AIMS Mathematics, 7(6): 9627-9647.
DOI: 10.3934/math.2022535
AIMS Mathematics Received: 23 November 2021
Revised: 28 February 2022

Accepted: 02 March 2022
http://www.aimspress.com/journal/Math Published: 15 March 2022

Research article

Commutators of multilinear 6-type generalized fractional integrals on
non-homogeneous metric measure spaces

Xiangxing Tao and Jiahui Wang*

Department of Mathematics, School of Science, Zhejiang University of Science and Technology,
Hangzhou 310023, China

* Correspondence: Email: wangjh0121@163.com; Tel: +8618868181648.

Abstract: Let 7,,, be the multilinear 6-type generalized fractional integrals and b, be the vector
with each b,, € RBMO (u). The boundedness for 7, ,, and the iterated multi-commutators 7 ami, ON
Lebesgue spaces over non-homogeneous spaces are showed in this paper.

Keywords: multilinear 6-type generalized fractional integrals; iterated commutators;
non-homogeneous measures; boundedness; Lebesgue spaces
Mathematics Subject Classification: 42B35, 47B37, 28A35

1. Introduction

In the last decade, the study on non-homogeneous metric measure spaces, which include both spaces
of homogeneous type and non-doubling measure spaces as special cases, has attracted much attention,
see for example [1-9]. The purpose of the paper is to establish the boundedness of the multilinear
f-type generalized fractional integrals and the iterated commutators of them on Lebesgue spaces over
non-homogeneous spaces.

In this paper, we always assume that (X, d, ) is the non-homogeneous metric measure space in the
sense of T. Hytonen [1], i.e., the metric measure space (X, d, u) have the geometrically doubling and
upper doubling properties, which can be defined as follows:

Definition 1.1. A metric measure space (X,d) is called geometrically doubling if there exists some
Ny € N such that, for any ball B(x,r) C X, there exists a finite ball covering {B(x;, r/2)}; of B(x, r) such
that the cardinality of this covering is at most N.

Definition 1.2. A metric measure space (X, d, u) is said to be upper doubling if u is a Borel measure
on X and there exists a dominating function

A: X XR, - R,
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and a constant C; such that
r — A(x,r) is non-decreasing,

((B(x, 1) < A(x, 1) < Cad(x, %), (1.1)

forall x e X andr > 0.

We note that we can also assume that, for all x,y € X with d(x,y) <r,
Ax,r) < CrA(y, r). (1.2)

In fact, T. Hytonen, D. Yang and D. Yang [3] showed that there exists another function A < Asuch that,
for all x,y € X with d(x, y) < r, the inequality (1.2) holds for A.

Let L;’(u) be the space of all L*(u) functions with bounded support. For 8 € (0, 1), f € L;’(u) and
x € X, the fractional integral I5f(x) is defined by

Fdu®y)
1 = . 1.3
I fx (A0 dCx )] -

In case X = R? with Lebesgue measure, I5f can be rewritten as classical fractional integral, which is
bounded from L' to L* for 1 <t < d/Band 1/s = 1/t — 8/d. In non-homogeneous metric measure
space, we need an additional assumption for u to get the similar boundedness for Igf.

Definition 1.3. Let € € (0, ). A dominating function A is said to satisfy the e-weak reverse doubling
condition if, for all r € (0, 2diam(X)) and a € (1,2diam(X)/r), there exists a number C(a) € [1, o),
depending only on a and X, such that, for all x € X,

Alx,ar) > C(a)A(x,r)

and moreover,

- 1
Z [C@ =

Lemma 1.1. [2] Assume that u(X) = co. Let 0 < S < 1,1 <t < 1/Band 1/s = 1/t — B. If A satisfies
the e-weak reverse doubling condition for some € € (0,inf{, 1 — B, 1/s}), then Is, defined by (1.3), is
bounded from L'(u) to L*(u).

Suppose that 6 is a non-negative nondecreasing function on (0, +o0) satisfying, for n € (0, c0),

1
f o) |log t|n dt < oo,
o I

In this paper, we consider the following multilinear 6-type generalized fractional integral.

Definition 1.4. Let a € (0, m). We call K, is a multilinear 6-type generalized fractional integral kernel,
if
K,eL! (X’"”\{(x,yl,...,y,-,...,ym) x=y,1<i< m})

loc

and
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(i) there exists a positive constant Ck, depending on K, such that

Ck
- m—a’ ( 1 4)
(21 A, d(x, y)]

forall (x,y1,...,Yir-..,Ym) € X" with x # y; for some i;
(ii) there exists 6 € (0, 1] and a positive constant Ck, depending on K, such that

d(x, x") ) 1
2t de,y) ) [ X A, d(x, y)]™™

for all (x,y1,...,ym) € X" with Ck,d(x,x") < max<j<, d(x,y;), and for every j,

|Ka/(-x5yl$' . 9ym)| S

|K(l(x9yl’ L ,ym) - K(l/(x,9yl$ L $ym)| S CKGG( (1.5)

K(I(x,yl"--’yja-'-vym)_K(I(x’yl,---’y}"--’ym)|
d(y;,y") 1 1.6
SCK,JQ( ‘ oY ) _ __ (1.6)
iy d(x, y) [Zi:l A(x, d(x, )’i))]

provided Cg d(y;, y;) < maxi<j<n d(x,y;).

For any f = (fto-oon S fi € Ly(w),i = 1,2,...,mand x ¢ N, supp f;, the multilinear 0-type
generalized fractional integral 1 ,,, is defined by

Towf®) = | KaGryi,ooovm [ | FODduG)
i=1

Xm
with kernel K, satisfying (1.4)—(1.6).

The first theorem of this paper is the boundedness for the multilinear 6-type generalized fractional
integral on Lebesgue spaces.

Theorem 1.2. Assume that y(X) = oo. Let 0 < f < 1,1 <t < 1/8,1/s = 1/t - B,0 < a <
m,1 < piy...,pm <o0and 0 < 1/qg =1/py+---+1/p, —a < 1. Suppose A satisfies the e-weak
reverse doubling condition for some € € (0,inf{B, 1 — 8, 1/s}). Then the multilinear 0-type generalized
fractional integral 1, defined by Definition 1.4 is bounded from LP'(u) X --- X LP"(u) to LI(u), that
is, there exists a constant C > 0 such that

In order to consider the commutators of the multilinear 6-type generalized fractional integral, we
need to give the following concepts.

We call B ¢ X a (n,8)-doubling ball if u(nB) < Bu(B) for n, B € (1, +00). In [1], T. Hytonen pointed
out that if a metric measure space (X, d, ) is upper doubling and 1, 5 € (1, c0) with 8 > (C,)1°%" =: ",
then for any ball B C X, there exists some j € N such that /B is (1, 8)-doubling. Meanwhile, let (X, d)
be geometrically doubling and 8 > " with ny := log, Ny and i is a Borel measure on X which is finite
on bounded sets, then for u-a.e. x € X, there exist arbitrarily small (1, 8)-doubling balls centered at x.
In fact, their radius may be chosen to be of the form 17/r, j € N, for any preassigned number r > 0.

m
I"’mﬂ)mw) <C 1_1[ fill g -
=
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Throughout this paper, for any 7 € (1, o) and ball B, the smallest (7, 8,)-doubling ball of the form
1B with j € Z, is denoted by B", where

By = max {0, i7"} + 30" + 30", (1.7)

In what follows, by a doubling ball we mean a (6, 55)-doubling ball and simply denote B by B.
Forn > 1 and any two balls B c Q C X, let

()

B.Q k

= (17"B)

Ky =14y T2
Be ) A(cp, 17" rp)

where Ng?)Q represents the smallest integer k satisfying rg > ry, cp and rp represent the center and
radius of the ball B, respectively. One always denote Nf% by Nz .
Then we review the concept of the space RBMO (w).

Definition 1.5. Let p > 1 and y > 1. We say that a L (u)-function b € RWOp,y(,u) provided there

loc
exists a constant C > 0 and, for any ball B C X, a number by such that

1
M ]B:V?(X) — bpldu(x) < C (1.8)

and, for two balls B and Q such that B C Q,
|bs — bo| < C|KL)|" (1.9)

The smallest constant C satisfying both (1.8) and (1.9) is called the RWOM(,U) norm of b and denoted
by ||b||R’BWf0p’y(,1)-

Remark 1. X. Fu, D. Yang and D. Yang [10] pointed that the norms for different choice of p > 1
and y > 1 are equivalent. In what follows, we denote R/B\MJOp,y(,u) simply by RBMO (). Obviously,
RBMO () € RBMO(u) (the space regularized BMO(u) which was introduced by X. Tolsa [11] ).

For 1 < r < m < oo, let C" be the cluster of all finite subsets o = {0y,...,0,} of {1,...,m}. For
arbitrary o € C, let l_;cr ={bs,,...,bs}, where b,.,i = 1,...,m are RBMO (w)-functions. We define
the iterated commutators, generated by the multilinear #-type generalized fractional integral 7, ,, and
RBMO (u)-functions b, o; € o,

-

]a,m,ggf_)(x) = [bO'r’ T [bm s Ia,m]] (X)

= fx’” [n (b (X) = by, OD) [ Ko (6, Y15« 23 Yim) (H fi (yj) du (y,,-)] '
J

giET i=1

(1.10)

The second theorem is the boundedness for the iterated commutators generated by the multilinear
f-type generalized fractional integral operator and RBMO (u)-functions on Lebesgue spaces.
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Theorem 1.3. Let 0 < B < 1,1 <t < 1/B,1/s = 1/t -B,0 < @ < m,1 < py,...,pn < o0 and
0<1/g=1/p1+---+1/p,—a < 1. Suppose A satisfies the e-weak reverse doubling condition for
some € € (0,inf{B,1 - B,1/s}) and b,, € RWO(,U), o; € 0. Then the iterated commutators 1 emi,
of the multilinear 0-type generalized fractional integral with RBMO (u)-functions, defined by (1.10), is
bounded from LP'(u) X - - - X LP»(u) to Li(w), that is, there exists a constant C > 0 such that

‘ Lq(y) {rl ||bm||RBMO(y)] (El ||ﬁ||Ll’i(/1)] .

Remark 2. If u(X) < oo, the boundedness for the multilinear 6-type generalized fractional integral
and its iterated multi-commutators with RBMO (w)-functions on Lebesgue spaces also holds as long as

I, defined by (1.3), is bounded from L'(u) to L*(u).

I a,m,z;;ﬂ

Throughout this paper, the letter » and m stand for the dimensions of l;(, and f, respectively. C
always denotes a positive constant independent of the main parameters involved, but may different in
different currents.

This paper is organized as follows. In Section 2, we present some necessary lemmas being used
in the proof of the theorems. In Section 3, we establish the boundedness of the multilinear 6-type
generalized fractional integral 7, ,, and its the iterated commutators 1, » with RBMO (1)-functions
on Lebesgue spaces.

2. Preliminaries

In order to prove the theorems, some necessary lemmas are presented in this section. At the
beginning, we introduce the fractional coefficient Ky ,. For a € [0,1) and any two balls B and Q

such that B := B(cg,rg) C O, I?;;Q is defined by

Npo k 1-a
= 6"B
Kgo:=1+ Z _HE&B) ,
’ i | Acs, 6krp)
where Np is the smallest integer k satisfying 6°r > rQ o 1s denoted by K, B.O-

Now we can introduce the sharp maximal operator assoc1ated with Kg o

M@ f(x) = su
S =sw e

f |£5) = mp(f)] du(y) + sup ps(r) = mo(f )|,
B

(B.Q)EA, K3,

where A, (= {(B,Q) : x € BC Q and B, Q are (6, 3s)-doubling balls} and mg(f) represents the mean
value of the function f € Llloc(y) over any measurable set E, namely, mg(f) := ;ﬁ fE f(x)du(x).

Then we recall some results about some maximal operators. The non-centered doubling maximal
operator is defined by

Nf® = sup f O du). @.1)

B>x, B doubling ,U(B)
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Notice that for every f € LloC (1) and p-a.e. x € X, it holds true that the non-centered doubling maximal
operator N f(x) satisfies |f(x)| < Nf(x).
Another non-centered maximal operator

1/t
AWVm—w%m@W7j0®mwﬁ 22)

B>x

forp > 1,0 < @ < 1and ¢t > 1. When @ = 0, we simply write Mt(’%i)) f(x) as M, f(x), and when
t=1,a=0, M) f(x)is denoted by M, f(x).

Lemma 2.1. [12] For every p > 1 and p > 1, there exists a constant C; > 0 such that, for all
f € LP(u), the non-centered maximal operator M, f satisfies

[Mior 1l < Cr Iy -

Let0<a< 1,1 <t<p<-= p >5 and 1= ; — @, there exists a constant C, > 0 such that, for all
f € LP(u), the non-centered maxzmal operator Mt( (/))) f, defined by (2.2), satisfies
[w],..., < Calflr

Lemma 2.2. [2] For f € L, (u), f/\,f(x)dﬂ(x) = 0if u(X) < oo. Assume 0 < @ < 1 and inf{1, Nf} €
LP(u), 1 < p < oo, then there exists a constant C > 0, independing of f, such that

INflppy < € ”M#’(a)f“u(y)‘

Then we focus on the equivalent characterization of the space RBMO (11).

Lemma 2.3. [I3] Let p € (1,0) and B¢ be as in (1.7). For b € L
equivalent:

(i) b € RBMO (u);
(ii) there exists a constant C > 0 such that, for all balls B,

1.1, the following statements are

),
— | |b(x) = mz(b)|du(x) < C,
u(eB) Jp | B | a
and for all (6, B¢)-doubling balls B C Q,
|m3(b) — mQ(b)| < C[A('B’Q.

Moreover, the infimum of the above constant C is equivalent 1o ||b||gga0(,.)-

Lemma 2.4. [13] Let (X,d, ) be a non-homogeneous metric measure space. Then, for every p €
(1,00) and p € [1, ), there exists a constant C > O such that, for all b € RBMO (u) and balls B,

1 1/p
(m j;lb(x) — bpl’ d,U(X)) < ClIblIkgrog)
where by is as in Definition 1.5.
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Because RBMO (u) ¢ RBMO(u), according to Lemma 3.11 in [14], Lemmas 14, 15 in [5] and
Lemma 3.2 in [11], we can give the following three lemmas directly.

Lemma 2.5. Let b € RBMO (1) , g € (0, ). Forall x € X,

b(x), if |b(x)| < g,

by(x) := b(x) .
qlb(x)l’ if b(x)| > g

then b, € RBMO (w) and there exists a constant C > 0 such that ||bq|| KEHOW) < C|b|l KBMOu)-

Lemma 2.6. For 1 <p <ocoand 1 < p < oo, then b € RBMO (u) if and only if for all balls B € X,

1

1 f p ?
—— | |bs—mg(D)| d (X)) < CIbllggrro -
(,u ©B) J, | B B | H RBMO(1)
and for any two (6, B¢)-doubling balls B C Q,
[ma(b) — mo(b)| < CKp.0 1blligm0( -

Lemma 2.7. Forany k e N, and b € RBMO (w),
r15775,®) = mg®)| < CKlblegazog, -

With Lemmas 2.4, 2.6 and 2.7 in mind, we can give the following lemma, which will be used
frequently later.

Lemma 2.8. If b € RBMO (n), then

(i) there exists a constant Cy > 0 such that, for all balls B € X,1 < 7 < p < oo, 1 <1 < o0 and
1 <p<oo,

1 »
(,u—(pB) f |b(x) - m,;g(b)|p d,u(x)) < Ci |1blIggrzoqy -
B

(ii) there exists a constant C, > 0 such that, for all balls B € X,k e N, and 1 < p < oo,

1
P
P
(,u(6k6B) f6k§3 |b(X)—m§(b)| du(x)] < Cok |Ibll gm0 -

Proof. As

1

1 P
(m f |b(x)—m,’77;(b)|pd/1(x))

1
( o) f b(x) = begl” d,u(X)) +(,u(pB)

AIMS Mathematics Volume 7, Issue 6, 9627-9647.
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1

( o5 f |m(b) = )" dy(x))

and b e RBMO (w), applying Lemmas 2.4 and 2.6, the desired result (i) can be directly obtained.
Then using (1) and Lemma 2.7,

! ;
[u(6’<63) |b(x) = mz(b)|” d/J(x))
6$B

b(x) = mgry®)] du(x))p + [ My (6) = myb)| du(X))p .

< 1
(u(6k63) o5

Therefore, the desired result (ii) can also be directly obtained. O

1
H('6B) Joisi

Below we present an important lemma which is crucial in the proof of Theorem 1.3.

Lemma29. LetO << 1,1 <t<1/Bl<t<g<oo,l/s=1/t-B,0<a<m,1<p,...,pn <00
and suppose A satisfies the e-weak reverse doubling condition for some € € (0,inf{B, 1 — B, 1/s}) and
b, € RBMO(u), o; € 0. Then there exists a constant C > 0 such that for every x € X, f; € LP(u),i =
1,...,m,

Mttalm (]'a i fj) (x)

= CZ Z( l_[ ”bf’f”RBMooo] M, <6)( ambyy fj () + C[l_[ ”bffz”RBMouo]( M;C;gn))ﬁ (x)]’

J=1 o)) \oi€o()) oo
(2.3)

where o (j) are the sets consisting of any j elements in o and o (j) = o\o ().

Proof. By Lemma 2.5 and a standard limit argument, without loss of generality, we may assume that
b,.,o; € o are bounded functions, that is, b,, € L*(u),o; € o. Furthermore, taking b,, = b;,i =
1,...,r1s feasible. As L’(u) (the set of all L*(u) functions with compact support) is dense in L”(u)
for 1 < p < oo, by standard density arguments, it is enough to consider the case that f; € L7 (u),i =
1,...,m. Similarly to Theorem 9.1 in [11], let

hp = m (Lo ((mg (B1) = b1) fixxgg - -» (B = by) fxxem FroiXagm -+ Fkxs))
and
ho := mo (Zam ((mo (01) = b1) fixasos- -+ (mo (B = by) fixasos fre X sos -+ s Fkg0)) -

In order to prove (2.3), suppose B is an arbitrary ball and Q is a doubling ball containing B, it is
sufficient to show that, for every x € B,

1(6B) f ' oL, <rm]]ﬁz)—h3'dﬂ(z)
<311 ”b"”m’w] o (o o] ) 2
= i=r—j+1

+C [ﬂ ||bl-||mo@) [ﬂ M,(:{’;?ﬁ(x)) :
i=1 =1

AIMS Mathematics Volume 7, Issue 6, 9627-9647.
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and for Q D B > x,

,_.

r—

r—j=1r—j-p r
s — o <C ( l—[ ||bi||R1§Mo<u>] M@ (|Bresepto == s b1, Lo ) ()

1 p=0 k=0 r—j—p—k+1

~.
Il

c(Kig)" [IL[ 1B ”RBMO@)] (1—[ M) (x)).
In fact, for any ball B3 x,
/1(6 )f' e b Lol £ hB’d“+|hB— hg| + C (6B)f‘ rore (b1 Taml] £~ g
i

—Jj-
=C Z ( 1—[ ||bi||R13TvT0(y)] Mt,(6) ([br—j—p—ka ) [bla Ia,m]] f4)
i i=r—j—p—k+1

r m
Al
+C[ ||bi||RiaTvT0(y)](l—[ ;(gﬁ]
i=1

=1

(2.5)

On the other hand, for all doubling balls B ¢ Q with x € B such that EB,Q < K " < Py, where Py is

the constant in Lemma 9.3 in [11], using (2.5), we have

r=1 r—j=1r—j-p r
s — ol <C ( l_[ ”bi”R’]ﬁ/To(y)] M; ) ([br—j—p—k, L by fa,m]] f) (x)
j=1 p=0 k=0 \i=r—j-p—k+1

m

+ CKylt (Po)™*™! (]_[ b, ||RBMO(,O) []_[ M f (x)]

=1

Therefore,

(b Zoal1 ) = mo (1o [b1, o] F)|
[br, cee [bla am fj - hg‘ + IhB - hQ| + ‘hQ (%) ([br, cee [bl,Imm]] f4)'

ror=jr-j-pr r
=CKyp > D [ [ ||bf||RB~M0@)M,,@([br_j_p_k,-~ b1 Zol| F)

j:1 p=0 k=0 i:r—j—p—k+l
r

+ CKZZ;’( b ||RBMO<,J)] (]—[ Mj;fﬁ;";ﬁ] :
i=1

=1

o (12

/—\/—\

Next we estimate (2.4) and (2.5). Consider (2.4) first. For some fixed balls B > x, as

Iw,m ((mE(bl) - bl)fl’ .. ’(mE(br) - br)fr’fr+l’- . ,f;n) (Z)

:Zr: > [ﬁ(mg(bkp)‘bkp@)}

J=1 1<k <-<k;<r [ p=1

AIMS Mathematics Volume 7, Issue 6, 9627-9647.
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L K(Zayl""’ym)|: 1—[ (b,(Z) _bi(yi))] [1_[ ﬁ@l)d/'t(yl)) + [br"” s [b17—z—a,m]] ﬂz)’
" ie(l ; I=1

thus

> " g
(/«L(6B)f‘ ot b], am]] (Z)—hB‘ d,U(Z))

J
T Lk <sk; ( (6B) f [H (mE (bk,,) - bkp(z))]
J=1 1< < <k;<r _
f Kz y1s- s Ym) [ 1—[ (bi(z) - bi@i))] (rl fz(yl)d,u(yl))
: ie(l )

----- rk.ok )

<

n

d,u(z)]

1 n
+ (@ fB |2 (5 1) = by) s (Mg () = b)) fru fratse s fin) @) = g a’ﬂ(z))
= CZ Il,j + I,
j=1
where

1
hi = [mf

Estimate /; ; for each j € {1,...,7}. Let + X i t = L. For a fixed ball B with x € B, Holder’s
inequality and (i) of Lemma 2.8 give that

I”<C,:lj+1(@f3‘m§(b G d”(Z)) ]( 6 Jo o o 2ol 0 d’“‘(Z))

<C l—[ ||bP||RT3TvTO(p)} M ) ([br—j’ [, Ia,m]] fj ().

p=r—j+1

n P

du(z)]

[T o))

p=r—j+1

n 1

du(z))" .

[ -b (Z))} [br— 5 [bl s I(t,m]] ﬂz)
=r— ]+1

Next, we turn to estimate /. For a fixed ball B with x € B and f; € L (u), write f; = f,-(y))(g ) +
fi()’)Xx\gB()’) = fi1y) + fi2(v),i=1,...,m. Foreach j € {0,...,m},

Ia,m((mE(bl)_b )flv-' (mE(br)_b)fr’fr+1’-” fm)(z)

m—1

=3 Z me(z,yl,...,ym>[]_[(m3<b> b(y,))]
0
[ [] ﬁ,1<yz>du<yl)J[]_[ﬁl,z(yl)du(m)
=1

141 e\ (K ek )

AIMS Mathematics Volume 7, Issue 6, 9627-9647.



9637

+ L om ((mE(bl) -b1) fizs--s (mE(br) = b)) fros fra12s oo fin2) (2)
m—1
=:C Z by + Do,
7=0

where

r=Jji
Ié,l,,v=f K(Z,yl,..-,ym)[l—[(mg(b) b(yz))][l—[ﬁll(yll)du(yll]
r m—j, m
[ [ ﬁz,z@h)du(yh)][ﬂ ﬁ3,1013)dM@13)][ [ fz4,2(y14)d/1(y14)),

h=r-ji+1 L=r+1 ly=m—ji+1

and j| €1{0,...,r}, j5 €{0,...,m—r} satisfy ;" = j| + J;.

Therefore,
m—1 n 7
:C[#(w) B;ZOIZU + 15, — hg d,u(z)]
< mZ( |"du<z>) ( 1 f 115,2—h3|”du<z>)"
— \ u(6B) (6B) Jp

Z 21,7 + o

For I, 7, j €10,...,m— 1}, using the condition (1.4), interval decomposition, Holder’s inequality,
Lemmas 2.6-2.8, Eq (1.1) and Definition 1.3, we obtain

r=Jj m—j,
12 Ly < C[l_[f |b11 (yl|) mg (bll)| |ﬁ1 (yll |d/1()’11 ]{ n f |fl3 (ylz |d#()’h ]
5 L=r+1
wim h| I [ L

= |ﬁ4 (yl4)| dlll(yl4) ! }]
- | d
[ 1_[ fX\zB [A(z, dGy )" He

la=m—j,+1
1
u(B) )"

f |blz(ylz) —mg (blz)| |fl2()’12)| du(y,)
X\¢B [ (z, d(z, yi,))] "

< C(u(6B <1—;z><m—f>(
< C(u(6B)) L(6B)

o Jl

l_[( (6B)f | n ) — mB(bz.)| dﬂ(}’l.) (Wf |fl1 }’1.)| dﬂ()’h)) ]
» Z f |1, (v1,) = m (b,)| | s 0| e
k=1 V62 8B\ ¢B [ (cs, d(cp, yi))] "
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r -
m—]2

[Wf s O)|™ dll(yls) ]
| 3=r+1

[Zf \fi, O] dpaCyn,) )
| l4=m— /+1 ka=1 6k463\6k4 16B /l(CB’d(CB’ yl4))](m O

r]]

< C (u(6B) )" “[H (L[ ey <x>]

0

r (& S [0nOw) = mg BL)] G| duat)
l—.[ (Z — (m-a)/ '
| b=r—j;+1 ko=l (/l (cB 6l B))

jék;; °B |ﬁ4 (yl4)| d,u(y;4) ”

m—jlz m 00
(a/m) 5
1—[ " (5)fl3( )][ l_[ (Z (/l (CB 6k —rB))(m_a)/j,

I3=r+1 l4:m—jé+1 ka=1

m

< C (u(6B))(=i)m=i) [1_[ ||b; ”RBMO(u)) [n M;i‘ﬁ’;’;ﬁ(x))

=1

- (i b (ﬂ(6k263))](:/:/jl]H i [i (/1(6"463))]61:"&)/].,”

r=ji+1\ k2=1 (/l (CB, 6k —rB)) li=m~j,+1 k=1 (/l (CBa 6Fks _rB))

<c|[] ||bi||m0@) [H M ﬁ(x))
i=1 =1
4 had k2 m 00 1
—[ (Z [C(6k2)] [(m_a)/j/—Ha/m] )] [ 1—[ {Z [C(6k4)] [(m—oz)/j/—1+a/m] )]

| h=r—j]+1 \kp=1 ly=m—ji+1 \ks=1

<C [r ||b,-||m0(,,>) [ﬂ M;”,‘é;?ﬂx)) .

i=1 =1

,lz

<

For I,,, let z,z9p € B, write

L, = (

1
B ,LL(B) L(Ia,m ((mg(bl) N bl) f1’2’ te (mE(br) - br) fr,l’ fr+1,2, ey fm,z) (Z)

n i

Lo ((mz(by) = b1) fiz,....(mz(b,) = b)) fras frv12 - - -5 fmn2) (20) )dp(zo)

d,u(z))

1 1
s[ﬂ(@) fB (MB) fB L (01 = by) frzs- s (5B = B) s frerzs- o fon2) ()

n n
Iar,m ((mE (bl) - bl) f1,2’ R (mE (br) - br) fr,2a fr+1,2’ e fm,2) (ZO) |d/'t(Z0)) dlu(z)] .

Thus, what we need to do is to give the following estimate which is following from the conditions (1.5)
and (1.6), interval decomposition and properties of 6,

|Ia,m ((mf;(bl) - bl)fl,Za ) (mE(br) - br) ﬁ’,2a f;‘+l,2’ e ’fm,2) (Z)
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~ Lo (mzb1) = b1) fios s (mz(b) = b)) fras frsr 25+ 5 fn2) (20)

d(z, 20) ) [T, [Biye) — ma(bo)| (™
<C
‘[(X\QB)'" (Zﬁl dz,y) ] [Z0, Az, d@zy)]" ™ H | iyl dpyr)

- 2rp L1 b)) = myb)| (2
<c f » f 9( _ ) AT Tison
ki kazl 6“1 ¢B\6M1-1¢B 6km & B\6km=18 B 2im d(cp,y) ) [X0, Alep, d(cp, yi))] l—[

,,,,, =1

du(yn) - - du(yr)

fj __ 2 Z’" 16
) Ck1 ..... Ton=1 H(Z:‘il 6""‘1§r3)(,~:1 /l(CB,6 SrB)
1_[ f |ﬁ2(y12)|dlu(y[2 ]

—m+a

(1—[ ﬁ |b11 ) — mg(b11)| |f[1 (y,1)| du(y;,) (
=1 Y61 38 b=r+1
had 5 6 —m+a
=C Z Kinan 0 (6kmax—13) (/1 (CB’ 6! 5”3)) ll_[ ‘Lm . |1, 1)) = m()| | £, )| dpaty, ))
1=1 3
( 1_[ f |f12(y12 |d:u()’lz ]
b=r+1 6me

where k.« = max;<<, k;. Then Holder’s inequality, (ii) of Lemma 2.8, Definition 1.3 and properties
of 6 give that

fa,m ((mE(bl) - bl)fl,z’ s (mE(br) - br) fr,2’fr+1,2, e ,fm,2) (2)
~T o ((m(b1) = b1) fizs .., () = b,) s frr2o- - fn2) 20))

< || [ Wilgmon ||| | MU 0| D Kme-o(5/6))
i=1 I=1 kmar=1
T n wlm 9( ) e

<C 1illEMo M;,e))f(x) f |1 og "' dr
i=1 I=1 0

< | T T Ibilgmio || T | 2212

s | z||RBMo(,J) o, (5)fl(x) s

i=1 =1

where we use the following result

f ()|1 m+r1

Therefore,
1 r
Ly<C bill veer alalm
22 < [,u(6B) fB( . [l;l I ”RBMO(y)) [l:[ o1(5) fl(x))
=C (1—[ ”bi”Rl’B\Mow) (1_[ M,(,j’(;"fﬁ(w] :
i=1 =1
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"o (5/6)
a’t>z f e e /6

dt=C i K"l ((5 /6)") .
k=1

1

n 1
d,u(z())] dﬂ(Z)]
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Thus,

m—1 r
L<C) hiy+hy<C (]—[ ||b,~||Rmo@) (ﬂ M,(j,’{’;)f(x)) :
=0 i=1 =1

Furthermore,

(#(6B)f} s Ibu Lol f2) = o d,u(z))

<€ Z ( ﬂ ||billRmow))Mz,<6>([br,-- (b1, Zonl] ) ()

=1 [\i=r—j+1

+C [n ||b ”RBMO('U)) [n gj/(;n))fl(X))

which completes the proof of (2.4).
Next, we turn to estimate (2.5). For all balls Q O B 5 x with doubling balls Q, denote N := Np o +1,
which means 6B D gQ, then write

| — hg|
< |mB (Lo (b1 —mz (D)) fixx\6vss - - -» (b — mz (D)) fixx\6VB> fra1 X X\6VB> - - - » fmX X\6¥B))
—mo (Zom (b1 — mz (1)) fixxievss - - -» (by — m5 (D)) frXx\6vBs FratXx\6¥Bs - - - » FuXxn6vB))|

+ |mQ (Lam (b1 —mg (b1) fixx\evss - - - (br = mo (b)) fiXx\6VBs fr+1XX\6¥Bs - - - » fuXx\6¥B))
=g (Lam ((br = mz (b1)) fixxevss - - -» (br = mg (b)) fiXx\658> frorXx\6¥8s - - - Sk x6¥8))|

m—1 j-1
5 o S miny
+C -
]Z]”ZZO M(B) B (X\ﬁB)m*j 6NB\§B)i1+1 (X\ﬁNB)j—il—l

Kz y1,.. -5 ym) []—[ (bi(z) = my(bi ))] [1_[ fl(Yl)d/l()’z)] dp(z)

(B) ffﬁNB\ B)m JHip+1 v[(\)(\61\13)] ip—iz—1

mn

Kz 1,5 ym) []—[ (bi(z) = my(b; ))] [1_[ fl(Yl)d/l()’z)] dp(z)

1(Q) f f(X\SQ)’" i f6NB\ 60)1! f(X\6NB)’ !

K@ Y1, Yn) []—[ (bi(2) = my(b; ))] [ﬂ fz(yz)d,u(yz)] du(2)

,U(Q) f f6NB\6Q)m Jrip+l j;x\6NB)J i=i3=1

K@ Y1, Yn) []"[ (bi(2) - mg(zoi))] [ﬂ ﬁ(yodu(yl)] du(2)
i=1 =1

m—1 m—1 m—j
+C

Jj=1 =0 i3=1

m—1 j—1

+C

i=1 ;=0

~.

m—1 m—1 m—j
+C

j=1 =0 i3=1
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=1+ h++Js+J5+ Js.

In the above formula, the methods to estimate J3, J4, Js and Jg are similar to that of J,. Therefore,
for the sake of simplicity, we only estimate the first two terms.
For J;, let z, zo € B, write

1 1
Ji = ‘m fB[/TQ) L (Ia,m ((bl —my (bl)) leX\éNB, cees (br —mg (br)) erX\6NB’fr+1XX\6NB’ ey
meX\()NB) (Z) - -Z-a/,m ((bl —my (bl)) leX\(,NB, ey (br —mg (br)) fVXX\6N37ﬁ+1/\/X\6NB’ el

fuXx\6%8) (zO))du(zO)]du(z)

Similar to the estimate of I,

h<cC [ﬂ ||bl-||mow)] (l_[ Mﬁf,i(z?ﬁ(x)] .
i=1 =1

For J,, first consider

Tom (b1 —mg (b)) fixxeVss - - -» (br — mg (b)) fiXx\6¥ s [retXx\6VBs - - - » fuX x\6VB) (2)
- Ia,m ((bl —myg (bl)) f1)(X\6NB, cees (br —mg (br)) erX\6NBa fr+1Xx\6NB, cees fm)(X\6NB) (2)

:rZ Z Z Z [ﬂ(mg(bki)—mg(bk,.))] []_[ (mQ(bn,-)—mg(bni))]

Jj=1 1<ki<<kj<r p=0 1<ni<--<np<r—jl i=1

K@ Y1o Y . ]
sf(X\6NB)'" (2, )1 y )l 1_[ (bi(yi) — mg( ))} (Dﬁ(yl) u(y,))

i€({1eeea Nk 1k D\ it}

=1 r—j-1 ,
=C (=1 [ l_[ (mgz (b)) — mg (b)) | Lom (b1 — mo(b1)) fixxeVss - - - >
j=1 p=0 i=r—j-p+1
(br—j—p - mQ(br—j—p)) Jrmj=pXx\6V B> fr—jmpr1 X X\6¥Bs - - - aerX\6NB)
1 r—j-1
=:C J2,j,p~
j=1 p=0

Lom ((b1 —mo(b1)) fixx\ess - - - » (br—j—p - mQ(br—j—p)) Sr—i=pX X\6" B> fr—j=p+ 1 X X\6V B> - - - 9fr)(X\6NB)
:Ia,m ((bl - mQ(bl)) fl’ s (br—j—p - mQ(br—j—p)) fr—j—pa f;‘—j—p+1a s f;')
- ch,m ((bl - mQ(bl)) legQ’ cee (br—j—p - mQ(br—j—p)) fr—j—ngQ’ fr—j—p+l/\/gQa cee erQQ)

5

r—j=p
- Z Ia/,m( (bl - mQ(bl)) f1X6NBa cees (bil—l - mQ(bil—l)) ﬁ1—1X6NB, (bil - mQ(bil)) ﬁlXX\gQ’

i1=1

(biy+1 —=mo(bi 1)) fiv1XevBs - - - (br—j—p - mQ(br—j—p)) Jr—j-pX6¥Bs
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fr—j—p+1X6NBa .- ame6NB)

r

= > Lan( (b1 = mo®1) fixess - (Br-jop = mo(br_j-p)) Frej-pXeves FrmjopriXsvss -

ir=r—j-p+1
ﬁ2—1X6NB9 ﬁQXX\%Q» ﬁ2+lX6NB’ . 9me6NB)
+(m—1)1,, ((bl - mQ(bl)) leGNB\%Q, cee (br—j—p - mQ(br—j—p)) fr—j—p)(6NB\%Q’

ﬁ"j—P+1X6NB\gQa cees ﬁX6NB\gQ)

r—j—p r
::J2’17/’p + J2’2’jsp + : | J2s3,japsil + : ‘]2,4»4/;17»1'2 + CJZsS!j’p’
i1=1 ip=r—j—p+1

according to Lemma 2.6,

r—1 r—j-1 1 r
<C 0 f l_[ (mz (b)) —mg (b)) (JZ,l,j,p +J20jp
j=1 p=0 H 0 i=r—j—p+1
r—j—p r
+ Jo3jpir + Z Joajpir + J2,5,j,p)d,u(z)
=1 ip=r—j-p+1

l

r—1 r—j-1 r
<C [ B.O ||bi||RT3\M0(ﬂ)J ( ‘mQ (Jz,l,j,p)| + ’mQ (J2,2,j,p)'
P

j r
+ Z 'mQ (12,3,1;17,:‘1)‘ + Z 'mQ (2| + 'mQ (J2,5,,-,p)‘).

i1=1 ir=r—j-p+1

For ‘mQ (Jz,l’ J p)', using the property of u, Holder’s inequality and (i) of Lemma 2.8, we obtain

r—j=p
1

‘mQ (Jz,l,j,p)' < Z @ 0

ki <--<ky<r—j-p

C ok
f K(Z, V1. s Vm) n (by, (z) —myg (bki))]
" L i=1

T
[«
IA

du(z)

(biy) — bi(z))] [] fz(yz)du(yz))
=1

LEU ,,,,, r=j=P\k1.....ke}

U | r—j=p )
=C Z:(; @L[ l_[ |bi () = mg (b,»)|] ‘[br—j—p—k,"' ,[bl,fa,m]]f(z)‘du(z)

i=r—j—p—k+1

T
J
<

-

—Jj-p
| ||b,-||mo@} M6 ([Bresjepeicr -+ [b1, Lol | ) (0.

k=0 \i=r—j-p—-k+1
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For ‘mQ Jo2ip ' Holder’s inequality, Theorem 1.2, (i) of Lemma 2.8 and property of u tell us

e (eeioll = (g f

wn (b1 = mo(B1)) fiXsgr- -+ (Brejp = Mo(bye o)) frmjpX 50

L’ (/1)]

s L
JripriXsgs - ,ergQ) (z)‘ d/J(Z) S

L (r=j-p
L ()
bh=r—j- p+

(g (Tl -mote

r—j—p 1 Su P sy 1711
<C —f by, (2) = mg (by,)|" ™" d, (z))
(,u(6Q) §Q| ! o z)| H

h=1

IA

1

(g J b ]

m { 12 .
[ L] (Wﬁﬁz(z)lp dﬂ(z))

e

bh=r—j-p+1
r=j-p m
< C( [ ] 1bilkgmion []_l Mﬁj@?ﬁ(x)),
i=1 =1
wherei Le(l,oo)satisfy0<§:s—11+---+sl—cy<1.
For Zr o (J2,3,j,p,i1) ) J2,3,j,p,,'l| first.

[T | ) = mg (b0)| [ " )
oz jpi| < C . . — du(y,,)---d
V23,7 f( ovgy! L\g 0 f(6NB)m_,l 0 A (5d @) |l:1| \fr OOl | dpQm) - - - du(yr)

,,,,,

Np,o
> f | iz )] liaCy) + f £ (yzz)ldu(yh)}
67+*1B\67B 6B

b= rjp+1{71

N 1:(v) — mo(b))| 1) )
du(y;
[ fﬁ“’Q\G“ 59 (A(cg,d(co,y)))" M)

)m—r+j+p

r—j—p
a/m r=j=p=1 (= im
C[ (2 ll”RBMO(p)]{l_[ My (&) i (x)) (Ks0) o (K3
l=

12 )n-1) k(u(660)) -
(4(C5,6"5rs Z (Acg, 65 16rg/3))m"

The properties of y and A give that

r—j—p m .
(a/m) ~ r—j—-p-1 a/m\" TP
sl [ T s [ T50500) v R25)
=1 =1
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k(. ,u(6k6Q)) " (/l(CQ,6N5rQ))(1‘%)(m—1>
Z [C (65V6/5) A (o, 6V5rp)" ™"

r=j=p m ool e m—pti
c[ ||bhllmow][ w00 ) Rc) 7 (R

L= =1

1-2
i k(u(©'60)) "
= [C(6-V6/5)]" ™ (A(co, 6"5rg))'

I’——

< C(~B,Q)r—j—p—1 ( a//m m-— r+]+[7( l—[ ||b1. ||RBM001)) [l_[ M,(n(f/(gr;)f (X))

Therefore,

r=j-p

o mer r=j-p m
o (2350a)| = € (Reo) " (K3) ( [ llbzlnRBMo@)(ﬂ My <’“)]'

i1=1 I= =1

and ‘mQ (J2,5, j,p)‘ can be obtained.

Similarly, the estimates of 3/ _,_; ., |mo (J2,4, j,p,,-z)

Therefore, we get

||b,-||mo(,l)] M6 ([rjopto= =+ [b1 Tam] | F) ()

i=r—j—p—k+1

c (~B,Q r 1 ( a/m [l_[ |1b; ”RBMO(,H)) [n Mz(;[lé?))ﬁ (x)) .

+

r—1 r—j=lr—j-p r
|hg — ho| < € 2 [ [ ”bl‘”Rﬁ\Mow]Mt@ ([Brspeto - o To1 ]| £) 0

j=1 p=0 k=0 \i=r—j-p—k+1
m

(l’ m r+m alm
+C(Kyly [ﬂ It ||RBMO(,J)] []_[ My, <x)),

I=1
which completes the proof of (2.5).
Thus, Lemma 2.9 is proved. O

3. Boundedness on Lebesgue spaces

In this section, we aim to establish the boundedness of the multilinear #-type generalized fractional
. . . - . T — .
integral 7, and its iterated commutators [b(,, I a,m] with RBMO (u)-functions on Lebesgue spaces.

Proof of Theorem 1.2. Assume ay,...,a, € (0,1) satisfy o = Y, @;and 1 < p; < —,i = 1,.
For any x € X, by applying the (1.4), (1 5) and (1.6), the conditions of the kernel functlon we have

Lonfo] = [ Gyl [ 1001400
X i=1

AIMS Mathematics Volume 7, Issue 6, 9627-9647.
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-

< Cf [T i)l dﬂ()’ii
» (2, A dx, )|

| /iyl du(y;)
C
< r]f;ﬂuduymfm

:CH@mmy
i=1
Letl < g < o satlsfy = 1% — @; and 1 ;= ql + --- + —, then I,, is bounded from Li(u) to
Li(u),i=1,...,m. Combmlng Lemma 1.1 and Holder’s 1nequa11ty, we obtain

Tom MW) <C

[Tram
i=1

<C 1—[ ||Iai(|fi|)||Lq,'(#) <C n “fi”Lm(#) .
i=1 i=1

L)

Proof of Theorem 1.3. Theorem 1.2, Lemmas 2.1, 2.2, 2.9 and Holder’s inequality give that

ol <N i),
= HMﬁ’(a/m) (Zamsf) Lota)
<€ 335 TT Il 0 (£ ],
=1 o()) \oiea(j) “)
m
(a/m)
+C[l_[ ||bUi||RmOQz)] n prs) !
oi€T =1 Ld(u)
.
=C Z Z l—[ ”b""”RWO(ﬂ)} ' Ia,m,Eg(j),ﬂ Li(w)
J=1 o(j) \oi€o())
(a/m)
+ C[ —[ ”bfszRBMO(y)] [1_[ H P, (S)f“Lq,(#)]
(oallon
= C[r ||b0"||RBMO(y))' @,m <1Lq W T C[n ||b"'t||RBMO(y)) [1_[ “fl”L”’(u))
Ti€o Ti€o
s%f%ﬂmmﬂﬂmmd,
oo =1
where, - q l—a andfori=1,...,m,gq; satlsfy— = q‘—l+~~-+qland% = I%—oz,-,a:oz] + et
The proof of Theorem 1.3 is ﬁmshed O

4. Conclusions

In this article, we discussed the boundedness for 7,,, and its iterated multi-commutators 7 amby

with RBMO (w)-functions on Lebesgue spaces over non-homogeneous spaces. It is worth mentioning

AIMS Mathematics Volume 7, Issue 6, 9627-9647.
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that the proof of the latter relies on an important lemma, that is, the estimation of the sharp maximal
function. At the same time, the case of multilinearity is not replaced by bilinear case because the proof
process of the bilinearity can not reflect the idea of the proof completely.
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