f I < 0.

Hence (2.14) follows from (2.15).

It follows from (2.13) and (2.14) that there exists A € (0, o) such that N (hﬁ) =0 and h' € N. Thus we
get Sw(hz) > dy. Using P(h) = 0, from Lemma 2.4, we obtain S ,,(h) > Sw(hz) >dy. Thus S ,(h) > dy
holds true for any 7 € M, which yields dy > dy. O
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Lemma 2.6. For w > 0and p > 3 + =, it holds that
dpy =dy =d. (2.16)

Moreover, the minimum of (2.8) is attained at v € M.

Proof. 1t follows from the definitions of dyq and dp¢ that dyq > dpr. We need only to prove that
dm < dpy. In fact, for any v satisfying P(v) < 0, we have

P(ﬂV)—ﬂszVI +(D+2)ﬂ4f|V| IVIvIP - (p 1)ﬂp+1f| LA

The fact p > 3 + % implies that P(1v) > 0 for A small sufficiently. Thus, there exists A € (0,1) such
that P(1v) = 0, i.e., Av € M.

_ 1) -4 3) =4
Q) = ZD() 2f|V|2+Af||2 (”) p‘f|||V|v||2

Hence, S Z)(ﬁv) < §*(v). The conclusion of this lemma follows. ]
Now, we prove the main theorem of this paper.
Proof of Theorem 1.2. We divide the proof into four steps.
Step 1. We construct a sequence of initial data Q7 (x) satisfying the properties.

S.(QY) <d,P(Q)) <.

Let € > 0 be fixed and consider Q% (x) = A2 Q. (Ax) for the ground state solution Q,. We get
1O, = 1|Q.ll>. By the continuity of the mapping A + A2 0.,(1x), if 1 > 1 sufficiently closes to 1, it
is clear that ||Q£) — Qullm < &. Moreover, using the facts P(Q,,) =0, S,(Q,) = d and 4 > 1, we obtain
from Lemma 2.4 that

S0 <d, P(Q}) <. (2.17)

Step 2. We prove that (2.17) is invariant under the flow of (1.1).
Now fix a A > 1 such that (2.17) is valid. Let ¢'(z, x) be the solution of (1.1) with y*(0) = Q. We
claim that the properties described in (2.17) are invariant under the flow of (1.1). That is

S W) < d, P (1) <0, forall t € [0, T), (2.18)

where T € (0, +o0] is the maximal existence time. Using (1.3), (1.4) and (2.17), we get

So@' () =S.,(0;) <d.

In turn, we infer that P(yA(¢)) # O for all ¢ € [0, T), otherwise if P(y*(¢)) = O for some t, € [0,T),
we would have y(t;) € M, yielding S,y (t)) > d, which contradicts the first inequality of (2.18).
Therefore, P(y(t)) < 0 for all ¢ € [0, T).
Step 3. We prove that P(y) stays negative and away from 0 for all ¢ € [0, T).

It follows from Lemma 2.6 and the result of step 2 that

2
d<S5W'(0) = S,W'®) - D(p )P(l!’ (®)).
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Noticing
S WA (1) = S,W'0) = S, (Q)),
we get
2
d < SH WD) =S,(0)) - oG )P(w (t)). (2.19)
It follows that ( A
P (1) < ————=(S,(Q}) —d) := -6 <0. (2.20)

Step 4. Conclusion

Since the ground sate of (1.2), Q. (x), has an exponential fall-off at infinity (Proposition 2.1 iv), it is
clear that | - [y*(-) € L.

By Lemma 2.1 and (2.20), we have

J(0) < J(0) + J'(0)t — 4512,
where J(¢) = f |x[>|#)>. Thus we can find a T, such that

lim J(?) =

t—Ty

f uf? < C( f IxPluf?)3 ( f Vul?):

and C is independent of u, we obtain from the conservation of mass (1.3) that the solution blows up in
finite time. Since it is clear that Q% — Q,, in H' when A — 1, Theorem 1.2 is proved. O

Observing that

3. Remark on the stability of the standing wave

To study the stability of the standing waves of (1.1), Colin, Jeanjean and Squassina [7] introduce
the following minimizing problem

=inf{&(v) : v e H'R?), ”V”Lz(Rz) i (3.1)
The set of minimizers for (3.1) is denoted by X,
T, = (v e H'R?) : EO) = my, V250, = 1)

Theorem 3.1. [Theorems 1.9 and 1.12 in [7]]
(I)Letl <p<1+ %. Then, the set X, is not empty for p € (0, 00).
(2) Let 1 + % <p<3+ %. Then, the set X, is not empty if and only if u € [u(p, D), 00), where u(p, D)
is defined by u(p, D) = inf{u > 0 : m, < 0}
(3)For1 <p <3+ %, %, is stable in the sense that for any &€ > 0, there exists 6 > 0 such that

mf o — ullgr <6 = sup 1nf (e, ) —ullg < e,

1€[0,T) Xy

where Y (t,-) is the solution of the Cauchy problem of (1.1) with initial condition ¥y € Xc N H®, and T
is the existence time for .
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For any minimizer u € X, of (3.1), there exists w* = w*(u, u) such that u is a solution of (1.2) with
w = w". As pointed by [7], to study the stability of G, via Theorem 3.1, the relation between G, and
%, need to be investigated. Motivated by Theorem 1.3.1 in [14], we establish the following theorem.

Theorem 3.2. Let D > 3. u € X, be a solution of (1.2) with w = ", i.e. £, N X+ # 0. Then it holds
that G, C .

Proof. Letu € £, N X,,-. Define the functionals 7'(-) and V(-).

T(u) := % f [Vul* + f lul*|V|ull?. (3.2)

V(u) := —%f|u|2+p11f|u|p+l. (3.3)

It is clear that S ,(x) = T (1) — V(u).
For any ¢ € G+, we have S ,-(¢) < § ,+(u). Noticing (2.3), we deduce that

%T((p) < %T(u). (3.4)

Setting ¢ = ¢(3) with 4 = VE_ e have IIZ)Elli2 = u. It follows that E(u) < E(p). Using the fact

llll 2 *

S () = EW) + LVllz2, we get S (1) < S, (@). Noticing
Su (@) =T(p) - V(o)

T@) = 27T (),
V@) = 2°V(p),

D-2
Vi) = ——T (). (by 2.3)

we have 5 D2
5T < (P2 - /IDT)T(()D). (3.5)

It follows (3.4) and (3.5) that

That is
f) =D -2 =D’ +2<0.

It is easy to check that f(1) = 0 and f(1) > O for A # 1. Thus A = 1, which implies ||¢p||i2 = u for all
UeEG, and G, CX,. O

Remark 3.1. (1) Theorem 3.2 shows that the stable set X, consists of some ground state solutions
of (1.2).

2)If X, n X, # 0, Theorem 3.2 implies that G, C X,. This shows that the elements of G, share
same L? norm. This conclusion is also implied by the uniqueness of the ground state of (1.2), which
is showed in [1] under the condition that Wi > co with ¢( being a constant depending only on p. (3)
There are two questions remain open on the relation between X, and G,,. Firstly, for different minimizer
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in X, we do not know if they have same Lagrange multiplier. Second, for any w > 0, it is unknown
that if there exists ¢ such that G, C %,

(4) For the case D = 2, the same argument of Theorem 3.2 can show thatif u € ¥, N X,,- thenu € G,-.
However, we can not prove that the elements of u € G, have same L? norm.

(5) For Eq (1.2) without —uA|u|*, there are some classical results on the relation of 2, and G, [4].

(i) Forl < p< 1+ %, there exists one to one correspondence between p > 0 and w > 0 such that
2, =G
(ii) Forp =1+ %, there exists a constant y, such that
(a) llgll7, = po for all ¢ € G, with w € (0, ),
(b) X, is nonempty if and only if u = uy,
(¢) Zyy = U Go

w=0

4. Conclusions

In this paper, we consider the strong instability of standing waves for the quasi-linear Schrodinger
equation (1.1). In the critical case, i.e., p = 3 + % , we prove that the standing waves are strongly
unstable by blow-up. This result is a complement to the result of Colin, Jeanjean and Squassina [7]

where the instability of standing waves were studied in the supercritical case, i.e., 3 + % <p< 33_’}2.
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