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1. Introduction

Let M, be the set of n X n complex matrices. If X is positive semidefinite, we put X > 0. For two
Hermitian matrices X, Y € M,,, X > Y means X — Y is positive semidefinite. If X is positive definite, we
put X > 0.

The Hadamard product of A, B € M,, is denoted by A o B, and the Hadamard productof Ay, ..., A, €
M, is denoted by []Z, cA;. The Kronecker product of A and B is denoted by A ® B = (a;;B). If

Ay Anp
A= ( Ay Ax
AJAy| = Ay — Ay A Aj,. A well known property of the Schur complement is

) € M,, with A; nonsingular, then the Schur complement of A;; in A is defined as

detA = detA;; det(A/A,). (1.1)

The set of all complex matrices partitioned as p X p blocks with each block g X ¢ is denoted by
M,(M,). Let A = (A;;),B = (B;;) € M,(M,). The block Hadamard product of A and B is given by
AOB := (A;;B;;), where A;;B;; denotes the usual matrix product of A;; and B;;. If every block of A
commutes with corresponding block of B, we say that A, B block commute. The Khatri-Rao product
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of A and B is given by A * B := (A;; ® B;;). We denote by I, € M,(M,) the pg X pq identity matrix,
which is partitioned according to the block structure of the matrices of M,(M,). Clearly, when g = 1,
that is, A and B are p X p matrices with complex entries, the block Hadamard product and the Khatri-
Rao product coincide with the Hadamard product. These matrix products have been used in many
fields, such as matrix analysis, statistical analysis, communication and information theory, etc. For
more information, we refer to [3-6,9, 10].

LetA; € M,,,i = 1,...,m,be positive definite matrices whose diagonal blocks are n -square matrices
Agj),j =1,...,k(son; +---+n =n). Denote )/, or [, o by %, then

det( * Ai) < det( * (AE”)) . det( * (Af")))

follows directly from Fischer’s inequality [2, p. 506].
By making use of a result of Lin [7], Choi [1] proved the following inquality,

det(ZA;‘) > det(z (A§‘>)‘1) : ~-det(z (Aff")‘l). (1.2)
i=1 i=1 i=1

Later, Liu et al. [8] gave a new proof of Choi’s inequality(1.2), and they also obtained the following
theorem.

Theorem 1. Let A; € M,,i = 1,...,m, be positive definite whose diagonal blocks are nj-square
matricesAl(.j)forj =1,....,k(son; +---+n, =n). Then

det( l_[ OAi_l) > det( l_[ o AEU)_I) e det( 1—[ O(Agk))_l).
i=1 i=1 i=1

In this paper, we give an alternative proof of Theorem 1, this is done in Section 2. In Section 3,
we present the following inequality for the block Hadamard product. Clearly, when ¢ = 1, Theorem 2
reduces to Theorem 1.

Theorem 2. Let A; € M,(M,), i = 1,...,m, partition A; with diagonal blocks AY € M, (M,),
j=1,...,t(sop+---+p,=p)IfA;,i =1,...,m, are positive definite and block commute, then

det( ﬁ uA;‘) > det( ]—[ u(Ag”)‘l) ces det( ﬁ D(Af.”)‘l).

i=1 i=1

The result for the Khatri-Rao product is given in Section 4.
2. Alternative proof of Theorem 1

We list some lemmas which are important for our proof.
Lemma 1. [2, Corollary 7.7.4] If A, B € M, such that A > B > 0, then det A > det B.

Lemma 2. [2, Theorem 7.5.3] Let A, B € M, be positive semidefinite. Then A o B > 0.
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A A
Lemma 3. [11, Theorem 7.13] Let A € M, be positive definite. Partition A as A = ( A” Alz ) with
21 Ax

Ay square. Let A" be conformally partitioned as A, then
(D AD™ <A D i= 1,2
(2) AT (A = (Ap) ™.
A A
Lemma 4. [2, p.504] Let A, B € M, be positive definite. Partition A,B as A = ( o ), B =

Ay Ap
(Bn B>

ith A1, B 1<
By Ba )Wlﬂ’l 11, By € M, < k < n, then

(Ao B)/(Ay1 0 Byy) > (A/A1y) o (B/Byy).

By Lemma 4 and induction, we have

Lemma 5. Let A; € M, i=1,...,m, be positive definite and conformally partitioned, and AED be
the (1, 1) block of A;. Then

([ Toa([ Toa") =

i=1 i

o(A;/A).

m
=1 i

m
=1
Now we are ready to present.

Proof of Theorem 1. For all i = 1,...,m, as A; are positive definite, Al.‘1 are all positive definite.
Partition A;' as A; for i = 1,...,m, the diagonal blocks of A;! are n;-square matrices (A;")" for
j=1,..., p. Using mathematical induction on k , we may assume k = 2. By Lemma 5 and Lemma 1,

we get
det (( [ Tear (] | o(A;l)“))) > det( [ To(a; /(A;l)(”)). @.1)

i=1 i=1 i=1

Then we have

E

det( ” oA;l) = det( [ | o(A;7)®" | det|( OAZI)/(ﬁO(AEI)(“))
i=1 j

1 i=1

s I
ERT

> det( [ To(ar)"] det o(A;l/(A;l)“)))

S
[

> det[ [ [ o(A®)" | det o(A;l/(A;‘)“>))

1l
—_
1l
—

|3
|3

= det o AEI))_l det o AEZ))_l).
i=1 i=1

where the first equality above is by (1.1); the first inequality is by (2.1); the second inequality is by
Lemma 3(1); the last equality is due to Lemma 3(2). O
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3. Proof of Theorem 2

In order to prove Theorem 2, we need to show the following lemmas.

Lemma 6. [4, Corollary 3.3] Let A, B € M,(M,). If A, B are positive semidefinite and block commute,
then AOB > 0.

Lemma 7. [4, Lemma 2.4] Let A,B € M,(M,). If B is invertible, then A,B block commute if and
only if A, B™! block commute.

A Ap ) B = ( B Bp
A An )’ B, By
A, B are positive definite and block commute, then

Lemma 8. Ler A = ( ) S Mp(Mq) with A117B11 S M/Z(Mq),h < p. If

(AOB)/(A;0B11) > (A/A)O(B/Byy).

Proof. Let

E- ( Ay A )
A}, ALATApL )

and

F = ( B B, )
BTz BT2B1_11B12 '

Then E and F are positive semidefinite and block commute.
By Lemma 6, we get that

ECF = ( A, OBy Ap0OBy; )

A7,OB}, (ALATAR)OB],BB1)
is positive semidefinite, thus
(A1, A1]A)O(B},B | B1o) > (A},0B},)(A0By) ™ (AOB),

that is
(A —A/A1))OBy —B/Bjy) > A»nOB)y — (AOB)/(A;0By)),

which implies
(AOB)/(A10B;) > Ap»OB/Byy) + (A/A OBy, — (A/A)TO(B/By).

It follows from
Ay >A/Ay, By >B/By,

that
(AOB)/(A;0B;) > Ax0(B/Byy)

> (A/A11)BB/Byy).

This completes the proof. O
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M, (M,) with (A € MyMp),h < p,i = 1,....m. If

Lemma 9. Let A; = ( A (Ao ) €

(A}, (Adxn
A, i =1,...,m, are positive definite and block commute, then

det( [ DA,-) > det( [ |:|(A,-)11) det( [ |:|(A,-/(A,-)11)).
i=1 i=1 i=1
Proof. By Lemma 8 and induction, we can get

( ﬁ DAi)/( ﬁ E‘(Ai)u) > ﬁ O(A;/(A)11).
i=1 i=1

Then

det( ﬁ DAi) - det( ﬁ D(Ai)u) det (( ﬁ[ o)/ [ D(A,.)n))

i=1

Zdet(ﬁD(A)”) (ﬁD(A /(A)H))

Now we give the proof of Theorem 2.

Proof of Theorem 2. For all i = 1,...,m, as A; are positive definite, Ai_1 are all positive definite.
Partition A;' as A, fori = 1,...,m, then the diagonal blocks of (A; )% € M,, (M,) for j = 1,...,2. By
Lemma 7, we get that A,-‘l, i=1,...,m,block commute. Using mathematical induction on ¢ , We may
assume ¢ = 2. By Lemma 9, we get

det(n DA ) > det( [ D(A;‘)(“) det( ﬁ u(A;1 /(A;l)“))).

i=1 i=1

By Lemma 3, we have

det(l_[ OA; ) > det( ]_[ o(A")” )

_ _ (Ai—l/(Ai—l)(l)))

(ﬁu(Aﬁ“)“) (ﬂu(A@) )

i=1 i=1

/55

3

This completes the proof. m|

Corollary 1. Let A € M,(M,) be positive definite, partition A with diagonal blocks AV¢e M, (M),
j=1,...,t(sopi+---+ p,=p). Then

det (A™'Ol,) > det (A")™'al,, ) - - det ((A”) 'O, ).

Corollary 2. Let A € M,(M,) be positive definite, partition A with diagonal blocks AV¢e M, (M),
j=1,....,t(sopi+---+p, = p) Let BYe M, (M,), j = 1,...,t, be positive semidefinite, B =
diag(B(l), ...,B), A and B block commute. Then

det (A™'OB) > det (AM)'aB®)- - - det (A”)'oB"). (3.1)
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Proof. Assume that B is nonsingular, that is, B"Y are all invertible for j=1,...,t. Then, (3.1) follows
by Lemma 7 and Theorem 2. By a standard continuity argument, the statement is also true if B is
singular. O

When ¢ = p in Theorem 2, we get the following.

Corollary 3. Let A; € M,(M,),i = 1,...,m, with diagonal blocks q-square matrices Agj), j=1,...,p.
IfA;,i =1,...,m, are positive definite and block commute, then

det( ﬁ DA;I) > det( ﬁ (Aﬁ”)‘l) e det( ﬁ (AE”))‘I).

4. Results for the Khatri-Rao product

The following lemmas will be used in the main result of this section.

Lemma 10. /9, Theorem 5] Let A > B > 0,C > D > 0, and A, B, C and D be compatibly partitioned
matrices. Then
A+*xC>B=D>0.

Ay Ap ) ( B,y Bp
Lemma 11. [5, Lemma 3.3] Let A = . ,B = .
[ / ( AL, Ap B, Bx

M, (My), h < p. If A, B are positive definite, then

) € MP(Mq) with A;1,By; €

(A=B)/(A1; #=By1) > (A/Ay) = (B/Byy).

By Lemma 11 and induction, we have

A1 (Adiz
(A}, (Adxn
A, i =1,...,m, are positive definite, then

det( ﬁ *Ai) > det( ﬁ *(A,-)H) det( ﬁ *(Ai/(A,»)“)).

i=1 i=1 i=1

Lemma 12. Let A; = ( ) € M,(M,) with (A1, € MyM,),h < p,i = 1,...,m. If

Now, we give the result for the Khatri-Rao product. Clearly, when ¢ = 1, Theorem 3 reduces to
Theorem 1.

Theorem 3. Let A; € M, M,), i = 1,...,m, partition A; with diagonal blocks Al(.j) € M, (M,),
j=1,...,t(sop1+---+p,=p)IfA;,i=1,...,m,are positive definite, then

det( ]_[ *Ai‘l) > det( ]—[ *(Ag”)‘l) e det( ﬁ *(Ag”)‘l).

i=1 i=1 i=1

Proof. This follows analogous steps to the proof of Theorem 2. O
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Corollary 4. Let A € M,(M,) be positive definite, partition A with diagonal blocks AVe M,,,(M,),
j=1,...,t(sopy+---+ p,=p). Then

det (A7« L,) > det (AV) ™ %1, ) - - det (A”)™" + I, ),

and
det (I,, s A‘l) > det (Ip1 * (A“))_l) .. .det (Ip, « (A(t))—l).

Corollary 5. Let A € M,(M,) be positive definite, partition A with diagonal blocks AVe M, (M),
j=1...,t(sopi+---+p = p) Let BY¢e ij(Mq), j = 1,...,t, be positive semidefinite, B =
diagBY, ..., BY). Then

det(A™" + B) > det (A®)™" «B®) - det (A®) ™ +B?),

and
det (B x A7) > det (B « AV)™") - det (B « (AD)™).
When ¢ = p in Theorem 3, we get the following.

Corollary 6. Let A; € M,(M,),i = 1,...,m, with diagonal blocks q-square matrices Agj), j=1,...,p.
IfA;,i =1,...,m, are positive definite, then

det ( f[ *A;‘) > det ( lﬁ ®(Af.”)‘1) e det( lﬁ ®(A§”))“).
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