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1. Introduction

In this paper, we consider the following nematic liquid crystal flows in 3-dimensions:

ou+u-Vu—puAu+Vp=-AV.-(Vd o Vd),
0d + u-Vd = y(Ad + |Vd*d),
V-u=0,d =1,

u(x, 0) = up(x), d(x, 0) = do(x),

(1.1)

here, u = u(x, t) = (ui(x, 1), ur(x, t), u3(x, t)) denotes the velocity field, d = d(x,t) = (d,(x, 1), d>(x, 1),
d;(x, 1)) denotes the macroscopic average of molecular orientation field and p = p(x,1) is the scalar
pressure. And u, A, y are positive constants, which will be assumed to be 1 because their specific values
play no roles in our arguments. The notation Vd © Vd represents the 3 X 3 matrix whose the (i, j)th
component is given by 0;d,0,d(i, j < 3).

The above system (1.1) is a simplified version of the Ericksen-Leslie equations , which was first
introduced by Lin [9] to describe the nematic liquid crystals flows. It is well-known that the
system (1.1) has a unique local smooth solution (u, d) provided that initial data u, € H*(R",R") with
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V-u = 0and dy € H'(R",S?) for s > n. For the regularity criteria readers may refer
to [7,8,10,12,14-16].

Obviously, the above system (1.1) reduce to the incompressible Navier-Stokes equations when the
orientation field d equals a constant. For Navier-Stokes equations, in [2], Dong and Zhang established
the following regularity criterion:

T
f IV ptanllgo_di < oo, (1.2)
) ,

where V,, = (04, 0,), u;, = (u1,uy). And they left a question that had been solved by Gala and Ragusa
in [3], which is that whether (1.2) can be replaced by the following condition:

T
f||uh||§& dr < oo, (1.3)
A -

In this paper, we are aimed to extend the criterion (1.3) to the system (1.1). Our main results are
stated as follows:

Theorem 1.1. Let initial data uy € H*(R?), dy € H*(R?,S?), V-uy = 0. Suppose (u,d) is a local smooth
solution to the equations of (1.1) on [0, T) for some 0 < T < oco. If (u, d) satisfies

T
f (nlly  +1IVdll, )dr < o, (1.4)
; | |

then (u,d) can be extended beyond T .

Remark 1.1. In [14], Yuan and Wei obtained a regularity condition that is

r o2
f (Il +1IVdIE, )dr < oo, 0<r<2.
0 00,00 00,00

Later, Li and Yuan [7] improved the above regularity condition by

3
f (||w3||2i T+ ||u3|| + IIVdII Jdt < oo, with 5 <P=, 3<g<soo.

Compared to the two regularity conditons, (1.4 ) only contains two components of the velocity field u in
Besov spaces, which is an improved result.

2. Preliminaries

In this section, we will give some useful inequalities which play an important role in our proof.

Lemma 2.1. (Page 82 in [1]) Let 1 < g < p < oo and « be a positive real number. Then there exists a
constant C such that

_ . p q
Ifller < Cliflle IFI s with = a(= ~1),0 = —.
00,00 q,q q p
In particular, when =1, g =2 and p = 4, we have a = 1 and
1 1
1Al < ClIAl VAL (2.1)
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Lemma 2.2. (Product and commutator estimate [6,11]) Let s > 0, 1 < p < oo, and é =1yl 141

pPr P2 pP3 D4
with p,, p3 € (1,+00) and py, ps € [1,+0]. Then,

IA* N < CAIglLr 1A fllr + A8l Les 1 f1lzes), (2.2)

IA®, f - Vigllr < CAV flln IAgllr + 1A fllrs IVl r4 ), (2.3)

where [A°, flg = A*(fg) — fA\°g.

Lemma 2.3. ( [5], Theorem 2.1) Let s > %, then there exists a constant C such that

fllzo , < CQL+11fllz, Jog* (1 + [1fll)), (2.4)

for any f € H".
Lemma 2.4. ( [13], Lemma 2.3 or page 21 in [17]) Let f € BMO and g, h € H'(R?), we have

f2 fV(ghydx < Cl| fllsmo(IV&llr2llAll2 + llgllrlVAll2). (2.5)
R‘

3. Proof of Theorem 1.1

Let’s recall a result that will be a bridge to prove our conclusion. In [4], Huang and Wang established
a BKM type blow-up criterion for the system (1.1). If 7" is the maximal time, 0 < 7" < oo, one has

T
f (lwllzs + IVd|[7<)dt = oo, (3.1
0
where w = V X u. Under the conditions (1.4) and (3.1), if we can show
T
f (IVAull?, + 1A%dI;,)dt < C, (3.2)
0

then Theorem 1.1 is valid by using the Sobolev embedding H*(R?) — L*(R?).
Noticing that V - u = 0, we obtain

f(u-Vu)-udx:O,f Vp-udx =0.
R? R?

Mutiplying u to Eq (1.1); and integrating over R? yields
S . 19l = - [ Va-ad-ud
——||u ull?, = - - Ad - udx.
2dr Lz 23

Similarly, multiplying (1.1), by —Ad and integrating over R* one has

2=

1d
——|IVd|2, + |Ad][2 f u-Vd - Ad - |Vd|*dAddx.
2dt 3

AIMS Mathematics Volume 7, Issue 5, 9278-9287.



9281

By adding the above equalities and using the facts |d| = 1, A(|d|*) = 0 = |Vd|* = —d - Ad, we have
L s + IVdIE) + IVulRs + AR < A2 3.3
2dt(IIMIILz IVdll7.) + IVully, + 1A, < [IAdIl},. (3.3)

Integrating (3.3) in time gives

T
sup (lu)II7, + IVd®I7.) + f IVu(@)li}.dr < Cllluoll7, + 11V dolI7.).
0

0<t<T

Similarly going on the above process, multiplying (1.1); by —Au and integrating over R? , then
applying A to Eq (1.1),, and taking the inner product with Ad, after that adding the resulting
equalities, we achieve that

1d
EE(IIVMIIZLZ + IAdIIZ,) + lAully, + VA,

(u-Vu - Audx + f V- (Vd © Vd) - Audx (3.4)
R3 R3
- f A(u - Vd) - Addx + f A(|IVd|Pd) - Addx

R3 R3

=L+ L+ L+ 1,

For I, by the incompressibility condition and integration by parts several times, we conclude that

I :f (u-Vu - Audx
R3

jl; (Z Z I/t]a iU 6k8ku, + Z I/tja u36k6ku3)dx

} kj 1 i=1 kj 1
2 3
f (Z Z u (9 iU 8k6ku, + Z Z ujaju36k<9ku3 Z 3U38ku36ku3)dx
k=1 i=1 =1 j=1 k:
3 2 3 2 1 3
:f [(Z Z uj(')jui(')k(')kui + Z ujaju3(9k8ku3 + E Z 8ku3(81u1 + 62u2)8ku3]dx
L s =1 =1 =1
3 2 3 2 Ul
O (Dt ;0 ;) + [—u 6(k3k3)+u6(6u6u)]
= [} Y wdowpm+ Y Y o

k,j=1 i=1

=~

=1 j=1

1

Mw

[1101(Oku303u3) + U0 (0ku303u3)]}dx

>~
Il

1

2
f |ty ||V(VuVu)|dx.
R3

With the inequality (2.5), the Sobolev embedding Bgo’z < BMO and the inequality (2.4) , we have
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Iy < CllugllsmollVull 2| Aul] 2

1
< CllullzprollVully, + ZIIAulliz
1
< CIIMhIIZBQO’ZIIVMIIiz + ZIIAulliz 3.5
1
<C[l+ IIMhIIf;gW log(1 + [[Aull2)NIVull7, + ZIIAulliz-

Adding I, and I5 together, it follows by the divergence free condition V- u = 0

3
f Z [((?iajdk(?jdk + 6idk(?j6jdk)Aui — (AuiﬁidkAdk
R Tk=1
+2Vui6inkAdk + ui(')iAdkAdk)]dx
3
f > —2VudVdiAdidx
R’ k=1

12+I3

IA

Cf |Vu||VVd||Ad|dx.
R3

Hence, it can be deduced from inequality (2.1) that

A

12+I3 <

ClIVull 2| AdIZ
ClIVull 2Vl g0, IVAA||2 (3.6)

IA

IA

1
CIIleli;go’mlqulliz + ZIIVAdIIiz-

For 1,, by the product estimate (2.2) and inequality (2.1), we obtain

I f A(IVd|*d) - Addx
R3

IA(VAPd)l| 4 11Ad]|
CUIVA| 2Vl slldl| s + Al VlI7) A 4

IA

IA

IA

1
ClIAd|IZ IV, + gllVAdlliz (3.7

L

IA

1
ClIVdllgo, NIVAd||2|ld]| ]| Ad]l 2 + gllVAd”iz

IA

1
CIIVdIIE&’MIIAdIIEZ + ZIIVAdIIiz-
Combining (3.4)—(3.7), one has

d
d—t(IIVulliz +IAdIIT) + 1Aully, + VA,

IA

Ca+ IIMhIIfggw log(1 + [|Aull.2) + IIVdIIf;gO,m)(IIVMIIiz + IAdII7,). (3.8)
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Noting (1.4), one concludes that for any small constant € > 0, there exists Ty < T such that

T
sl dr <e. (3.9)
To ’
Forany T) <t < T, we set
M(t) = sup (|Au(s)I7, + [IVAD(S)II,). (3.10)
To<s<t

Employing Gronwall inequality for (3.8) in the interval [T, ] and using (3.9), (3.10) yields
t
IVu@)II7, + IAd@IT, + | UAu)IZ, + IVAd(s)II7.)ds
Ty
t
<(IVu(To)Il7. + IAd(To)I7) exp {C 1+ ||uh||f;gw log(1 + [|Aullz2) + IIVdIIZBgo’w)dS}

To

!
<CoC exp {c lunlizo log(1 + lAull + ||VAd||§2)ds} (3.11)

Ty
<CyC, exp{Celog(l + M(1))}
<CoCy(1 + M(1)°,

where the letter Cy means a constant depending on (||Vu(T O)Ili2 + ”Ad(TO)”iz)’ C, depends on

exp {C tho(l + ||Vd ”12?& w)ds}, and C is a generic constant which may be different from line to line.

Then we need to bound the norm ||Aul|;2 and |[VAd||;2 so as to confirm the validness of
inequality (3.2). Applying A and VA to Eqs (1.1); and (1.1), respectively, and taking the L? inner
product with (Au, VAd), we obtain that

1d
Ea(llAulliQ +IVAdIIL) + IVAully, + 1A%d]I7,
=— f3 A(u-Vu)-Audx—f3 A(Vd; - Ad;) - Audx (3.12)
R R

- f VA - Vd) - VAddx — f VA(Vd[*d) - VAddx
R3 R3
=L+ L+ I3+ Js

According to V - u = 0, Holder inequality, the commutator estimate (2.3), interpolation inequality and
Young inequality, J; can be estimated by

Ji —f [A,u-V]u - Audx
R3

< A w- Viull o llAulls
< CIVullal|Aulle + Aullsl[Veell2) | Al 4
1 7
< ClIVullzlAully, < ClIVull2IVall IV Au, (3.13)
1
< ClIVall;2 + EIIVAulliz.
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By the product estimate (2.2), we have

J>

f 8,(Vd]AdJ) : 6,~Audx
R3

IV(VAAQ)|| 2|V Aull 2
(V|| IV Ad]|+ + [|Ad]| | Adl| )NV Au]| 2

1
CIIVAILIIVAdIZ, + ClIAdl. + EHVAulliz

IA

IA

IA

IA

) 7 3
|IA%d]|}, + CllAd]|;

S
< Cladl; ;

31
. NI, + IV Aull,

1 1
< CllAdl;2 + gllAzdlliz + EIIVAMIIZ-

Similar as (3.13), one may conclude

J3

IA A

IA

IA

<

— f [VA,u-V]d - VAddx
R3

VA, u- V1d|| +|IVAd]||.+
(IVull21IVA|| 4 + V|| 4]V Aull )V Ad]] .4

1
ClIVull2[IVAdI, + CIIVAILIIVAdI, + EIIVAulliz

1 7 1 7
ClIVull 2| Ad] L 1AAI, + Clid] |- l1Ad]| 21| A, IAAA]]

1 1
ClIVullp.llAdIZ, + CllAdI,2 + EIIAZdIIiz + gIIVAulliz.

By the product estimate (2.2) and the fact |Vd|> = —d - Ad, we infer that

J4

AIMS Mathematics

= —f VA(IVd|*d) - VAddx
R3

f A(IVd|Pd) - (VVAd)dx
RS

IA(VAP )| IVV A2

CUIAVAP)dl> + IVl Adll) A%l 2

CIVAll VAl alldll + lld - AdAdl )| Al 2
C(IVAllIVAdI+ + IAdIIZ) 1A% 2

IA

IN A IA

IA

IA

1
CllAdl),5 + gllAzdlliQ-

1 7 3 3
Clldl|=1Ad]|21|AdIAAG, + ClIAGLIAA, +

(3.14)

1
EIIVAMIIEZ

(3.15)

1
) EIIVAMH%Z

(3.16)

(3.17)

1 1 1 7 3 3
Clldl; AN A IAI LA + CIAIL AL, A% 2
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Inserting the above estimates (3.13)—(3.16) to (3.12), and combining (3.11), we obtain

d
FrA IAully, + IVAAIZ,) + IV Aully, + 1A%d][7,

IA

C(IVull,3 + [IAdI,Y + IV ull$,[IAdII?,)
< CCyCi(1 + M(1))°°e.

Integrating the above inequality with respect to time from 7 to ¢, Ty < ¢ < T, it follows that

f
(L +Au@I;, + IVAA@DIF) + | (VAU + 1A%d[7,)dr
To

IA

!
1+ |Au(To)II;, + IVAA(To)Il7, + f CCoCy(1 + M(1)y“dr

Ty

!
1+ |Au(To)Il;, + IVAd(To)ll7, + f CCoCi(1 + M(7))dr

To

1

by choosing € = z=. And we can derive from the above inequality and (3.10) that

f
(L+ M)+ | (IVAully, + IA%d])},)dT
To

!
< 1+ Aw(Ty)IE, + IVAA(To)ll; + f CCyCi(1 + M(1))dr.

Ty

Gronwall’s inequality implies

f
(I+M@) + f (IVAull?, + |1A%dI[7,)dr
Ty
< (1 +1Au(To)lI7, + IVAd(To)lI7,) exp {CCoC (T = To)) .
The proof of Theorem 1.1. is thus completed.
4. Conclusions
In this paper, we establish a regularity criterion for the 3D nematic liquid crystal flows via velocity
component u;, and orientation field Vd in Besov space. Furthermore, there is a lack of references about
regularity criterion via component of orientation field d for the system (1.1) and we hope to weaken
the condition (1.4) by the components of both u and d in more general spaces in future study.
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