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1. Introduction

Closure operators play a significant influence not just in mathematics, such as algebra [35],
logic [25], calculus [32], and topology [19, 27], but also in physics, such as representation theory of
physical systems and quantum logic [1,2]. G.Birkhoff [5] discovered that a complete lattice is a class
of all closed sets of closure space in the year 1940. Their relationships became key concerns for
mathematicians [23] after that. Moreover, G. Aumann [3] also looked into the closure structures on
contact relations which have applications in social science.

Due to the widely recognized usefulness of closure space in research, it has been generalized by
introducing some suitable quantales on closure structure [29, 30, 33,40].

Several generalizations of the classical separation axioms at some point p (locally) have been
inspected in [6] by Baran where the primary purpose of this generalization was to interpret the notion
of closed sets and strongly closed sets in the arbitrary set based topological categories. He also
showed that these notions of closedness induce closure operators in the sense of Guili and
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Dikranjan [21] in some well-known topological categories (see [13, 17, 22, 38]). In addition,
Baran [6, 16] introduced local pre-Hausdorff objects in an arbitrary topological category which are
reduced to local pre-Hausdorff topological space (¥,7). The most important use of these local
pre-Hausdorfl objects is to define various forms of local Hausdorft objects [8], local T5 and T4
objects [11], regular, completely regular, normal objects [12] and the notion of compactness [10] and
connectedness [15], Soberness [18] in Categorical Topology, and these notions have been studies in
several topological categories (see [14,28,36]).
The main objectives of this paper are stated as under:

(i) to characterize local T,y and local T, objects in L-valued Closure Spaces and examine their mutual
relationship;
(i1) to examine the characterization of the notion of closedness and D-connectedness in L-valued
Closure Spaces, and to show their relation with local T, and local T objects;
(iii) to give the characterization of local Pre-Hausdorff (resp. Hausdorft) objects in £-valued Closure
Spaces, and to examine relationship among local Hausdorft (resp. Hausdorff) £-valued Closure
Spaces defined in [37] and D-connected L-valued Closure Spaces.

2. Preliminaries

In this paper, let L = (L, ®, 1) be a quantale (unital, but not necessarily a commutative quantale),
i.e., a complete lattice with a monoid structure and “®” is binary operation satisfies the followings: for
all yj,n € L, Viet(i ®m) = (Viery) ® m and Vi (n ® ¥;) = n ® (Viephi), where A is an identity (neutral)
element.

The quantale L is called an integral quantale if the identity element A = T, where T is the greatest
element in L.

In a quantale (L,®, 1), if s € L and s # T, then s is called the prime element if y A x < s implies
y<sorx<sforally,x € L.

Let Y be a nonempty set, PY denotes the power set of Y and £ denotes the set of all mappings
from Y to L.

Definition 2.1. (cf. [30]) An L-valued closure structure on set Y is a mapping C : PY — L satisfying

(i) Yy € A C Y : 1 < (CA)Y) (Reflexivity),
(ii) YA,BC Y,y € Y: (\,e5(CA)(x)) ® (CB)(y) < (CA)(y) (Transitivity).

The pair (Y, C) is called an L-valued closure space.

Definition 2.2. (¢f. [30]) An L-valued topological structure on set Y is a mapping C : PY — LY
satisfying

(i) C is an L-valued closure structure on Y,
(ii) For all y € Y and 0, the empty set: (CO)(y) = L,
(iii) Forallye Y andVA,BC Y: C(AU B)(y) = (CA)(y) V (CB)(y).

The pair (Y, C) is called an L-valued topological space.
A mapping [ : (Y,C) — (X, D) is called continuous if (CA)(y) < D(fA)(fx)forall AC Y andy €Y.
Let L-Cls (resp. L-Top) denotes the category with L-valued closure spaces (resp. L-valued topological
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spaces) as objects and contractive mappings as morphisms. Note that L-Top is the full subcategory of
L-ClIs [30].

Example 2.1. (i) The quantale L = ([0, o], >, +,0) is called Lawvere’s quantale [24], then category
of L-valued topological spaces is equivalent to approach spaces (App denotes the category of
approach spaces and morphisms are contraction mappings) [31] i.e., L-Top = App . Moreover,
we have L-Cls = CIs’, where CIs’ is the category considered in [39].

(ii) For terminal quantale 1, Set = 1-Cls = 1-Top [30)].

(iii) Consider L = (2, A, T), where 2 = {L < T}, then 2-Cls = Cls and 2-Top = Top [30], where Top
is the category of topological spaces and continuous mappings, and CIs is the category of closure
spaces and continuous mappings [20].

(iv) Consider the quantale pg = (p, ®, ) of all distance distribution functions  : [0, 0] — [0, 1] that
satisfy Y(mp) = sup ¥(my) for all my € [0, 00] with (Y ® €)(y) = sup Y(m)&E(m,), where & is

<7 T +m<y
Lukasiewicz t-norm on [0, 1] defined by m\&m, = min{r, m,}. The ®-neutral function A satisfies

A0) = 0 and A(my) = 1 for all 1y > 0. Then, pg-Top = ProbApp, [29, 30], where ProbAppy, is
the category of probabilistic approach spaces and contraction mappings defined in [26].

Recall, [4,34], a functor ¥ : C — Set (the category of sets and functions) is called topological if (i)
¥ is concrete (i.e., faithful and amnestic) (ii) ¥ consists of small fibers and (iii) every ¥ -source has
a unique initial lift, i.e., if for every source (f; : X — (X, {;))ie; there exists a unique structure £ on X
such that g : (Y,n) — (X, ) is a morphism iff foreachi € I, fo g : (Y,nn) — (X}, {;) is a morphism.
Moreover, a topological functor is called a discrete (resp. indiscrete) if it has a left (resp. right) adjoint.

Lemma 2.1. (¢f. [30]) Let L be a quantale, (Y;,C;) be a collection of L-valued closure spaces and
fi 1 Y — (Y;,C;) be a source. Then, forally € Y and A C Y,

€A = N ClrANfy)

iel
is an initial structure on Y.

Lemma 2.2. (c¢f. [30]) Let Y be a non-empty set and (Y,C) be an L-valued closure space. For all
yeY, ACY,

(i) the discrete L-valued closure structure on Y is given by

yEA,

4,
A =
(Cdzs )(,)/) {J_, y¢A

(ii) the indiscrete L-valued closure structure on Y is given by (C;,zA)(y) = T.
Note that for a quantale £, the category £-Cls is a topological category over Set [30].
3. Local T\, and local 7, £L-valued closure spaces

Let Y be a non-empty set and the wedge product Y Vv, Y be two copies of ¥ which are identified
at the point p. That is to say, the pushout of p : ¥ — Y? along itself. More precisely, if i; and
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i : Y = YV, Y denote the inclusion of Y as the first and second factor, respectively, then i;p = i,p is
the pushout diagram [6].
A pointyin Y Vv, Y is denoted by y, (resp. y,) if it is in the first (resp. second) component.

Definition 3.1. (cf. [6]) A mapping A, : YV, Y — Y? is called principal at p-axis mapping satisfying

o.p), i=1

A i) =
) {(p,w, i=2

Definition 3.2. (cf. [6]) A mapping S, : Y V, Y — Y? is called skewed p-axis mapping satisfying

oy, i=1

§00) =
Y {(p,y), i=2.

Definition 3.3. (¢f. [6]) A mapping V, : Y V, Y — Y is called folding mapping at p satisfying
V,(yi) =yfori=1,2
Definition 3.4. Let ¥ : C — Set be topological, and Y € Obj(C) with F(Y) = X and p € X.

(i) Y is Ty at p or local Ty iff the initial lift of the ¥ -source {A, : X V, X — F(Y?) = X* and
V,: XV, X — FD(X) = X} is discrete, where D is the discrete functor [6].

(ii)) Y is Ty at p or local T, iff the initial lift of the ¥ -source {S, : X V, X — F(Y?) = X? and
V,: XV, X — FDX) = X} is discrete [6].

Remark 3.1. In Top (the category of topological spaces and continuous mappings), an object Y, i.e.,
Y € Obj(Top) is local T (resp. local T,) in (classical sense) iff Y is local Ty (resp. local Ty) [9].

Theorem 3.1. Let (Y,C) be an L-valued closure space and p € Y. (Y,C) is local T, iff Vy € Y with
y # p, there exists U C Y withy € U, p & U or there exists V C Y with p € V, y ¢ V such that
L = A{CWU)(p), C(V)(y), A}, where A is an identity element.

Proof. Suppose (¥,C) is local Ty and forally € Y withy # p. Let BC Y V,Y andy; € Y V,, Y with
y1 € B, and proj;: Y> — Y, i = 1,2 are projection maps. Note that

Cdis(VpB)(prl) :Cdis(VpB)(y) =4,
A < C(proj ApB)(proj,Apy) =C(proj,A,B)(y) = C(V)(y),

since y € proj,A,B,
C(proj,ApB)(proj,Apy1) = C(proj,A,B)(p) = C(U)(p).
Since y; ¢ B and (Y, C) is local Tj), by Lemma 2.1,

CBG) = /\(C(projiA,B)projiAy), C(proj,A,B)(proj, Ay,
Cais(V,B)(V,yD}
= \{C(projiA,B)»), C(proj,A,B)p), Cais(V,BYV),
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= NCW)(y), C(U)(p), A}

Since (Y, C) is local Ty, it follows that A{C(V)(y), C(U)(p), A} = L.

Conversely, let C be an initial structure induced by A , YV, Y — Y CHandV,: YV, Y —
(Y, Cy,), where C? is a product structure on Y? and proj; : Y?— Y,i=1,2are projection maps, and
C,;s 1s a discrete structure on Y.

Suppose w € Y V,, Y and B is a non empty subset of ¥ Vv, Y. We have the following cases.

Case . If V,w = p € V,B for some p € Y, thenw = p; = p, € B, it follows from Lemma 2.1,
(CB)(w) = A.
CaseII: If V,w = p ¢ V,B, by Lemma 2.2, (C4;V,B)(V,w) = L and consequently,

CBW) = /\((C(projiA,B)(projiA,w), (C(projA,B))(proj,A,w),
(Cais(VpB)(Vpw)} = L.
Case III: Suppose V,w =y for some y € Y with y # p and it follows that w = y; fori = 1, 2.

(i) If w =y, =y, € B, then V,w € V,B and projiA,w € projA,Bfori= 1,2, by Lemma 2.1,
(CB)(w) = N(C(proj;ApB)(projiAw), (Cais(VpAN(Vpw)} = 4.
(i1) If w = y1,y, ¢ B, then V,w ¢ V,B and it follows by Lemma 2.1, (CB)(w) = L.
(iii) Suppose that w = y; ¢ B but y, € B, by Lemma 2.2

(CdiszB)(VpW) = A

and
C(proj,A,B))(proj,Ayw) = C(proj,A,B)(p),
C(proj,ApB))(proj,A,w) = C(proj,A,B)(y).
By Lemma 2.2, it follows that
CBYw) = \(CprojiA,Bp). CprojsA,BYY). Cais(V,BYT 1)),
= \ICW)P), CV)O), 4 = L.

Hence, forallweYVv,Yand BC YV, Y, we have

Cron =1 VP
w) =
1l, wé&B.
By Lemma 2.2 (1), C is an L-valued discrete structure on Y V » Y. Thus, (¥, C) is local T. O

Corollary 3.1. Let (Y,C) be an L-valued closure space and p € Y, where L is an integral quantale
and L has a prime bottom element. (Y,C) is local T, iff Vy € Y with'y # p, there exists U C Y with
vyeU, péUorthereexists VCYwithpeV,y &V suchthat C(U)(p) =LorC(V)(y) = L.

Proof. It follows from definitions of prime bottom element, integral quantales and Theorem 3.1. O
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Theorem 3.2. Let (Y,C) be an L-valued closure space and p € Y. (Y,C) is local T, iff Vy € Y with
y # p, there exists U C Y withy € U, p ¢ U and there exists V C Y with p € V, y ¢ V such that
CU)p)ANA=L=C(V)y) A A where A is an identity element.

Proof. Suppose (Y,C)islocal Ty andVy e Y withy # p.Let BCYV,Yandy, € YV, Y withy, ¢ B.
Note that

Cais(V,B)(V,31) = Caie(V,B)G) = A,
A< C(proji$ ,B)(projiS yy1) = C(projji$ ,B)y) = C(V)(),
since y € proj,S ,B,
C(proj,S ,B)(proj,S yy1) = C(proj,S ,B)(y).
Since y; ¢ B and (Y, C) is local T, by Lemma 2.1,
CBG) = /\(C(projiS ,B)projiS yy1), C(projsS ,B)projS 1),
Cais(V,B)(V,yD)},
= \{C(projiS ,BYY), (C(pro oS ,BY(), A,
= \cvo), 4,

and by assumption C(B)(y;) = L and consequently, C(V)(y) A 1 = L.
Similarly, suppose BC Y VvV, Y and y, € Y vV, Y with y, ¢ B, then we have

1= NCWp), 4,

and consequently, C(U)(p) A A = L.

Conversely, let C be an initial structure induced byS,: YV, Y — (Y 2, C?) and V,: YV, Y —
(Y,Cais), where C? is a product structure on Y2 and pro Ji: Y?> — Y, i = 1,2 are projection maps and
Cuis 1s a discrete structure on ¥ and w € Y Vv, Y. We have the following cases.

Case I: If V,w = p € VB, then w = p; = p, € B, it follows from Lemma 2.1, (CB)(w) = A.
CaseIL: If V,w = p ¢ V,B, by Lemma 2.2

(CaisV,B)(V,w) = L,
and consequently,
(CB)(w) = /\{C (proj,S ,B)(proj,S yw), C(proj,S ,B)(proj,S pw), Cais(V,B)(Vyw)} = L.

Case III: If V,w = y for some y € Y with y # p, it follows that, w = y; or w = y,.

(i) If w=y; € Bfori=1,2,then V,w € V,B and proj;S ,w € proj;S ,B, by Lemma 2.1,

(CB)(w) = /\{C (proj;S yB)(proj;S yw), Cais(VpB)(V,w)} = A.
(i) Ifw=y; ¢ Bfori=1,2,then V,w ¢ V,B, by Lemma 2.2,
Cais(V,B)(V,w) = Cyis(V, B)(y) = L,

and consequently, (CB)(w) = L.
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(ii1) Suppose w =y; ¢ B buty, € B, by Lemma 2.2
Cais(VpB)(Vpw) = Cuis(V,B)(y) = 4
and
C(proj,S pB)(proj,S ,w) = C(proj,S ,B)(y) = C(V)(y),
C(proj,S y,B)(proj,S yw) = C(proj,S ,B)(p) = C(U)(p).
By Lemma 2.1,
CBYw) = /\(C(projiS ,B)projiS yw), Care(V,BYV w),
CBW) = \CV», 4}

and by our assumption, A{C(V)(y), 4} = L and consequently, (CB)(w) = 1.
Similar to above, if w = y, ¢ B but y; € B, then we have

(CB)(w) = L.
Therefore, forallwe Y v,Yand BC Y Vv, Y, we have

— A, wERB,
(CB)(w) = {
1l, wé&B.

By Lemma 2.2, C is an L-valued discrete structure on Y V » Y and by Definition 3.4 (i1), (¥, C) is
local T}. o

Corollary 3.2. Let (Y,C) be an L-valued closure space and p € Y, where L is an integral quantale.
(Y,C) is local T, iff Vy € Y withy # p, there exists U C Y withy € U, p ¢ U and there exists V C Y
with p e V,y & V such that C(U)(p) = L = C(V)(y).

Proof. It follows from Theorem 3.2, and definitions of prime bottom element and integral quantale. O

Corollary 3.3. Every local T\ L-valued closure space is local T,y but converse is not true, in general.

Example 3.1. Let Y = {a, b, c} and P(Y) = {¢,{a}, {b}, {c},{a, b}, {a,c},{b,c},Y}. Consider a quantale
L =([0,1],=),.,1), where [0, 1] is a real unit interval with < as partial order, “*.” the product i.e., the
quantale operation and 1 is an identity element. Let C : P(Y) — LY be a map defined by Yy € Y,
and¥ ¢ # U C Y.C(U)(y) = 1 ify € U and C({b})(c) = C({a, b})(c) = C({cH(b) = C({a,c)(b) = 3,
C({bH(a) = C({chH(a) = C{b,c}(a) = 0. Clearly, (Y,C) be an L-valued closure space. Note that, it is

Ty at a but not T; at a.
4. Notion of closedness and D-connectedness in £-valued closure spaces

Definition 4.1. Let Y™ =Y X YX . . . be the cartesian product of countable copies of Y.

(1) A mapping A7 : VY — Y is said to be infinite principle p-axis mapping satisfying A7 (y;) =
(P> Py oeos P Vs Ds- - -), Where y is at the i-th place [7].
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(2) A mapping V7 : VY — Y is called the infinite fold mapping at p satisfying V. (y;) =y for all
iel[7]

The unique map arising from the multiple pushout of p : 1 — Y is AJ for which A7(ij) =
(p, py...,p,id, p,...) : Y = Y, where the identity map, id, is in the j-th place [14].
Definition 4.2. Let 7 : C — Set be a topological functor, Y € Ob(C) with ¥ (Y) = X and p € X,

(i) {p} is closed iff the initial lift of the F -source {A) 1 VP X — X¥ and V> i vy X = UDX)} is
discrete, where D is the discrete functor [7].
(ii) Y is D-connected if and only if any morphism from Y to any discrete object is constant [15, 34].

Theorem 4.1. Let (Y, C) be an L-valued closure space, {p} is closed iff for all y € Y with 'y # p, there
existU CYwithyeU, pégUandV CYwithpeV,y¢&Vsuchthat L = \{C(U)(p), C(V)(y), A},
where A is the identity element.

Proof. Let (Y, C) be an L-valued closure space and p € Y with {p} is closed, for all y € Y with y # p.
Suppose B C V7Y and w = (y, p, p, ..., p,...) € V'Y with w ¢ B. Note that

(CaisV, B)(V,w) = (Cyis V) B)(Y) = 4,
since y € VB,
C(proj,A; B)(proj,A;w) =C(proj Ay B)(y) = C(V)(),
C(proj,A, B)(proj,A,;w) =C(proj,A,; B)(p) = C(U)(p)
and for k > 3,

C(proji Ay, B)(projiAyw) =C(proji A, B)(p) = C(U)(p).
A < C(projiA, B)(projiAyw) =C(proji A, B)(p),

as p € projiA;B. Since w = (y, p, p, ..., p, ...) ¢ Band {p} is closed. By Lemma 2.1 for all k € I,

(CBYw) = \Cais(Vy BYTyw), C(proj Ay B)(proj Az w)l,
1=\ (4, CWYp), CVIO)

Conversely, let C be an initial structure on wedge VY induced by A7 1 VY — (Y™, C,) and V7
V3 Y — (Y, Cyis), where C, is a product £- closure structure induced by proj, : Y* — Y, Vk € ]
projection map and Cy;, is the discrete L-closure structure.

Suppose, w € V'Y and B € V'Y. We have the following cases.

Case I If V;"w =pE V;°B forsomepeY,w=(p,p,p,...) € VoY It follows that, (CB)(w) = A.
Case II: If V;"w =pé V;"B, then Cdis(V;’j’B)(V;"w) = 1 and consequently, (CB)(w) = L.
Case III: Suppose V7w =y for some y € Y and it follows that w = y; for all i € I.

(i) If w =y, € B, then VoweVPBand proj,Ajw € proj,A7 B, it follows that (CB)(w) = A.

1 l

(i) If w = y; ¢ B, then Voweg VDB and consequently, Cuis(V,;B)(Vyw) = L and (CB)(w) = L.
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(iii) Suppose w =y; ¢ Bbuty; € Bwithi # j. Fori # k # j, by Lemma 2.2.
Cais(V, B)(V,w) = Cais(VB)(y) = 4,
since y € VI°B.

C(projiAS B)(projAsw) =C(projATB)y) = C(V)(Y),
C(proj A B)(proj,ASw) =C(proj;,ASB)(p) = C(U)(p),

and for k > 3,
C(proji A, B)(proji A, w) = C(proji Ay B)(p).

Since p € proj, Ay B and by Lemma 2.1, then we get
A < C(proj A, B)(p).
It follows from Lemma 2.1 and for k € I,

CBW) = \Cas(Vy BYVyw), C(proj Ay B)(projiAyw),
= \f4, CONG), CWXP))

By our assumption L = A{4, C(U)(p), C(V)(y)} and consequently, (CB)(w) = L. Similarly if
w=y;¢ Bbuty, € Bwithi# j. Fori # k # j, it follows that

(CB)(w) = L.

Then for all w € V'Y and all non-empty subset B of V'Y, we have

— A, wWEeB,
(CB)(w) =
1l, wéB.
by Lemma 2.2, C is the discrete £-closure structure and by Definition 4.2, {p} is closed. O

Corollary 4.1. Let (Y,C) be an L-valued closure space, then following are equivalent.

(i) (Y,C)is Ty at p.
(ii) {p} is closed.

Proof. It follows from Theorems 3.1 and 4.1. i

Theorem 4.2. Let (Y,C) be an L-valued closure space, Y is D-connected iff for any non-empty proper
subset U of Y, C({y})(x) >L or C({x})(y) >L for somey € U and x € U°.
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Proof. Suppose (Y, C) is D-connected and there exists a proper subset U of Y, with C({x})(y)(y) =
1 = C{yh(x) forall y € U and x € U°. Suppose (X, Cy;y) is a discrete L-valued closure space with
cardinality greater than 1. Define f : (¥,C) — (X, Cy;) by forally e Y,

ow, yeUu,
o={r e
Case I: If x,y € U, then
1 =C({xh©»)
< Cais(f{xD(F ()
= Cais(fwh(w)
=A

and it follows that

1L = Cyh(x) < Cais(FyD(f(x) = Cais(twh(w) = 4.

where A is an identity element. Similarly if x,y € U,

1 = C({xh) < Cais(FAXDU ) = Cais({hH(0) = 2

and

1L = ClyHx) < Cais(FyD(f (1) = Cais({h (1) = A

this implies f is continuous but not constant.
CaseII: If y € U and x € U¢, then

CUxH() = L = Cas(fAxD(f )

and

Clyh(x) = L = Cais(FIyD(f ()

This implies f is continuous but not constant, a contradiction.

Conversely, suppose the condition holds. Let (X,Cy,) be an L-valued closure space and
f:(Y,C) — (X, Cgys) be a continuous map.
Case I: If Card X = 1, then f is constant.
Case II: Suppose if Card X >1 and f is not constant then, there exist t,w € Y with ¢ # w such that
f(w) # f(t) and let U = f~'({f(w)}). Note that U is a proper subset of Y, withw € U and t ¢ U. By
our assumption, dy € U and x € U° such that C({x})(y) >L or C({y})(x) >L. By Lemma 2.2(1),

Cais(fEyD)f (%) =L= Cuis(fHXD(f ),

which implies that f is not a continuous map, a contradiction. Hence f must be constant. By
Definition 4.2, (Y, C) is D-connected. m]
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5. Local Pre-Hausdorff and local Hausdorff £-valued closure spaces

Definition 5.1. Let ¥ : C — Set be a topological functor and Y € Obj(C), ¥(Y) = X € Obj (Set) and
peX

(1) Y is local Pre-Hausdorff iff initial lift of ¥ -source {A, : XV, X = X*and S, : XV, X — X?}
coincide [6].
(2) Y is called local Hausdorff iff Y is local Pre-T, and local Ty [6].

Theorem 5.1. Let (Y,C) be an L-valued closure space and p € Y, where L is an integral quantale.
(Y, C) is Local Pre-Hausdor{f iff for all y € Y with'y # p, there exists U C Y withy € U, p ¢ U, and
there exists V. C Y with p € Vandy ¢ V such that N{C(V)(y), C(U)(p)} = C(V)(y) = C(U)(p).

Proof. Suppose (Y, C) is local Pre-Hausdorff and let proj, : Y*> — Y;i = 1,2 be the projection map for
ally € Y withy # p. Assume thatw =y, € YV, Y, {y,} € BC Y Vv, Y such that

C(proj,Ap,B)(projAy(w)) = C(proj A,B)(y) = C(V)(y)
and
C(proj,A,B)(proj,A,(w)) = C(proj,A,B)(p) = C(U)(p).

Where U = proj,A,Band V = proj,A,B withy ¢ V and p € U since Y is local Pre-Hausdorff. By
Lemma 2.1, it follows that

NICprojA,B)projA,wi= 1,2y = \ICV)(p), CW)O).
Similarly,
C(projiS ,B)proji$ ,(w) = C(proj,S ,B)y) = C(V)()
and
C(proj,S yB)projs$ y(w) = C(projpS ,B)y) = CU)() = T,

Since y € (proj,S ,B) and y ¢ (proj,S ,B), and L is an integral quantale. By Lemma 2.1, it follows
that

/\{C(projiSpB)(projl-Sp(w));i =1,2}
= \ICW)®) = T,CV)I) = CV)E).

and consequently, we get

MCEW)(p), CVIYN} = C(V)(y).
Similarly, forally € Y withy # p ,Letw=y, € Y vV, Y and {y;} € B C Y Vv, Y such that,

C(proj,ApB)(proj,Ap(w)) = C(proj,A,B)(p) = C(U)(p),
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and

C(proj,ApB)(pro jA,(w)) = C(proj,A,B)(y) = C(V)(y),

where V = (proj,A,B) and U = (proj A,B) withy e U,y ¢ Vand p € V, p ¢ U. By Lemma 2.1, it
follows that

\(C(projA,B)projA,w)si = 1,2} = N CW)(p), CVO)
Similarly,
C(projiS B)(projiS ,(w) = C(projS ,B)y) = C(U)(p)

and
C(projyS yB)(proj,S y(w) = C(proj,S ,B)») = C(V)() = A = T.
Since y € (proj,S,B) = V and y & (proj,S ,B) = U. By Lemma 2.1, we get
NCprojiS ,B)projiS y(w):i = 1,2}
= \CW)p),CV)() = T} = CWX(p)

and consequently, we get
/\{C(U)(p), CV)} = CW)(p).

Conversely, let C,p and 63 p be initial L-valued closure structures on ¥ V, Y induced by the
projectionmap A, : YV, Y — (Y2,C*)and S, : Y V, Y — (Y2, C?) respectively, where C? is the
product quantale valued closure structure on Y2 induced by the projection map proj; : Y*> — Y for
i =1,2. We need to show that Y w € Y Vv, Y and all non empty subset Bof Y v, Y.

Cap(BYW) = Csp(B)(W)
Case I: If w € B, then C4p(B)(W) = Csp(B)(w) = A= T,
Case II: Suppose w ¢ B and they both are in same component of Y Vv, Y. It follows that w = y; and {z;}
CBfori=1,2.Ifi =1, we have
C(projApB)(proj,Ay(w)) = C(proj,ApB)(y)
and
C(proj,A,B)(proj,A,(w)) = C(proj,A,B)(p) = T.
Since p € proj,A,B. Similarly,

C(proj,S ,B)(proj,S ,(w)) = C(proj,S ,B)(y)
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and
C(proj,S yB)(projpS ,(w)) = C(pro S ,B)).
Note that
CarBYw) = \(C(projiA,B)(projiA,wy;i = 1,2}
Car(BYw) = /\(C(projiA,B)»), T}
and

CspBYw) = N\IC(projiS ,B)(projiS y(w)si = 1,2}
= C(proj,S pB)(y).
By our assumption w and B are in same component of the wedge and by Definition 3.2, it follows that

Cap(BYW) = Csp(B)(W).

Similarly, for i = 2, we have C4p(B)(W) = Csp(B)(W).
Case III: Suppose w ¢ B and they both are in different component of wedge. We have following
subcases.

(i) fw=yand{y,} S BC YV, Y. By Lemma2.1,
Car(BYW) = /\(C(projA,B)projiA,(w);i = 1,2)

= \CV®»), cnp,

where projA,B = proj,S ,B =V and proj,A,B = U and
Csp(BYw) = \I(C(projiS ,B)(proj,$ yw)si = 1,2)
= \{T.C(projiS ,BYY)} = C(proj,$ ,B)G),
where proj,A,B = proj,S ,B=Vsincey ¢ V
Csp(B)Yw) = C(V)).

By the assumption, we get
Csp(BY(w) = Cap(B)(W).
@) fw=y and{y;JCBC YV,Y, by Lemma 2.1, we have
Car(BYW) = /\(C(projiA,B)(projiA,(w);i = 1,2)
=\, N,
where proj,A,B = proj,S ,B = U and proj,A,B =V and
Csp(BYw) = N\(C(projiS ,B)(proj$ yw);i = 1,2}
= \IT.C(proj S ,BY»)} = C(projiS ,B)),
where projA,B = proj,S,B="Vsincey ¢V,
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Csp(B)w) = C(U)Y).

By the assumption, we have

Cap(BYw) = Csp(B)(W).

Therefore, forall0 # BCYV,YandVweYV,Y,

Cap(BYw) = Csp(B)(W).
Hence by Definition 5.1, (Y, C) is local Pre-Hausdorft.

O

Theorem 5.2. Let (Y,C) be an L-valued closure space, where L is an integral quantale and Y has a

prime bottom element and p € Y. (Y, C) is local Hausdorff iff (Y, C) is a discrete L-closure structure at
p, i.e.,

|4 pel,

CW)(p) —{ ooty

Proof. Combine Theorem 5.1 and Definition 5.1. |

Theorem 5.3. Let (Y,C) be an L-valued closure space and p € Y. Then the followings are equivalent.

(i) (Y,C)islocal Ty, i.e., Ty at p.
(ii) (Y, C) is local Hausdorff, i.e., Hausdorff at p.
(iii) (Y, C) is a discrete L-closure structure at p.

Proof. 1t follows from Theorems 3.2 and 5.2. |

Theorem 5.4. Let (Y,C) be an L-valued closure space, where L is an integral quantale and Y has a
prime bottom element and p € Y. (Y, C) is Hausdor{f iff (Y, C) is Hausdorff at p, forall p € Y.

Proof. It follows from Theorem 5.2 and Theorem 4.4 of [37]. O

Corollary 5.1. (1) Every L-valued closure space (Y,C) (except indiscrete L-valued closure
structure) is D-connected.
(2) Every Hausdorff L-valued closure space is D-connected but converse is not true in general.

Example 5.1. Let Y = {l,m,n}, a quantale L = ([0, 1], <, X, 1) where [0, 1] is an integral quantale
with < as partial ordered, X as quantale operator and “1” is an identity element. Consider a map
C: P(Y) — LY = ([0,1],<,%, 1) defined by: forallye Y and¥ 0 #V CY,C(V)y) = 1ify
€ Vand C({l,m})(n) = C{mH(n) = C({mp)(m) = C({L,n}))(m) = 1 and C((m})(1) = C({n})(}) =
C({m,n})(l) = 0. It is obvious that (Y, C) is an L-valued closure space. Note that (Y,C) is D-connected
but not Hausdorff.
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6. Conclusions

First of all, we characterized local T,y and local T, £L-valued closure spaces, and showed that every
local T, L-valued closure space is local T, but converse is not true in general and we provided a
counter example. After that, we characterized closedness of a point and D-connectedness in £-valued
closure space, and show that a point p is closed iff (¥, C) is T, at p. Finally, we characterized local
Pre-Hausdorff and Hausdorft objects in £-Cls and showed that (Y, C) is local T iff (¥,C) is local
Hausdorff, and showed that every Hausdorff £-valued closure space is D-connected but converse is
not true in general and provided a counter example.
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