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1. Introduction

Fractional differential equations appear in many practical and scientific applications, such as
finance, engineering, chemistry, physics [1–24, 39]. In general, it is difficult to find analytic solution
of most fractional differential equations, thus, it is necessary to use numerical techniques to solve
fractional differential equations.

Generally, Riemann-Liouville fractional derivative and the Caputo fractional derivative are most
favorable definitions of fractional derivative. Based on the interpolation approximation, the commonly
used approximation formulas is L1 formula, which is derived from a piecewise linear interpolation
approximation. In [25], the numerical accuracy of this formula is proved to be (2 − α) (0 < α ≤ 1)
order. Using the piecewise quadratic interpolation approximation, the L2 − 1 formula for Caputo
fractional derivative C

0D
α
t f (t) is derived in Gao et al. [26]. In order to obtain the higher order of

the Caputo fractional derivative, Alikhanov [27] derived a L2 − 1δ formula to approximate Caputo
fractional derivative at a superconvergent point. In the above works, the proposed method is only
devoted to the numerical approximation of the one-term fractional derivative. In fact, the multi-term
fractional differential equations has been proved to be valuable models for describing many processes
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in practice [28–32].
In order to find accurate and efficient numerical algorithms for multi-term fractional differential

equations, some research work on this subject has been made. For example, the collocation method
in [30], the iterative method [29], the fractional predictor-corrector method in [33] etc. In [34], the
multi-term variable-distributed order diffusion equation is studied by L1 formula for the approximation
of time-fractional derivatives. Until now, there is relatively little discussion on high order numerical
method for the time multi-term fractional sub-diffusion equations.

In this paper, we consider the following time multi-term fractional sub-diffusion equations:
m∑

r=0
ρr

C
0D

αr
t u(x, t) = ∂x (k(x)∂xu) (x, t) + f (x, t), (x, t) ∈ D = (0, L) × (0,T ],

u(0, t) = φ0(t), u(L, t) = φL(t), t ∈ (0,T ],

u(x, 0) = ψ(x), x ∈ (0, L),

(1.1)

where ρ0, ρ1, . . . , ρm are some positive constants, 0 ≤ αm < αm−1 < . . . < α0 ≤ 1 and the term
C
0D

α
t u(x, t) represents the Caputo fractional derivative of order α, which is defined by

C
0D

α
t u(x, t) =

1
Γ(1 − α)

∫ t

0

∂su(x, s)
(t − s)α

ds, 0 < α < 1.

2. Notations and preliminary lemmas

Let h = L/M be the spatial step, τ = T/N be the time step, which M,N are positive integers. We
partition [0, L] into a mesh by the mesh points xi = ih (0 ≤ i ≤ M). Denote tn = nτ (0 ≤ n ≤ N). Let
u(x, t) be the solution of the problem (1.1). Define the grid functions

Un
i = u(xi, tn), Vn

i = ∂x (k(x)∂xu) (xi, tn), f n
i = f (xi, tn),

φn
0 = φ0(tn), φn

L = φL(tn), ϕi = ϕ(xi).

Define the compact operator [36]

Hun
i =

 un
i + h2

12

(
δ2

xu
n
i − δx̃

(
k′
k u

)n

i

)
, 1 ≤ i ≤ M − 1,

un
i , i = 0 or M.

and

ψ = k −
h2

12

(
(k′)2

k
−

k′′

2

)
,

where k′ and k′′ denote the first and second order derivative of the coefficient function k(x), respectively.
For the requirement of analysis, we assume the there exist positive constants c1 and c2 such that

c1 ≤ ψ ≤ c2,
∣∣∣∣ (k′

k

)′ ∣∣∣∣ ≤ c2. (2.1)

Let Sh = {u = (u0, u1, · · · , uM), u0 = uM = 0} be the space of the grid functions defined in the spatial
mesh. For any grid functions u, v ∈ Sh, we define the inner product and norm as follows:

δxui+ 1
2

=
1
h

(ui+1 − ui), δx̃ui =
1

2h
(ui+1 − ui−1), δ2

xui =
1
h2 (ui−1 − 2ui + ui+1),
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(u, v) = h
M−1∑
i=1

uivi, ‖u‖ =
√

(u, v), ‖u‖∞ = max
0≤i≤M

|ui|,

(δxu, δxv) = h
M∑

i=1

δxui− 1
2
δxvi− 1

2
, |u|1 =

√
(δxu, δxv),

(δxu, δxv)ψ = h
M−1∑
i=0

ψi+ 1
2
δxui+ 1

2
δxvi+ 1

2
, ‖δxu‖ψ =

√
(δxu, δxv)ψ.

For any grid functions u, v ∈ Sh, according some simple calculations, we have [38]

(δ2
xu, v) = −(δxu, δxv), h‖δ2

xu‖ ≤ 2|u|1, h|u|1 ≤ 2‖u‖. (2.2)

By the following Lemma 2.5, we can see that (Hu, u) ≥ 1
4‖u‖

2 ,when the spatial size h is sufficient
small. For convenience, we introduce the discrete inner product and the norm as follows:

〈u, v〉 = (Hu, v) , ‖u‖ε = 〈u, u〉
1
2 .

As done in [35], we denote

G(σ) =

m∑
r=0

ρr

Γ(3 − αr)
σ1−αr

(
σ −

(
1 −

αr

2

))
τ2−αr , σ ≥ 0.

Lemma 2.1. [35] When m ≥ 1, the Newton iteration sequence {σp}
∞
p=0, generated by σp+1 = σp −

G(σp)
G′(σp) , p = 0, 1, 2, · · · ,

σ0 = max
0≤r≤m

(
1 − αr

2

)
,

is monotonically decreasing and convergence to σ∗ which is a unique positive root of G(σ) = 0
(Lemma 2.1 in [35]).

For 0 < α < 1, we define

ζk = k + σ (k ≥ 0), a(α)
0 = ζ1−α

0 , a(α)
l = ζ1−α

l − ζ1−α
l−1 , l ≥ 1,

b(α)
0 = 0, b(α)

l =
1

2 − α
(ζ2−α

l − ζ2−α
l−1 ) −

1
2

(ζ1−α
l + ζ1−α

l−1 ).

Let
c(α)

0,1 = a(α)
0 ,

when n ≥ 2, denote [38]

c(α)
k,n =

 a(α)
k + b(α)

k+1 − b(α)
k , 1 ≤ k ≤ n − 2,

a(α)
k − b(α)

k , k = n − 1.

Denote tn−1+σ = (n − 1 + σ)τ and consider
m∑

r=0

ρr
C
0D

αr
t u(xi, tn−1+σ) for any α ∈ [0, 1]. The following

lemma gives a numerical differentiation formula to approximate
m∑

r=0

ρr
C
0D

αr
t (x, t) at the point t = tn−1+σ

and reveals its numerical accuracy.
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Lemma 2.2. Suppose u(x, t) ∈ C(4,3)([0, L] × [0,T ]), it holds that∣∣∣∣∣∣∣
m∑

r=0

ρr
C
0D

αr
t u(x, tn−1+σ) −

n−1∑
k=0

ĉ(α)
k,n (u(x, tn−k) − u(x, tn−k−1))

∣∣∣∣∣∣∣
≤ M

m∑
r=0

ρr

Γ(1 − αr)

(
1

12
+

1
6

σ

1 − αr

)
σ−αrτ2,

where

ĉ(α)
k,n =

m∑
r=0

ρr
τ−αr

Γ(2 − αr)
c(αr)

k,n , k = 0, 1, · · · , n − 1.

Proof. It follows from Theorem 2.1 of [35]. �

Lemma 2.3. [35] Given any non-negative integer m and positive constants ρ0, ρ1, · · · , ρm, for any
αi ∈ [0, 1], i = 0, 1, · · · ,m, where at least one of αi’s belongs to (0, 1), it holds

ĉ(α)
0,n > ĉ(α)

1,n > ĉ(α)
2,n > · · · > ĉ(α)

n−1,n >

m∑
r=0

ρr
τ(−αr)

γ(2 − αr)
1 − αr

2
(n − 1 + σ)−αr .

Applying the Lemmas 2.2 and 2.3 in [36] and following the similar procedure in [37], we have the
following lemma.

Lemma 2.4. It holds that

HVn
i = δx(ψδxU)n

i + (Rx)n
i , 1 ≤ i ≤ M − 1, 1 ≤ n ≤ N,

and
|(Rx)n

i | ≤ C∗h4, 1 ≤ i ≤ M − 1, 1 ≤ n ≤ N,

where C∗ is a positive constant.

Proof. The proof follows from (31)–(33) in [37]. �

Lemma 2.5. For any grid function u ∈ Sh, we have

(Hun, un) ≥
(
2
3
−

h2

24
c2

)
‖un‖2. (2.3)

Proof. Using the definition of compact operatorH , we obtain

Hun
i = un

i +
h2

12

(
δ2

xu
n
i − δx̃

(
k′

k
u
)n

i

)
.

Taking the inner product of the above equation with un and applying the discrete Green formula,
we obtain
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(Hun, un) =

(
un +

h2

12
δ2

xu
n, un

)
−

h2

12

(
δx̃

(
k′

k
u
)n

, un

)

= ‖un‖2 −
h2

12
|u|21 −

h2

12
h

M−1∑
i=1

(
k′
k

)
i+1

un
i+1 −

(
k′
k

)
i−1

un
i−1

2h
un

i .

Noticing (2.2), we have |u|21 ≤
4
h2 ‖un‖2, thus, we get

(Hun, un) ≥
2
3
‖un‖2 −

h2

12
h

M−1∑
i=1

(
k′
k

)
i+1

un
i+1 −

(
k′
k

)
i−1

un
i−1

2h
un

i .

According to some simple process, we have

(Hun, un) ≥
2
3
‖un‖2 −

h2

12
h

M−1∑
i=1

(
k′
k

)
i+1
−

(
k′
k

)
i

2h
un

i+1un
i .

Noting (2.1) and un
M = 0, we obtain

(Hun, un) ≥
2
3
‖un‖2 −

h2

24
c2‖un‖2.

This proves (2.3). �

Lemma 2.6. Assume u = {un
i | 0 ≤ i ≤ M, 0 ≤ n ≤ N} ∈ Sh, we obtain n−1∑

k=0

ĉ(α)
k,nH

(
un−k − un−k−1

)
, σun + (1 − σ)un−1

 (2.4)

≥
1
2

n−1∑
k=0

ĉ(α)
k,n

(∥∥∥un−k
∥∥∥2

ε
−

∥∥∥un−k−1
∥∥∥2

ε

)
, 1 ≤ n ≤ N.

Proof. By the discrete inner product 〈·, ·〉, we have n−1∑
k=0

ĉ(α)
k,nH

(
un−k − un−k−1

)
, σun + (1 − σ)un−1


=

〈 n−1∑
k=0

ĉ(α)
n−k,n

(
un−k − un−k−1

)
, σun + (1 − σ)un−1

〉
.

Using the Corollary 1 of [27], we have〈 n−1∑
k=0

ĉ(α)
k,n

(
un−k − un−k−1

)
, σun + (1 − σ)un−1

〉
≥

1
2

n−1∑
k=0

ĉ(α)
k,n

(∥∥∥un−k
∥∥∥2

ε
−

∥∥∥un−k−1
∥∥∥2

ε

)
.

The (2.5) follows immediately. �
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3. Compact difference schemes for the time multi-term fractional sub-diffusion equation

Based on the above lemmas, we now discrete (1.1) into a compact finite difference system.
Considering the governing equation of (1.1) at the point (xi, tn−1+σ), we have

m∑
r=0

ρr
C
0D

αr
t u(xi, tn−1+σ) = Vn−1+σ

i + f n−1+σ
i .

It follows from Lemmas 2.2 that

n−1∑
k=0

ĉ(α)
k,n(Un−k

i − Un−k−1
i ) = (1 − σ)Vn−1

i + σVn
i + f n−1+σ

i + (Rt)n
i + (Rx)n

i ,

where

(Rt)n
i = O(τ2) + O(τ3−αr ), 0 ≤ i ≤ M, 1 ≤ n ≤ N.

Using Lemma 2.3, we have

n−1∑
k=0

ĉ(α)
k,nH(Un−k

i − Un−k−1
i )

=(1 − σ)δx(ψδxU)n−1
i + σδx(ψδxU)n

i +H f n−1+σ
i + (Rtx)n

i , 1 ≤ i ≤ M − 1, 1 ≤ n ≤ N,

where

(Rtx)n
i = H(Rt)n

i + (1 − σ)(Rx)n−1
i + σ(Rx)n

i , 1 ≤ i ≤ M − 1, 1 ≤ n ≤ N.

Then we obtain the compact difference scheme as follows:

n−1∑
k=0

ĉ(α)
k,nH(un−k

i − un−k−1
i )

= σδx(ψδxu)n
i + (1 − σ)δx(ψδxu)n−1

i +H f n−1+σ
i , 1 ≤ i ≤ M − 1, 1 ≤ n ≤ N.

un
0 = φn

0, un
M = φn

L, 1 ≤ n ≤ N,

u0
i = ϕi, 0 ≤ i ≤ M.

(3.1)

Theorem 3.1. Assume u(x, t) is the solution of problem (1.1). The truncation error (Rtx)n
i satisfies

|(Rtx)n
i | ≤ C(τ2 + h4), 1 ≤ i ≤ M − 1, 1 ≤ n ≤ N,

where C is a positive constant.

Theorem 3.2. The difference scheme (3.1) is uniquely solvable.
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Proof. It is clear that the value of u0 is determined. Assume {uk|0 ≤ k ≤ n−1} has been determined, then
we obtain a linear system of equations with respect to un. Considering the corresponding homogeneous
system: 

m∑
r=0

ρr
τ−αr

Γ(2 − αr)
c(αr)

0,n Hun
i = σδx(ψδxu)n

i , 1 ≤ i ≤ M − 1, 1 ≤ n ≤ N.

un
0 = 0, un

M = 0.
(3.2)

Multiplying the governing equation of (3.2) by un
i and summing up for i from 1 to M − 1, we obtain

m∑
r=0

ρr
τ−αr

Γ(2 − αr)
c(αr)

0,n (Hun, un) = −σ‖δxun‖2ψ.

Applying Lemma 2.4, we have(
2
3
−

h2

24
c2

) m∑
r=0

ρr
τ−αr

Γ(2 − αr)
c(αr)

0,n ‖u
n‖2 ≤ −σ‖δxun‖2ψ.

Let ε = 2
3 −

h2

24c2, when the spatial step h is sufficient small such that ε > 0, thus, we get

‖un‖ = 0.

Noticing (3.2), we can get un = 0. This completes the proof. �

We now carry out a prior estimate of the difference scheme (3.1).

Theorem 3.3. Suppose {un
i |0 ≤ i ≤ M, 1 ≤ n ≤ N} is the solution of the difference scheme (3.1). Then

when τα0 ≤
2c(α)

0,n

Γ(2−α0)σ2 , we have

‖un‖2ε ≤ 16(‖u0‖2ε + 32 max
1≤n≤N

‖H f n−1+σ‖2). (3.3)

Proof. At first, we take an inner product of (3.1) with σun + (1 − σ)un−1 yield

n−1∑
k=0

ĉ(α)
k,n

(
H(un−k − un−k−1), σun + (1 − σ)un−1

)
=

(
σδx(ψδxu)n + (1 − σ)δx(ψδxu)n−1, un + (1 − σ)un−1

)
+ (H f n−1+σ, un + (1 − σ)un−1)

= − ‖σδxun + (1 − σ)δxun−1‖2ψ + (H f n−1+σ, σun + (1 − σ)un−1). (3.4)

By Lemma 2.5, we have

n−1∑
k=0

ĉ(α)
k,n

(
H(un−k − un−k−1), σun + (1 − σ)un−1

)
≥

1
2

n−1∑
k=0

ĉ(α)
k,n

(
‖un−k‖2ε − ‖u

n−k−1‖2ε

)
. (3.5)
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Substituting (3.5) into (3.4), we have

1
2

n−1∑
k=0

ĉ(α)
k,n

(
‖un−k‖2ε − ‖u

n−k−1‖2ε

)
≤ (H f n−1+σ, σun + (1 − σ)un−1). (3.6)

Using the Cauchy-Schwarz inequality, we obtain

(H f n−1+σ, σun + (1 − σ)un−1)

≤
1

64
‖σun + (1 − σ)un−1‖2 + 16‖H f n−1+σ‖2

≤
1

32
(σ2‖un‖2 + (1 − σ)2‖un−1‖2) + 16‖H f n−1+σ‖2. (3.7)

Substituting (3.7) into (3.6), we can get

1
2

n−1∑
k=0

ĉ(α)
k,n

(
‖un−k‖2ε − ‖u

n−k−1‖2ε

)
≤

1
32

(σ2‖un‖2 + (1 − σ)2‖un−1‖2) + 16‖H f n−1+σ‖2,

or equivalently,

ĉ(α)
0,n‖u

n‖2ε ≤

n−1∑
k=1

(
ĉ(α)

k−1,n − ĉ(α)
k,n

)
‖un−k‖2ε + ĉ(α)

n−1,n‖u
0‖2ε

+
1

16
(σ2‖un‖2 + (1 − σ)2‖un−1‖2) + 32‖H f n−1+σ‖2.

Since ‖un‖2ε ≥
1
4‖u

n‖2 and σ ∈ [1
2 , 1)(Lemma 2.1 in [35]), we have

ĉ(α)
0,n‖u

n‖2ε ≤

n−1∑
k=1

(
ĉ(α)

k−1,n − ĉ(α)
k,n

)
‖un−k‖2ε + ĉ(α)

n−1,n‖u
0‖2ε

+
1
16

(σ2‖un‖2 + (1 − σ)2‖un−1‖2) + 32‖H f n−1+σ‖2.

Thus we obtain

(ĉ(α)
0,n −

σ2

4
)‖un‖2ε ≤

n−1∑
k=1

(
ĉ(α)

k−1,n − ĉ(α)
k,n

)
‖un−k‖2ε + ĉ(α)

n−1,n‖u
0‖2ε + 32‖H f n−1+σ‖2.

When τα0 ≤
2c(α)

0,n

Γ(2−α0)σ2 , we have

‖un‖2ε ≤ 16
n−1∑
k=1

(
ĉ(α)

k−1,n − ĉ(α)
k,n

)
‖un−k‖2ε + 16ĉ(α)

n−1,n‖u
0‖2ε + 512ĉ(α)

n−1,n‖H f n−1+σ‖2.
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Denote

F = ‖u0‖2ε + 32 max
1≤n≤N

‖H f n−1+σ‖2.

It follows from the above inequality that

‖un‖2ε ≤ 16
n−1∑
k=1

(
ĉ(α)

k−1,n − ĉ(α)
k,n

)
‖un−k‖2ε + 16ĉ(α)

n−1,nF .

We prove by induction that

‖un‖2ε ≤ 16F , 1 ≤ n ≤ N.

This completes the proof of (3.3). �

4. Applications and numerical results

In this section, we are devoted to some numerical illustration on the theoretical results in the
previous sections. Denote the norm errors as follows:

E2(τ, h) = max
0≤n≤N

‖u(xi, tn) − un
i ‖,

Eν(τ, h) = max
0≤n≤N

‖u(xi, tn) − un
i ‖ν (ν = 1,∞).

The temporal and spatial convergence orders are computed, respectively, by

Ot
ν(τ, h) = log2

(
Eν(2τ, h)
Eν(τ, h)

)
,

Os
ν(τ, h) = log2

(
Eν(τ, 2h)
Eν(τ, h)

)
(ν = 1, 2,∞).

Example 4.1. We first consider a problem with β1 , 0. This problem is governed by the Eq (1.1) in
[0, 1] × [0, 1] with k(x, t) = 1

1+x+t , q(x, t) = (x + 2t)2 and

f (x, t) =

 2∑
r=0

 50∑
k=0

tk

Γ(k + 2 − αr)

 ςrt1−αr

 e−2x

− 2et−2x

(
2

1 + x + t
+

1
(1 + x + t)2

)
+ et−2x(x + 2t)2.

The boundary and initial conditions are given with

φ0(t) = et, φL(t) = et−2, ϕ(x) = e−2x.

It is easy to check that v(x, t) = et−2x is the solution of this problem.
At first, we test the temporal convergence order of the compact difference scheme (3.6) for different

α. In this test, we let the spatial step h = 1/1000. Tables 1 and 2 give respectively the errors Eν(τ, h)
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(ν = 1, 2,∞) and the temporal convergence orders Ot
ν(τ, h) (ν = 1, 2,∞). As expected from our

theoretical analysis, the computed solution un
i has the second-order temporal accuracy.

In Figures 1 and 2, we plot the errors Eν(τ, h) (ν = 1, 2,∞) as a function of the time step τ with the
spatial step h = 1/1000 for α = (1/3, 1/4, 1/5) and α = (1, 1/2, 0). In these two figures, logarithmic
coordinates are considered. We see from Figures 1 and 2 that the variation of the error with the time
step τ is linear and parallel to the line y = 2x. This numerically confirms the temporal 2th-order
convergence of the numerical solution un

i .

We next compute the spatial convergence order of the compact difference scheme (3.6). Tables 3
and 4 present the errors Eν(τ, h) (ν = 1, 2,∞) and the spatial convergence orders Os

ν(τ, h) (ν = 1, 2,∞)
with the time step τ = 1/20000. Tables demonstrate that the compact difference scheme (3.6) has the
fourth-order spatial accuracy.

Figures 3 and 4 show that the variation of the error with the spatial step h is parallel to the line
y = 4x. This corresponds to the spatial fourth-order convergence of the numerical solution un

i .

Table 1. The errors and the temporal convergence orders of the compact difference scheme
(3.6) for Example 4.1 (h = 1/1000, (λ0, λ1, λ2) = (3, 2, 1)).

α τ E1(τ, h) Ot
1(τ, h) E2(τ, h) Ot

2(τ, h) E∞(τ, h) Ot
∞(τ, h)

(1/3,1/4,1/5) 1/10 4.557388e-04 1.301600e-04 1.708661e-04
1/20 1.117611e-04 2.027789 3.197611e-05 2.025219 4.190739e-05 2.027590
1/40 2.744212e-05 2.025954 7.863843e-06 2.023688 1.029412e-05 2.025384
1/80 6.768352e-06 2.019515 1.941832e-06 2.017816 2.539897e-06 2.018979
1/160 1.677190e-06 2.012759 4.815805e-07 2.011570 6.295631e-07 2.012347
1/320 4.172209e-07 2.007163 1.198653e-07 2.006363 1.566429e-07 2.006872

(2/3,1/2,1/3) 1/10 6.869236e-04 1.923910e-04e 2.486380e-04
1/20 1.662435e-04 2.046851 4.661943e-05 2.045038 6.004885e-05 2.049838
1/40 4.015419e-05 2.049676 1.127785e-05 2.047439 1.448426e-05 2.051651
1/80 9.730756e-06 2.044927 2.736741e-06 2.042962 3.506380e-06 2.046431
1/160 2.369714e-06 2.037839 6.671971e-07 2.036274 8.532054e-07 2.039017
1/320 5.799961e-07 2.030598 1.634346e-07 2.029400 2.086927e-07 2.031513

(1,1/2,0) 1/10 8.269482e-04 2.271156e-04 2.917167e-04
1/20 2.056957e-04 2.007285 5.646283e-05 2.008054 7.245274e-05 2.009456
1/40 5.097472e-05 2.012658 1.399292e-05 2.012604 1.793816e-05 2.014008
1/80 1.263835e-05 2.011974 3.469829e-06 2.011761 4.444492e-06 2.012942
1/160 3.138168e-06 2.009813 8.616960e-07 2.009614 1.103033e-06 2.010543
1/320 7.804310e-07 2.007580 2.143181e-07 2.007425 2.742084e-07 2.008131
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Table 2. The errors and the temporal convergence orders of the compact difference scheme
(3.6) for Example 4.1 (h = 1/1000, (λ0, λ1, λ2) = (1, 2, 3)).

α τ E1(τ, h) Ot
1(τ, h) E2(τ, h) Ot

2(τ, h) E∞(τ, h) Ot
∞(τ, h)

(1/3,1/4,1/5) 1/10 4.031901e-04 1.154074e-04 1.518265e-04
1/20 9.930954e-05 2.021456 2.847617e-05 2.018908 3.740878e-05 2.020975
1/40 2.449592e-05 2.019391 7.034491e-06 2.017237 9.231901e-06 2.018677
1/80 6.068460e-06 2.013139 1.744581e-06 2.011565 2.288018e-06 2.012530
1/160 1.510064e-06 2.006721 4.344425e-07 2.005644 5.695226e-07 2.006273
1/320 3.771310e-07 2.001472 1.085531e-07 2.000764 1.422655e-07 2.001167

(2/3,1/2,1/3) 1/10 6.361173e-04 1.798681e-04 2.339269e-04
1/20 1.563295e-04 2.024703 4.427020e-05 2.022532 5.743109e-05 2.026154
1/40 3.840933e-05 2.025061 1.089446e-05 2.022740 1.410500e-05 2.025625
1/80 9.473681e-06 2.019460 2.690713e-06 2.017535 3.478373e-06 2.019722
1/160 2.347474e-06 2.012816 6.674088e-07 2.011346 8.618201e-07 2.012954
1/320 5.840404e-07 2.006969 1.661731e-07 2.005883 2.144053e-07 2.007046

(1,1/2,0) 1/10 8.490065e-04 2.412661e-04 3.145406e-04
1/20 2.150224e-04 1.981288 6.109010e-05 1.981614 7.958011e-05 1.982766
1/40 5.377099e-05 1.999587 1.528163e-05 1.999140 1.989524e-05 1.999985
1/80 1.339289e-05 2.005360 3.807643e-06 2.004828 4.955005e-06 2.005465
1/160 3.333477e-06 2.006368 9.480132e-07 2.005919 1.233270e-06 2.006398
1/320 8.300754e-07 2.005713 2.361231e-07 2.005368 3.070967e-07 2.005724

10
-2

10
-1

10
-7

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

H
1

L
2

L
∞

τ
2

10
-2

10
-1

10
-7

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

H
1

L
2

L
∞

τ
2

Figure 1. The errors of the scheme (3.6) as a function of the time step τ with h =

1/1000((λ0, λ1, λ2) = (3, 2, 1)) for Example 4.1 with α = (1/3, 1/4, 1/5) (left) and α =

(1, 1/2, 0) (right).
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Figure 2. The errors of the scheme (3.6) as a function of the time step τ with h =

1/1000((λ0, λ1, λ2) = (1, 2, 3)) for Example 4.1 with α = (1/3, 1/4, 1/5) (left) and α =

(1, 1/2, 0) (right).

Table 3. The errors and the spatial convergence orders of the compact difference scheme
(3.6) for Example 4.1 (τ = 1/20000, (λ0, λ1, λ2) = (3, 2, 1)).

α h E1(τ, h) Os
1(τ, h) E2(τ, h) Os

2(τ, h) E∞(τ, h) Os
∞(τ, h)

(1/3,1/4,1/5) 1/4 4.018761e-04 1.100966e-04 1.664134e-04
1/8 2.906463e-05 3.789414 7.236829e-06 3.927269 1.078312e-05 3.947924
1/16 1.890560e-06 3.942379 4.570402e-07 3.984965 6.806981e-07 3.985616
1/32 1.193324e-07 3.985756 2.862202e-08 3.997124 4.266943e-08 3.995740
1/64 7.431731e-09 4.005144 1.777488e-09 4.009214 2.654323e-09 4.006787

(2/3,1/2,1/3) 1/4 3.767463e-04 1.044853e-04 1.552530e-04
1/8 2.662179e-05 3.822914 6.801113e-06 3.941386 9.994396e-06 3.957358
1/16 1.719505e-06 3.952543 4.285335e-07 3.988291 6.306790e-07 3.986142
1/32 1.083018e-07 3.988864 2.681769e-08 3.998151 3.969177e-08 3.989994
1/64 6.705879e-09 4.013487 1.660973e-09 4.013085 2.454524e-09 4.015325

(1,1/2,0) 1/4 4.037010e-04 1.130124e-04 1.655393e-04
1/8 2.813198e-05 3.843004 7.335396e-06 3.945463 1.063897e-05 3.959743
1/16 1.808013e-06 3.959734 4.619667e-07 3.989014 6.781997e-07 3.971504
1/32 1.137574e-07 3.990373 2.892225e-08 3.997537 4.248070e-08 3.996831
1/64 7.083537e-09 4.005347 1.808023e-09 3.999695 2.649108e-09 4.003229
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Table 4. The errors and the spatial convergence orders of the compact difference scheme
(3.6) for Example 4.1 (τ = 1/20000, (λ0, λ1, λ2) = (1, 2, 3)).

α h E1(τ, h) Os
1(τ, h) E2(τ, h) Os

2(τ, h) E∞(τ, h) Os
∞(τ, h)

(1/3,1/4,1/5) 1/4 4.133210e-04 1.132337e-04 1.711212e-04
1/8 2.992581e-05 3.787800 7.454172e-06 3.925111 1.110017e-05 3.946364
1/16 1.946977e-06 3.942083 4.709445e-07 3.984419 7.009311e-07 3.985165
1/32 1.229046e-07 3.985625 2.949706e-08 3.996914 4.394526e-08 3.995493
1/64 7.660200e-09 4.004013 1.833439e-09 4.007947 2.736041e-09 4.005546

(2/3,1/2,1/3) 1/4 3.802146e-04 1.049113e-04 1.570877e-04
1/8 2.715412e-05 3.807571 6.852162e-06 3.936467 1.013896e-05 3.953589
1/16 1.760075e-06 3.947463 4.320972e-07 3.987131 6.392396e-07 3.987409
1/32 1.109649e-07 3.987462 2.704350e-08 3.998002 4.017832e-08 3.991868
1/64 6.876744e-09 4.012234 1.672359e-09 4.015326 2.483887e-09 4.015746

(1,1/2,0) 1/4 4.156974e-04 1.157243e-04 1.711006e-04
1/8 2.944559e-05 3.819410 7.560591e-06 3.936049 1.105938e-05 3.951502
1/16 1.902746e-06 3.951897 4.768953e-07 3.986755 7.000672e-07 3.981634
1/32 1.198503e-07 3.988778 2.984853e-08 3.997941 4.402192e-08 3.991199
1/64 7.419137e-09 4.013838 1.844592e-09 4.016286 2.719794e-09 4.016653

10
-2

10
-1

10
-9

10
-8

10
-7

10
-6

10
-5

10
-4

10
-3

10
-2

H
1

L
2

L
∞

h
4

10
-2

10
-1

10
-9

10
-8

10
-7

10
-6

10
-5

10
-4

10
-3

10
-2

H
1

L
2

L
∞

h
4

Figure 3. The errors of the scheme (3.6) as a function of the spatial step h with τ =

1/20000((λ0, λ1, λ2) = (3, 2, 1)) for Example 4.1 with α = (1/3, 1/4, 1/5) (left) and α =

(1, 1/2, 0) (right).
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Figure 4. The errors of the scheme (3.6) as a function of the spatial step h with τ =

1/20000((λ0, λ1, λ2) = (1, 2, 3)) for Example 4.1 with α = (1/3, 1/4, 1/5) (left) and α =

(1, 1/2, 0) (right).

5. Conclusions

We have presented and analyzed a high-order compact finite difference method for a class of time
multi-term fractional sub-diffusion equations. In our method, a higher accurate interpolation
approximation for a linear combination of the multi-term fractional derivatives in the Caputo sense
and a fourth-order compact finite difference approximation is used for the spatial derivative. We have
proved that the resulting scheme is unconditionally stable and convergent. We have also provided the
optimal error estimates in the discrete H1, L2 and L∞ norms. The error estimates show that the
proposed method has the second-order temporal accuracy and the fourth-order spatial accuracy.
Numerical results confirm our analysis and demonstrate the efficiency of our method.
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