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1. Introduction

In the last decade, the study on non-homogeneous metric measure spaces, which include both spaces
of homogeneous type and non-doubling measure spaces as special cases, has attracted much attention,
see for example [1–9]. The purpose of the paper is to establish the boundedness of the multilinear
θ-type generalized fractional integrals and the iterated commutators of them on Lebesgue spaces over
non-homogeneous spaces.

In this paper, we always assume that (X, d, µ) is the non-homogeneous metric measure space in the
sense of T. Hytönen [1], i.e., the metric measure space (X, d, µ) have the geometrically doubling and
upper doubling properties, which can be defined as follows:

Definition 1.1. A metric measure space (X, d) is called geometrically doubling if there exists some
N0 ∈ N such that, for any ball B(x, r) ⊂ X, there exists a finite ball covering {B(xi, r/2)}i of B(x, r) such
that the cardinality of this covering is at most N0.

Definition 1.2. A metric measure space (X, d, µ) is said to be upper doubling if µ is a Borel measure
on X and there exists a dominating function

λ : X × R+ → R+
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and a constant Cλ such that
r → λ(x, r) is non-decreasing,

µ(B(x, r)) ≤ λ(x, r) ≤ Cλλ(x,
r
2

), (1.1)

for all x ∈ X and r > 0.

We note that we can also assume that, for all x, y ∈ X with d(x, y) ≤ r,

λ(x, r) ≤ Cλλ(y, r). (1.2)

In fact, T. Hytönen, D. Yang and D. Yang [3] showed that there exists another function λ̃ ≤ λ such that,
for all x, y ∈ X with d(x, y) ≤ r, the inequality (1.2) holds for λ̃.

Let L∞b (µ) be the space of all L∞(µ) functions with bounded support. For β ∈ (0, 1), f ∈ L∞b (µ) and
x ∈ X, the fractional integral Iβ f (x) is defined by

Iβ f (x) :=
∫
X

f (y)dµ(y)[
λ(y, d(x, y))

]1−β . (1.3)

In case X = Rd with Lebesgue measure, Iβ f can be rewritten as classical fractional integral, which is
bounded from Lt to Ls for 1 < t < d/β and 1/s = 1/t − β/d. In non-homogeneous metric measure
space, we need an additional assumption for µ to get the similar boundedness for Iβ f .

Definition 1.3. Let ε ∈ (0,∞). A dominating function λ is said to satisfy the ε-weak reverse doubling
condition if, for all r ∈ (0, 2diam(X)) and a ∈ (1, 2diam(X)/r), there exists a number C(a) ∈ [1,∞),
depending only on a and X, such that, for all x ∈ X,

λ(x, ar) ≥ C(a)λ(x, r)

and moreover,
∞∑

k=1

1[
C

(
ak)]ε < ∞.

Lemma 1.1. [2] Assume that µ(X) = ∞. Let 0 < β < 1, 1 < t < 1/β and 1/s = 1/t − β. If λ satisfies
the ε-weak reverse doubling condition for some ε ∈ (0, inf{β, 1 − β, 1/s}), then Iβ, defined by (1.3), is
bounded from Lt(µ) to Ls(µ).

Suppose that θ is a non-negative nondecreasing function on (0,+∞) satisfying, for n ∈ (0,∞),∫ 1

0

θ(t)
t

∣∣∣log t
∣∣∣n dt < ∞.

In this paper, we consider the following multilinear θ-type generalized fractional integral.

Definition 1.4. Let α ∈ (0,m). We call Kα is a multilinear θ-type generalized fractional integral kernel,
if

Kα ∈ L1
loc

(
Xm+1\{(x, y1, . . . , yi, . . . , ym) : x = yi, 1 ≤ i ≤ m}

)
and
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(i) there exists a positive constant CKα
depending on Kα such that

|Kα(x, y1, . . . , ym)| ≤
CKα[∑m

i=1 λ(x, d(x, yi))
]m−α , (1.4)

for all (x, y1, . . . , yi, . . . , ym) ∈ Xm+1 with x , yi for some i;
(ii) there exists θ ∈ (0, 1] and a positive constant CKα

depending on Kα such that

|Kα(x, y1, . . . , ym) − Kα(x′, y1, . . . , ym)| ≤ CKα
θ

(
d(x, x′)∑m
i=1 d(x, yi)

)
1[∑m

i=1 λ(x, d(x, yi))
]m−α (1.5)

for all (x, y1, . . . , ym) ∈ Xm+1 with CKα
d(x, x′) ≤ max1≤ j≤m d(x, y j), and for every j,∣∣∣Kα(x, y1, . . . , y j, . . . , ym) − Kα(x, y1, . . . , y′j, . . . , ym)

∣∣∣
≤ CKα

θ

( d(y j, y′j)∑m
i=1 d(x, yi)

)
1[∑m

i=1 λ(x, d(x, yi))
]m−α

(1.6)

provided CKα
d(y j, y′j) ≤ max1≤ j≤m d(x, y j).

For any ~f = ( f1, . . . , fm), fi ∈ L∞b (µ), i = 1, 2, . . . ,m and x < ∩m
i=1 supp fi, the multilinear θ-type

generalized fractional integral Iα,m is defined by

Iα,m ~f (x) =

∫
Xm

Kα(x, y1, . . . , ym)
m∏

i=1

fi(yi)dµ(yi)

with kernel Kα satisfying (1.4)–(1.6).

The first theorem of this paper is the boundedness for the multilinear θ-type generalized fractional
integral on Lebesgue spaces.

Theorem 1.2. Assume that µ(X) = ∞. Let 0 < β < 1, 1 < t < 1/β, 1/s = 1/t − β, 0 < α <

m, 1 < p1, . . . , pm < ∞ and 0 < 1/q = 1/p1 + · · · + 1/pm − α < 1. Suppose λ satisfies the ε-weak
reverse doubling condition for some ε ∈ (0, inf{β, 1 − β, 1/s}). Then the multilinear θ-type generalized
fractional integral Iα,m defined by Definition 1.4 is bounded from Lp1(µ) × · · · × Lpm(µ) to Lq(µ), that
is, there exists a constant C > 0 such that∥∥∥∥Iα,m ~f ∥∥∥∥

Lq(µ)
≤ C

m∏
i=1

‖ fi‖Lpi (µ) .

In order to consider the commutators of the multilinear θ-type generalized fractional integral, we
need to give the following concepts.

We call B ⊂ X a (η, β)-doubling ball if µ(ηB) ≤ βµ(B) for η, β ∈ (1,+∞). In [1], T. Hytönen pointed
out that if a metric measure space (X, d, µ) is upper doubling and η, β ∈ (1,∞) with β > (Cλ)log2 η =: ηv,
then for any ball B ⊂ X, there exists some j ∈ N such that η jB is (η, β)-doubling. Meanwhile, let (X, d)
be geometrically doubling and β > ηn0 with n0 := log2 N0 and µ is a Borel measure on X which is finite
on bounded sets, then for µ-a.e. x ∈ X, there exist arbitrarily small (η, β)-doubling balls centered at x.
In fact, their radius may be chosen to be of the form η− jr, j ∈ N, for any preassigned number r > 0.
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Throughout this paper, for any η ∈ (1,∞) and ball B, the smallest (η, βη)-doubling ball of the form
η jB with j ∈ Z+ is denoted by B̃η, where

βη := max
{
η3n0 , η3v

}
+ 30n0 + 30v. (1.7)

In what follows, by a doubling ball we mean a (6, β6)-doubling ball and simply denote B̃6 by B̃.
For η > 1 and any two balls B ⊂ Q ⊂ X, let

K̃(η)
B,Q := 1 +

N(η)
B,Q∑

k=1

µ(ηkB)
λ(cB, ηkrB)

,

where N(η)
B,Q represents the smallest integer k satisfying ηkrB ≥ rQ, cB and rB represent the center and

radius of the ball B, respectively. One always denote N(6)
B,Q by NB,Q.

Then we review the concept of the space R̃BMO (µ).

Definition 1.5. Let ρ > 1 and γ ≥ 1. We say that a L1
loc(µ)-function b ∈ R̃BMOρ,γ(µ) provided there

exists a constant C > 0 and, for any ball B ⊂ X, a number bB such that

1
µ(ρB)

∫
B
|b(x) − bB| dµ(x) ≤ C (1.8)

and, for two balls B and Q such that B ⊂ Q,∣∣∣bB − bQ

∣∣∣ ≤ C
[
K̃(ρ)

B,Q

]γ
. (1.9)

The smallest constant C satisfying both (1.8) and (1.9) is called the R̃BMOρ,γ(µ) norm of b and denoted
by ‖b‖R̃BMOρ,γ(µ).

Remark 1. X. Fu, D. Yang and D. Yang [10] pointed that the norms for different choice of ρ > 1
and γ ≥ 1 are equivalent. In what follows, we denote R̃BMOρ,γ(µ) simply by R̃BMO (µ). Obviously,
R̃BMO (µ) ⊂ RBMO(µ) (the space regularized BMO(µ) which was introduced by X. Tolsa [11] ).

For 1 ≤ r ≤ m < ∞, let Cm
r be the cluster of all finite subsets σ = {σ1, . . . , σr} of {1, . . . ,m}. For

arbitrary σ ∈ Cm
r , let ~bσ = {bσ1 , . . . , bσr}, where bσi , i = 1, . . . ,m are R̃BMO (µ)-functions. We define

the iterated commutators, generated by the multilinear θ-type generalized fractional integral Iα,m and
R̃BMO (µ)-functions bσi , σi ∈ σ,

Iα,m,~bσ
~f (x) =:

[
bσr , · · · ,

[
bσ1 ,Iα,m

]] ~f (x)

=

∫
Xm

∏
σi∈σ

(
bσi(x) − bσi (yi)

) Kα (x, y1, . . . , ym)

 m∏
j=1

f j

(
y j

)
dµ

(
y j

) . (1.10)

The second theorem is the boundedness for the iterated commutators generated by the multilinear
θ-type generalized fractional integral operator and R̃BMO (µ)-functions on Lebesgue spaces.
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Theorem 1.3. Let 0 < β < 1, 1 < t < 1/β, 1/s = 1/t − β, 0 < α < m, 1 < p1, . . . , pm < ∞ and
0 < 1/q = 1/p1 + · · · + 1/pm − α < 1. Suppose λ satisfies the ε-weak reverse doubling condition for
some ε ∈ (0, inf{β, 1 − β, 1/s}) and bσi ∈ R̃BMO(µ), σi ∈ σ. Then the iterated commutators Iα,m,~bσ
of the multilinear θ-type generalized fractional integral with R̃BMO (µ)-functions, defined by (1.10), is
bounded from Lp1(µ) × · · · × Lpm(µ) to Lq(µ), that is, there exists a constant C > 0 such that

∥∥∥∥Iα,m,~bσ ~f ∥∥∥∥Lq(µ)
≤ C

∏
σi∈σ

∥∥∥bσi

∥∥∥
R̃BMO(µ)


 m∏

i=1

‖ fi‖Lpi (µ)

 .
Remark 2. If µ(X) < ∞, the boundedness for the multilinear θ-type generalized fractional integral
and its iterated multi-commutators with R̃BMO (µ)-functions on Lebesgue spaces also holds as long as
Iβ, defined by (1.3), is bounded from Lt(µ) to Ls(µ).

Throughout this paper, the letter r and m stand for the dimensions of ~bσ and ~f , respectively. C
always denotes a positive constant independent of the main parameters involved, but may different in
different currents.

This paper is organized as follows. In Section 2, we present some necessary lemmas being used
in the proof of the theorems. In Section 3, we establish the boundedness of the multilinear θ-type
generalized fractional integral Iα,m and its the iterated commutators Iα,m,~bσ with R̃BMO (µ)-functions
on Lebesgue spaces.

2. Preliminaries

In order to prove the theorems, some necessary lemmas are presented in this section. At the
beginning, we introduce the fractional coefficient K̃α

B,Q. For α ∈ [0, 1) and any two balls B and Q
such that B := B(cB, rB) ⊂ Q, K̃α

B,Q is defined by

K̃α
B,Q := 1 +

NB,Q∑
k=1

[
µ(6kB)

λ(cB, 6krB)

]1−α

,

where NB,Q is the smallest integer k satisfying 6krB ≥ rQ. K̃0
B,Q is denoted by K̃B,Q.

Now we can introduce the sharp maximal operator associated with K̃α
B,Q.

M],(α) f (x) = sup
B3x

1
µ(6B)

∫
B

∣∣∣ f (y) − mB̃( f )
∣∣∣ dµ(y) + sup

(B,Q)∈∆x

∣∣∣mB( f ) − mQ( f )
∣∣∣

K̃α
B,Q

,

where ∆x := {(B,Q) : x ∈ B ⊂ Q and B,Q are (6, β6)-doubling balls} and mE( f ) represents the mean
value of the function f ∈ L1

loc(µ) over any measurable set E, namely, mE( f ) := 1
µ(E)

∫
E

f (x)dµ(x).
Then we recall some results about some maximal operators. The non-centered doubling maximal

operator is defined by

N f (x) = sup
B3x, B doubling

1
µ(B)

∫
B
| f (y)| dµ(y). (2.1)

AIMS Mathematics Volume 7, Issue 6, 9627–9647.



9632

Notice that for every f ∈ L1
loc(µ) and µ-a.e. x ∈ X, it holds true that the non-centered doubling maximal

operator N f (x) satisfies | f (x)| ≤ N f (x).
Another non-centered maximal operator

M(α)
t,(ρ) f (x) = sup

B3x

{
1

[µ(ρB)]1−αt

∫
B
| f (y)|tdµ(y)

}1/t

(2.2)

for ρ > 1, 0 ≤ α < 1 and t ≥ 1. When α = 0, we simply write M(0)
t,(ρ) f (x) as Mt,(ρ) f (x), and when

t = 1, α = 0, M(0)
1,(ρ) f (x) is denoted by M(ρ) f (x).

Lemma 2.1. [12] For every p > 1 and ρ > 1, there exists a constant C1 > 0 such that, for all
f ∈ Lp(µ), the non-centered maximal operator Mt,(ρ) f satisfies∥∥∥Mt,(ρ) f

∥∥∥
Lp(µ)
≤ C1 ‖ f ‖Lp(µ) .

Let 0 < α < 1, 1 < t < p < 1
α
, ρ ≥ 5 and 1

q = 1
p − α, there exists a constant C2 > 0 such that, for all

f ∈ Lp(µ), the non-centered maximal operator M(α)
t,(ρ) f , defined by (2.2), satisfies∥∥∥∥M(α)

t,(ρ) f
∥∥∥∥

Lq(µ)
≤ C2‖ f ‖Lp(µ).

Lemma 2.2. [2] For f ∈ L1
loc(µ),

∫
X

f (x)dµ(x) = 0 if µ(X) < ∞. Assume 0 < α < 1 and inf{1,N f } ∈
Lp(µ), 1 < p < ∞, then there exists a constant C > 0, independing of f , such that

‖N f ‖Lp(µ) ≤ C
∥∥∥M],(α) f

∥∥∥
Lp(µ)

.

Then we focus on the equivalent characterization of the space R̃BMO (µ).

Lemma 2.3. [13] Let ρ ∈ (1,∞) and β6 be as in (1.7). For b ∈ L1
loc(µ), the following statements are

equivalent:

(i) b ∈ R̃BMO (µ);
(ii) there exists a constant C > 0 such that, for all balls B,

1
µ(ρB)

∫
B

∣∣∣b(x) − mB̃(b)
∣∣∣ dµ(x) ≤ C,

and for all (6, β6)-doubling balls B ⊂ Q,∣∣∣mB(b) − mQ(b)
∣∣∣ ≤ CK̃B,Q.

Moreover, the infimum of the above constant C is equivalent to ‖b‖R̃BMO(µ).

Lemma 2.4. [13] Let (X, d, µ) be a non-homogeneous metric measure space. Then, for every ρ ∈
(1,∞) and p ∈ [1,∞), there exists a constant C > 0 such that, for all b ∈ R̃BMO (µ) and balls B,(

1
µ(ρB)

∫
B
|b(x) − bB|

p dµ(x)
)1/p

≤ C ‖b‖R̃BMO(µ)

where bB is as in Definition 1.5.
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Because R̃BMO (µ) ⊂ RBMO(µ), according to Lemma 3.11 in [14], Lemmas 14, 15 in [5] and
Lemma 3.2 in [11], we can give the following three lemmas directly.

Lemma 2.5. Let b ∈ R̃BMO (µ) , q ∈ (0,∞). For all x ∈ X,

bq(x) :=


b(x), if |b(x)| ≤ q,

q
b(x)
|b(x)|

, if |b(x)| > q,

then bq ∈ R̃BMO (µ) and there exists a constant C > 0 such that
∥∥∥bq

∥∥∥
R̃BMO(µ) ≤ C ‖b‖R̃BMO(µ).

Lemma 2.6. For 1 < ρ < ∞ and 1 ≤ p < ∞, then b ∈ R̃BMO (µ) if and only if for all balls B ∈ X,(
1

µ(ρB)

∫
B

∣∣∣bB − mB̃(b)
∣∣∣p dµ(x)

) 1
p

≤ C ‖b‖R̃BMO(µ) ,

and for any two (6, β6)-doubling balls B ⊂ Q,∣∣∣mB(b) − mQ(b)
∣∣∣ ≤ CK̃B,Q ‖b‖R̃BMO(µ) .

Lemma 2.7. For any k ∈ N+ and b ∈ R̃BMO (µ),∣∣∣∣m6̃k 6
5 B

(b) − mB̃(b)
∣∣∣∣ ≤ Ck ‖b‖R̃BMO(µ) .

With Lemmas 2.4, 2.6 and 2.7 in mind, we can give the following lemma, which will be used
frequently later.

Lemma 2.8. If b ∈ R̃BMO (µ), then

(i) there exists a constant C1 > 0 such that, for all balls B ∈ X, 1 ≤ τ < ρ < ∞, 1 ≤ η < ∞ and
1 ≤ p < ∞, (

1
µ(ρB)

∫
τB

∣∣∣b(x) − mη̃B(b)
∣∣∣p dµ(x)

) 1
p

≤ C1 ‖b‖R̃BMO(µ) .

(ii) there exists a constant C2 > 0 such that, for all balls B ∈ X, k ∈ N+ and 1 ≤ p < ∞, 1
µ(6k6B)

∫
6k 6

5 B

∣∣∣b(x) − mB̃(b)
∣∣∣p dµ(x)

 1
p

≤ C2k ‖b‖R̃BMO(µ) .

Proof. As (
1

µ(ρB)

∫
τB

∣∣∣b(x) − mη̃B(b)
∣∣∣p dµ(x)

) 1
p

≤

(
1

µ(ρB)

∫
τB
|b(x) − bτB|

p dµ(x)
) 1

p

+

(
1

µ(ρB)

∫
τB

∣∣∣bτB − mτ̃B(b)
∣∣∣p dµ(x)

) 1
p
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+

(
1

µ(ρB)

∫
τB

∣∣∣mτ̃B(b) − mη̃B(b)
∣∣∣p dµ(x)

) 1
p

and b ∈ R̃BMO (µ), applying Lemmas 2.4 and 2.6, the desired result (i) can be directly obtained.
Then using (i) and Lemma 2.7, 1

µ(6k6B)

∫
6k 6

5 B

∣∣∣b(x) − mB̃(b)
∣∣∣p dµ(x)

 1
p

≤

 1
µ(6k6B)

∫
6k 6

5 B

∣∣∣∣b(x) − m
6̃k 6

5 B
(b)

∣∣∣∣p dµ(x)
 1

p

+

 1
µ(6k6B)

∫
6k 6

5 B

∣∣∣∣m6̃k 6
5 B

(b) − mB̃(b)
∣∣∣∣p dµ(x)

 1
p

.

Therefore, the desired result (ii) can also be directly obtained. �

Below we present an important lemma which is crucial in the proof of Theorem 1.3.

Lemma 2.9. Let 0 < β < 1, 1 < t < 1/β, 1 < t < q < ∞, 1/s = 1/t − β, 0 < α < m, 1 < p1, . . . , pm < ∞

and suppose λ satisfies the ε-weak reverse doubling condition for some ε ∈ (0, inf{β, 1 − β, 1/s}) and
bσi ∈ R̃BMO(µ), σi ∈ σ. Then there exists a constant C > 0 such that for every x ∈ X, fi ∈ Lpi(µ), i =

1, . . . ,m,

M],(α/m)
(
Iα,m,~bσ

~f
)

(x)

≤ C
r∑

j=1

∑
σ( j)

 ∏
σi∈σ( j)

∥∥∥bσi

∥∥∥
R̃BMO(µ)

 Mt,(6)

(
Iα,m,~bσ( j)′

~f
)

(x) + C

∏
σi∈σ

∥∥∥bσi

∥∥∥
R̃BMO(µ)


 m∏

l=1

M(α/m)
pl,(5) fl (x)

 ,
(2.3)

where σ( j) are the sets consisting of any j elements in σ and σ( j)′ = σ\σ( j).

Proof. By Lemma 2.5 and a standard limit argument, without loss of generality, we may assume that
bσi , σi ∈ σ are bounded functions, that is, bσi ∈ L∞(µ), σi ∈ σ. Furthermore, taking bσi = bi, i =

1, . . . , r is feasible. As L∞c (µ) (the set of all L∞(µ) functions with compact support) is dense in Lp(µ)
for 1 < p < ∞, by standard density arguments, it is enough to consider the case that fi ∈ L∞c (µ), i =

1, . . . ,m. Similarly to Theorem 9.1 in [11], let

hB := mB

(
Iα,m

((
mB̃ (b1) − b1

)
f1χX\ 6

5 B, . . . ,
(
mB̃ (br) − br

)
frχX\ 6

5 B, fr+1χX\ 6
5 B, . . . , fmχX\ 6

5 B

))
,

and

hQ := mQ

(
Iα,m

((
mQ (b1) − b1

)
f1χX\ 6

5 Q, . . . ,
(
mQ (br) − br

)
frχX\ 6

5 Q, fr+1χX\ 6
5 Q, . . . , fmχX\ 6

5 Q

))
.

In order to prove (2.3), suppose B is an arbitrary ball and Q is a doubling ball containing B, it is
sufficient to show that, for every x ∈ B,

1
µ(6B)

∫
B

∣∣∣∣[br, · · · ,
[
b1,Iα,m

]] ~f (z) − hB

∣∣∣∣ dµ(z)

≤ C
r∑

j=1


 r∏

i=r− j+1

‖bi‖R̃BMO(µ)

 Mt,(6)

([
br− j, · · · ,

[
b1,Iα,m

]] ~f ) (x)


+ C

 r∏
i=1

‖bi‖R̃BMO(µ)

  m∏
l=1

M(α/m)
pl,(5) fl(x)

 ,
(2.4)

AIMS Mathematics Volume 7, Issue 6, 9627–9647.



9635

and for Q ⊃ B 3 x,

∣∣∣hB − hQ

∣∣∣ ≤C
r−1∑
j=1

r− j−1∑
p=0

r− j−p∑
k=0

 r∏
i=r− j−p−k+1

‖bi‖R̃BMO(µ)

 Mt,(6)

([
br− j−p−k, · · · ,

[
b1,Iα,m

]] ~f ) (x)

+ C
(
K̃α/m

B,Q

)r+m
 r∏

i=1

‖bi‖R̃BMO(µ)

  m∏
l=1

M(α/m)
pl,(5) fl (x)

 .
(2.5)

In fact, for any ball B 3 x,

1
µ(6B)

∫
B

∣∣∣∣[br, · · · ,
[
b1,Iα,m

]] ~f − mB̃

([
br, · · · ,

[
b1,Iα,m

]] ~f )∣∣∣∣ dµ
≤

1
µ(6B)

∫
B

∣∣∣∣[br, · · · ,
[
b1,Iα,m

]] ~f − hB

∣∣∣∣ dµ +
∣∣∣hB − hB̃

∣∣∣ + C
1

µ(6B̃)

∫
B̃

∣∣∣∣[br, · · · ,
[
b1,Iα,m

]] ~f − hB̃

∣∣∣∣ dµ
≤ C

r∑
j=1

r− j∑
p=0

r− j−p∑
k=0

 r∏
i=r− j−p−k+1

‖bi‖R̃BMO(µ)

 Mt,(6)

([
br− j−p−k, · · · ,

[
b1,Iα,m

]] ~f )
+ C

 r∏
i=1

‖bi‖R̃BMO(µ)

  m∏
l=1

M(α/m)
pl,(5) fl

 .
On the other hand, for all doubling balls B ⊂ Q with x ∈ B such that K̃B,Q ≤ K̃α/m

B,Q ≤ P0, where P0 is
the constant in Lemma 9.3 in [11], using (2.5), we have

∣∣∣hB − hQ

∣∣∣ ≤C
r−1∑
j=1

r− j−1∑
p=0

r− j−p∑
k=0

 r∏
i=r− j−p−k+1

‖bi‖R̃BMO(µ)

 Mt,(6)

([
br− j−p−k, · · · ,

[
b1,Iα,m

]] ~f ) (x)

+ CK̃α/m
B,Q (P0)r+m−1

 r∏
i=1

‖bi‖R̃BMO(µ)

  m∏
l=1

M(α/m)
pl,(5) fl (x)

 .
Therefore, ∣∣∣∣mB

([
br, · · · ,

[
b1,Iα,m

]] ~f ) − mQ

([
br, · · · ,

[
b1,Iα,m

]] ~f )∣∣∣∣
≤

∣∣∣∣mB

([
br, · · · ,

[
b1,Iα,m

]] ~f ) − hB

∣∣∣∣ +
∣∣∣hB − hQ

∣∣∣ +
∣∣∣∣hQ − mQ

([
br, · · · ,

[
b1,Iα,m

]] ~f )∣∣∣∣
=CK̃α/m

B,Q

r∑
j=1

r− j∑
p=0

r− j−p∑
k=0

 r∏
i=r− j−p−k+1

‖bi‖R̃BMO(µ)

 Mt,(6)

([
br− j−p−k, · · · ,

[
b1,Iα,m

]] ~f )
+ CK̃α/m

B,Q

 r∏
i=1

‖bi‖R̃BMO(µ)

  m∏
l=1

M(α/m)
pl,(5) fl

 .
Next we estimate (2.4) and (2.5). Consider (2.4) first. For some fixed balls B 3 x, as

Iα,m
((

mB̃ (b1) − b1
)

f1, . . . ,
(
mB̃ (br) − br

)
fr, fr+1, . . . , fm

)
(z)

=

r∑
j=1

∑
1≤k1<···<k j≤r

 j∏
p=1

(
mB̃

(
bkp

)
− bkp(z)

)
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Xm

K(z, y1, . . . , ym)

 ∏
i∈{1,...,r}\{k1,...,k j}

(bi(z) − bi(yi))


 m∏

l=1

fl(yl)dµ(yl)

 +
[
br, · · · ,

[
b1,Iα,m

]] ~f (z),

thus (
1

µ(6B)

∫
B

∣∣∣∣[br, · · · ,
[
b1,Iα,m

]] ~f (z) − hB

∣∣∣∣η dµ(z)
) 1
η

≤

r∑
j=1

∑
1≤k1<···<k j≤r

 1
µ(6B)

∫
B

∣∣∣∣∣∣∣
 j∏

p=1

(
mB̃

(
bkp

)
− bkp(z)

)
∫
Xm

K(z, y1, . . . , ym)

 ∏
i∈{1,...,r}\{k1,...,k j}

(bi(z) − bi(yi))


 m∏

l=1

fl(yl)dµ(yl)


∣∣∣∣∣∣∣∣
η

dµ(z)


1
η

+

(
1

µ(6B)

∫
B

∣∣∣Iα,m ((
mB̃ (b1) − b1

)
f1, . . . ,

(
mB̃ (br) − br

)
fr, fr+1, . . . , fm

)
(z) − hB

∣∣∣η dµ(z)
) 1
η

=: C
r∑

j=1

I1, j + I2,

where

I1, j =

 1
µ(6B)

∫
B

∣∣∣∣∣∣∣∣
 r∏

p=r− j+1

(
mB̃

(
bp

)
− bp(z)

) ∫
Xm

K(z, y1, . . . , ym)

 r− j∏
i=1

(bi(z) − bi(yi))


 m∏

l=1

fl(yl)dµ(yl)


∣∣∣∣∣∣∣∣
η

dµ(z)


1
η

=

(
1

µ(6B)

∫
B

∣∣∣∣∣∣∣∣
 r∏

p=r− j+1

(
mB̃

(
bp

)
− bp(z)

) [br− j, · · · ,
[
b1,Iα,m

]] ~f (z)

∣∣∣∣∣∣∣∣
η

dµ(z)
) 1
η

.

Estimate I1, j for each j ∈ {1, . . . , r}. Let 1
t +

∑r
p=r− j+1

1
tp

= 1
η
. For a fixed ball B with x ∈ B, Hölder’s

inequality and (i) of Lemma 2.8 give that

I1, j ≤ C

 r∏
p=r− j+1

(
1

µ(6B)

∫
B

∣∣∣∣mB̃

(
bp

)
− bp(z)

∣∣∣∣tp
dµ(z)

) 1
tp

 ( 1
µ(6B)

∫
B

∣∣∣∣[br− j, · · · ,
[
b1,Iα,m

]] ~f (z)
∣∣∣∣t dµ(z)

) 1
t

≤ C

 r∏
p=r− j+1

∥∥∥bp

∥∥∥
R̃BMO(µ)

 Mt,(6)

([
br− j, · · · ,

[
b1,Iα,m

]] ~f ) (x).

Next, we turn to estimate I2. For a fixed ball B with x ∈ B and fi ∈ L∞c (µ), write fi = fi(y)χ 6
5 B(y) +

fi(y)χX\ 6
5 B(y) =: fi,1(y) + fi,2(y), i = 1, . . . ,m. For each j′ ∈ {0, . . . ,m},

Iα,m
((

mB̃ (b1) − b1
)

f1, . . . ,
(
mB̃ (br) − br

)
fr, fr+1, . . . , fm

)
(z)

=

m−1∑
j′=0

∑
1≤k1<···<k j′≤m

∫
Xm

K(z, y1, . . . , ym)

 r∏
i=1

(
mB̃ (bi) − bi(yi)

) ∏
l∈{1,...,m}\{k1,...,k j′ }

fl,1(yl)dµ(yl)


 j′∏

l=1

fkl,2(yl)dµ(yl)


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+ Iα,m
((

mB̃(b1) − b1
)

f1,2, . . . ,
(
mB̃(br) − br

)
fr,2, fr+1,2, . . . , fm,2

)
(z)

=: C
m−1∑
j′=0

I′2,1, j′ + I′2,2,

where

I′2,1, j′ =

∫
Xm

K(z, y1, . . . , ym)

 r∏
i=1

(
mB̃ (bi) − bi(yi)

)


r− j′1∏
l1=1

fl1,1(yl1)dµ(yl1)

 r∏
l2=r− j′1+1

fl2,2(yl2)dµ(yl2)




m− j′2∏
l3=r+1

fl3,1(yl3)dµ(yl3)


 m∏

l4=m− j′2+1

fl4,2(yl4)dµ(yl4)

 ,
and j′1 ∈ {0, . . . , r}, j′2 ∈ {0, . . . ,m − r} satisfy j′ = j′1 + j′2.

Therefore,

I2 = C

 1
µ(6B)

∫
B

∣∣∣∣∣∣∣
m−1∑
j′=0

I′2,1, j′ + I′2,2 − hB

∣∣∣∣∣∣∣
η

dµ(z)


1
η

≤ C
m−1∑
j′=0

(
1

µ(6B)

∫
B

∣∣∣I′2,1, j′ ∣∣∣η dµ(z)
) 1
η

+

(
1

µ(6B)

∫
B

∣∣∣∣I′2,2 − hB

∣∣∣∣ηdµ(z)
) 1
η

=: C
m−1∑
j′=0

I2,1, j′ + I2,2.

For I2,1, j′ , j′ ∈ {0, . . . ,m − 1}, using the condition (1.4), interval decomposition, Hölder’s inequality,
Lemmas 2.6–2.8, Eq (1.1) and Definition 1.3, we obtain

I2,1, j′ ≤ C


r− j′1∏
l1=1

∫
6
5 B

∣∣∣bl1
(
yl1

)
− mB̃

(
bl1

)∣∣∣ ∣∣∣ fl1
(
yl1

)∣∣∣ dµ(yl1)




m− j′2∏
l3=r+1

∫
6
5 B

∣∣∣ fl3
(
yl3

)∣∣∣ dµ(yl3)

 1
µ(6B)

∫
B

 r∏
l2=r− j′1+1

∫
X\ 6

5 B

∣∣∣bl2(yl2) − mB̃
(
bl2

)∣∣∣ ∣∣∣ fl2(yl2)
∣∣∣ dµ(yl2)[

λ
(
z, d(z, yk2)

)](m−α)/ j′


η

 m∏
l4=m− j′2+1

∫
X\ 6

5 B

∣∣∣ fl4
(
yl4

)∣∣∣ dµ(yl4)[
λ
(
z, d(z, yl4)

)](m−α)/ j′


η

dµ(z)


1
η

≤ C (µ(6B))(1− α
m )(m− j′)

(
µ(B)
µ(6B)

) 1
η


r− j′1∏
l1=1

 1
µ(6B)

∫
6
5 B

∣∣∣bl1
(
yl1

)
− mB̃

(
bl1

)∣∣∣p′l1 dµ(yl1)
 1

p′l1

 1
(µ(6B))1−αpl1/m

∫
6
5 B

∣∣∣ fl1
(
yl1

)∣∣∣pl1 dµ(yl1)
 1

pl1

 r∏
l2=r− j′1+1

 ∞∑
k2=1

∫
6k2 6

5 B\6k2−1 6
5 B

∣∣∣bl2(yl2) − mB̃
(
bl2

)∣∣∣ ∣∣∣ fl2(yl2)
∣∣∣ dµ(yl2)[

λ
(
cB, d(cB, yl2)

)](m−α)/ j′



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m− j′2∏

l3=r+1

 1
(µ(6B))1−αpl3/m

∫
6
5 B

∣∣∣ fl3
(
yl3

)∣∣∣pl3 dµ(yl3)
 1

pl3

 m∏
l4=m− j′2+1

 ∞∑
k4=1

∫
6k4 6

5 B\6k4−1 6
5 B

∣∣∣ fl4
(
yl4

)∣∣∣ dµ(yl4)[
λ
(
cB, d(cB, yl4)

)](m−α)/ j′




≤ C (µ(6B))(1− α
m )(m− j′)


r− j′1∏
l1=1

∥∥∥bl1

∥∥∥
R̃BMO(µ) M(α/m)

pl1 ,(5) fl1(x)

 r∏
l2=r− j′1+1

 ∞∑
k2=1

∫
6k2 6

5 B

∣∣∣bl2(yl2) − mB̃
(
bl2

)∣∣∣ ∣∣∣ fl2(yl2)
∣∣∣ dµ(yl2)(

λ
(
cB, 6k2−1 6

5rB

))(m−α)/ j′




m− j′2∏
l3=r+1

M(α/m)
pl3 ,(5) fl3(x)


 m∏

l4=m− j′2+1

 ∞∑
k4=1

∫
6k4 6

5 B

∣∣∣ fl4
(
yl4

)∣∣∣ dµ(yl4)(
λ
(
cB, 6k4−1 6

5rB

))(m−α)/ j′




≤ C (µ(6B))(1− α
m )(m− j′)

 r∏
i=1

‖bi‖R̃BMO(µ)

  m∏
l=1

M(α/m)
pl,(5) fl(x)

 r∏
l2=r− j′1+1

 ∞∑
k2=1

k2

(
µ(6k26B)

)1−α/m(
λ
(
cB, 6k2−1 6

5rB

))(m−α)/ j′



 m∏

l4=m− j′2+1

 ∞∑
k4=1

(
µ(6k46B)

)1−α/m(
λ
(
cB, 6k4−1 6

5rB

))(m−α)/ j′




≤ C

 r∏
i=1

‖bi‖R̃BMO(µ)

  m∏
l=1

M(α/m)
pl,(5) fl(x)

 r∏
l2=r− j′1+1

 ∞∑
k2=1

k2[
C(6k2)

][(m−α)/ j′−1+α/m]



 m∏

l4=m− j′2+1

 ∞∑
k4=1

1[
C(6k4)

][(m−α)/ j′−1+α/m]




≤ C

 r∏
i=1

‖bi‖R̃BMO(µ)

  m∏
l=1

M(α/m)
pl,(5) fl(x)

 .
For I2,2, let z, z0 ∈ B, write

I2,2 =

(
1

µ(6B)

∫
B

∣∣∣∣∣∣ 1
µ(B)

∫
B

(
Iα,m

((
mB̃(b1) − b1

)
f1,2, . . . ,

(
mB̃(br) − br

)
fr,2, fr+1,2, . . . , fm,2

)
(z)

− Iα,m
((

mB̃ (b1) − b1
)

f1,2, . . . ,
(
mB̃ (br) − br

)
fr,2, fr+1,2, . . . , fm,2

)
(z0)

)
dµ(z0)

∣∣∣∣∣∣ηdµ(z)
) 1
η

≤

[
1

µ(6B)

∫
B

(
1

µ(B)

∫
B

∣∣∣Iα,m ((
mB̃(b1) − b1

)
f1,2, . . . ,

(
mB̃(br) − br

)
fr,2, fr+1,2, . . . , fm,2

)
(z)

− Iα,m
((

mB̃ (b1) − b1
)

f1,2, . . . ,
(
mB̃ (br) − br

)
fr,2, fr+1,2, . . . , fm,2

)
(z0)

∣∣∣dµ(z0)
)η

dµ(z)
] 1
η

.

Thus, what we need to do is to give the following estimate which is following from the conditions (1.5)
and (1.6), interval decomposition and properties of θ,∣∣∣Iα,m ((

mB̃(b1) − b1
)

f1,2, . . . ,
(
mB̃(br) − br

)
fr,2, fr+1,2, . . . , fm,2

)
(z)
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−Iα,m
((

mB̃(b1) − b1
)

f1,2, . . . ,
(
mB̃(br) − br

)
fr,2, fr+1,2, . . . , fm,2

)
(z0)

∣∣∣
≤ C

∫
(X\ 6

5 B)m
θ

(
d(z, z0)∑m
i=1 d(z, yi)

) ∏r
i=1

∣∣∣bi(yi) − mB̃(bi)
∣∣∣[∑m

i=1 λ(z, d(z, yi))
]m−α

m∏
l=1

| fl(yl)| dµ(yl)

≤ C
∞∑

k1,...,km=1

∫
6k1 6

5 B\6k1−1 6
5 B
· · ·

∫
6km 6

5 B\6km−1 6
5 B
θ

(
2rB∑m

i=1 d(cB, yi)

) ∏r
i=1

∣∣∣bi(yi) − mB̃(bi)
∣∣∣[∑m

i=1 λ(cB, d(cB, yi))
]m−α

 m∏
l=1

| fl(yl)|


dµ(ym) · · · dµ(y1)

≤ C
∞∑

k1,...,km=1

θ

 2rB∑m
i=1 6ki−1 6

5rB

  m∑
i=1

λ

(
cB, 6ki−1 6

5
rB

)−m+α

 r∏
l1=1

∫
6kl1 6

5 B

∣∣∣bl1(yl1) − mB̃(bl1)
∣∣∣ ∣∣∣ fl1(yl1)

∣∣∣ dµ(yl1)


 m∏

l2=r+1

∫
6kl2 6

5 B

∣∣∣ fl2(yl2)
∣∣∣ dµ(yl2)


≤ C

∞∑
kmax=1

km−1
max θ

(
5

6kmax−13

) (
λ

(
cB, 6kmax−1 6

5
rB

))−m+α
 r∏

l1=1

∫
6kmax 6

5 B

∣∣∣bl1(yl1) − mB̃(bl1)
∣∣∣ ∣∣∣ fl1(yl1)

∣∣∣ dµ(yl1)

 m∏
l2=r+1

∫
6kmax 6

5 B

∣∣∣ fl2(yl2)
∣∣∣ dµ(yl2)

 ,
where kmax = max1≤i≤m ki. Then Hölder’s inequality, (ii) of Lemma 2.8, Definition 1.3 and properties
of θ give that ∣∣∣Iα,m ((

mB̃(b1) − b1
)

f1,2, . . . ,
(
mB̃(br) − br

)
fr,2, fr+1,2, . . . , fm,2

)
(z)

−Iα,m
((

mB̃(b1) − b1
)

f1,2, . . . ,
(
mB̃(br) − br

)
fr,2, fr+1,2, . . . , fm,2

)
(z0)

∣∣∣
≤ C

 r∏
i=1

‖bi‖R̃BMO(µ)

  m∏
l=1

M(α/m)
pl,(5) fl(x)

 ∞∑
kmax=1

km+r−1
max θ

(
(5/6)kmax

)
≤ C

 r∏
i=1

‖bi‖R̃BMO(µ)

  m∏
l=1

M(α/m)
pl,(5) fl(x)

 ∫ 1

0

θ (t)
t

∣∣∣log tm+r−1
∣∣∣ dt

≤ C

 r∏
i=1

‖bi‖R̃BMO(µ)

  m∏
l=1

M(α/m)
pl,(5) fl(x)

 ,
where we use the following result

∞ >

∫ 1

0

θ(t)
t

∣∣∣log tm+r−1
∣∣∣ dt ≥

∞∑
k=1

∫ ( 5
6 )k−1

( 5
6 )k

θ
(
(5/6)k

)
(5/6)k−1

∣∣∣∣log (5/6)km+r−1
∣∣∣∣ dt = C

∞∑
k=1

km+r−1θ
(
(5/6)k

)
.

Therefore,

I2,2 ≤ C
[

1
µ(6B)

∫
B

 1
µ(B)

∫
B

∣∣∣∣∣∣∣
 r∏

i=1

‖bi‖R̃BMO(µ)

  m∏
l=1

M(α/m)
pl,(5) fl(x)


∣∣∣∣∣∣∣ dµ(z0)

η dµ(z)
] 1
η

≤ C

 r∏
i=1

‖bi‖R̃BMO(µ)

  m∏
l=1

M(α/m)
pl,(5) fl(x)

 .
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Thus,

I2 ≤ C
m−1∑
j′=0

I2,1, j′ + I2,2 ≤ C

 r∏
i=1

‖bi‖R̃BMO(µ)

  m∏
l=1

M(α/m)
pl,(5) fl(x)

 .
Furthermore,(

1
µ(6B)

∫
B

∣∣∣∣[br, · · · ,
[
b1,Iα,m

]] ~f (z) − hB

∣∣∣∣η dµ(z)
) 1
η

≤ C
r∑

j=1


 r∏

i=r− j+1

‖bi‖R̃BMO(µ)

 Mt,(6)

([
br, · · · ,

[
b1,Iα,m

]] ~f ) (x)

 + C

 r∏
i=1

‖bi‖R̃BMO(µ)

  m∏
l=1

M(α/m)
pl,(5) fl(x)

 ,
which completes the proof of (2.4).

Next, we turn to estimate (2.5). For all balls Q ⊃ B 3 x with doubling balls Q, denote N := NB,Q +1,
which means 6N B ⊃ 6

5 Q, then write∣∣∣hB − hQ

∣∣∣
≤

∣∣∣mB
(
Iα,m

((
b1 − mB̃ (b1)

)
f1χX\6N B, . . . ,

(
br − mB̃ (br)

)
frχX\6N B, fr+1χX\6N B, . . . , fmχX\6N B

))
−mQ

(
Iα,m

((
b1 − mB̃ (b1)

)
f1χX\6N B, . . . ,

(
br − mB̃ (br)

)
frχX\6N B, fr+1χX\6N B, . . . , fmχX\6N B

))∣∣∣
+

∣∣∣mQ
(
Iα,m

((
b1 − mQ (b1)

)
f1χX\6N B, . . . ,

(
br − mQ (br)

)
frχX\6N B, fr+1χX\6N B, . . . , fmχX\6N B

))
−mQ

(
Iα,m

((
b1 − mB̃ (b1)

)
f1χX\6N B, . . . ,

(
br − mB̃ (br)

)
frχX\6N B, fr+1χX\6N B, . . . , fmχX\6N B

))∣∣∣
+ C

m−1∑
j=1

j−1∑
i1=0

∣∣∣∣∣∣ 1
µ(B)

∫
B

∫
(X\ 6

5 B)m− j

∫
(6N B\ 6

5 B)i1+1

∫
(X\6N B) j−i1−1

K(z, y1, . . . , ym)

 r∏
i=1

(
bi(z) − mB̃(bi)

)  m∏
l=1

fl(yl)dµ(yl)

 dµ(z)

∣∣∣∣∣∣∣
+ C

m−1∑
j=1

m−1∑
i2=0

m− j∑
i3=1

∣∣∣∣∣∣ 1
µ(B)

∫
B

∫
(6N B\ 6

5 B)m− j+i2+1

∫
(X\6N B) j−i2−i3−1

K(z, y1, . . . , ym)

 r∏
i=1

(
bi(z) − mB̃(bi)

)  m∏
l=1

fl(yl)dµ(yl)

 dµ(z)

∣∣∣∣∣∣∣
+ C

m−1∑
j=1

j−1∑
i1=0

∣∣∣∣∣∣ 1
µ(Q)

∫
Q

∫
(X\ 6

5 Q)m− j

∫
(6N B\ 6

5 Q)i1+1

∫
(X\6N B) j−i1−1

K(z, y1, . . . , ym)

 r∏
i=1

(
bi(z) − mB̃(bi)

)  m∏
l=1

fl(yl)dµ(yl)

 dµ(z)

∣∣∣∣∣∣∣
+ C

m−1∑
j=1

m−1∑
i2=0

m− j∑
i3=1

∣∣∣∣∣∣ 1
µ(Q)

∫
Q

∫
(6N B\ 6

5 Q)m− j+i2+1

∫
(X\6N B) j−i2−i3−1

K(z, y1, . . . , ym)

 r∏
i=1

(
bi(z) − mB̃(bi)

)  m∏
l=1

fl(yl)dµ(yl)

 dµ(z)

∣∣∣∣∣∣∣
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=: J1 + J2 + J3 + J4 + J5 + J6.

In the above formula, the methods to estimate J3, J4, J5 and J6 are similar to that of J2. Therefore,
for the sake of simplicity, we only estimate the first two terms.

For J1, let z, z0 ∈ B, write

J1 =

∣∣∣∣∣∣ 1
µ(B)

∫
B

[
1

µ(Q)

∫
Q

(
Iα,m

((
b1 − mB̃ (b1)

)
f1χX\6N B, . . . ,

(
br − mB̃ (br)

)
frχX\6N B, fr+1χX\6N B, . . . ,

fmχX\6N B
)

(z) − Iα,m
((

b1 − mB̃ (b1)
)

f1χX\6N B, . . . ,
(
br − mB̃ (br)

)
frχX\6N B, fr+1χX\6N B, . . . ,

fmχX\6N B
)

(z0)
)
dµ(z0)

]
dµ(z)

∣∣∣∣∣∣.
Similar to the estimate of I2,2,

J1 ≤ C

 r∏
i=1

‖bi‖R̃BMO(µ)

  m∏
l=1

M(α/m)
pl,(5) fl(x)

 .
For J2, first consider

Iα,m
((

b1 − mQ (b1)
)

f1χX\6N B, . . . ,
(
br − mQ (br)

)
frχX\6N B, fr+1χX\6N B, . . . , fmχX\6N B

)
(z)

− Iα,m
((

b1 − mB̃ (b1)
)

f1χX\6N B, . . . ,
(
br − mB̃ (br)

)
frχX\6N B, fr+1χX\6N B, . . . , fmχX\6N B

)
(z)

=

r−1∑
j=1

∑
1≤k1<···<k j≤r

r− j−1∑
p=0

∑
1≤n1<···<np≤r− j

 j∏
i=1

(
mB̃

(
bki

)
− mQ

(
bki

))
 p∏

i=1

(
mQ(bni) − mB̃(bni)

)
∫

(X\6N B)m
K(z, y1, . . . , ym)

 ∏
i∈({1,...,r}\{k1,...,k j})\{n1,...,np}

(
bi(yi) − mQ(bi)

)
 m∏

l=1

fl (yl) dµ(yl)


= C

r−1∑
j=1

r− j−1∑
p=0

(−1)p

 r∏
i=r− j−p+1

(
mB̃ (bi) − mQ (bi)

)Iα,m ((
b1 − mQ(b1)

)
f1χX\6N B, . . . ,(

br− j−p − mQ(br− j−p)
)

fr− j−pχX\6N B, fr− j−p+1χX\6N B, . . . , frχX\6N B

)
=: C

r−1∑
j=1

r− j−1∑
p=0

J2, j,p.

As

Iα,m

((
b1 − mQ(b1)

)
f1χX\6N B, . . . ,

(
br− j−p − mQ(br− j−p)

)
fr− j−pχX\6N B, fr− j−p+1χX\6N B, . . . , frχX\6N B

)
=Iα,m

((
b1 − mQ(b1)

)
f1, . . . ,

(
br− j−p − mQ(br− j−p)

)
fr− j−p, fr− j−p+1, . . . , fr

)
− Iα,m

((
b1 − mQ(b1)

)
f1χ 6

5 Q, . . . ,
(
br− j−p − mQ(br− j−p)

)
fr− j−pχ 6

5 Q, fr− j−p+1χ 6
5 Q, . . . , frχ 6

5 Q

)
−

r− j−p∑
i1=1

Iα,m

( (
b1 − mQ(b1)

)
f1χ6N B, . . . ,

(
bi1−1 − mQ(bi1−1)

)
fi1−1χ6N B,

(
bi1 − mQ(bi1)

)
fi1χX\ 6

5 Q,(
bi1+1 − mQ(bi1+1)

)
fi1+1χ6N B, . . . ,

(
br− j−p − mQ(br− j−p)

)
fr− j−pχ6N B,
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fr− j−p+1χ6N B, . . . , fmχ6N B

)
−

r∑
i2=r− j−p+1

Iα,m

( (
b1 − mQ(b1)

)
f1χ6N B, . . . ,

(
br− j−p − mQ(br− j−p)

)
fr− j−pχ6N B, fr− j−p+1χ6N B, . . . ,

fi2−1χ6N B, fi2χX\ 6
5 Q, fi2+1χ6N B, . . . , fmχ6N B

)
+ (m − 1)Iα,m

((
b1 − mQ(b1)

)
f1χ6N B\ 6

5 Q, . . . ,
(
br− j−p − mQ(br− j−p)

)
fr− j−pχ6N B\ 6

5 Q,

fr− j−p+1χ6N B\ 6
5 Q, . . . , frχ6N B\ 6

5 Q

)
=:J2,1, j,p + J2,2, j,p +

r− j−p∑
i1=1

J2,3, j,p,i1 +

r∑
i2=r− j−p+1

J2,4, j,p,i2 + CJ2,5, j,p,

according to Lemma 2.6,

J2 = C

∣∣∣∣∣∣∣ 1
µ(Q)

∫
Q

 r−1∑
j=1

r− j−1∑
p=0

J2, j,p

 dµ(z)

∣∣∣∣∣∣∣
≤ C

r−1∑
j=1

r− j−1∑
p=0

∣∣∣∣∣∣ 1
µ(Q)

∫
Q

 r∏
i=r− j−p+1

(
mB̃ (bi) − mQ (bi)

) (J2,1, j,p + J2,2, j,p

+

r− j−p∑
i1=1

J2,3, j,p,i1 +

r∑
i2=r− j−p+1

J2,4, j,p,i2 + J2,5, j,p

)
dµ(z)

∣∣∣∣∣∣
≤ C

r−1∑
j=1

r− j−1∑
p=0

 r∏
i=r− j−p+1

K̃B,Q ‖bi‖R̃BMO(µ)

 ( ∣∣∣∣mQ

(
J2,1, j,p

)∣∣∣∣ +
∣∣∣∣mQ

(
J2,2, j,p

)∣∣∣∣
+

r− j−p∑
i1=1

∣∣∣∣mQ

(
J2,3, j,p,i1

)∣∣∣∣ +

r∑
i2=r− j−p+1

∣∣∣∣mQ

(
J2,4, j,p,i2

)∣∣∣∣ +
∣∣∣∣mQ

(
J2,5, j,p

)∣∣∣∣ ).
For

∣∣∣∣mQ

(
J2,1, j,p

)∣∣∣∣, using the property of µ, Hölder’s inequality and (i) of Lemma 2.8, we obtain

∣∣∣∣mQ

(
J2,1, j,p

)∣∣∣∣ ≤ r− j−p∑
k=0

∑
1≤k1<···<kk≤r− j−p

1
µ(Q)

∫
Q

∣∣∣∣∣∣∣
∫
Xm

K(z, y1, . . . , ym)

 k∏
i=1

(
bki (z) − mQ

(
bki

)) ∏
i∈{1,...,r− j−p}\{k1,...,kk}

(bi(yi) − bi(z))


 m∏

l=1

fl(yl)dµ(yl)


∣∣∣∣∣∣∣∣ dµ(z)

= C
r− j−p∑

k=0

1
µ(6Q)

∫
Q

 r− j−p∏
i=r− j−p−k+1

∣∣∣bi (z) − mQ (bi)
∣∣∣ ∣∣∣∣[br− j−p−k, · · · ,

[
b1,Iα,m

]] ~f (z)
∣∣∣∣ dµ(z)

≤ C
r− j−p∑

k=0

 r− j−p∏
i=r− j−p−k+1

‖bi‖R̃BMO(µ)

 Mt,(6)

([
br− j−p−k, · · · ,

[
b1,Iα,m

]] ~f ) (x).
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For
∣∣∣∣mQ

(
J2,2, j,p

)∣∣∣∣, Hölder’s inequality, Theorem 1.2, (i) of Lemma 2.8 and property of µ tell us∣∣∣∣mQ

(
J2,2, j,p

)∣∣∣∣ ≤ ( 1
µ(Q)

∫
Q

∣∣∣∣Iα,m ((
b1 − mQ(b1)

)
f1χ 6

5 Q, . . . ,
(
br− j−p − mQ(br− j−p)

)
fr− j−pχ 6

5 Q,

fr− j−p+1χ 6
5 Q, . . . , frχ 6

5 Q

)
(z)

∣∣∣∣s dµ(z)
) 1

s

≤ C
(

1
µ(Q)

) 1
s
r− j−p∏

l1=1

∥∥∥∥(bl1 − mQ
(
bl1

))
fl1χ 6

5 Q

∥∥∥∥
Lsl1 (µ)


 m∏

l2=r− j−p+1

∥∥∥∥ fl2χ 6
5 Q

∥∥∥∥
Lsl2 (µ)


≤ C

r− j−p∏
l1=1

 1
µ(6Q)

∫
6
5 Q

∣∣∣bl1(z) − mQ
(
bl1

)∣∣∣ sl1
pl1

pl1
−sl1 dµ(z)

 1
sl1
− 1

pl1

 1
(µ(6Q))1−αpl1/m

∫
6
5 Q

∣∣∣ fl1(z)
∣∣∣pl1 dµ(z)

 1
pl1

 m∏
l2=r− j−p+1

 1
(µ(6Q))1−αpl2/m

∫
6
5 Q

∣∣∣ fl2(z)
∣∣∣pl2 dµ(z)

 1
pl2


≤ C

r− j−p∏
i=1

‖bi‖R̃BMO(µ)


 m∏

l=1

M(α/m)
pl,(5) fl(x)

 ,
where 1

s1
, . . . , 1

sm
∈ (1,∞) satisfy 0 < 1

s = 1
s1

+ · · · + 1
sm
− α < 1.

For
∑r− j−p

i1=1

∣∣∣∣mQ

(
J2,3, j,p,i1

)∣∣∣∣, we estimate
∣∣∣J2,3, j,p,i1

∣∣∣ first.

∣∣∣J2,3, j,p,i1

∣∣∣ ≤ C
∫

(6N B)i1−1

∫
X\ 6

5 Q

∫
(6N B)m−i1

∏r− j−p
k=1

∣∣∣bk (yk) − mQ (bk)
∣∣∣[∑m

k=1 λ (z, d (z, yk))
]m−α

 m∏
l=1

| fl (yl)|

 dµ(ym) · · · dµ(y1)

≤ C

 ∏
l1={1,...,r− j−p}\{i1}

∫
6N B

∣∣∣bl1
(
yl1

)
− mQ

(
bl1

)∣∣∣ ∣∣∣ fl1
(
yl1

)∣∣∣ dµ(yl1)

 m∏
l2=r− j−p+1

NB,Q∑
γ=1

∫
6γ+1B\6γB

∣∣∣ fl2
(
yl2

)∣∣∣ dµ(yl2) +

∫
6B

∣∣∣ fl2
(
yl2

)∣∣∣ dµ(yl2)


 ∞∑

k=1

∫
6k 6

5 Q\6k−1 6
5 Q

∣∣∣bi(yi) − mQ(bi)
∣∣∣ | fi(yi)|(

λ
(
cQ, d

(
cQ, yi

)))m−α dµ(yi)


≤ C

r− j−p∏
l1=1

∥∥∥bl1

∥∥∥
R̃BMO(µ)


 m∏

l=1

M(α/m)
pl,(5) fl (x)

 (K̃B,Q

)r− j−p−1 (
K̃α/m

B,Q

)m−r+ j+p

(
λ
(
CB, 6N5rB

))(1− α
m )(m−1)

∞∑
k=1

k
(
µ(6k6Q)

)1− α
m

(λ(cQ, 6k−16rQ/5))m−α .

The properties of µ and λ give that∣∣∣J2,3, j,p,i1

∣∣∣ ≤ C

r− j−p∏
l1=1

∥∥∥bl1

∥∥∥
R̃BMO(µ)


 m∏

l=1

M(α/m)
pl,(5) fl (x)

 (K̃B,Q

)r− j−p−1 (
K̃α/m

B,Q

)m−r+ j+p
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∞∑
k=1

k
(
µ(6k6Q)

)1− α
m
(
λ
(
CQ, 6N5rQ

))(1− α
m )(m−1)[

C
(
6k−N6/5

)
λ
(
cQ, 6N5rQ

)]m−α

≤ C

r− j−p∏
l1=1

∥∥∥bl1

∥∥∥
R̃BMO(µ)


 m∏

l=1

M(α/m)
pl,(5) fl (x)

 (K̃B,Q

)r− j−p−1 (
K̃α/m

B,Q

)m−r+ j+p

∞∑
k=1

k
(
µ(6k6Q)

)1− α
m[

C
(
6k−N6/5

)]m−α (
λ
(
cQ, 6N5rQ

))1− α
m

≤ C
(
K̃B,Q

)r− j−p−1 (
K̃α/m

B,Q

)m−r+ j+p
r− j−p∏

l1=1

∥∥∥bl1

∥∥∥
R̃BMO(µ)


 m∏

l=1

M(α/m)
pl,(5) fl (x)

 .
Therefore,

r− j−p∑
i1=1

∣∣∣∣mQ

(
J2,3, j,p,i1

)∣∣∣∣ ≤ C
(
K̃B,Q

)r− j−p−1 (
K̃α/m

B,Q

)m−r+ j+p
r− j−p∏

l1=1

∥∥∥bl1

∥∥∥
R̃BMO(µ)


 m∏

l=1

M(α/m)
pl,(5) fl (x)

 .
Similarly, the estimates of

∑r
i2=r− j−p+1

∣∣∣∣mQ

(
J2,4, j,p,i2

)∣∣∣∣ and
∣∣∣∣mQ

(
J2,5, j,p

)∣∣∣∣ can be obtained.
Therefore, we get

J2 ≤ C
r−1∑
j=1

r− j−1∑
p=0

r− j−p∑
k=0

 r∏
i=r− j−p−k+1

‖bi‖R̃BMO(µ)

 Mt,(6)

([
br− j−p−k, · · · ,

[
b1,Iα,m

]] ~f ) (x)

+ C
(
K̃B,Q

)r−1 (
K̃α/m

B,Q

)m−1
 r∏

i=1

‖bi‖R̃BMO(µ)

  m∏
l=1

M(α/m)
pl,(5) fl (x)

 .
Hence,∣∣∣hB − hQ

∣∣∣ ≤ C
r−1∑
j=1

r− j−1∑
p=0

r− j−p∑
k=0

 r∏
i=r− j−p−k+1

‖bi‖R̃BMO(µ)

 Mt,(6)

([
br− j−p−k, · · · ,

[
b1,Iα,m

]] ~f ) (x)

+ C
(
K̃α/m

B,Q

)r+m
 r∏

i=1

‖bi‖R̃BMO(µ)

  m∏
l=1

M(α/m)
pl,(5) fl (x)

 ,
which completes the proof of (2.5).

Thus, Lemma 2.9 is proved. �

3. Boundedness on Lebesgue spaces

In this section, we aim to establish the boundedness of the multilinear θ-type generalized fractional
integral Iα,m and its iterated commutators

[
~bσ,Iα,m

]
with R̃BMO (µ)-functions on Lebesgue spaces.

Proof of Theorem 1.2. Assume α1, . . . , αm ∈ (0, 1) satisfy α =
∑m

i=1 αi and 1 < pi <
1
αi
, i = 1, . . . ,m.

For any x ∈ X, by applying the (1.4), (1.5) and (1.6), the conditions of the kernel function, we have∣∣∣∣Iα,m ~f (x)
∣∣∣∣ ≤ ∫

Xm
|K(x, y1, . . . , ym)|

m∏
i=1

| fi(yi)| dµ(yi)
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≤ C
∫
Xm

∏m
i=1 | fi(yi)| dµ(yi)[∑m

j=1 λ(x, d(x, y j))
]m−α

≤ C
m∏

i=1

∫
Xm

| fi(yi)| dµ(yi)[
λ(x, d(x, yi))

]1−αi

= C
m∏

i=1

Iαi(| fi|)(x).

Let 1 < qi < ∞ satisfy 1
qi

= 1
pi
− αi and 1

q = 1
q1

+ · · · + 1
qm

, then Iαi is bounded from Lpi(µ) to
Lqi(µ), i = 1, . . . ,m. Combining Lemma 1.1 and Hölder’s inequality, we obtain∥∥∥∥Iα,m ~f ∥∥∥∥

Lq(µ)
≤ C

∥∥∥∥∥∥∥
m∏

i=1

Iαi(| fi|)

∥∥∥∥∥∥∥
Lq(µ)

≤ C
m∏

i=1

∥∥∥Iαi(| fi|)
∥∥∥

Lqi (µ)
≤ C

m∏
i=1

‖ fi‖Lpi (µ) .

�

Proof of Theorem 1.3. Theorem 1.2, Lemmas 2.1, 2.2, 2.9 and Hölder’s inequality give that∥∥∥∥Iα,m,~bσ ~f ∥∥∥∥Lq(µ)
≤

∥∥∥∥N
(
Iα,m,~bσ

~f
)∥∥∥∥

Lq(µ)

≤

∥∥∥∥M],(α/m)
(
Iα,m,~bσ

~f
)∥∥∥∥

Lq(µ)

≤ C
r∑

j=1

∑
σ( j)

 ∏
σi∈σ( j)

∥∥∥bσi

∥∥∥
R̃BMO(µ)

 ∥∥∥∥∥Mt,(6)

(
Iα,m,~bσ( j)′

~f
)∥∥∥∥∥

Lq(µ)

+ C

∏
σi∈σ

∥∥∥bσi

∥∥∥
R̃BMO(µ)


∥∥∥∥∥∥∥

m∏
l=1

M(α/m)
pl,(5) fl

∥∥∥∥∥∥∥
Lq(µ)

≤ C
r∑

j=1

∑
σ( j)

 ∏
σi∈σ( j)

∥∥∥bσi

∥∥∥
R̃BMO(µ)

 ∥∥∥∥Iα,m,~bσ( j)′
~f
∥∥∥∥

Lq(µ)

+ C

∏
σi∈σ

∥∥∥bσi

∥∥∥
R̃BMO(µ)


 m∏

l=1

∥∥∥∥M(α/m)
pl,(5) fl

∥∥∥∥
Lql (µ)


≤ C

∏
σi∈σ

∥∥∥bσi

∥∥∥
R̃BMO(µ)

 ∥∥∥∥Iα,m ~f ∥∥∥∥Lq(µ)
+ C

∏
σi∈σ

∥∥∥bσi

∥∥∥
R̃BMO(µ)


 m∏

l=1

‖ fl‖Lpl (µ)


≤ C

∏
σi∈σ

∥∥∥bσi

∥∥∥
R̃BMO(µ)


 m∏

l=1

‖ fl‖Lpl (µ)

 ,
where, 1

q = 1
p − α, and for i = 1, . . . ,m, qi satisfy 1

q = 1
q1

+ · · · + 1
qm

and 1
qi

= 1
pi
− αi, α = α1 + · · · + αm.

The proof of Theorem 1.3 is finished. �

4. Conclusions

In this article, we discussed the boundedness for Iα,m and its iterated multi-commutators Iα,m,~bσ
with R̃BMO (µ)-functions on Lebesgue spaces over non-homogeneous spaces. It is worth mentioning
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that the proof of the latter relies on an important lemma, that is, the estimation of the sharp maximal
function. At the same time, the case of multilinearity is not replaced by bilinear case because the proof
process of the bilinearity can not reflect the idea of the proof completely.
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