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Abstract: Let f and g be two transcendental meromorphic functions of finite order with a Borel
exceptional value oo, let a (£ 0) be a small function of both f and g, letd,k,n,mand v;,(j = 1,2,--- ,d)
be positive integers, and let ¢;(j = 1,2,---,d) be distinct nonzero finite values. If n > max{2k +
m+o+5,0+2d+ 3}, where o = vi+vy + -+ vy, and (f"(2)(f"(2) — 1) I—[‘]i-:1 fli(z + cj))(k) and
(g"(2)(g™(z) - 1) H?:l g"(z + ¢;))® share @ CM then f = tg, where " = "* = 1. This result extends
and improves some restlts due to [1, 10, 14,15, 19].
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1. Introduction and main results

In this paper, we assume that the reader is familiar with the basic notions of Nevanlinna’s
value distribution theory, see [9, 11, 16, 17]. In the following, a meromorphic function always
means meromorphic in the whole complex plane. By S(7, f), we denote any quantity satisfying
S f) = o(T(r,f)) as r — oo possible outside of an exceptional set E with finite logarithmic
measure fEdr/ r < oo. A meromorphic function « is said to be a small function of f if it satisfies
T(r,a) =S, f).

Let f be a nonconstant meromorphic function. The order of f is defined by

p(f) = lim log T(r./).

r—o0 log r

The exponent of convergence of poles of f is defined by

+
A1) = T e N )
f] e logr
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Let a be a complex number, and let f be a nonconstant meromorphic function. If

for p(f) > 0; and N (r, ﬁ) = O(logr) for p(f) = 0, then a is called a Borel exceptional value of f.

Let f and g be two meromorphic functions, and let @ be a small functions of both f and g. We say
that f and g share « CM(IM) if f — @ and g — @ have the same zeros counting multiplicities (ignoring
multiplicities).

N(r, @) is the counting function of common zeros of f — @ and g — @ with the same multiplicities
and the multiplicity is counted. If N (r, JTla) +N (r, g%@) —2N(r,a) < S(r, )+ S(r, g), then we call that
f and g share @« CM almost.

Let N(r, f) be the counting function for poles of f with multiplicity > k where multiplicity is not
counted. Set Ni(r, f) = N(r, f) + Na(r, f) + - - - + N(r, f).

Nevanlinna [17] proved the following famous five-value theorem.

Theorem A. Let f and g be two nonconstant meromorphic functions, and let a; (j = 1,2,3,4,5) be
five distinct values in the extended complex plane. If f and g share aj (j =1,2,3,4,5) IM, then f = g.

In 2000, Li and Qiao [13] improved Theorem A as follows.

Theorem B. Let f and g be two nonconstant meromorphic functions, and let a; (j = 1,2,3,4,5) be
five distinct small functions of both f and g. If f and g share aj (j = 1,2,3,4,5) IM, then f = g.

Recently, value distribution in difference analogue of meromorphic functions has become a subject
of some interests, see [1-4,6-8, 10,12, 15,18, 19].

In 2010, Zhang [18] proved the following result.

Theorem C. Let f and g be two transcendental entire functions of finite order, let a (% 0) be a small
function of both f and g, and let ¢ be a nonzero finite complex constant and n > 7 an integer. If
[ (@(f(@) = Df(z+¢) and g"(2)(g(z) — 1)g(z + ¢) share a CM, then f = g.

In 2012, Chen and Chen [2] extended Theorem C as follows.

Theorem D. Let f and g be two transcendental entire functions of finite order, let a (£ 0) be a
small function of both f and g, let d,n,m and v;(j = 1,2,--- ,d) be positive integers, and let c;(j =
1,2,---,d) be distinct nonzero finite values. If n > m + 8o, where o = vi + v, + -+ + vy, and

T2 - 1) H;-l:] fY(z+c;j)and g"(2)(g"(2) — 1) H‘;:l 8"(z + ¢;j) share a CM, then f = tg, where
M= = 1.

Zhang and Yi [19], Banerjee and Majumder [1], Husna et al. [10], Sahoo and Biswas [15] continued
to study this problem and proved:
Theorem E. [1] Let f and g be two transcendental entire functions of finite order, let a (# 0) be a
small function of both f and g with finitely many zeros, let d, k,n,m and v;(j = 1,2,--- ,d) be positive
integers, and letc;j(j = 1,2,--- ,d) be distinct nonzero finite values. If n > max{2k+m+oc+5, o+2d+3},
where o = vi+vy+- - +vy, and (f"(Q)(f"(2)—-1) 14, 7 (@+e)® and (8"(2)(g"(2)-1) T14, 8" (z+c;)P
share « CM, then f = tg, where t" = "*7 = 1.

In [1], Banerjee and Majumder posed a problem as follows.
Problem 1. Whether Theorem E is valid or not for any small function?

In 2021, Majumder and Saha [14] gave a positive answer to Problem 1 and proved:
Theorem F. Let f and g be two transcendental entire functions of finite order, let a (£ 0) be a small
function of both f and g, let d,k,n,m and vi(j = 1,2,---,d) be positive integers, and let c;(j =
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Vi vyt vg and (PR - D TTL, £+ e)® and (")) ~ D TTL, 8% +c))® share
a CM, then f = tg, where t" = "7 = 1.

In this paper, we consider the case of meromophic functions and obtain:
Theorem 1. Let f and g be two transcendental meromorphic functions of finite order with a Borel
exceptional value oo, let a (% 0) be a small function of both f and g, letd,k,n,mand v;,(j = 1,2,--- ,d)
be positive integers, and let c,(j = 1,2,---,d) be distinct nonzero finite values. If n > max{2k +
m+o+5,0+2d+3}, where o = vi+vy+ -+ vy, and (f"(Q)(f"(z) — 1) H?:] fri(z + cj))“‘) and
(g"(2)(g™(z) - 1) H?:l g"(z+ ¢;))V share @ CM, then f = tg, where " = "7 = 1.
Remark. By Theorem 1, we get Theorem F.

1,2,---,d) be distinct nonzero finite values. If n > max{2k + m + o + 5,0 + 2d + 3}, where o =

2. Some lemmas

Lemma 1. [9,17] Let f be a nonconstant meromorphic function, and let k be a positive integer. Then
f(k))
m|r,— | =S, f).
&
Lemma 2. [3,6] Let f be a nonconstant meromorphic function of finite order, and let ¢ be a nonzero
finite complex number. Then

( fz+o)
mlr,

:S y N
Q) ) r.f)

and for any € > 0, we have

fz+c¢) Vlse
m(r, 5 )zO(rp(f)1 )

Lemma 3. [16] Let k be a positive integer, and let f be a nonconstant meromorphic function satisfying
f® £ 0. Then

N(r, ]%) <N (r, %) +T(rnfO) =T ) +S . f) 2.1)
<N (r, %) +kN(r, f) + S (1, f). (2.2)

Lemma 4. [9, 17] Let f be a nonconstant meromorphic function, and let a,f be two distinct small
functions of f. Then

— — 1 — 1
T(r, f) SN(r,f)+N(r, )+N(r,—)+S(r,f).
f-a f=-B
Lemma S. [8] Let f be a nonconstant meromorphic function of finite order, and let ¢ be a nonzero finite
complex number. Then

N(r, f(z+¢)) = N(r, f(2)) + S (. f).
N(r, f(z+¢)) = N(r, f(2) + S (1, f).
I(r, f(z+¢) =T(r, f(2)) + S f).

AIMS Mathematics Volume 7, Issue 5, 9232-9246.
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1 1
N{r, =N|r,—|+S f).
fz+0) ( f(z)) /
— 1 — 1
N\r, =N|r,—1|+S5@, f).
fz+0) ( f(z)) /
1 1
T\r, =T\|\r,—|+S@, 1)
faro ( f(z)) /
Lemma 6. Let f be a nonconstant meromorphic function of finite order, and let F(z) = f"(2)(f™(2) —
1) ]—[;lzl fY(z+cj), whered,n,m,c;and vi(j = 1,2,--- ,d) are positive integers and o = v + -+ - + vg.
Then

T(rnF)<(n+m+o)T(r, f)+S(r, f),
m+m+o)T(r,f)<Tr,F)+(m+m+o)N(, )+ S, f).

Proof. By Lemma 2 and Lemma 5, we have

76, F) = N(n /@U@ - D[ |, e+ )
+m (r, rour@-nrol | (M) )

f@
<N (r @U@ - D[ |, e+ e)
d
n+o m f( + )
+m(r, 7 (f —1))+;vjm(r, ;(Z)c;)

<m+m+o)Nr, )+ (m+m+o)m(r, )+ S, f)

By Lemma 2 and Lemma 5, we have

<n+m+o)T(r,f)+S(r, f). (2.3)
(14 m+ TG ) = TG (" = D) + S )
= (S = D)+ N (S = D) + S G )
. ( @U@ - 1 ]
<ml|r, v :
FOU@ = DL e+ ey
d
wm(r @U@ - D[] e+ e))
N (7O = D) + S ()
d
<m(r. @@ - D[] e+ e)
N (5 77" = 1)+ S5 )
<T(r,F)+(n+m+o)N(r, f)+ S, f). (2.4)

Lemma 7. [5] Let f and g be two nonconstant meromorphic functions. If f and g share 1 CM almost,

then one of the following cases must occur

(1) T(r, £) + T(r,8) < 2{Nar, f) + Na(r, @) + Ny (1, ) + Na (1 1)} + S (s ) + S (1, 9);
2) f= M, where a(# 0) and b are two constants.

bg+(a—b)

AIMS Mathematics
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3. Proof of Theorem 1

Since oo is a Borel exceptional value of both f and g, we have

1 — log™ N(r, 1 — log™ N(r,
A== limog—(rf)<p(f), Al=]= hmog—(rg)<p(g).
f r—oo log r g r—o00 log r
Thus for p(f)_;(ﬁ , then exist a positive number R such that r > R, we have
pH+(4)
N fy<r— 2 ,r=R (3.1
Similarly, we get
p(g)M(%)
N(r,g)<r— 2z ,r>R. (3.2)
Set .,
(" @@ = D [T [z + )P
F(z) = ;
a(z)
(&"@)(g"(@) — D IT%, 8"z + ;)™
G(z) = .
(z)

Since (f"@(f"(@) = DI}, 7z + ¢)® and (¢")(g"(@) = D1, gz + ¢)® share a(z) CM,
then F(z) and G(z) share 1 CM almost. By Lemma 7, we consider two cases.
Case 1.

T(r,F)+T(r,G) <2N, (r, %) + 2N, (r, é)
+2N, (r, F) + 2N, (r, G) + S (r, f) + S (1, ). (3.3)

Set J
Fi@ = "@U"@ - D[ [ fe+ep,

G0 = g'DE"@ - D[ |, g7+ e

By Lemma 1 and Lemma 3, we obtain
N ! N !
r’ N - 2 r’ T
Fik) F(lk)

1 1
© ©
Fl Fl

1 ®)
<N (r, F}) +T(nFP) =T Fy)

1 1
© ©
[ Fl Fl

<Nis2 (r, i) +T(nFY) =T F) + 5@, f) (3.4)
F,

+S8(r, f)

AIMS Mathematics Volume 7, Issue 5, 9232-9246.
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1
<Nk+2(}’ F )+kN(}" F1)+S(r f) (35)
Similarly,
1 1 ©
No| 15 | <Ne|r o) + T (nGP) - TG +5(rg) (3.6)
1
1 —
<Ner2 (r, G—l) +kN(r,G)) + S (1, ). 3.7)

It follows from Lemma 6, (3.3)—(3.7) that

m+m+o)T(r, )+ T(r,g)]
<T(r,F))+T(r,G)+(n+m+o)[Nr, f)+ Nr,g)l+ S, f)+S(r,g)

1 1
Newa|r g |+ T (. F) - NZ( F(k)] +(n+m+ )N, f)+S(r, f)
+N, 7 (rne® !
k2 r,G—1 + (r,Gl)—Nz G(k) +(m+m+o)N(r,g) +S(r,8)
SNea (1 |+ Mo w )t 2N (r, F") + (0 + m + NG, f) + S (7, f)
1
1 1 @
+Nis2 ey + Ny | G(k) +2N2(rG )+(n+m+0')N(r g)+S(g)
1

<2Niss (r ; ) + kN(r, F1) + 2N, (. F{) + (n + m + NG, £) + S (r, f)

1
+2N4o (r G ) +kN(r,G)) + 2N2( ,G(lk)) +(nm+m+o)N(r,g)+S(r,g)

<[@+k)(1+d)+n+m+o)]|[N(r,f)+ N(r,g)]
+2k+2+m+)N T f)+T(rg)+Sr f)+ST,g).

Thus, we have

[n—QCk+m+o+DT(r, [)+T(r,g)]
<@+ +d)+mn+m+o)][N(r, )+ Nr,g))+Sr )+ S(r,g). (3.8)

Without loss of generality we assume that p(f) < p(g). By (3.1), (3.2) and (3.8), we have

[n—QCk+m+o+4)]T(r,8)
ppl(7) pwea() ppea(}) p+a(})
S[(4+k)(1+d)+(n+m+0')](r T 4 2 )+0(r z )+0(r 2 ]

max{p(f);a(l)’p@n;(;)} max{ﬁ(f);l(l)’p<g)+;(é)}
L2[@+k(A+d)+(m+m+o)lr +ol|r : (3.9)

AIMS Mathematics Volume 7, Issue 5, 9232-9246.
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p(N)1+A($) p<g)+A( )

Since n > 2k + m + o + 5, then by (3.9), we get p(g) < maX{ 5, } that is p(g) < p(g),

a contradiction.

Case 2.
_b+1)G+@-b-1)

bG + (a - b) ’

where a(# 0) and b are two constants.
Obviously,
T(r,F)=T(r,G)+ O(1).

Next, we consider three subcases.
Case 2.1. b # 0, —1. In the following, we consider two subcases.

Case 2,11 a~ b1 # 0. From (3.10), we have N (1, o—Lr ) = N (1, ).

b+1
By Nevanlinna’s second fundamental theorem, we get

T(r,G) <N(r,G) + N(r, é) + N(r, ﬁ] +S(r,G)

b+1
_ —( 1 —( 1
<N, G) + N(r, 6) + N(r, f) +S(r,8).

By (3.11) and (3.12), we have

T(r,F)+T(r,G) < N(r, F) + N(r,G) + 2N (r, %) +2N (r, l) +S(r, f)+S(r,g).

G

It follows from Lemma 3 that
— 1 1 ®
N\r—g | SN (r g |+ T (. F°) = T(r. F1) + S(r, ).
1
<Nk+1 (I" F )+kN(I" Fl) +S(l" f)

Similarly,

— 1 1
N[ G(k)] <N (I" Gl) T(r’ G(lk)) -T(r,Gy) + S(i”,g)
1
<Ni+1 (r G )+ kN(r,G)) + S (1, 8).

By Lemma 6, (3.13)—(3.17), we get

m+m+o)T(r, )+ T(r,g)]
<T(r,F1))+T(r,G))+(n+m+o)[N(r, )+ Nr,g)] +S(r, f)+S(r, g)

<Nk+1(r I*} )+T( ,Fik))—ﬁ( Fl(k)J+(n+m+0')N(r H+ST )

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

AIMS Mathematics Volume 7, Issue 5, 9232-9246.
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— 1
+Niw1 |1 —= +T(r,G(1k))—N[ G(k))+(n+m+0')N(r g)+S8(rg

1

ZI

SNk+1 ry, — +

( F1<k>] +N(nFP) + (4 m+ ONGLf) + 5 f)

1 1
+Nisr |1, — +N[r W)+N(r G(k))+(n+m+0')N(r,g)+S(r,g)

<ONpiit (r Fl ) + kNG, F1) + N (. F{?) + (n + m + NG, f) + S (1, f)

1
+2Njs1 (r 3 ) +kN(r.G1) + N (r.G) + (n + m+ 0)N(r. g) + S (1. 8)

<[k+ DA +d)+ n+m+0)][N(r, f)+ N(r,g)]
+2k+1+m+o)T(r,f)+T(r,g)+Sr, f)+S(r,g).

(3.18)

Since n > 2k+m+ o0 +5, then by (3.1), (3.2), (3.18) and using the same argument as used in Case 1,

we get p(g) < p(g), a contradiction.
Case 2.1.2. a — b — 1 = 0. Then by (3.10), we have N( ) NG, F).

By Nevanlinna’s second fundamental theorem, we get

T(r,G) <N(r,G) + N(r, é) + N(r, 1 ) +5(r,G)

b
<N(r,G)+ N (r, é) +N(r,F) + S(r,9).
Similarly,
T(r,F) <N, F)+ N(r, %) + N, G) + S(r, f).

It follows from (3.19) and (3.20) that

T(r,F)+T(r,G) <2N(r,F) + 2N(r,G) + N (r, %) + N(r, l) +S(r, f)+S(r,g).

G
By Lemma 6, (3.14)—(3.17), (3.21), we get

m+m+o)T(r, )+ T(r,2)]
<T(r,F1)+T(r,G))+(n+m+o)[N(r, f)+ Nr,g)| +S(r, f)+S(r, g)

1 o [ 1
<N n +T(rF, )—N( F(k)]+(n+m+U)N(r N+Sf)

1 — 1
+Nis1 r,G—1 +T(r,G(lk))—N[ G(k))+(n+m+0')N(r g +S8(rg

1 _
SNi |1 — |+ 2N (nF{") + 1+ m+ NG, £) + S (1, f)
1

(3.19)

(3.20)

(3.21)

AIMS Mathematics Volume 7, Issue 5, 9232-9246.
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1 _
+Njr1 (r, G—) +2N (r.G) + (n+m+ N(r.g) + S (1. 8)
1

<m+m+o+2d+2)[N(r f)+ N(r,g)]
+k+1+m+o)T(r, )+ T(r,g)+ S, f)+S(r,g). (3.22)

Since n > 2k+m+0 +35, then by (3.1), (3.2), (3.22), and using the same argument as used in Case 1,
we get p(g) < p(g), a contradiction.
Case 2.2. b = —1. From (3.10), we have

a

T @+)-G 623

Next, we consider two subcases.
Case 2.2.1. a+ 1 # 0. Then by (3.23), we have N(r, m) = N(r, F). Next, by using the same
argument as used in Case 2.1.2, we get p(g) < p(g), a contradiction.
Case 2.2.2. a+ 1 =0. Then by (3.23), we get FG = 1. That is

FOGY = o2, (3.24)

Since oo is a Borel exceptional value of both f and g, then by Hadamard’s factorization theorem
and (3.24), we have
f@) = BRe"?, g(2) = y(x)e. (3.25)

where B(# 0, 00), y(# 0, 00) are two meromophic functions and p;, p, are two nonconstant polynomials
with deg p; = deg p».
Hence, by the simple analysis, we get

T(r,B)=S8(re), T(r,f)=T(r,e’") + S, f). (3.26)
T(r,y)=S8(r,e™), T(r,g) =T(r,e")+S(r,g). (3.27)

By (3.25), we have

n m a .
FI@=@0"@-D] [ fG+e)
— ﬁn(Z)enpl(Z)(ﬁm(Z)emm(Z) _ 1) l—[d ,ij(z +c .)evjpl(z+cj)
j=1 !
d
= ﬁ”+m(z)e(n+m)m(z) njzlﬁvj(z + Cj)ev]'m(z+cj)
d
—ﬁn(Z)enpl(Z) ]—LzllBVj(Z n cj)erPI(Z+Cj)' (3.28)

Further, we have

d
71+ (n+m)p|(z)n Vi(z + ¢ vipi1(z+e;)
B (2)e Bt c)e
d
— n+m(Z) rlﬁv,'(z + Cj)er[l’l(Z+Cj)—P1(Z)]e(n+m+0')l71(2)_ (3.29)
j=1

AIMS Mathematics Volume 7, Issue 5, 9232-9246.
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Obviously,
T (r, er[m(HCj)—Pl(Z)]) = S(r,e™),

where j =1,2,--- ,d.
By (3.26), (3.30) and Lemma 5, we get

d
T (r,ﬁ'“rm(z) n . 113%@ " cj)evj[Pl(Z+Cj)—Pl(Z)]) = S(r,eM).
J:

Set
d
B @[ | B+ epe @ = gy ).

Then it follows from (3.31) and (3.32) that 8;(z)(# 0) is a small function of e”'©@.

By (3.29) and (3.32), we get

d
B (Z)e @) 1—[]'=1 BYi(z + Cj)erPI(Z+Cj) = B1(z)emmIn ),

Similarly, we get

d
—ﬁn(Z)e"m(Z) Hizlﬁvj(z + Cj)evjpl(Z+Cj) :ﬁz(z)e(lwa')pl(z)’

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

where B,(z) = —B"(2) ]_[j{:1 Bi(z + ¢)e’ 1 @e)-n@l - By using the same argument as used in (3.29)-

(3.32), we get 55(z) is a small function of e”'@,
By (3.28), (3.33) and (3.34), we have

Fi()= ﬁl (Z)e(n+m+0')p1(z) +ﬁ2(Z)€(n+o-)p](Z),
It follows from (3.35) that

Fi (2) :[Bl(z)e(n+m+<r)p1(z) +ﬁ2(z)e(l’l+o')p1(z)]/
:13'1 (Z)e(n+m+cr)p1(z) +ﬁ1(Z)(n +m+ O')p; (Z)e(n+m+(r)p1(z)
+ﬁI2(Z)e(n+o-)pl(Z) + Ba(2)(n + O')p’1 (Z)e(n+0')P1(Z)
=[8,(z) + B1(2)(n + m + o)/ (z)]e" N1
+[B5(2) + Ba(2)(n + ) Py (2)]e™ P,

It is easy to show that

T(r,py+Bi(n+m+o)p)) =S(re),
T(r,B5 + Bo(n+o0)py) = S(r,e).

Set

B1(2) + Bi1(2)(n +m+ o)p|(2) = B3(2),
Br(2) + Br(2)(n + o) p|(2) = Ba(2).

By (3.36)—(3.40) we have

F; () = [)’3(z)e(n+m+o-)p1(z) +ﬁ4(z)e(n+0')p1(z)’

(3.35)

(3.36)

(3.37)
(3.38)

(3.39)
(3.40)

(3.41)

AIMS Mathematics Volume 7, Issue 5, 9232-9246.
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where B3(2), B4(z) are two nonzero small functions of e?'@,
By mathematical induction, we obtain

FO2) = Batr1 (2)e™™ P 4 B o (2)e™ @), (3.42)

where B1141(2), Bars2(2) are two nonzero small functions of e”'@.
Similarly, we get
k
G (@) = Yore1 ()" PO 4y (2)e RO, (3.43)

where 5141(2), Y2k+2(2) are two nonzero small functions of 2@,
By (3.24), (3.42) and (3.43), we have

2
" P Bos1 € + Boaa e VP [yai1 € + Yol = @ (3.44)

Thus, we deduce that the zeros of 8;.1€"P' + 2142 are either the zeros of « or the poles of yyi.1 €™ +
va+2. Hence, by Lemma 4 we get

mT(r’ ePl) = T(r’ empl) < T(r9ﬁ2k+lempl) + S(ra epl)

_ _ 1 _
SN(F,ﬁ2k+1€mP1)+N(7’, —)+N( +S(r,e™)
Bok+1€™P

r,
Boks1€™P + Boryo
— 1 —
<N (7’, —) + N (1, y2u1€™ + youi2) + S(r,e”") < S(r, ). (3.45)
a
It follows T'(r, e’') < S (r, e""), a contradiction.
Case 2.3. b = 0. Then by (3.10), we obtain

_G+(@-1
=

F (3.46)

Next, we consider two subcases.
Case 2.3.1. a — 1 # 0. Then by (3.46), we have N(r, m) = N(r, +). Next, by using the same
argument as used in Case 2.1.1, we get p(g) < p(g), a contradiction.
Case 2.3.2. a— 1= 0. Then by (3.46), we get F = G.
It follows
Fi(2) = G1(2) + p(2), (3.47)

where p is a polynomial with deg p < k — 1.
Now, we prove p = 0. Suppose on the contrary that p # 0. Then by Lemma 4, Lemma 6 and (3.47),
we have

m+m+o)T(r,)<T(r,Fi))+(n+m+0o)N@, )+ S, f)

_ —{ 1\ —
SN(r,F1)+N(r,F )+N(r

— ] )+(n+m+0')N(r,f)+S(r,f)
! Fi—-p

<N(r, F)) + N(r, i) + N(r, i) +(+m+ )N )+ S, f)
F, G,

ST+m+o)Tr, f)+Trl+(n+m+o+1+d)N(r, )+ S(r, f). (3.48)
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Likewise,

m+m+o)T(r,g) <0 +m+ )T, f)+T(r,g)]
+(1+n+m+o+dN(rg) +S(r,g). (3.49)

By (3.48) and (3.49), we get

m+m+o)Tr, )+ T, <2m+o+ DT, f)+T(r,g)]
+(n+m+o+d+ D[N, )+ Nrgl+ S, f)+S(r,g). (3.50)

Since n > 2k+m+ 0 +35, then by (3.1), (3.2), (3.50), and using the same argument as used in Case 1,
we get p(g) < p(g), a contradiction.
Hence,
F, =G,. (3.51)

Seth = "é. From (3.51), we get

" @) (H"™" () ]—[jzl Rz +c)—1) = ') ]—[f1 iz +c)) - 1. (3.52)

We claim that 4 is a constant. Suppose on the contrary that / is a nonconstant.
We assert that both 2"*"(z) Hj?:l h"i(z + ¢;) and h"(z) ]_[?: \ h"(z + ¢;) are nonconstant. Without loss
of generality, we suppose that 2"*"(z) H?:l h'i(z+c;) = c, where c is a nonzero complex number. Then

c

hm+n(Z) .
[15. R¥i(z + ¢))

By Lemma 5 and Nevanlinna’s first fundamental theorem, we get

m+mT(r,h) =T, "™ =T [r, +S(r,h)

C )
o i@+ c))

d
JZ v ( Yo c,)) +S(r,h) < oT(r,h) + S (1, h). (3.53)

From (3.53), we have
m+m—-0o)T(r,h) <S(r,h).

It follows from n > 2k + m + o + 5 that T (r, h) < S (r, h), a contradiction.
Hence, from (3.52), we get

h'(2) [T, Bz + cj) — 1
"(z) = . 3.54
8 (Z) hm+n(Z) H?:l th(Z + Cj) -1 ( )

Thus, the zeros of A™"(z) ]_[j?:1 h'i(z + c¢;) — 1 are either the poles of g(z) or the zeros of
h'(z) H?:l h¥i(z + ¢;) — 1, that is the zeros of (h"(z) — 1).
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By (3.54), we have

1 IR i+ e - 1
§"@)  h(@) L iz +c) -1
R QU@ [T i+ e) = D+ ("(2) = 1)
B h(2) [T bz +cj) = 1

1
=h"(2)- 1|1 1. 3.55
( (Z) )( + hn(Z) H?:l hvj(Z + CJ) _ 1) + ( )

It follows from Lemma 6, (3.55) and Nevanlinna’s first fundamental theorem that

mT (r,g) = mT (r, é) +0(1)=T (r, gim) + 0(1)

1
:T s hm - 1 1 0 1
(r( (@) )( +hn(z)H?:1th(z+cJ')—1))+ v

d

2T '@ | | WG+ ep) =T ") + S h)

2T ) = TG [ |, WG+ e) = TG ") + Sy

>n—oc—-—mT @, h)+ S, h). (3.56)
By Lemma 6, we obtain

W) [T iz +cp) = 1
r’
hn(z) [T, hi(z + ) — 1
d .

<T@ [ | WG +ep—1)
+T(r, """ (2) l_[j:] hi(z+c))=1)+S(r,h)
<@n+m+20)T(r, h) + S (1, ). (3.57)

mT(r,g) =T (r,g") =T

Since n > 2k + m + o + 5, then by (3.56) and (3.57), we get
m—o-m)T(r,h)+S(r,h) <mT(r,g) < 2n+m+20)T(r,h) + S(r, h). (3.58)
It follows from Lemma 5 and Nevanlinna’s second fundamental theorem that

d
(m-+n =) <TCH@ [ | G+ ep) + S

N[ | Wi+ e+ N !
<N(r, < j=1 I+Cj r, hm+n(Z) H?:l th(Z + Cj)

— 1
N|r, Y
hmn(z) HFI hi(z+cj)—1

)+S(r,h)
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221+ T h) + N(r, ! 1) +N(r,g) +S(r,h)

hm

<2 +2d+m)T(r,h)+ N(r,g) + S(r,h).
Since n > o + 2d + 3, then by (3.58), we have

T3 (58 S [n=Q2+2d+ T (k) < N(g) +S(rh). (3.59)

It follows from (3.2), (3.58) and (3.59) that p(g) < 1 (;—)), a contradiction. Therefore, & is a nonzero
constant.
From (3.51), we get

@@ - D[ | g7+ en = @@ - D[] g7 +ep.

Then

K =1, = 1.
Therefore, f = tg, where ¢ is a constant such that /" = %7 = 1.
The proof of Theorem 1 is complete.

4. Conclusions

In this paper, by using Nevanlinna theory, we study the uniqueness problem of certain type of
differential-difference polynomials sharing a small function and extend the existing results to the case
of meromorphic functions with a Borel exceptional value co.
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