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1. Introduction

The locally recoverable codes (LRC codes for short) have been significantly studied because of their
techniques which can repair the lost data by a local procedure. Local recovery techniques enable find
one value that is erased by accessing the other symbols in the code. Formally, an LRC code C € K"
of length n with locality r can recover the missing coordinate from at most r symbols, where K is a
finite field. The LRC codes have attracted a lot of attention because they are more advanced coding
techniques that are applied to distributed and cloud storage systems. Most parts of many previous
works deal with construction methods [2,4,6,7,9,11] and bounds of the minimum distances [1-3, 5,
10, 12] for LRC codes.

In coding theory, many researchers consider various constructions to obtain good codes; a code with
a large minimum distance for the given length and dimension. One of them is a Reed-Solomon code,
and the code can be viewed as a special code of an algebraic geometry code; Reed-Solomon code is
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one of the practical codes in this area. Many works obtain remarkable results from algebraic geometry
codes on various algebraic curves. Naturally, LRC codes can be considered on algebraic geometry
curves with their constructions and the bound of minimum distances [1, 2, 4, 6, 9]. These codes are
called algebraic geometry locally recoverable codes (shortly AG LRC codes). In the previous results,
for constructing AG LRC codes, a divisor consists of a unique place of a certain algebraic function field
(such as, [1,2,11]). We focus on this point; we deal with a divisor with two places of the Hermitian
function field in this work. From this, we get the advantage that is an improvement of the bound for
the minimum distance of an AG LRC code in Hermitian function field.

The goal of this work is twofold. First, we present explicit formulae for the dimension of divisors G
and G, with a certain one place and two places of the Hermitian function field, respectively. Both the
dimension and the lower bound b(C(G, h)) of minimum distance for AG LRC codes C(G, h) are related
with the dimension dim(G) and degree deg(G) of a divisor G. In detail, with dim(G,) = dim(G,), if
deg(G,) < deg(Gy), then b(C(Go, h)) is bigger than b(C(G1, h)). It means that under certain conditions,
a divisor G, with two places give better result for the bound than the result of a divisor G| with one
place. Second, we provide a family of AG LRC codes in Hermitian function fields. The code has an
improved the lower bound of minimum distance using a divisor with a certain two places. We present
an explicit standard that tells us when a divisor with a certain two places suggests an improved lower
bound.

Layout of the paper This paper is organized as follows. In Section 2, we introduce the notations and
known facts for this work. Section 3 presents the dimensions of certain types of divisors of Hermitian
function fields over 2, where g is a prime power. These results are explicit formulae for obtaining the
dimensions of the divisors. In Section 4, we obtain a family of algebraic geometry locally recoverable
codes in Hermitian function fields with an improved bounds for minimum distances using a certain
type of divisor. We suggest the standard when we can get an improved bound for AG LRC codes.

2. Preliminaries

A linear code of length n over a finite field K is a subspace of K"; briefly, we call a code in this
paper. A codeword is an element of the code. If a code is a k-dimensional subspace of K", then the
code is called [n, k] code. The next definition is about locally recoverable code with locality r.

Definition 2.1. Let C be an [n,K] code over a finite field K, and [n] := {1,...,n}. Given a € K, let
C(i,a) ={(c1,...,¢cy) € C | c; = a}. Then C is said to have locality r if for every i € [n], there is a set
A; C [n]\ {i} with |A;| < r such that

Cu(i,a) N Cyp(i,a) =0 forall a # a € K,

(the notation Cy (i, a) is the restriction of C(i, a) to the coordinates of A;). This code is called a locally
recoverable code (shortly, LRC code) with locality r. We use the notation (n,K,r) to present the
parameters of the code.

By using an LRC code C, we can find any coordinate of ¢ € C from at most r other coordinates of c.
In particular, if an i-th coordinate c; of ¢ = (cy, ..., cy) € C is erased, then we can recover the codeword
by considering its coordinates in A;. Here, the set A, is called a recovering set for the coordinate c;.

We briefly introduce construction for algebraic geometry locally recoverable codes over a finite
field K (see [1,2,11]). Let X and Y be smooth projection absolutely irreducible curves over K. We
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denote the rational function field on X (resp. Y) by F(X) (resp. F(Y)). Let h : X — Y be a rational
separable map of curves of degree r + 1. Under those settings, there is a function x € F(X) such that
F(X) = F(Y)(x) because the map £ is separable. The function x gives the equation X! +b.x*+- - -+by =
0, where b; € F(Y). Moreover, x is considered as a map x : X — P'(K), where P!(K) is a projective
line over K. We define an algebraic geometry locally recoverable code under the followings:

oS ={Py,---,P;} € F(Y)is a subset of K-rational points of Y.

e G is a positive divisor such that the support of G is different from S.

e A=n"(S)={P;;,0<i<r1<j<s} CFX) (e, hP; = P;foralli,)).

o{fic F(Y):1<i<mj}isabasis of L(G).

e V is K-subspace of F(Y) of dimension rm generated by {f;x,0<i<r-1,1 < j <m}
e ¢v, is the evaluation map V — K*V* such that f +— (f(P;)),0<i<r, 1< j<s).

The set of images (f(P;;),0 <i <r,1 < j < s)is alinear code of length (r + 1)s over K which is
called an algebraic geometry locally recoverable code (shortly, AG LRC code), denote by C(G, h).
The code coordinates are partitioned into s subsets A; = {P;;,0 < i <r} (1 < j < s)ofsizer +1
each. If one symbol f(P;;) is erased in the codeword, then this can be recoverable through polynomial
interpolation using the points of the recovering set A;. We denote deg(G) is degree of a divisor G, and
dim(G) is dimension of a divisor G.

Lemma2.2. [2, Theorem 3.1] The subspace C(G,h) € K™VS forms an (n,k,r) linear LRC code with
the parameters

n=(r+1)s,k =rdim(G),d >n—deg(G)(xr + 1) — (r — 1)deg(x),

where d is the minimum distance. Local recovery of an erased symbol F(P;;) can be found by
polynomial interpolation through the points of the recovery set A ;.

In this paper, we consider the Hermitian curve y over F,.. The Hermitian function field H :=
F,2(x,y)/F, with the defining equation

x iy +y =t

over F 2, where ¢ is a prime power. The Hermitian function field has ¢ + 1 places of degree 1. Let
P, be the point at infinity (0 : 1 : 0) of y, and Py, be the point zero point (0 : O : 1) of y. For any
(a,pB) € Pzz on y, there is a unique rational point P,z which is the common zero of x —a and y — §.

The genus of the Hermitian function field H is equal to @

In Hermitian function field over F2, let h : y — P'(F,) is the natural projection defined by h(x, y) =
y; then deg(h) = g =r + 1. Let G = tP, be a positive divisor, where P, € y is a unique over the point
at infinity co € P'(F,2). Take S = Fp.

Lemma2.3. [2, Proposition 4.1] There is a family of an AG LRC codes C(G, h) in Hermitian function
Jfield over F with locality ¥ = g — 1 which satisfies

n= q3, k = rdim(G), andd > b(C(G,h)) =n —deg(G)(r+ 1) — (r — 1)(r + 2).
The minimum distance d of C(G, h) has the lower bound b(C(G, h)).
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3. Dimensions of divisors of Hermitian function fields

In Section 3, we focus on the dimensions of divisors of Hermitian function fields over F ., where
q is a prime power. The following lemma is about the dimension dim(G) of a divisor G of Hermitian
function field.

Lemma 3.1. [8, Theorem 3.6] Let H be the Hermitian function field over Fp, where q is a prime
power. Let G = rPe + Y gk, kgPop be a divisor, where a € Fp, r € Z, and kg € Z for each 3 € K,. The
dimension dim(G) of G is given by

q .
. r—iq
dim(G) = ;max{{q+l|+ Z

peKa

kg +1i
P L0p<r+ Y kst L. 3.1)
q+1 =

Using Lemma 3.1, we give explicit formulae for dimensions of divisors G| and G, which consist
of one place P, and two places P, and Py of Hermitian function field H over Fp, respectively. For
comparing dim(G) and dim(G,), we need to have explicit formulae in Lemmas 3.2 and 3.5. In Section
4, it will be crucial parts for obtaining one of our main results. First, we deal with a divisor which
consists of two places P, and Py of H.

Lemma 3.2. Let g be a prime power. Let u and k be integers such that u > 0 and k > 1. Set
r=(@+Du+t>1 where)0 <1t <gq. Let § = k (mod g + 1) and ¢ = Lq%J Then for fixed r and k,

the values L;_—J::’J + I_%J + 1 can be calculated by the following formulae for all 0 <i < g:

Case 1. Suppose that T = 0.
(i) If& =0, then | =4 |+ |2 |+ 1 =u—i+g+1for0<i<gq.

q+1

(ii) If & > 1, then
{r—zq|+{k+l
q+1 q+1

Case 2. Suppose that T > 1.

(i) If & = 7, then
r—iq N k+i
qg+1 qg+1

+1= u—i+e+1 lfOSlSq—Ek,
B u—-i+g+2 ifg-&+1<i<gq.

- u—i+eg+1 if0<i<qg-4g,
u—i+e+3 ifg-&+1<i<gq.

(ii) If & # 7, then
V—lq N
q+1

Proof. We note that the integer k can be written as k = g(q + 1) + &.
Case 1 (i). T = 0: suppose that & > 1.

. u—i+eg+1 if0<i<qg-—max{r,&},
k+i

q+1

|+l: u—i+e+2 ifg—maxir,g}+1<i<qg-min{r, &},

u—-i+g+3 ifg-mnir,g}+1<i<gq.
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oIfOSiSq—%k,then[ﬂJ:u—isincel <r—-ig—-(w-i(g+1) =i< q- &. Moreover,

[@J — [Ek(q+l)+ék+z

pry pry J—ekbecausel<ek+l<q Hence we have [’ qu+[ﬂJ+1 =u—i+e+l.

+1 q+1
. Ifq—ek+1<z<q,then[r ’qJ—u—zand[k“J—ek+lsmceq+1$€k+iSEk+qSZq.

Case 1 (ii). T = 0: if & = 1, then we obtain the result by the similar way as Case 1 (i).
Case 2 (i). T > 1: suppose that & > 7.

) If0<z<q—ek,thenv 'qJ—u—isincelSr—iq—(u—i)(q+1):T+i§q+r—§k<q. And

+1
we get that [;‘:J = [%J =g because 1 < & +i<gq.
elfg—&+1<i<qg-r, thenl_r ’qJ—u—iand[%J:[%J:q+l.

e Ifg-7+1<i<gq, thenvﬁj =u—i+1since0<r—ig—(u—i+)g+1)=G—-qg-D+i<q.

- s J = ¢ + 1 as above.

Similarly, we have that [

Case 2 (ii). T > 1: & < 7, the result can be proved by the similar way as Case 2 (i).
Case 3. T > 1. For § = 1, we can also have the result; in detail, when ¢ — & + 1 < i < g,

reig | g ki | _ | &lgrDrati | _
[an—” l+1and[q+]J—L—qH J—6k+lasabove. 0

By Lemma 3.2, for a divisor G, = rP., + kP of Hermitian function field H over F ., we obtain the
dimension dim(G,) of G, explicitly.

Theorem 3.3. Let G, = rPy + kP be a divisor of Hermitian function field H over F,, where r and

k are integers such that r > 1 and k > 1. For fixed r and k, let I'; ., := [;’;’J + [ [’]‘:;J + 1 be the value

determined by Lemma 3.2 for all 0 < i < q. Then the dimension dim(G,) of G, is le max{l';, ., 0}.

Proof. The values I'; ,.x = L;‘T’?J + L%J + 1 are determined for all cases by Lemma 3.2. By Lemma 3.1,

the dimension dim(G,) of G, is Z?:o max{l;, ., 0}. |

We present the following example.

Example 3.4. Let H be the Hermitian function field over Fg: (i.e., ¢ = 8). Let G, = rPy + kPyo be a
divisor of H, where r and k are integers such thatr > 1 and k > 1. Setr = u(q+ 1) + 7 = Qu + 1, where
0<t<8andu>0.

For example, we focus on u = 4 and k = 5; thus r = 36 + T with 0 < v < 8. The dimension dim(G,)
0of G, = (36 + )P, + 5Py (0 < 7 < 8) can be calculated by Magma program as follows:

17 forO<7t<2,
18 fort =3,
19  fort =4,
dim(G,) =120 fort =5, (3.2)
21 fort =6,
22 fort =1,
23 fort =28.
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Now, we check if our results in Theorem 4.1 are true; if our formulae give the same results as (3.2),

then these are correct. In Lemma 3.2, we obtain the values

r—iq
q+1

l—‘i,r,k =

q+1 9 9

here, €, = |_§J =0and g =k =5.
(i) T = 0: in this case, we get that [F,',36+T,5]§:O: [5,4,3,2,2,1,0, -1, =2] since

S—i for0<i<3,
I'i364r5 = . .
6-i ford<i<3§,

by (3.3) and Case 1 (ii) of Lemma 3.2. Hence, Z?:o max{l;36+r5, 0} = 17 in Theorem 3.3.

(ii) T = & = 5: we have
5-i for0<i<3,
i36+7,5 = ) .
7—i ford<i<s,

by (3.3) and Case 2 (i) of Lemma 3.2. Hence, we calculate the values as [Fi736+7,5]§=

[5,4,3,2,3,2,1,0,—1] and Z?:o max{l;36+r5,0} = 20 in Theorem 3.3.

(iii) T # &(= 1): this case is matched with Case 2 (ii) of Lemma 3.2. So we obtain

5—i for0<i<8-max{r,5},
Iisesrs =96 —i for 8 —max{r,5} + 1 <i < 8 — min{r, 5},
7—i for8—min{r,5}+1<i<8.

By calculation for each cases,

17 fort=1lort=2
18 fort =3,
8

19  fort =4,

Z max{l364r5,0} =

pary 21  fort =6,
22 fort =1,
23 fort =28.

By (i), (ii) and (iii), we can check the results of Lemma 3.2 and Theorem 3.3 are correct.

k+i|+1:{36+T—8i|+{k+i|+1; (33)

O:

O

From now on, we focus on a divisor G| = (r+k+{)P., which consists of one point P, of Hermitian

function field over F ..

Lemma 3.5. Let g be a prime power. Let u, k and € be integers such that u > 0, k > 1 and € > 1. Set
r=(@+ Du+7>1, where) <1< q. Let Sk,gﬁ =k+71+¢ (mod g+ 1) and 6y ¢ = [MJ Then for

) g+1
fixed r, k and €, the values LHI;#J can be calculated by the following formulae for all 0 <i < g:

(i) If Sxpe =0, then |Z9 4 1 =y — i+ 6o+ 1 for0<i<gq.

g+1
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(ii) Ifdkh > 1, then

V+k+£—iq|+l_ U—i+ e+ 1 ifO<i<q—0ksrs
g+1 U—i+8r+2 ifg—rer+1<i<q.

Proof. First, the value k + 7 + £ can be written as k + 7+ € = 63 s (g + 1) + Sk,g,f. Here,

r+k+l—ig=w-ig+u+k+7t+¢,
=W—0)g+u+oi(q+ 1)+Sk,{’,r-

Then (r + k + € —ig) — (u — i)(q + 1) = pr(q + 1) + Orr + i and
V +k+€— iq| B {(H — i+ )@+ 1) + b0+

3.4
qg+1 qg+1 34

by the previous equations.

(i) If 6. = O, then the value |_’+k+€ 9| =y —i+6rsince 0 < +i<gby(3.4)and0<i<gq.

(ii) Suppose that 6z > 1. If 0 < i < g — ¢4+, then |_r+k+€ “) =y —i+6.for0<i<qg-—0&is. by
(3.4). For g — 5kh+1<z<q,wehavethatv+"+""fJ—u—z+5H,+1byq+1<5kh+z<2q
and (3.4).

From (i) and (ii), the results are follow. |

Lemma 3.5, for a divisor G; = (r + k + {)P,, of Hermitian function field H over Fp, present the
explicit formula for the dimension dim(G) of G.

Theorem 3.6. Let G| = (r+k+{)P be a divisor of Hermitian function field H over F ., where r, k and
€ are integers such thatr > 1,k > 1 and € > 1. For fixed r, k and ¢, let fl kil = [%J+l be the value
determined by Lemma 3.5 for all 0 < i < q. Then the dimension dim(G) of G, is Z max{[; s O

Proof. Lemma 3.5 determines the all values Fi,r,k’g = LHIZ’%J + 1. By Lemma 3.1, the dimension

dim(Gy) of Gy is 2, max{[; 1, 0}. O
The following examples say our results (Lemma 3.5 and Theorem 3.6) are true.

Example 3.7. Let H be the Hermitian function field over Fg. (i.e., ¢ = 8). Let G| = (r + k + )P, be a
divisor of H, where r, k, and € are positive integers. Setr = u(q+1)+7=9%u+71 > 1, where )0 <17 < 8.
For instance, we consideru =1, t=0,k=1and 1 <€ < 8; thusr = 9.

The dimension dim(G,) of the divisor G| = (10 + )P, is calculated by Magma program as

3 forl1<{<5,
) 4  fort =06,
dim(G,) = (3.5)
5 fort =1,
6 forf=28.

From now on, we check our results are matched with (3.5); if these are matched, then Lemma 3.5 and
Theorem 3.6 are correct. By Lemma 3.5, we calculate the values LMJ +1= L%J +1 as follows:

first, 6k,7—k+T+€ £+ 1 (mod 9).
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(a) € =1: we have 5;“ ={+ 1 =2and 6y, = 0. Furthermore, the sequence [l:i,g,l,l]?zo is obtained
[fi,9,1,1]18:0 = [2’ 17 07 _17 _27 _37 _47 _47 _5]

since

i9,1,1 —

i}

2—i for0<i<6,
3—-i for7<i<8.

Hence, by Lemma 3.5, Z?:o max{l:i,g,l,l,O} =2+1=3.
(b) 2 <€ <7: by Lemma 3.5, we get the following results as the same reason:

(12,1,0,—1,-2,-3,-3,-4,-5],3) fort=2,
(12,1,0,-1,-2,-2,-3,-4,-5],3) fort=3,
(12,1,0,-1,-1,-2,-3,-4,-5],3) for =4,
(12,1,0,0,-1,-2,-3,-4,-5],3)  fort=>5,
(12,1,1,0,—1,-2,-3,-4,-5],4)  forl=6,
(12,2,1,0,-1,-2,-3,-4,-5],5)  fort="1.

)

b b

8
(IFioaelg, > max(Tig 0 0)) =
i=0

b

(c) £ = 8: the values Sk,f = 0 and 6y = 1 are obtained. And then [1:,-,9,1,{;]?:0 =
[3,2,1,0,-1,-2,-3, -4, -5]. That is, Z?:o max{lio,5,0} =3+2+1=6.

The results in (a), (b) and (c) are matched with (3.5) by Theorem 3.6, that is, our results of Lemma
3.5 and Theorem 3.6 are correct. O

4. LRC codes with two-point divisors

In this section, we consider the lower bounds of minimum distances for AG LRC codes in Hermitian
function fields over F (¢: a prime power). We set that G| = (r + k + {)P, is a divisor, and G, =
rPo + kPy is a divisor, where r, k, and ¢ are integers such that » > 1, k > 1 and £ > 1; then
deg(Gy) =r+k+ € > deg(G,) = r + k. We compare the lower bounds of minimum distances of AG
LRC codes C(Gy, h) and C(G,, h); the map 4 is introduced in Section 2.

As we can see in Lemma 2.2, both the dimension and the lower bound for minimum distance of
C(G, h) are related to deg(G) and dim(G). We use a divisor G, for obtaining an improved lower bound
for minimum distance of AG LRC codes. The key point is that we find the divisors G, satisfying both
dim(G,) = dim(G,) and deg(G,) < deg(G,); and then, b(C(G,, h)) is bigger than b(C(Gy, h)) with
dim(C(Gy, h)) = dim(C(G,, h)).

In Lemma 4.1, we give an exact standard to check when deg(G,) > deg(G,) with dim(G,) =
dim(G,). It means that this lemma tells us when we can get an improved lower bound of minimum
distance for AG LRC codes in Hermitian function field over F 2 (¢: a prime power).

Lemma 4.1. Let H be the Hermitian function field over Fp, where q is a prime power. Let R

k+7+¢ (mod g+ 1), & =k (mod g + 1), and ;0. = [k;:fj where k, € and T are non-negative

integers (k > 1,£ > 1and 0 <1 < q). Let G, = (r + k+ ()P, and G, = rPy, + kP be divisors of H,
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where r = u(q + 1) + v > 1 with a non-negative integer u.
Suppose that & + 7+ < g+ 1. Then

Oper + Sk,g,f <q-—u-1ifandonly if deg(G,) > deg(G,) and dim(G,) = dim(G,).

Proof. As in the previous lemmas and theorems of Section 3, we denote the followings: oy = k+7+¢

(mod ¢ + 1), §x¢r = [k;ﬂ, & =k (mod g+ 1), and g = [qflj.

First, we check that the condition & + 7+ ¢ < g + 1 is necessary. If & + 7+ £ > g + 1, then we have
thatfork++7=(g+ D+ &+ +1,

5](’5’7 > +1 (41)

since & ++7 > g+ 1and 6, = [MJ = [M

q+1 gq+1
Io,x =u+¢e+1,and f‘o’,’k’[ = U+ +1>u+ ¢ +2;the value 'y, is from Lemma 3.2, and f‘o’,’k’g
is given by (4.1) and Lemma 3.5 (for i = 0). It means that dim(G,) > dim(G,) by Theorems 3.3 and
3.6. Hence, we should assume that & + 7+ ¢ < g + 1.

By the following two cases, we prove our results.

J > ¢ + 1. In this case, we obtain that

(1) Suppose that & = 0. We have that SM,T =k+7+{¢ (mod g+ 1) = 7+ ¢ this is because
k+l{+17=@+ D +&+{+T7and & +{+7=C+71 < g+ 1. It follows that

k
Orer = =[—-. 4.2
br = Lz+1| @2
Then we have
[ u=u—i+eg+1foral0<i<gq, (4.3)

and

4.4)

. u—i+eg+1 forO0<i<q-—=oisr
Cirke =

U—1i+e+2 forq—Sk,g,T+1SiSq,

by (4.2), Lemmas 3.2 and 3.5.

We claim that dim(G) = dim(G,) if andonly if u —i +  +2 < Ofori = g — & ¢ + 1.
Suppose that dim(G;) = dim(G;). In (44),u—i+ e +2<0fori=¢q— Sk,g,f + 1 since € = Ok -
That is, O + 5;(,5,, < g —u — 1; if not, clearly we have dim(G,) > dim(G,).

Conversely, if 0 ¢, + Sk,gﬁ <g—-u-—1,thenwesaythatu —i+¢ +2 <0 forg— 5,(,[,7 +1 =1
This implies u — i + € + 1 < 0 for ¢ — 6ps + 1 <i < q. Hence

q_gk,f,r q_sk,/,r

dim(Gy) = ) max{[i i, 00 = > max(Tig, 0} = dim(G) (4.5)
i=0

i=0

since Ty, =Tipu =u—i+e+1for0<i<q-—03, by (43)and (4.4). Thus we obtain the
result.

(ii) Suppose that 1 < & < g. The similar arguments show that d;;, = k+ £ + 7 (mod g + 1) =
& +{+71=¢§+{+ 7. Hence 6y,, = g 1s also followed. As (i), the results are obtained.

O
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In Lemma 2.3, a divisor with one place P, is considered to construct AG LRC code. In our work,
we use a divisor G, = rP., + kPyo with two places P, and P, where r and k are integers such that
r > 1 and k£ > 1; by Lemma 2.2, we can constructing AG LRC codes with a divisor G,. And we
set a divisor G| = (r + k + {)P, with a place P.,,. An AG LRC code C(G,, h) in Hermitian function
field over F> has the length n = g*(g — 1) since we should take S = F,2 \ {0} (See Section 2). We
compare the lower bounds of minimum distances for AG LRC codes C(G, h) and C(G,, h); under
certain conditions, we say that the lower bound of minimum distance for C(G,, h) is better than the
bound for C(Gy, h).

Theorem 4.2. Let H be the Hermitian function field over Fp. Let b(C(G, h)) be the lower bound of
minimum distance for an AG LRC code C(G,h). Set G| = (r + k + {)P, and G, = rP + kP are
divisors of H satisfying deg(G) > deg(G,) and dim(G,) = dim(G,) (the divisors G, and G, can be
determined by Lemma 4.1). There is a family of AG LRC codes C(G,, h) in H over F . which satisfy

dim(C(Go, h)) = dim(C(Gy, h)) and b(C(G», h)) > b(C(Gy, h)),

that is, the bound b(C(G», h)) of minimum distance for C(G», h) is better than the bound b(C(G1, h)) of

minimum distance for C(Gy, h).

Proof. By Lemma 2.2, both the dimension and the lower bound of minimum distance for an AG
LRC code on Hermitian curve can be obtained. First, dimensions of codes C(G;,h) and C(G,, h)
are the same; the dimension of the codes are rdim(G;) and rdim(G,), respectively. That is, we have
dim(C(Gy, h)) = dim(C(G», h)).

Furthermore, the lower bound of minimum distance for an AG LRC code C(G, h) is improving
when deg(G) is getting smaller by Lemma 2.2. In our settings, deg(G1) = r+k+ ¢ and deg(G,) = r+k
with ¢ > 1, that is, deg(G,) > deg(G,). So we get that b(C(G,, h)) > b(C(Gy,h)). We proved the
results. O

The following examples stand for Lemma 4.1 and Theorem 4.2.

Example4.3. The dimensions of divisors G| = (r + k+ )P« and G, = rP., + kP are double checked
by Magma software; the results are matched with ours.

(i) Let H be the Hermitian function field over Fp, that is, g = 7. Set ¢ = 1; then deg(G,) =
deg((r+k+{)P) is equal to deg(G,)+ 1 = deg(rP. + kP )+ 1. In the followings, we will check

Ek+T+€<q+1and5k,g,f+5k’gﬁ§q—u—l. (46)
For instance, we consider r =9 and k = 8. Thus,
deg(Gy) = 18 > deg(G,) = 17.

We obtain u = 1 and T = 1 since r = u(q + 1) + 7 in our settings in Lemma 4.1. Then we have
& =0, Sk’gﬁ =k+7+{ (mod 8) =2, and 64, = L%J = 1. Thus, (4.6) is satisfied. By Lemma
4.1,

dim(G,) = dim(G,) = 6;

the second equality is from Lemma 3.5 (ii) and Theorem 3.6.

AIMS Mathematics Volume 7, Issue 6, 9656-9667.



9666

(ii) Let H be the Hermitian function field over Fi5: (i.e., g = 13). Set £ = 8, r = 29 and K = 14, it
means that
deg(G1) = 69 > deg(G,) = 61.

Thent =1, u=2, 6 = 0and 5“,7 = 9 and 6y, = 1. Clearly, the above values satisfy (4.6).
Similarly, by Lemma 3.5 and Theorem 3.6, we have

dim(G,) = dim(G,) = 10.
As a result, in both (i) and (ii),
dim(C(Gy, h)) = dim(C(G», h)) and b(C(G», h)) > b(C(G4, h))

by Lemma 2.2; that is, the lower bound b(C(G,, h)) of minimum distance for C(G», h) is better than the
lower bound b(C (G, h)) of minimum distance for C(G, h).

Remark 4.4. We can find many cases that satisfy conditions of Lemma 4.1. We calculate the number
of divisors which are convincing cases for our results.
For examples, for2 < g < 15and 1 < u, 7,k <50 (g: a prime power), we get that

1391  fort =1,
1024 for € =2,
the number of divisors G, = {717  for{ =3,
474  fort =4,
293 fort =35,

where the divisor G, satisfies the conditions of Lemma 4.1. Hence, using these divisors G,, we can
improve the lower bound of minimum distance for AG LRC codes on Hermitian curve over F . And so
on, we can find more cases on the other ranges for q, u, 7, k and ¢.

5. Conclusions

We study locally recoverable codes in Hermitian function fields over F» (¢: a prime power). We
give explicit formulae of the dimension for some divisors of Hermitian function fields. From this, we
obtain an improved lower bound of the minimum distance for locally recoverable codes in Hermitian
function fields with a certain type of divisor. These results can be extended to various algebraic function
fields in future research.
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